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Abstract

This paper deals with the dynamic analysis of infinite beam models. The translational and the rotational dynamic
stiffness of both Timoshenko and Euler—Bernoulli beams on Winkler foundation are derived and compared in the
frequency-domain. The situation of vanishing elastic foundation is included as a special case. Here, special emphasis is
placed on the asymptotic behaviour of the derived stiffness expressions for high frequencies, since this is of importance in
case of transient excitations. It is shown that the dynamic stiffness of the infinite Timoshenko beam follows a linear
function of iw, whereas rational powers of iw are involved in case of Euler—Bernoulli’s model. The stiffness formulations
can be transformed into the time-domain using the mixed-variables technique. This is based on a rational approximation
of the low-frequency force—displacement relationship and a subsequent algebraic splitting process. At the same time, the
high-frequency asymptotic dynamic stiffness is transformed into the time-domain in closed-form. It is shown that the
Timoshenko beam is equivalent to a simple dashpot in the high-frequency limit, whereas Euler—Bernoulli’s beam model
leads to fractional derivatives of the unknown state variables in an equivalent time-domain description. This finding
confirms the superiority of Timoshenko’s model especially for high frequencies and transient excitations. Numerical
examples illustrate the differences with respect to the two beam models and demonstrate the applicability of the proposed
method for the time-domain transformation of force—displacement relationships.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

This paper is devoted to the dynamic analysis of infinite beams in the frequency- and time-domain, with
special emphasis on the asymptotic behaviour for high frequencies.

Continuous beam models are of practical importance in railway engineering. Within this context, a
comprehensive review of historical literature and recently published methods to model vehicle and track in
dynamic interaction problems has been given in Ref. [1]. There, the theoretical importance of classical
continuous models is substantiated by fifteen references and the adequacy of simple railway models to certain
types of problems is addressed.
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In connection with railway engineering applications both beam models based on Euler—Bernoulli’s [2-4] and
on Timoshenko’s beam theory [5-9] have been used. It is a well-known fact, that shear deformation and
rotatory inertia should be taken into account when considering the dynamic response of beams [10,11]. This is
particularly important if mode shapes and eigenfrequencies of finite beams are computed [12-14].
Euler—Bernoulli’s theory is sufficiently accurate only for wave lengths approximately 4> 10r or frequencies
f<c¢/10r with the velocity ¢ of travelling waves in case of beams with circular cross-section of radius r as
can be seen from a figure in Ref. [15, p. 325]. Consequently, especially for higher frequencies [16], dynamic
analyses of beams under arbitrary transient excitations should be based on Timoshenko’s theory.

Another important aspect of the use of the above beam models in the context of railway engineering is the
infinite extent of the system. For transient excitations, a correct representation of radiation damping
is necessary. Sun [3,17] and Kargarnovin [7,8] derived closed-form analytical solutions for infinite
Euler—Bernoulli and Timoshenko beams on different types of foundation under harmonic loads using
complex Fourier transformation together with the residue and convolution integral theorem. In this paper,
dynamic stiffness coefficients relating the amplitude of a time-harmonic unit force or moment to that of the
resulting displacement or rotation, respectively, are derived for both the Timoshenko and Euler—Bernoulli
beam on elastic Winkler foundation. The former is an extension of the derivation presented in Ref. [16], the
latter is a summary of material published previously in Refs. [18,19]. Here, special emphasis is placed on the
high-frequency asymptotic behaviour of the dynamic stiffness. The resulting limit values for the dynamic
stiffness confirm the discrepancy between Timoshenko’s and Euler—Bernoulli’s model in the medium to high
frequency range. This is of special importance for transient time-domain calculations. In this paper, time-
domain models of the two different infinite beams are obtained using the mixed-variables technique [20]. The
latter is based on a rational approximation of a given set of frequency-stiffness pairs and a subsequent
algebraic splitting process. Here, the asymptotic value of the dynamic stiffness for high frequencies is
transformed into the time-domain in closed-form. This leads to first-order time-derivatives of the unknown
state variables in case of the Timoshenko beam. However, fractional derivatives are obtained in case of
Euler—Bernoulli’s model. In both cases, the resulting time-domain formulations can be used as absorbing
boundaries in transient analyses of finite, inhomogeneous and possibly nonlinear railway—vehicle analyses.

