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Abstract

An analysis is made of the stability of a Rijke tube. The tube is open at both ends and contains an acoustically compact
flame holder that “blocks” the acoustic motions and across which there is a jump in the tube cross-sectional area.
Oscillations are described in terms of an acoustic Green’s function obtained in analytic form. The blocked motion near the
flame holder can be regarded as incompressible; on either side of the flame holder full acoustic wave propagation is
assumed. Velocity potentials of the incompressible and acoustic regions are matched by requiring continuity of pressure
and volume flow. A linear heat release model is introduced that relates heat transfer from the flame to the acoustic field and
provides the acoustic feedback necessary to maintain the oscillations. The oscillations can then be described in terms of the
eigenmodes of an integral equation derived using the Green’s function. Growth rates predicted from this equation are
expressed in terms of properties of the heat release model.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

An unsteady source of heat within a cavity can be a source of intense acoustic waves. The Rijke tube is
probably one of the simplest such examples. It consists of a vertical and straight open-ended tube with a heat
source, typically a hot gauze or a flame, inside it. The sound is generated by a feedback mechanism involving a
periodic transfer of heat between the heat source and air drawn up through the tube by convection, leading to
an oscillation whose amplitude is determined by nonlinear mechanisms.

There is an extensive literature on the Rijke tube and related devices; see, for example the review by Raun et
al. [1]. The Rijke tube derives its name from the 19th-century Dutch scientist Rijke [2], who discovered that a
vertical tube with a hot gauze in the lower half would make a loud noise, whereas the tube was silent if the
gauze was in the upper half. Various explanations and models for this phenomenon have been proposed since
then, most notably by Rayleigh [3], who derived a general criterion for the excitation of heat-driven
oscillations. Recent studies by Lighthill and Ffowcs Williams [4] and by Heckl [5] have involved stability
analyses for specific cases, such as for a tube with a hot-wire gauze whose heat release characteristic is known
from boundary layer theory.
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In this paper, a new stability analysis of the Rijke tube is discussed, based on an acoustic analogy equation
with a heat source term. This is combined with the Rijke tube’s Green’s function to obtain an integral
equation. This approach has the advantage that it is readily extended to include additional sources that can
influence the acoustics of the tube, such as the presence of vorticity and mean density variations (temperature
“hot spots”) within the flow, and the action of an active control system.

The Green’s function and the eigenfrequencies of the tube with non-uniform mean temperature are
calculated in Section 2. The integral equation is derived in Section 3 and analysed in Section 4 to extract
equations for the modal amplitudes and growth rates of the oscillations with unsteady heating. Section 5
presents numerical solutions for the eigenfrequencies and for the stability behaviour of a particular Rijke tube.
The relative advantages of the present approach are discussed in Section 6.

2. Green’s function of the Rijke tube
2.1. Rijke tube configuration

We consider a Rijke tube with axisymmetric geometry; a cross-section between the tube axis and the tube
wall is shown in Fig. 1. The tube has been turned sideways in this figure, i.e. the axial coordinate x denotes the
vertical position, measured from the lower tube end at x = 0. The length of the tube is L, and a fuel line spans
a length ¢ within the tube. There is a flame holder that introduces a blockage to the motion, where the tube
cross-sectional area changes from .o7; to .«/,. A small distance downstream of the flame holder, the mean
temperature jumps from 7| to T». The change in temperature causes the mean speed of sound to jump from ¢,
to ¢,. The tube ends are open with pressure nodes at x = £;, just below the lower end (¢, <0), and at x = {5,
just above the upper end (£, > L).

The heat source has steady and unsteady components, each modelled as a point source (i.e. as a sheet
spanning the cross-section of the tube and located at a point on the x-axis). The steady component is
responsible for the jump in mean temperature. To keep the treatment general, the positions of the unsteady
and steady heat source are taken to be independent. The effect of the unsteady source is discussed in Section 3;
the current section considers the case of steady heating of the mean flow.

2.2. Analytical form of the Green’s function

Green’s function G(x,x/,t,1) is the velocity potential in the tube at position x and time ¢, created by an
impulsive point source at position X’ and time #. It is the solution of

1°G

c? 0
inside the tube, where ¢ = ¢(x) is the mean sound speed, and § denotes the delta-function. x and x” are vectors
in three-dimensional space; only their axial components, x and x’, are of interest in most regions of the tube
because the field there is one-dimensional, as will be shown in Section 2.3. G is required to vanish at x = £; and
x = {»; thus radiation losses from the ends are neglected. It has a normal derivative equal to zero on all
internal surfaces and on the tube axis; it also satisfies the conditions of reciprocity and causality.

—V2G=d(x—x)d(t—1) ()

pressure node pressure node

/ fuel line flame holder temperature jump \.
L yi
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Ty, €1, 4 Ty, Co, A5
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Fig. 1. Cross-section of the Rijke tube.
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Green’s function is calculated analytically in Sections 2.5 and 2.6, where it is shown to have the form

o
Gx, X, 1= 1) =" g,(x, X\ H(t — )sinwn(t — ). )
n=1
H is the Heaviside function, w, are the eigenfrequencies of the Rijke tube (with steady heating) and g,, are
the modal amplitudes. Green’s function is an impulse response: it is zero before the impulse (at ¢ = ¢') and
consists of a superposition of eigenmodes (numbered by the index n) thereafter.

