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Abstract

The effect of coupling between in-plane (symmetric wave) plate vibrations and the acoustic field are investigated in the
context of thin plate theory. Comparisons are made of the reflection and transmission coefficients with the results of three-
dimensional elasticity and the fluid loaded dispersion curves are considered. The response of a line driven, fluid loaded, air-
backed thin plate is calculated and it is shown that symmetric wave corrections can give contributions at leading order, for
certain ranges of angle or frequency.

Crown Copyright © 2007 Published by Elsevier Ltd. All rights reserved.

1. Introduction

The acoustic radiation and structural response of a driven elastic plate immersed in a fluid is a cornerstone
of structural acoustics. Although modern structural acoustics makes extensive use of finite element (FE) codes
and numerical techniques, most of the fundamental understanding of this problem is based on the use of shell
theory [1,2]. The foundations of this understanding were laid in the 1960s with the work of Feit [3], and
Maidanik and Kerwin [4]. Significant progress was then achieved by Crighton who, in a series of papers
through the 1980s, advocated an approach based on perturbation expansions in a fluid loading parameter, ¢
[5-7]. This work is summarised in his Rayleigh medal lecture [8]. Recent work has focused on extending the
frequency range of these results [9] and looking at the effects of attached inhomogeneities [10].

Most work to date has focused on shell theories that are transversely inextendable, i.e., they are based on
the Kirchoff-Love approximation that “normals to the undeformed middle surface remain straight and
normal to the deformed middle surface and suffer no extension” [11]. This has the consequence that the
structural response to a driving force normal to the plate is determined solely by the bending wave equation
and there is no coupling to in-plane vibrations. In this paper the effects of using a shell theory that allows
transverse extendability are considered. It is shown that in this case in-plane (symmetric wave) vibrations are
excited in the plate, both by the driving force and by coupling from the acoustic field. In most cases the effect
of these vibrations on the acoustic radiation and structural response is small and can be safely ignored
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however, in certain ranges of angle or frequency, these effects occur at leading order and should be retained in
addition to the usual bending wave contributions.

Some effects of symmetric waves on the radiation of plates have been considered before: Rudgers et al. [12]
used a modified thick plate theory to calculate the radiation from a variety of metallic and polymeric plates.
The computations are based on the analysis of Feit [3] and radiation at the coincidence angle for symmetric
waves is demonstrated. The approach used here is similar to Crighton’s [8], and the aim is to understand how
the symmetric wave corrections lead to significant effects at all frequencies despite, on the face of it, appearing
to be higher order corrections. By deriving the thin plate equations in a consistent way it can be seen that any
shell theory that uses the Kirchoff-Love approximation as its basis will contain no coupling between the
acoustic field and the symmetric plate waves when the shell approximates a flat plate. This has implications for
the types of shell theory that should be used for deriving shell elements in FE analyses of structural acoustic
problems.

The paper is divided as follows: Section 2 derives the plate equations for a forced, fluid loaded thin flat plate
from a variational principle. Section 3 then uses these plate equations to derive expressions for the reflection
and transmission coefficients of an elastic plate fully immersed in a fluid. Here exact results from the full elastic
theory are easy to obtain and the results of the thin shell theory are compared with both the full theory and the
result of keeping only the bending wave contribution. Section 4 looks at asymptotic results for the dispersion
curves of both a fully immersed plate and of an air-backed, fluid loaded, plate. Section 5 then looks at the case
of a line driven, air-backed, fluid loaded plate (the case usually of most interest) and calculates the acoustic
radiation and structural response.

2. The plate equations

First the plate equations for a forced, fluid loaded, flat plate are derived. The approach is based on the
variational principle of Kohn et al. [13]. This is related to Hamilton’s principle though any variational method
that satisfied the correct stress boundary condition on the surface of the plate would, in principle, give the
same result [14]. For an elastic solid with Lamé constants 4, u and density p, taking up volume V" with surface
OV, the steady-state action functional is given by

J:/{pa)zUan—/lew.szﬂ—2u8a/;8;§u}d1/+/ f.U,dS. (1)
v av

The U, are the components of the elastic displacements of the material in a Cartesian coordinate
system, with Greek indices running over the set (x,y,z). Summation over repeated indices is assumed
and ‘x’ denotes complex conjugate. Surface tractions are given by the vector field, f,, and the integrals
are over the volume and surface area, respectively. Harmonic time dependence, e/, is assumed throughout
the paper.