2. Dynamic stiffness of infinite beams

In this paper, the dynamic behaviour of infinite beams resting on a Winkler foundation is described in the
frequency-domain in order to formulate the dynamic stiffness relationship,
~ | = K(iw)

w R . o N
60] 5 f= Kd, f(t) — felwt’ d(l) — del‘”’, (1)
between the deformations d and the generalized forces f in the point where f(¢) acts onto the beam. The

definition of the above forces and deformations is shown in Fig. 1 for a Timoshenko beam on elastic
foundation.
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Fig. 1. Infinite Timoshenko beam. Definition of forces and deformations.
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2.1. Infinite Timoshenko beam

If shear deformations are considered, the slope of the deflection curve w(x) depends not only on the rotation
¢ of the beam cross-section but also on the shear angle y:

0
aw(x, 1= —o(x,t) — y(x,1). 2)

Bending moment M(x, f) and shear force Q(x, ) are related to the corresponding deformations,
0
M(x9 t) = FEl — (P(x, t)a
Ox

O(x,1) = —kGAy = kGA | p(x, 1) + %w(x, nl, 3)

where EI[Nm?] is the flexural stiffness, 4[m?] the cross-sectional area, G [N/m?] the shear modulus from
E = 2G(1 + v) with Poisson’s ratio v, and « is the shear coefficient. k¥ depends on the shape of the cross-
section, Poisson’s ratio and the considered frequency range. For circles, rectangles and thin-walled cross-
sections, Cowper [21] gave several relations. For high-frequency modes, values published by Mindlin [22]
should be considered. The elasticity equations (3) are coupled with the dynamic equilibrium concerning the
forces,

200 )+ (1)~ pu(e.) = A, @
and the moments,
% M(x,t) — O(x,t) + m(x,t) = plp(x, 1), &)

where p [kg/m?] is the mass density per volume, I [m*] the second moment of area about the y-axis through the
centre of the cross-section, ¢(x,#)[N/m] is the prescribed distributed load on the beam, m(x,#)[Nm/m] the
prescribed distributed moment along the beam and f[N/m?] is the distributed stiffness of the Winkler
foundation.

The constitutive relations (3) together with the equations of motion (4), (5) define the governing differential
equations for the displacements w(x, f) and the rotation ¢(x, ¢):

op o
—KGA(—(p—i——W) + pw+ pAw = g,

Ox  0x?
d Gh )
KGA((p-i—a—:) _EI a—x(§+p1<p=m. 6)
A wave-type representation
w(x, £) _ W o=/ i )
P(x, 1) @ '

solves the homogeneous part of Egs. (6) yielding a quadratic equation for the roots A:

KGAM g + EIM 7g MT/g(MR + kGA) _

2 _
p= <GAEI <GAEI 0 ®)
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The new parameters are related to rotational (R) and translational (7") properties:

Mrp = pA(iw) + B,

Mp = pI(iw),
G
G =",
p
E
2
Cp=—. 9)
R
Use of a dimensionless frequency 7,
) ) pA kGA o?
n=o" — , (10)
B B &
facilitates the solution of the square root equation (8) for A:
) li(—z)+T(n+f> (1n
' T 2%G4
1 B 0, T 2
=_ 1— L (—p*=+VR 12
=5 g [ =)+ (o = VB, (1)
GA2 2 2
R=4% CR(2—1)+{§(1—:72)+;12}. (13)
Ip CT ‘r
In the special case n*> = 1, one of the two eigenvalues 1, degenerates to zero.
, 1 B _ , B P
Al = 2 GAZ( 1:|:1) /11—0, /Lz__KGAC%e__EA. (14)
Moreover, A; = 0 is obtained if
2
(U= i) + L (=7 + VR 20, (15)
R
This yields
KGAZ 5
i — 1) = 4> (> = 1). 16
15 (7 =D =47 =D (16)
Thus, the infinite Timoshenko beam on a Winkler foundation is characterized by two typical frequencies,
N ., KGA?
=1 = (17)
. p ., KGA A
=t =Cr-a (18)