2.3. The hydrodynamic and acoustic regions in the Rijke tube

The tube is divided into three regions as shown in Fig. 2: a hydrodynamic region (marked by grey shading)
surrounds the flame holder, and there are two acoustic regions on either side of the hydrodynamic region.

In the hydrodynamic region the field is three-dimensional. This region is assumed to be small compared with
the wavelength of low-order modes, so the acoustic motion can be treated as incompressible in this region. In
the acoustic regions, the field is one-dimensional and acoustic waves are assumed to propagate.

For each mode of frequency o (~e~'“’), the velocity potential ¢ in the three regions can be written as

asin %(x — 1), acoustic region (cold),
¢ = o+ Bo*(x), hydrodynamic region, (3a,b.c)

bsin %(x —{3), acoustic region (hot),

where a,b,0 and f§ are constants to be determined. The first and third expression in Eq. (3) represent harmonic
waves, with a pressure node at x = ¢; and x = £, respectively. The second expression is an incompressible
representation of the field in the hydrodynamic region, assuming the latter to be small compared with the
acoustic wavelength.

¢@* is the velocity potential of the potential flow in the hydrodynamic region, normalized to have the
following limiting values for its x derivative (the axial velocity)

dp* o . .
¢ 22 as x — —oo (to satisfy mass conservation), (4a)
Ox 42{1
Op* .
" I as x — oo (normalization). (4b)
X

The normal derivatives of ¢* are zero on the solid boundaries, the radial derivative vanishes at the tube axis,
and ¢* satisfies the axisymmetric form of Laplace’s equation. The motion is conveniently determined by
considering the corresponding stream function y*, which satisfies (see Ref. [6])

62 * 62 * l@ *
A LA “
oxz2  orr r or
where r is the radial coordinate. Eq. (5) is readily solved by relaxation and finite differencing (see Ref. [7,
pp. 652-653]), taking account of suitable conditions on the solid boundaries and of uniform inflow and

acoustic region hydrodynamic acoustic region
(cold) region (hot)
TN N 2
TN N 2
KON N
KON .
tube axis
I T T T T
/10 / L 72 X

Fig. 2. Acoustic and hydrodynamic regions in the Rijke tube.
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outflow conditions as x — + co. This was done by Laws [8], and the field was visualized by plotting streamlines
y* = const. The case shown in Fig. 3 is for a geometry specified in Section 5.

The figure shows how the flow is distorted by the flame holder, and that the distortion is confined to a
narrow region surrounding the flame holder. Thus the three-dimensional motion within the hydrodynamic
region becomes one-dimensional at a small distance from the flame holder. We denote the axial position of the
boundaries between one- and three-dimensional motion by X, (about 0.225 m for the case shown in Fig. 3) and
X, (about 0.290 m for the same case) and regard these boundaries as interfaces between the acoustic regions
and the hydrodynamic region. For simplicity we assume that the jump in mean temperature occurs at X5; this
limits the generality of our treatment, but still includes the typical case of a flame located a small distance
downstream of the flame holder. The mean density is then uniform within each of the three regions; it is p; in
the upstream acoustic region and hydrodynamic region (i.e. for 0 <x < X?), and p, in the downstream acoustic
region (i.e. for X, <x<L).

The hydrodynamic region can be regarded as an airplug oscillating parallel to the x-axis. The conservation
equations of volume flow and momentum across this airplug are

szlu] —52721/[2 =0, (63)
_ Ou
pr=pr=piLar .- (6b)

p1 and u; are pressure and velocity respectively at the upstream interface (situated at X;), and the equivalent
quantities at the downstream interface (situated at X,) are denoted by a subscript 2. L. is the effective length
of the airplug [9, chapter 16], determined below in Section 2.4. The pressure and velocity are both continuous
across the interfaces. The corresponding velocity potential at X7 is ¢;. The velocity potential at X; jumps from
¢>_ on the hydrodynamic side to ¢+ on the acoustic side, due to the jump in mean density from g, to p,
at Xz.