Taking the strain tensor to have its small displacement form

&op = %(aoc Uﬁ + a[j’ U,) (2)

(0, standing for the partial derivative with respect to the « coordinate), the relationship between the stress
tensor, o,g, and the strain is given by

Oup = /187},5“,3 + 2/,&%(/3, 3)

where J,4 is the Kronecker delta. It is then a straightforward matter to show that minimising J with respect to
variations in the complex conjugate displacement, U}, leads to the usual three-dimensional steady-state elastic
equations of motion

0p0yp + p* Uy, =0 4)
together with the boundary condition

So = oapng Q)
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on 0V, which has outward unit normal #n, [13]. The Lamé constants can be related to the Young’s modulus, E
and Poisson’s ratio v by the relations
Ev E
A ——— u= .
(1 =2v)(1+v) 2(1+v)
If the volume ¥V consists of two materials—one occupying volume ¥V, and the other V;—with common

boundary S, = 0V, U0V, then the volume integral in Eq. (1) is split into separate volume integrals for V'
and V;. Minimising J with respect to the complex displacements leads to integrals of the form

(6)

/ {p0? U, + 0pa,5}0U% dV (7)
Vo,1
together with a surface integral over the interface between the two materials

g (0020 Ugs — 01250 U7 p)noy dSS, ®)

where 69,5, Uop are the assumed forms for the stress tensor and displacement vector in material 0 and similarly
for material 1. Use has been made of the fact that ny, = —nj, on the common boundary.

The volume integral contributions to ¢/ imply that the equations of motion (4) hold separately in each
material. The surface integral (8) then leads to interface conditions that must hold between the materials.
Physically it would be expected that the displacement should be continuous across the interface and hence the
variation should be restricted to trial functions that satisfy this condition. This could be enforced formally by
the addition of a Lagrange multiplier term to Eq. (1) if desired [15]. For continuous displacements, Eq. (8)
then implies that the components of the stress tensor in the direction of the surface normal must be
continuous, i.e.,

C0upMop = T1a8M0p- ©)

In the case when V' contains a fluid, the shear modulus, u, in ¥ is taken to be zero and thus A = K, which is
the bulk modulus of the fluid. Since the only contribution to the stress tensor in the fluid is through the
divergence of U, Eq. (4) can be used to show that U must have zero curl. The equation of motion in the fluid
(4) then simply becomes

2
VAU, + (9) U, =0, (10)
Co
with ¢y = \/K/p, and the stress tensor is given by
Gmﬁ = K(Vy Uy)éa/; = —péc{[;, (11)

where p is the acoustic pressure [16]. Since Eq. (8) now only contains the components of displacement normal
to the interface, only these components need to be continuous.

It can be seen that Egs. (10) and (9) are the usual steady-state equations of motion and interface conditions
for an acoustic fluid, which are usually derived directly from Euler’s equation and the equation of continuity
for the fluid [17]. Eq. (10) can be recast in terms of the pressure simply by taking the divergence of each side.
Hence, without any loss of generality, the variational principle (1) will be used only to obtain effective
equations for the elastic plate and any surrounding fluid will be taken to satisfy the usual Helmholtz equation
of motion and interface conditions with its only contribution to Eq. (1) being through the forces it exerts on
the surface of the plate.

To proceed, the plate is assumed to lie in the x—y plane, with mid-plane at z = 0 and to have thickness 24.
Traditional plate theory assumes that the thickness of the plate is small compared to the lateral dimensions of
the plate and the longitudinal and shear wavelengths, allowing the displacements to be expanded as a power
series in z [11]. Taking the Latin indices, ,J,k, ..., to stand for the in-plane components (x, y), this motivates
the following ansatz for the plate displacements:

Ui(xsya Z) = ui(x’y) + ZU,'(X,y) + %Zzti(xay)a (123)
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U.(x,p,2) = wo(x,y) + zwi(x, ) + S 22wa(x, ). (12b)

The Kirchoff-Love approximation corresponds to taking w; and w; identically equal to zero [18].
The elastic strains can then be calculated to first order in z as

&y = 5 @y + Q1) + 5 2(0,0; + Qjvy), (13a)
& = & = $(Qwo + v;) + $z(Qw1 + 1)), (13b)
&, = Wi + zZwy. (13c¢)

If it is assumed there is a fluid, with pressure p, filling the half-space z>/ and the lower side of the plate is
driven using a normal driving force, f(x,y), then the boundary conditions on the stress in the plate are

0,:=—p, 0,=0 atz="h (14a)
and
—0,; :f’ 0.=0 atz=—h. (14b)
Using the first-order form of the strain (13) to calculate the stress then gives
v; = —0;w, (152)
t; = —0;wi, (15b)
_ (f+p
wi 20420 0;U; (15¢)
and
0 =p
= 0:0;wo, 15d
2= 2nG 1o T OO (1>d)

where y = A/(A+2u) = v/(1 —v). The only unknowns are thus the displacements of the mid-plane of the
plate.
Substituting these results into the functional (1) and performing the integration over z leads to

2hE
J = m/dS{—vaiuia/uf — (1 — v)(a,-uj + a_,u,-)aiu;‘
— vla,-ai)/vo@jfﬁng — (1 — v)I@,»ajWOG,@jw; + Q(u,uf + WoWé)}
+ [ 450 = pwi + ¢+ ) (16)

The surface integral is to be taken over the area of the plate, I = 4* /3 is the square of the radius of gyration of
the plate and Q = pw?(1 — v?)/E. Rotary inertia terms of the form oh? /3 have been neglected.