In the special case of vanishing Winkler foundation, f = 0, the roots 4, simplify as follows:

> 2 |
2 =0 10) 1 1 1 1 44p
a0 (2 S 19
! 2 <c2T + c%z) * \/(CZT % tE (19)

_ 21/1 1 1 1\* 44p ]
Pl f LS DY (. . 20
2 % + % A& & + w?El (20)

\9]
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Here, 1113:0 is strictly negative, whereas ig:() changes its sign for a certain angular frequency &=
1 12+4A_1+1 2D
¢ ) g G
with
=02 _ 2 A _ K64 2

This characteristic frequency is identical to @, derived above for an infinite Timoshenko beam on elastic
Winkler foundation. Since the solution (7) in the space-domain is related to +/A, a change of the sign of a real
value 4, € R influences the character of the solution significantly. The properties of 4;, 4, with respect to the
characteristic frequencies @, @, are summarized in the following equation:

<O . /Il,zza:i:ib; a,be[R.
N , B
o1 = 1 /L = D=0, Jy=—-.
01 =1\/% 0= 1 2 EA ”
cbz=ﬁ; O<ow<®; M, AeR; 1;>0, Jl,<0. (23)
’ w= 0 . iz e R, )vl =0, /12<0.
>y . /11,/126[@; /11<0, /12<0.

In order to derive dynamic stiffness relationships, the normalized deformation wg(x, &) due to a unit force
F = 1[N]acting at the point £ in an arbitrary distance r, r = |x — £|, to the point of observation, and the normalized

rotation ¢ ,,(x, &) due to a unit moment M = 1[Nm)] at ¢ are required. For this purpose, a short operator notation of
the governing differential equations (6) in the frequency-domain as used by Antes in Ref. [16] is beneficial.

2

0 0
W KGA@— MT/} KGA& " q
B;| .| = 9 62 (;b = - ml (24)
¢ KGAL Bl kGA— My
Ox 0x?

According to Antes [16] the problem of finding the fundamental solutions can be reduced to determining a scalar
function iy which fulfills Eq. (25) incorporating the determinant of the operator matrix By.

det(By)y = —0(x — &). 25)
The solution of Eq. (25) is given in Refs. [16,23] as
1 e—Var  o—r
V= _ - . (26)
2KGAEI(Jy — M) | VA1 N

Here, A; and 4, are the two roots of det(B;) = 0 derived above (Egs. (11)<(13)). Finally, the fundamental solutions
are found using the matrix of cofactors B{® of B, with B}° = det(BS)B;l.

2

0 0
WE Wi “ EI@ —KkGA — MR _KGAa
or ow) YT 0 & v D
KGA& KGA@— MT/;

In Eq. (27) the symbols wj, and ¢ denote the vertical deformation due to a unit moment and the rotation due to a
unit force acting at the point &, respectively. Evaluating Eq. (27), the desired normalized deformation wy and rotation
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¢, are obtained as:

1 e=Var KGA + Mg\ e Var KGA + Mg
WE = - - | — - o — , (28)
2KGA(/L] - ;Lz) VAl EI «//12 EI
—ar —ar
0y = L— g Mrpy e, Mo | (29)
2EI(A — A2) | VA KkGA NI KkGA

For a more detailed description of the underlying operator theory the reader is referred to Ref. [24, Part II,
Chapter 3].

It should be noted that the square roots /1, +//, are ambiguous. For physical reasons, these values have to
be chosen as follows:

) = /%’ W< L RV} >0, R{VZ) >0,

P di<w<dn : R{VI}>0, 3{VBL}>0, (30)
. KkGA .
Wy = 7; W= : S{«/i]}>0, S{«/lz}>0.