2.4. The effective length of the airplug

An expression for the effective length can be derived by evaluating the momentum balance (6b) on the
hydrodynamic side of the interfaces at X; and X,, and combining it with the velocity potential ¢*. This is
shown in detail in Appendix A.1. The result is

> (dp* ) /Xz (a(p* &/2) oA
Legr = —1)dé+ —— |dé+—(X2 — X)) 7
fr /X2 (af ¢ 7 %1( 2 1) (7N
This expression must be evaluated numerically, using the results of the calculation plotted in Fig. 3,
+o0 a(p* +o0 1 alp
d¢ = —— dé&. 8
/Xz o0& x, Tor ®

Both integrands in Eq. (7) are large near £ = X5, and approach zero exponentially fast with increasing
distance from this point, hence the integration limits of + co do not cause a problem numerically.
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Fig. 3. Stream lines of potential flow in a tube section including the flame holder.
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2.5. Eigenfrequencies

We return to the balance equations (6a) and (6b) and evaluate them on the acoustic side of the interfaces.
The results can be written in terms of the velocity potentials ¢; and ¢, to give

30 %,

1§—= 2 ox =0, (%a)
0
Proy — P11 = Py Lerr §;+ . (%b)

¢ can be obtained from Eq. (3a), evaluated at x = X}, and ¢+ from Eq. (3¢), evaluated at x = X,. Eqs. (9a)
and (9b) then become

acos—(X1 —51)—1)—2ﬂ cos—(Xz £) =0, (10a)
(6}

asincﬂ()(1 —51)+b{ efffcosf()(2 — ) — s1n—(X2 —52)} —0. (10b)
1

1

The determinant of this 2 x 2 system of equations for ¢ and b must vanish, and this yields

22 cos —(X1 — {1)sin —(Xz {7)

1

+cos 2 (Xs — ) [J—l sin 2 (X1 — )+ Loy 2 cos 2 (X, — 51)] —0. (11)
e iy o

This is a nonlinear equation for the frequency w. It is best solved numerically, e.g. by the Newton—Raphson
method with starting values »”) = nrey /(€2 — €1), the eigenfrequencies of an open-ended uniformly hot tube
without blockage or jump in cross-sectional area.

2.6. Modal amplitudes of Green’s function

For the calculation of the Green’s function and its amplitudes, we consider a point source at position x’" in
the hot acoustic region, as shown in Fig. 4. This particular case is relevant to the application discussed in
Section 3.

At first the time-harmonic Green’s function, G(x, X', ), is determined, which is the solution of

G co2
S+ G =0t — ), (12)

where ¢ = ¢; for 0<x< X, and ¢ = ¢, for X, <x< L. The time-dependent Green’s function, G(x, x',t — t'), is
then obtained by inverse Fourier transform. The calculations are quite lengthy, and full details are given in

acoustic region hydro dynamic acoustic region
(cold) region (hot)
TN N I SN2 NI INEZ N
“
O NP ] | W N
T T T T T T
/1 0 X1 X2 X L /2 X

Fig. 4. Rijke tube with a point source.
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Appendix A.2. The result for the modal amplitudes g,(x,x’) in Eq. (2) is

/ g(x, X', wp)
=2 13
9.0 ) =200 (13)
where
Ax,w)C(x',w) for0<x<Xy,
gx, X', w) = D(x,w)C(¥',w) for Xo<x<X, (14a,b,c)
C(x,w)D(x',w) forx'<x<lL,
with
. -
A(x,w) = smw, (15a)
1
—¢
Clx,0) = sin 2 =) (15b)
(&)
o1 ( . oL -X o . -X
D(x,w) = @(sm Tty + el cos wrl)cosw(x 2) + 12 Cos 1] smw, (15¢)
12 o cy 6] /¢ &)
and
X, —¢ X, —¢
=t =222 (16a,b)
C1 C

f in Eq. (13) is the derivative of the function f that is defined in Eq. (A.18) and that specifies the
eigenfrequencies, w,,, by flw,) = 0.

3. Governing equations for the stability problem
3.1. Governing differential equation

We now consider a Rijke tube with an unsteady heat source. The velocity potential ¢ in the tube is governed
by the acoustic analogy equation (see Ref. [10, p. 508])

S Ly, (17)

¢ is the fluctuating part of the heat release per unit mass of air (from the heat source to the air), and y is the specific
heat ratio; the speed of sound ¢ takes values ¢; in the upstream region and ¢, in the downstream region.

In our configuration, the heat source is concentrated at the axial position x, in the hot acoustic region. We assume
a simple time-lag law, where the heat release ¢ depends linearly on the velocity fluctuation ' at an earlier time,

2

— Cytd (x,t — 1)0(x — xy). (18)

q(x, 1) =

Y

This heat release characteristic is known to apply to hot gauzes (see Ref. [10, p. 511]) and to certain flames. t

is a time lag, and C, is a measure of the strength of the heat source (>0, C,>0). With «' = (0¢/0x) and
Egs. (17) and (18), we obtain the governing equation

19%p ¢ c Op(x,t — 1)
corr oxx 1 0x
This is a homogeneous equation and has the trivial solution ¢(x,f) = 0. Nontrivial solutions arise if the
velocity potential is disturbed at some point in time, say at £ = 0. Such a disturbance is typically described by
imposing initial conditions, by specifying ¢(x, 1)|,—o and (0¢/01)|,—o-
Eq. (19) is now transformed into an integral equation involving the Green’s function.