It is now a straightforward matter to perform the variations over u} and wj. Setting the resulting integrals to
zero implies the plate equations

14+v) (1-=v) 5 y i
5 0:0uj + Tajajui + kyui = Tcgai(f +p)s (17a)
1
aiaiaja,‘Wo — kgW() = Tpclz)(f —p), (17b)

where ¢; = E/p(1 —v*) and ¢; = IE/p(1 —v?). One thus sees that the thin plate equations are a natural
consequence of the stress satisfying the correct boundary conditions on the surfaces of the plate to first order
in A. It should be noted that the derivative term on the right-hand side of Eq. (17a) came from the U} term in
the surface integral of Eq. (1) and would not be present if w; had been taken to be zero.
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Taking the normal displacement to first order then gives

UZ:wo—z<f+f+y6,-ui), (18)
2pc;

where use has been made of the longitudinal wave speed, ¢; = /(4 + 2u)/p. This procedure can be extended to
finite plates and curved shells.

3. The reflection and transmission coefficients

The problem of a plane wave incident on an infinite elastic plate fully immersed in a fluid is now considered.
The plate lies in the x—y plane and has its mid-plane at z = 0. Surrounding the plate is a compressible fluid
with density p, and sound speed ¢y, which satisfies the Hemholtz equation

V2p, +kip, =0 (19)

for the acoustic pressure, p, (x) for z>h and p_(x) for z< — h. A plane wave of wavenumber ko = w/cy is
incident in the z—x plane, from z = oo and at an angle 6 to the normal of the plate. These conditions are such
that the acoustic field and plate displacements can be considered to be independent of y and the problem is
two-dimensional. The geometry is as shown in Fig. 1.

In Section 2 it was shown that the linear response of a thin plate subjected to a normal driving force f(x) on

the face at z = —h, and with a pressure p(x) over the face at z = / is determined by the plate equations
d*2u, y d
 uy = ———(f 20
R e ) (20)
d*wy 1
—ktwy = ——(f — p). 21
avt k=5 0= p) @D

Eq. (20) governs the x-component (in-plane) of the displacement vector of the mid-plane of the plate; it gives a
low-frequency approximation to the lowest order symmetric wave which, in vacuum, has wavenumber k, =
w/c, and phase velocity c,. This equation differs from the one obtained using the Kirchoff-Love inextendable
assumption [11] by the presence of the forcing term on the right-hand side, which is proportional to
y=v/(l —v). This force has a simple physical interpretation: a pressure gradient causes an in-plane
displacement in the plate through the Poisson’s ratio of the material. Thus it is absent if the plate

eloibe Relouc+ibe
0 0
Po> €o ab
2h |—p,.Ev- — — — X— — -
Po €o :_9/
| Teiox-ifz

Fig. 1. Geometry of the fluid-plate system showing incoming plane wave, reflected wave and transmitted wave. In Section 5 the lower fluid
half-space is replaced with a normal driving force, f(x).
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displacements are restricted to a form that allows no local change in the thickness of the plate, as measured
along the normals to the mid-plane. Eq. (21) is the usual bending wave equation, with vacuum wavenumber

kp = y/w/cp. If the thickness of the plate is taken to be H = 2h, then ¢, is given by ¢, = \/B/m, where

B = \/EH?/12(1 —12) is the bending stiffness of the plate and m = Hyp is the mass per unit area. It should be

noted that ¢; is not the phase velocity of the plate: that is given by ,/wc.