Due to Kz = F/W and Ky = M/{ at the point r = 0 where £ and M act onto the beam, the stiffnesses
Kp, Ky follow directly from solutions (28) and (29), respectively.

wr(r = 0,1) = Wee'”, @, (r =0,1) = poe'’, (31)
Rr= % - KGAziGAjM] RN KGA+ Mg\’ (32)
0 JZ(M - EI R) _‘/K@_ EI R)
Ky = (pio - — 2%(;; — i Yo (33)
“/A—z(i‘ B KGA> - “/EQQ B KGA)

Below the first critical frequency @; both stiffnesses K and K, are purely real-valued and indicate properties
of a corresponding frequency-dependent spring. Thus, @, is a cutoff frequency, where wave propagation starts
to exist. Above the second critical frequency @, the stiffnesses K and K, are purely imaginary and indicate
radiation damping which can be described by a constant damping coefficient d when  tends towards infinity:

. 2GA | .
lim Kp=K® =22 i =24\/xGpio, (34)
w—00 cr
. 2EI ‘
lim Ky = K$; =— io = 21/ Epio. (35)
w—00 CR

For the vertical degree of freedom, the relationship to viscous damping with the corresponding force,
F(t) = dw(), (36)

in the time-domain follows directly from the assumption of a time-harmonic behaviour of both quantities, w(z)
as well as F(r):

F() = Fe';  w(t) = el 37)
Thus, Eq. (36) in the time-domain corresponds to
F =iwdW (38)

in the frequency domain. Comparing Eqs. (34) and (38) yields a constant damping coefficient d = 24./kGp in
case of the translational stiffness for w tending towards infinity.
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2.2. Infinite Euler— Bernoulli beam

The governing differential equation of an infinite Euler—Bernoulli beam on elastic Winkler foundation of
stiffness B[N/m?],

4

)

EI @w(x, 1)+ pw(x, 1) + pAw(x,t) =0 (39)
is solved by exponential functions w(x, ) = We*¥el®’. The dynamic stiffnesses Ky and K, are derived in
Ref. [18]:

Kp = 8EIW?, (40)
Ky = 4EIW, (41)
1. [V2Y1-n*  forp*’<l | p4 @)
= /=X , =w —.
DVEI Y+ =1 forps1 B

The dimensionless frequency used in Eq. (42) is identical to that defined for the Timoshenko beam in Eq. (10).
As for the Timoshenko beam, 1 = 1.0 corresponds to the cutoff frequency @, where wave propagation occurs
for the first time. Thus, Ky and K, given in Egs. (40) and (41), respectively, are purely real-valued for o <@®;.
However, there is no equivalent to the second characteristic frequency @, of the Timoshenko beam.
Evaluating the limit of Egs. (40) and (41) for  — oo, the following asymptotic dynamic stiffness coefficients
for high frequency can be derived [18,19]:

lim Kp =K = 2v2EIC 4(iw)*?, (43)

m—> 00

: _ poo _ /40 \1/2 _pA

lim Ky = K§; = 2WV2EIC iw)'?, C = w7

It is important to note that Eqgs. (43) and (44) contain rational powers of the frequency. This is in contrast to

the linear frequency dependence obtained for the Timoshenko beam in Egs. (34) and (35). In the special case

of vanishing Winkler foundation, f = 0, the dynamic stiffness coefficients are identical to the asymptotic
values given in Eqs. (43), (44) [19] throughout the complete frequency range:

(44)

p=0: K= 1im k§7°, Ki°= lim KE7C. (45)

w— 00 w—> 00

3. Time-domain models of infinite beams

The dynamic stiffnesses given in Egs. (32), (33) and (40), (41) completely describe the relationship between
the amplitudes Fy, M, of a point load or moment, respectively and the resulting deformations 1, Ppatx=0
in the frequency-domain. Based on these equations, the response of the Timoshenko or Euler—Bernoulli beam
to transient excitations could be obtained using inverse Fourier transformation and the convolution theorem.
However, the numerical evaluation of the associated convolution integrals is computationally expensive.
Therefore, direct time-domain models are more desirable for the analysis of transient dynamic problems. In
this paper, the latter are obtained using the so-called mixed-variables technique [20]. This technique is based
on a rational approximation of the low-frequency dynamic stiffness K — K,

Fo = Kp(io)y = KWy + (Kr — K)o, (46)