O(x — xg). (19)
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3.2. Integral equation for the acoustic velocity

Eq. (19) and the one-dimensional form of Eq. (1) are written in terms of the source variables x” and 7.
Eq. (1) is multiplied by ¢(x',t), Eq. (19) by G(x,x',t—¢"), and the resulting equations are subtracted. This gives

d(X, 1)0(x — X)o(t — 1) + cch(w — Xg)
1[G D¢ ’G %
G (qu - Gaﬁ) B <¢ o Gax/z)' (20)

This is integrated with respect to x” (from ¢, to £,) and ¢ (from 0 to 7). The result can be simplified (using the
boundary conditions at the tube ends and causality, see Ref. [11]) to give the following integro-differential
equation for ¢:

! 0p(x', 1" — 1) $o0G Po
= — —H—— (. S = 21
¢(x, 1) C/[/:I G(x,x4,t = 1) ™ o dr 237 . + 2 G . 21
! r’:Ot =0 ’
where it has been assumed that

P(x, Dli—o = Poo(x — xa), (22a)

0 .
ai) = Po(x — Xq). (22b)

im0

These initial conditions describe a disturbance at ¢ = 0, located at the axial position x = x,. @¢ and ¢, are a
measure of the disturbance strength.

Eq. (21) can be turned into an integral equation for the velocity by differentiating with respect to x. Also,
the lower integration limit can be changed to # = 0 by use of the Heaviside function. Evaluation at x = x,
leads to an integral equation of the Volterra type [12] for the velocity at the heat source,

L 3G(x, Xt — 1) , ) . @, 0°G (o 0G
wo=-C, [ FETEEHe o o=l e B @
= X=X X'=x, X'=x,
x’:x; r’:OJ t’=01

where the abbreviation u,(¢) = 0¢(x, ) /ax|x:X” has been introduced for the velocity at the heat source.
Eq. (23) can be solved numerically with an iteration scheme stepping forward in time, starting at ¢ = 0.
However, more insight will be gained by an analytical approach; this is described in the next section.

4. Analytical solution of the governing integral equation
4.1. Amplitudes and complex eigenfrequencies

We assume that the velocity u, is a superposition of modes for >t with amplitudes u,, and complex
eigenfrequencies ¥, = Q,, + 1A,

ug(t) = (ume """ +uzent) for 1>t (24)

m=1

Q,, is the real eigenfrequency of mode m in the tube with unsteady heating (not to be confused with its
equivalent w,, for the tube with steady heating). The imaginary part of ¥,, is the growth rate 4,,;; this indicates
whether mode m is stable (4,,<0) or unstable (4,, >0). Once the modal properties u,, and ¥,, are known, the
stability behaviour can be predicted, and the detailed time history obtained from Eq. (24). The determination
of u,, and ¥,, requires several mathematical steps, which are outlined in Appendix A.3.
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The following result is obtained for the complex eigenfrequencies ¥,,,,
e, S ) o

R m=1,2,3,.... (25)

These are nonlinear equations, one for each mode m.
For the amplitudes, two sets of linear equations for u,, and u,,* are obtained,

c agn(xq,xq)i oSyt _i‘Pm sin w,T ;
q 2 2 m
ox 4~ w2 — ¥, b3

2 _
®n wy m
cosw,t 1V}, sinw,t « | 9009,(xg,xa)
+ | — > 2 + 5 ) Uny| = 0 ’ (26&)
wy, — Tm On w; — qlm ¢ X
and
00 .
0g,(x¢, X4) . COS W, T sin w,T
C( 42 lle — Wy Um
1 ox w? — lIIZ w2 — qu
m=1 n m n m
. CoS W, T sin w,,T 0 0g,(x4, Xq)
Wy = le w; — q/m
where n =1,2,3,....

4.2. Approximate solution for the growth rate

An approximate analytical solution for the complex eigenfrequencies can be derived if the following
assumptions are made:

Q, ~ w, forn=m, butnotforn#m (27a)
(steady and unsteady case have similar real eigenfrequencies),

|4,,] <Q,, (small growth rates), (27b)

Q,1<1 (time lag smaller than acoustic period of mode m). (27¢)

With Egs. (27a) and (27b) the denominator of the term (w,e'"*/w? — ‘an) in Eq. (25) is small for n = m,

but not for n#m, and thus the mth term dominates over all the others in the sum. This sum can then be
approximated by the dominant term to give

i
agm(xqaxq) (}Jmel e

R

=0. (28)

For the low-order modes, Eq. (27¢) is a reasonable assumption, and with that the approximation

et 4+ iY,1 (29)

can be made. Eq. (28) can then be turned into a quadratic equation for ¥,, which has the following solutions:
e 0g,(x4: %) 09,542 %)\ 0g (g, %)

Y, = 3 1‘chwm#:t — quwm# +4( w2, + qum# . (30)

If the term under the square root is negative, the real part of ¥,, is zero. This describes the case where the
velocity rises exponentially without oscillating. We ignore this case here and assume that the square-root term
in Eq. (30) represents the real part of ¥,,. Then

L C o, 20 X0) (31a)

AmZI leZ_
o 2 0x
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and

3
Q, = Re¥,, = \/(02 4 C oo 9l Xe) _ g0 (31b)

m a X m:*

Let us consider 4,,, which indicates the stability behaviour of the heat-driven oscillation. 4,, has four
factors, three of which are positive:

>0 (otherwise the heat transfer would lead the velocity, rather than lag behind it)
C,>0 (in the case where the heat source is a wire gauze, C, <0 would describe the scenario of the surrounding

air getting cooled, rather than heated, by the gauze; see the “Bosscha tube” described in Ref. [10, p. 512])
w,, >0 forallm=1,23,...