My = Ky (o)py = K500+ (Kar — K)o, 47

using a least-squares approach. The resulting rational function can be transformed into a system of linear
equations in the frequency-domain by means of an algebraic splitting process using internal variables. The
resulting system of linear equations with respect to iw corresponds to a system of first-order differential
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equations in the time-domain. The mixed-variables technique is described in detail in Ref. [26]. The essential
steps of the frequency-to-time transformation of Eqs. (46)—(47) are summarized briefly in the following:
Step 1: Strictly proper rational approximation of low-frequency dynamic stiffness K — K*:

Ko goo n Pot (@P 4+ (i) 'Py_1  Plio)
FonE 1+ (@0, + - + (im0,  Olw)

(48)

Ko koo ot (@i + 4 (@) pyy _ plio)
M= By : V7 =—.
L+ (iw)g; + -+ (0) gy  ¢lo)

The rational approximation is equivalent to an alternative Padé series expansion as has been used for example
by Song [28].

(49)

P(io) _ (i)' Py—i + - - + (i)™ VP + ()~ Py
Qi) Oy + -+ () MV + (i)™
The degree of rational approximation M can be chosen arbitrarily. In previous publications [18,19,26],

accurate results have been obtained with M =5 already. The coefficients P;, Q; and p;,q; are calculated
minimizing the error-norms Ep, E;:

(50)

Ep = Z | 0(iw)[K r(w;) — K¥ (w;)] — Piw))|,
=

S
Ev =) lgoplK (o) — K3y(@)] — plio)ll, (51)
=1
using an amount of s 4 1 distinct values w; = jAw, j = 1,...,s with a frequency increment Aw.
Step 2: Replacement of the fraction P(iw)/Q(iw) by a new state variable 9, and changing from the proper
fraction P(iw)/Q(iw) to the improper fraction Q(iw)/P(iw) (here and in the following only the vertical degree
of freedom is addressed for conciseness):

N P(w) . N R .
Fo=———Wwy+ KXWy =01 + KW,
O(iw) 4 r
. Plow) . ~ Qo) .
v = Q(la)) Wo — Wy = P(1w) vy,
0y : first internal variable. (52)

Step 3: Splitting of Q(iw)/P(iw) into a linear function with respect to iw and a strictly proper remainder
RO(iw)/P(@iw) by means of a comparison of coefficients; introduction of a second internal variable o, to
replace the remainder R (iw)/P(iw):

0im) o . o  RO%w) RO>Gw) .
— =S S —, - : fract 53
Plio) o 108} + Plio) P(io) proper fraction (53)
ROw) = R +ioR? + (iw)’RY + - - (iw)*R()_,, (54)
o = (S +10S)b; + b, (55)

RO(iw)
5= . 5 56
%= "hiay (56)
. P(iw) P(iw) . .

— 0] = 02, : improper fraction, 57
'T RO 7 ROGew) TP 7
D, : second internal variable. (58)

Further steps: Continuation of step 3 until the rational function has been completely replaced by linear
equations. A total of M internal variables is introduced during this process, where M is the degree of rational
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approximation. The following representation of the force—displacement relationship is obtained:

0 1 0 - 0 M T
(0) o
1 -sy -1 - 0 By
0 -1 s .. 0 B
0 0 F1 SV | b |
_0 0 0 0 1 'wo' _KWWO- -FO_
0 —s9 o 0 By 0 0
1) A
tiw]0 0 S 0 iyl 0 |=]o0]. (59)
0o 0 0 - xSMUilay] L o 1 |o]
Assuming a harmonic behaviour of the state variables,
(1) = 26, r(t) = e, (60)

the factor iw in Eq. (59) can be interpreted as a first-order time derivative. However, in order to derive a time-
domain equivalent of Eq. (59), an interpretation of the asymptotic part K*w is necessary. Here differences
occur for the Timoshenko and Euler—Bernoulli beam, respectively, as is shown in the following.

3.1. Timoshenko beam: interpretation of asymptotic dynamic stiffness

Here, both the vertical and rotational asymptotic dynamic stiffness given in Eqs (34) and (35), respectively,
follow linear functions of im and can thus be interpreted as viscous dashpots in the time domain. Including the
corresponding coefficients K¢ and K$; at the position (1,1) of the second matrix in Eq. (59), the latter
corresponds to a first-order differential equation with respect to time:

Az(t) + Bz(t) = r(1), (61)
with
2kGA _
B:diag{ 'ZT _SO s g 1)}, 62)
()= [wo() v - o], @)= [Fo) 0 - 0] (63)
for the vertical degree of freedom and
2EI _
]3,=cuag{X B “}, (64)
(1) = [q)o(z) n() - vM(z)], ()= [Mo() 0 -+ 0] (65)

for the rotational degree of freedom. The matrix A is the first matrix of Eq. (59). The ordinary differential
equation (61) can be coupled to finite element models of additional structural members (even with nonlinear
behaviour) and solved in the time-domain using standard numerical time-stepping schemes.
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3.2. Euler— Bernoulli beam. interpretation of asymptotic dynamic stiffness

In contrast to the Timoshenko beam, the high-frequency asymptotic dynamic stiffness coefficients of the
Euler—Bernoulli beam given in Egs. (43) and (44) contain rational powers of iw. Nevertheless, the harmonic

behaviour
wix, 1) wix) iwt 0" m
Z(x: t) = [(p(X, Z‘)‘| = LD(X)] e, orm Z()C [) = (1(,0) Z(X [) (66)

can be used to transform the asymptotic frequency-domain descriptions (43), (44) for the infinite
Euler—Bernoulli beam into the time domain. F° and M{° are those parts of the interaction force and
moment, respectively, which correspond to the high-frequency asymptotic behaviour.

Ao P(iw) ﬁ/ - 00 Y piow) . 00

" 0l "0 0 iy Pt Mo
Ey =K¥wo, M, = K30,
F(0) = 2V2EICYHL DY Pwo(1)], € = ’gll 67)
M(1) = 2V2EIC_ D (1)) (68)

Here, noninteger powers of (iw) are interpreted as fractional derivatives of the unknown displacement wy(#)
and rotation ¢ (¢), respectively. This is based on the so-called Riemann—Liouville definition (69) of fractional
differentiation which can be found in the textbook [25], for example.

. 1 d” z(7)
,,thzmdtm/ . )v+1 —dt, m—1<v<m. (69)
In Eq. (69), m is an integer number. Application of definition (69) using the lower terminal ¢ = —o0 to a
harmonic function returns the latter together with a factor (im)’.
oD} = (i)' (70)

However, if the quantities z between (r — —o0) and ¢ = 0, where the system starts to exist, are identically zero,
then the lower limit of the integral in Eq. (69) can be replaced by 0:

Z(t)=0 for —oo<t<0. (71)
1 o™ [t z(n)
= [ —1<v<m.
—_Djz Ton—v) at’”/o (Z—I)H'I_m dr, m—1<v<m

Thus, the approach presented in this paper is limited to situations with zero initial conditions for the displacements
and rotations. An initial impact Iy = mvy can be modelled by applying a constant force within a very short time
interval h: Iy = Fh. Using the above interpretation given in Egs. (67) and (68), the frequency-domain
representation (59) corresponds to the following system of fractional differential equations in the time-domain:

Az(t) + Bgi(t) + C,[_ Dyz(1)] = x(2), (72)
with

v=3 Cyp=diag{2V2EIC 0 . 0}, 73

2'(1) = [wo(1) vi(1) -+ vm(0)], (@O =[Fo(t) 0 --- 0]
for the vertical degree of freedom and

y=1, C1/2=diag{ 2V2EIC: 0 - 0}, (74)
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2/ ()= [po() vi(1) --- om(@], *'()=[Mo() O --- 0]

for the rotational degree of freedom. The matrix A is the same as for the Timoshenko beam. By is given
in Eq. (75).

B, — diag{o _ SO s ing—”}. (75)

The system of fractional differential equations (72) can be solved numerically using a specific time-stepping scheme
[27,26] developed for this purpose. In comparison to the first-order differential equation (61), the numerical effort
increases due to the evaluation of memory integrals.