Thus the sign of 4,, is determined by the sign of the fourth factor, dg,,(x,, x,)/0x, and this depends on the

position x, of the heat source. We analyse the behaviour of 9g,,(x,, x,)/0x as a function of x, numerically in
the next section.

5. Numerical results
We consider a Rijke tube with the following geometry (see Fig. 5).

Tube length (L): 1 m

Inner tube radius (R): 0.0226 m
Length of flame holder (#): 0.03 m
Radius of flame holder: 0.0144 m
Radius of fuel line: 0.0076 m

These values correspond to our experimental Rijke tube arrangement.

The pressure nodes just outside the tube (determined by the Rayleigh end correction) are at a distance of
0.61R from the tube ends, giving

{; =—-0.014m, ¢, =1.014m.

The ratio of downstream to upstream cross-sectional area is

o
2o 11128.
2
The effective length of the airplug has the value
Leff =0.093 m;
pressure node temperature jump unsteady heat source pressure node

/ fuel line flame holder \l \/ airplug \
/ \

Ty, Cq, A4

Ty, c1, 4
H tube axis

Fig. 5. Geometry of the Rijke tube.
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this was calculated from Eq. (7), with X,—X; = 0.065m. Although L. is surprisingly large, it is still much
smaller than the wavelengths of the first few modes, which are of the order of 1 m. Hence the assumption in
Section 2.3 (that the hydrodynamic region is acoustically compact) is still satisfied.

The mean temperature upstream of the heat source is room temperature. It jumps by 200 K across the heat
source, i.e.

T, = 288K (room temperature), 7, = 488K.

The corresponding speeds of sound are
¢ =342ms™!, ¢, =446ms.

The source position x, was increased in small steps from 0 to L. The hydrodynamic region was shifted
accordingly, in such a way that x, was a small constant distance of 0.01L downstream of this region, which
had a constant length of 0.065m. Thus its edges X; and X, (see Fig. 4) were at

Xzzxq—o.()lL, X1=X2—0.0651’Il.

The length of the fuel line was also increased in line with x,, £ = X 4+ 0.015m.

The eigenfrequencies were calculated from Eq. (A.3). Their dependence on the heat source position x, is
shown in Fig. 6 for the first two modes. As x, increases, the length of the cold region in the tube increases,
while that in the hot region decreases. This would lead to a monotonic decrease of the eigenfrequencies (with
increasing x,) if the blockage and the jump in cross-sectional area were absent. Their presence disturbs the
monotonic pattern and is responsible for the undulations in the curves of Fig. 6. w; (black curve) fluctuates
between 1295 and 1032s~" (206-164 Hz), and w, (grey curve) between 2742 and 2074s~' (436-330 Hz).

Fig. 7 shows 0g,,(x4, X,)/0x as a function of x,. The black curve is for the fundamental mode (m = 1), and
the grey curve for the second mode (m = 2). The curves indicate that mode 1 is unstable in the range
0<x,<0.469L, and mode 2 in the ranges 0 <x,;<0.246L and 0.413L<x,<0.722L.

Our model assumes simple end conditions, neglecting losses due to acoustic radiation from the tube ends.
As a consequence, the x, ranges, for which instability is predicted, are slight over-estimates.

The predictions from our model are in line with the well-known observation that the fundamental mode of a
Rijke tube is unstable if the heat source is in the lower half of the Rijke tube. The predicted stability behaviour
for the second mode has also been observed.

The predictions are also in line with Rayleigh’s criterion [3], which states that thermo-acoustic instabilities
can occur if the phase difference between the rate of heat release ¢’ and the sound pressure p is such that ¢’ has
its maximum during the high-pressure part of a cycle and its minimum during the low-pressure part of a cycle.
Unstable oscillations are therefore only possible if pg’ >0, where the time average (denoted by the over-bar)

3000
mode 2
2500
2
=, 2000 |
>
(&)
g
> 1500 ¢ mode 1
G’_.) ————
".E \
_"9’, 1000
[0
500
0 0.2 0.4 0.6 0.8 1

axial position [m]

Fig. 6. Dependence of the eigenfrequencies w; and w, on the heat source position.
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Fig. 7. Dependence of the derivatives of the Green’s function amplitudes, (9g, (x4, x4)/0x) and (9g,(x,, x,)/0x) on the heat source position.

is evaluated over one period of the oscillation. For the fundamental mode of a simple tube (uniform cross-
sectional area and uniform mean temperature, no blockage), this is the case if 0 <x, <0.5L, the energy input to
the sound being maximum when x, = 0.25L (see Ref. [10, Section 6.4.4]).

6. Conclusions and outlook

The Green’s function approach presented in this paper predicts the stability behaviour of a Rijke tube with
geometrical complications, in particular a blockage. Equivalent predictions can be made with simpler theories,
for example with a classical control volume analysis, where balance equations for mass, momentum and
energy across the heat source are formulated and analysed by an eigenvalue approach.

In contrast to other methods, our approach has several advantages: The acoustic analogy equation can
readily be extended to include acoustic source processes, in addition to the heat release, such as vorticity or an
active control system. An active control system, for example, that involves a sound source (within the tube or
near one of its ends) can be simulated by adding a term to the right-hand side of Eq. (17), which represents a
sound source coupled to the acoustic field in the tube. Heat release characteristics, other than the simple time-
lag law used in this study, can be incorporated, for example the characteristic given by Mclntosh and Rylands
[13]. Furthermore, the heat release need not even be linear (as assumed in Section 3); an integral equation
equivalent to Eq. (23) could be derived for a general nonlinear heat release characteristic and solved
numerically by iteratively stepping forward in time, to give the time history of the acoustic velocity. This
would show the transient behaviour, such as an amplitude increase during an instability, and also the long-
term behaviour, such as convergence to a limit cycle. A further advantage is that our approach readily
provides the effective length of the air surrounding the blockage; other approaches do not give this
information.

As the Green’s function is the response to excitation by an impulse, it is in principle possible to measure it.
This would allow experimental validation of the Green’s function we calculated theoretically. More generally,
a measured Green’s function could be incorporated into our approach to predict the stability behaviour of
Rijke tubes whose geometry is too complicated for analytical treatment.

The Green’s function of this paper is easily extended to include effects such as radiation losses at the tube
ends. Similarly, the influence of the heat source being within or near the blocked region, where the flow is
three-dimensional, could be incorporated using a Green’s function for the special case where the unsteady heat
source is in the hydrodynamic region of Fig. 4. Other tube geometries, more representative of practical
devices, could also be treated. For example, an annular gas turbine combustor could, in a first approximation,
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be represented by a “two-dimensional Rijke tube”. Such a tube would have a wide, but thin rectangular cross-
section and a heat source extending across the span of the tube. It would involve an analytic Green’s function
in two dimensions, obtained by extending the calculations in Section 2 from one to two dimensions.

Appendix A
A.1. The effective length of the airplug

We evaluate the momentum balance (6b) on the hydrodynamic side of the interfaces at X; and X», and write
it in terms of the velocity potentials ¢ and ¢,_, using

- -
pl—_plﬁ, Py = —pPq o1 Uy = ox

(A.la,b,c)
This leads to

by — ¢y = Leffag)z‘ (A.2)

The velocity potentials are obtained by integrating Eqs. (4a, b) with respect to x and substituting the result
into Eq. (3b) to give

B(x) =a+ﬁj%(x—()(1 — 7)) forx=~ X, (A.3a)

() = o+ B(x — (X> — T2)) for x ~ X». (A.3b)

The integration constants have been chosen such that ¢(X; — ;) = ¢(X, — &) = o; £; and 7, represent end
corrections.
Evaluation of Eq. (A.3b) at x = X and Eq. (A.3b) at x = X, gives ¢; and ¢,_, and then Eq. (A.2) leads to

_ oA -
Lot =& — jffl. (A.4)

The effective length L. can be expressed in terms of the velocity potential ¢* by considering the limits x —
+ 0. As x> + o0,

)(7 d§ + ¢*(X>) (1dent1ty)
7= “o n (A.5a,b)
x—(X;—b)= [y, dé+ 0 (from Eq. (A.3b)).

These two limits must be equal as x— + oo, hence

o[ (" )
o= /X ( 3¢ 1) AC+ e7(X2). (A.6)
As x—» —o0 s
fxz af dé + ¢*(X3) (identity),
e (A.7a,b)

—(x — (X =0y = —sz dé+ ?(—Xl +X2+ 1) (from Eq. (A.3a)).

Again, these two limits must be equal as x— — oo, giving

—® (0¢ oA
—_——— A.
(% -2 )ac+ orcx (A9)
Subtraction of Eq. (A.8) from Eq. (A.6), and use of Eq. (A.4) gives the expression for the effective length
stated in Eq. (7) in the main text.

sz -
D2 X=X 40 =
,1(2 1+ &) /

X>
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A.2. Modal amplitudes of Green’s function
For the calculation of the Green’s function and its amplitudes, we consider a point source at position x’ in

the hot acoustic region, as shown in Fig. 4. R
At first we determine the time-harmonic Green’s function, G(x, x’, w), which is the solution of