Finally, it should be noted that in the special case of vanishing Winkler foundation, =0, the
force—displacement relationships of the Euler—Bernoulli beam are described by rational functions of
iow throughout the complete frequency range (see Eqs. (43)—(45)). In this case, there is no need to apply the
mixed-variables technique. The following scalar fractional differential equations describe the force—
displacement- and moment-rotation-relationship of an infinite Euler—Bernoulli beam with =0 in the
time-domain:

Fo(t) = 2V2EICY*_ D} wo(1)] . 6
Moty = WIEICHL D oyo) [T 70

4. Example

In order to illustrate the differences between the Timoshenko and Euler—Bernoulli beam models a specific
system with material data given in Eq. (77) has been analysed.

E=21x10"[N/m?], I=3055[cm"],
v=03, f=4375x10°[N/m?],
A =17686 [mm?], pA=60.34[kg/m], x=23. (77)

The vertical dynamic stiffnesses derived for the Timoshenko and Euler—Bernoulli beam on elastic foundation
in Egs. (32) and (40), respectively are shown in Fig. 3. As described in Section 2.1, the infinite Timoshenko
beam is characterized by two frequencies,

. B 1. kG4 1
1= [ =2093 00 Ba= ) [T TE = 46453 (78)

The low-frequency range is shown in Fig. 3a. Here, a very good agreement between the dynamic stiffness of
Timoshenko’s beam and Euler—Bernoulli’s beam can be seen. As expected, the imaginary part of the vertical
stiffness vanishes for w <@, in both cases. As explained in Section 2.2, the cutoff-frequencies of Timoshenko
and Euler—Bernoulli beam are identical. However, the agreement between the stiffness curves corresponding to
the two different beam models is restricted to the low-frequency range, as can be seen in Fig. 3b. As described
in Section 2.1, the real part of the dynamic stiffness of the Timoshenko beam vanishes for excitation
frequencies bigger than @,. This is not the case for the Euler—Bernoulli beam. The imaginary parts
corresponding to the two different beam models agree reasonably for w <@,. However, the stiffness curves
differ strongly for large frequencies. Recall that the asymptotic dynamic stiffness follows a linear function of
iw in case of the Timoshenko beam whereas a rational power (iw)B/ 2 is involved in case of the Euler-Bernoulli
beam (Fig. 3).

The calculation in the time-domain is demonstrated using the example system shown in Fig. 2. Here, the
Winkler foundation is replaced by a single spring of stiffness k& at x = 0 with

k=50x10"N/m. (79)
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Fig. 2. Infinite beam supported by a single spring at x = 0.
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Fig. 3. Vertical dynamic stiffness for the Timoshenko and Euler—Bernoulli beam models on elastic Winkler foundation: (a) low-frequency
range, (b) frequency-range 0-70, 000 { = Timoshenko beam, == == == — Euler-Bernoulli beam.

In order to obtain a time-domain model, the low-frequency part of the vertical dynamic stiffness of the
Timoshenko beam is approximated by the ratio of two polynomials (Eq. (48)) as described in Section 3. As an
example, the coefficients P;, Q; of a rational approximation of degree M =5 and Sf)’),S(I’) of the equivalent
system of linear equations are given in Table 1. The agreement between the exact low-frequency vertical
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Table 1
Rational approximation of the low-frequency part of the vertical dynamic stiffness of a Timoshenko beam

i Py o; Sgil) S(liil)

1 0 0.14276E — 03 +0.96198E — 10 —0.20802E — 13
2 —2.4059E + 05 6.00998E — 09 —0.13731E 4 10 —0.38614E 4 05
3 —7.0732 1.95476E — 13 +0.42453E — 09 +0.38183E — 13
4 —0.1515E — 03 2.91726E — 18 +0.18656E + 09 +0.16073E + 05
5 —2.4293E - 09 5.05336E — 23 +0.32199E — 09 +0.79140E — 13

Material data according to Eq. (77). M =5, Input range: @y = 0, weng = 80,000 1/s, frequency increment Aw = 100 1/s.
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Fig. 4. Low-frequency part of the vertical dynamic stiffness of the Timoshenko beam: (a) real part, (b) imaginary part. =—————— exact:
Kr — K%, Kr according to Eq. (32), K% according to Eq. (34), == === M =5, === === M=1.

dynamic stiffness coefficient and rational approximations of degree M = 5 and 7 is shown in Fig. 4. Using the
rational stiffness approximation, the vertical displacement at the point of excitation of the coupled
beam-—spring system shown in Fig. 2 is described by the following system of first-order differential equations:

Az(1) + Bi(1) = r(2), (80)
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with
[k 1 0 B 0 i B M/O(Z‘) T
LS s
~ (1
A= 0 —1 SO s 0 , Z([) — Uz(t) . (81)
0 0 .o F1 £ Lom(?) ]

Here, the spring stiffness k has been included at the position (1,1) of the matrix A. The right-hand side vector r
and the matrix B are given in Egs. (62) and (63), respectively. Using Eq. (80), the vertical displacement
w(x = 0,1) = wy(¢) due to a transient unit-impulse load,

hq
i = / Fo(f)dt = 1.0[Nm], /= 10"Cs, (82)
0

acting within the time-interval 0 <¢< /iy has been computed. The numerical results corresponding to different
degrees of rational approximation are shown in Fig. 5. Although there is no analytical solution available, it
can be seen, that the numerical solutions are approaching each other for increasing degree of approximation
M. The curves for M = 7 and 8 cannot be distinguished in Fig. 5.

According to Section 3.2, Eq. (76), the coupled system consisting of Euler—Bernoulli beam with vanishing
Winkler foundation, f = 0, and vertical spring k is described by the following fractional differential equation
in the time-domain:

kwo(1) + 2v2EICY*__ D ?wy(1)] = Fo(1), C = %. (83)
Eq. (83) has also been solved numerically for the unit-impulse load (82) using a specific time-stepping scheme
developed for fractional differential equations [27,26]. The resulting vertical displacement w(x = 0, ¢) at the
point of excitation of the Euler—Bernoulli beam is compared to that of the Timoshenko beam in Fig. 6. It can
be seen that the Euler—Bernoulli model leads to bigger maximum and minimum displacements due to the unit-
impulse load. Moreover, a phase shift is visible in Fig. 6. However, the numerically obtained displacement
curves corresponding to the two different beam models are similar, despite the big differences with respect to
the dynamic stiffness.

Vertical displacement w [10® m]

0 05 1 15 2 25 3 35 4 45
Time t[1072 s]

Fig. 5. Timoshenko beam supported by a single spring k = 5.0 x 108[N /m)]. Vertical displacement w(x = 0,7) due to unit-impulse load
(82). Time step: 1= 1.0 x 10775, m—e M = 5, e e M =7, mommm = m M =S8.



946 P. Ruge, C. Birk | Journal of Sound and Vibration 304 (2007) 932-947

N

w

N

-
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Fig. 6. Comparison of beam models in the time-domain. Vertical displacement w(x = 0,¢) due to unit-impulse load (82). Time step:
h=1.0x 107 s, =—— Timoshenko, M = 7, = =—=—— Euler-Bernoulli.

5. Conclusions

Based on a derivation of the translational and rotational dynamic stiffness of both infinite Timoshenko and
Euler—Bernoulli beams on Winkler foundation in the frequency-domain, time-domain beam models have been
obtained using the mixed-variables technique in this paper. Here, special emphasis has been placed on the
high-frequency asymptotic behaviour of the respective dynamic stiffness formulations.

The use of Timoshenko’s beam model leads to an asymptotic behaviour in the frequency-domain which is
linear with respect to iw. Thus, the corresponding expression in the time-domain is a first-order time-
derivative. The numerical solution in the time-domain can be obtained by classical time-solvers with local
properties. Contrary to Timoshenko’s model, Euler—Bernoulli’s beam theory generates rational powers of iw
in the frequency-domain and consequently fractional derivatives in the time-domain with memory integrals
to be solved. Their evaluation asks for nonlocal time-solvers with much higher computational effort than
local solvers.

Considering the above computational benefits gained by including shear deformations in one-dimensional
dynamic elasticity problems, parallels to static one- or two-dimensional problems can be drawn. It is well-
known from mixed-methods in static finite element concepts [29] that shear deformations can be included not
only for mechanical reasons, but also in order to optimize the discretization in the space-domain.

Summarizing, the main message of this paper is that the physically more realistic Timoshenko beam model
offers additional numerical advantages when dealing with transient dynamic problems in unbounded
domains.
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