2 A 2}\
G L 9620 in0<x<X, (A.92)
ox2
and
’G o . .
ST Y G=8(x—x) inXy<x<L. (A.9b)
ox2

In the cold acoustic region, G is given by Eq. (3a). The hot acoustic region is subdivided by x" into two parts
with forward and backward travelling waves in each. In summary,

asin ki(x —{;) for0<x< X, (cold acoustic region),
G(x, X, w) = { ce®=%2) 4 ge=k(=X2)  for ¥, <x<x’ (hot acoustic region), (A.10a,b,c)
bsinky(x — £5) for ¥ <x<L (hot acoustic region).

a,b,c and d are unknown coefficients, and k| = (w/c1), k» = (w/¢3). The conditions across the hydrodynamic
region apply as before (see Eqs. (9a) and (9b)), with ¢, and ¢, replaced by

Gy = [asinki(x — £1)],_y,, (A.11a)
and
AN iky(x—X5) —iky(x—X
Gy = e X gD (A.11b)
respectively. This leads to the following two linear equations for a,c and d,
P .. /1
c+d=a— |sink| (X, — 1)+ L — ki coski (X — £))], (A.12a)
P s>
. . of |
1k26—1k2d:ajk1 COSkl(Xl —51). (AIZb)
2
¢ and d can now be expressed in terms of a, to give
c=ay, (A.132)
d = avy*, (A.13b)
where
1[p; . 6, A LAk
p =5 | B sinky (X — 00) + 220 Lapky coski(X) — £) =i 7 coski(Xy = £)[, (A14)
21p, Pyl A2k

and y* is the complex conjugate of y. The expression for G(x, x',w) in Eq. (A.10b) can then be rewritten to give
G(x,x, w) = 2a[(Rey)cos ka(x — X») — (Im p)sin ka(x — X)) (A.15)

for Xr<x<Xx'. .
Using the Heaviside function H, it is possible to write G(x, X', w) for both parts of the hot acoustic region as

é(x, X, w) =2aH(x' — x)[(Rey)coskr(x — X3) — (Im y)sin kr(x — X>)]
+ bH(x — xX')sin ky(x — £3). (A.16)

a and b are determined to ensure that Eq. (A.16) satisfies Eq. (A.9b) in the hot acoustic region (see Ref. [14,
pp. 43-44]). This involves differentiating Eq. (A.16) twice with respect to x, and using
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dH(x — x')/dx = 6(x — X'). Eq. (A.9b) then becomes an equation where the coefficients of d(x—x’) and its
derivative ¢'(x—x’) on the left-hand side can be equated with those on the right. This leads to the following
linear equations for a and b:

—2a[(Rey)cos kr(x' — X3) — (Imy)sinky(x' — Xo)] + bsinky(x' — €,) =0, (A.17a)
2aks[(Rep)sinky(x' — X2) + (Imy)cos kr(x' — Xo)] + bky coskr(x' — £5) = 1. (A.17b)
The 2 x 2 determinant of these equations can be calculated and simplified to give
o 1
det=———
et =~ of ().
where
o1 . b of . L
flw) = ZL | —cos w7t sinwty + @ COS ™T) <_2(:_1 sinwt; + = cos 601'1):| . (A.18)
o5 c 22 o1 ¢ &)

a and b can then be found by Cramer’s rule, and used to determine ¢ and d from Eq. (A.13a,b).
If these results are combined with Egs. (A.10a,b,c), G(x, X', w) assumes the compact form

_g(x, X, w)

GO, X, ) =L~ A.19
(v, 0) = F (A.19)
where
Ax,w)C(X',w) for0<x<Xy,
g(x, X, w) = { Dx,0)C(¥,w) for Xp<x<x, (A.20a,b.c)
C(x,w)D(x',w) forx'<x<L,
with
. — £
A(x, ) = smw, (A21a)
-0
Clx.) = sin 2 =) (A.21b)
1)
] . o/ L -X
D(x,w) = @ <sm wT] +—1 o cos am)cosw(XZ)
123 oy 18}
. - X
+ 2o COS T sinw, (A.2lc)
szz C1 (&)
and
X —¢ X, —¢
="t =022 (A22a,b)
C1 C

The time-dependent Green’s function is obtained from G(x, X', ) by the inverse Fourier transform,
L [* . .
G, x',t—1)= ——/ G(x,x', w)e =1 dw. (A.23)
21 J_o

The integrand has singularities at the resonance frequencies, where w = w,, (and also at w = 0). This can be
seen from the fact that the expression for flw) in Eq. (A.18) only differs by the constant factor
(01/P)(L 1/ 2)(1/cy) from the left-hand side of Eq. (11), which is zero if = w,,. The integral can therefore
be evaluated by application of the residue theorem. Suitable integration paths are chosen for the cases t<?
(before the source time ¢') and ¢> ¢’ (after the source time ¢') to ensure that causality is satisfied. For t<¢/, the
integration is along the real w-axis, and a semicircular arc in the upper half-plane, without capturing the
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singular points. For this case
Gx,x,t—1)=0, t<{. (A.24)

For 1>, the integration is along the real w-axis, and a semicircular arc in the lower half-plane, such that the
singular points are enclosed. For this case

G, x,t—1)=1 ) Res,, [G(x, X, w)e*iw“*”)}, 1>7. (A.25)
n=—00
The residues at the simple poles w,, (n#£0) can be calculated from the standard formula, given e.g. in Ref. [15,
p. 158]. The residue at wq turns out to be zero. Eq. (A.25) then becomes

Gx, l—l)—lzg(x x(w“”)’) =0 s, (A.26)

11%0

where /' is the derivative of the function fin Eq. (A.18). The frequencies w, have the symmetry property
w_, = —w,. Taking into account the symmetry properties of the functions g(x, x’, w) and f'(w) with respect to
w, it is possible to reduce the sum over # to include only terms with positive n. The results (A.24) and (A.26)
can be combined with the Heaviside function to give

G(x,x', 1 — 1) = 2H(1 — z)zg(x X0 G ot — 1), (A.27)
o (@)
Comparison of Egs. (A.27) and (2) shows that the modal amplitudes of Green’s function are given by
gx, X', )
(X, x 22— A28
a0, ¥) = 2855 (A.28)

A.3. Modal amplitudes and complex eigenfrequencies

The aim is to extract equations for the modal properties u,, (amplitude) and ¥,,, (complex eigenfrequencies) of the
heat-driven oscillation from Eq. (23). To this end, we Laplace transform (23) from the -domain into the s-domain,

" OG(x, X, t— 1) , , )
Llu,(0)]= — Co & /f:oT x=1x, H(!' — tu, (! — 1)dt
X =xq
2 )
®0 | 0°G ¢y |0G
A Ferwn =L | == A.29
c? ox0r| X = Xq + c? ox| X=Xq |’ ( )
X =xy X =xy
=0 | L =0 |

where the Laplace transform is defined in the standard way (see Ref. [16, p. 243]). The Laplace transform of the
integral can be simplified by applying the convolution theorem and the shift theorem ([16, p. 243, entries 4 and 13]).
The Laplace transforms of the Green’s function derivatives are obtained by differentiating (2) and using

. Wy,
y[sm C()nt] = m R (A30a)
Pleos wyf] = —— (A.30Db)

2+ w2’
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to transform the individual terms in the sum. Eq. (A.29) then becomes

99 (x Xg) O
Llu, ] = - C, E n{Xg, Xq e a)ﬁe Llug(1)]
(p agn(‘xq’ xd) Swn (rbO G agn('xqa xd) wn
— — . A3l
T v xSt A4 X s to; (A3

This is an algebraic equation for the Laplace transform of u,(7). Instead of solving it directly for L[u,(?)], we
substitute for u,(f) with Eq. (24), which has the Laplace transform

ad u ut
Lluy ()] = =+ o ] . A.32
(14 1) ;L—H‘Pm s—ivP;, (A.32)
Eq. (A.31) can then be written as
o0 * *
U U _ —sT aqn(xqrxq) Oplp, Wy,
n; [s + 1%, * s — 1‘!’;“”} =~ G mz:l nz: Ox (8% + 02)(s +1¥m) (s2 + w2)(s —1¥})
09,(xg,Xa) 5@y + @q
+c_zz_: o et (A.33)

This can be transformed back from the s-domain into the r~-domain, using Eq. (A.30a,b), the entries 4 on p. 243 and 5
on p. 245 in Ref. [16],

1 1 1Y,
—1 —i¥
&z {(sz Y i'{’m)} == (—cos Wt + o sinw,t + e ’), (A.34)

and an equivalent formula for the complex conjugate to give

00 :

. 09, (x,,X;) wuu 1Y, . v (1
§ :(ume Wty u* el‘[‘mt — C, 2 : 2 : gn( q> q) - n ’:1712 |:<—COS w,(t— 1)+ wm sinw,(t —1)+¢€ 1¥(t r))
m=1 m=1 n=1 n~ Tm n

WU v .
4 —m <—cos ou(t — 1) — —2 sin w,(t — 1) + &' Fn'~ ﬂ)]
o

CO%— ;knz n
1 = 09,,(xy, Xa) Py .
+§2%wn (pocoswnl—i—%z sin wyt|; (A.35)
n=

this is valid for all observer times > 1.
The basic functions of time in Eq. (A.35) are e '/, ¢!, cos w,t and sin w,,t. Further functions of time in
this equation are

efis",,,(zfr) — eiler efikV,,,r’ (A.36a)
R e G (A.36b)
cos w,(t — 7) = cos Wyt cos w,T + sin w,’sin w,T, (A.37a)
sin w,(f — ) = sin w,f cos W,T — COS W, Sin w,T, (A.37b)

which can be expressed in terms of the basic functions as indicated. We use these in Eq. (A.35) to express this
equation purely in terms of the basic functions and then equate their coefficients on the left and right-hand
side of the equation. Equating the coefficients of e~ '¥»* gives Eq. (25), and equating those of e'¥» gives the
complex conjugate of Eq. (25). Equating the coefficients of cosw,t and sinw,t gives Egs. (26a) and (26b),
respectively.
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