In addition to the equations of motion, the correct boundary conditions must be satisfied on the faces of the plate.
The system of Egs. (20) and (21) was derived by ensuring the displacements in the plate are such that the stress
boundary conditions on the surfaces of the plate are satisfied to order 4. For consistency, the normal displacement in
the fluid at the surface of the plate should match that of the plate to the same order. In the plate, it is given by

N f+p | dux
U. >~ wy(x) — z<2pC12 +7 ) 22)

When z = +/ this should be equal to the z-component of the displacement in the fluid which, for harmonic time
dependence e, is given by
1 opy
T opw? Oz

(23)
To find the reflection and transmission coefficients of the plate, p = p_ (x, h) and f'is taken to be the force exerted on
the plate by the transmitted pressure wave, i.e., f = p_(x, —h). Taking
P, = i)y ety peiifth) (4)
with o = ko sin 6 and f = kq cos 0, a periodic ansatz can be chosen for u,(x) and wy(x) viz.,
ue = Ue™ and  wy(x) = We™. (25)

Substituting this ansatz into Egs. (20) and (21) allows the amplitudes U and W to be expressed in terms of R and 7.
Setting Eq. (22) equal to Eq. (23) when z = £/ then leads to a pair of simultaneous equations for the reflection and
transmission coefficients. These are easily solved to obtain

1 21\ ?
R=— k4— 4 k2_ 2 = k4"2 2k2h2_k2/2k2_ 2 26
5D, | k= a>+(ﬁ) WP — I — o)) (26)
2 a0 oy 22003004 4y 12204 A2 2
T = — — — — — 2
ﬁDADB[kb(kp oa”) =y ok bt (ky — o) + kph (K, — o)k, — o)), 27
with
’i
Dy=kt— o +%k§ (28)
and
2 2 2ip, 505 21 5 5,59
DBI(kP—OC) I—Fk,h —I—Fyockph. (29)

The mass ratio, u = p,/2hp.

Fig. 2 shows a comparison of the Insertion Loss (the square of the modulus of the transmission coefficient
expressed in dB’s) calculated from the expression (27) with that calculated using the full elastic theory [19] for a
10 mm steel plate in water at 35 kHz. There is a discrepancy in the position of the flexural coincidence angle (as is
well known [1}—this due to the thin plate theory over predicting the flexural wave speed at these frequencies),
however the general features are predicted well. One notes, in particular, the presence of a second coincidence angle
associated with the symmetric (in-plane) waves on the plate. This is not predicted by the usual thin plate theory.

The presence of the cusp in the Insertion Loss is due to terms of the form (kph)2 J(@* — klz,) which arise in the
continuity condition on the normal displacement; away from the angle defined by

0, — sin! (‘“0) (30)

Cp
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the terms of order (k;4)* and (kph)z, which came from the first-order terms in U, are negligible compared to
the other terms and Eq. (27) reduces to the usual thin plate theory result
2ip

@31

ko\* ‘
1 — (—0> sin® 0 | ko cos 0 + 2iu
ki

Near 0 = 0, however, the terms of order (kph)2 cannot be ignored in comparison to the other terms, leading to
the observed cusp.

Fig. 3 shows how this feature changes as the frequency varies. There is no apparent cut-on frequency—as
would be the case with the flexural wave [1]—but it becomes broader in angle with increasing frequency and is
more obvious above the (flexural) coincidence frequency.

25 4

20 (a)

Insertion Loss (dB)

Angle (°)

Fig. 2. Comparison of the Insertion Loss (given by —201log,,|7’|) calculated using the full elastic theory (— - — - —) with that calculated
using Eq. (27) (—) and the result of retaining only the bending wave contribution (31) (- - - -). The position of the coincidence angle for the
symmetric wave is marked (a), and that of the flexural wave (b).

5 -
4.5 -
4 -
3.5 1
3
2.5 1
2 4
1.5 1
14

Scaled Insertion Loss

0.5 1

0
16.4 16.6 16.8 17 17.2 17.4 17.6 17.8 18

Angle (°)

Fig. 3. The change of the cusp in the Insertion Loss versus angle plot with increasing frequency. Each curve is scaled by the Insertion Loss
at 0° for comparison purposes. The curves shown are: solid line (—) for 2.4kHz (& = 0.1), dotted line (- - - -) for 12.0kHz (& = 0.5), dots
and dashes (—- — - — ) for 24.0kHz (& = 1.0), and dashed line (— — —) for 36.0kHz (& = 1.5).
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It is convenient to define non-dimensional parameters: frequencies are scaled relative to the coincidence
frequency, w. = ¢3/cy, thus @ = w/w,. The usual fluid loading parameter, &, is given by

Po b
— i 32
¢ 2hp ¢y (32)

It has the advantage that it is independent of the plate thickness and is usually small, thus being ideal for
perturbation expansions [8]. In addition, two new parameters

24 24

h“c, hec

— 0 .2 0
o = oyl and o, =7y 202 (33)

bl b*p

are introduced; again, these parameters depend only on the material properties and are independent of the
plate thickness. Since yzk;hz = oc,,o'az and kfh2 = a;*, they are expected to be small parameters and can
usually be dropped except when they occur at leading order in an expansion.

4. The dispersion curves

The dispersion equations for the plate determine the frequency dependence of the wavenumbers of free
waves on the plate. They may be obtained by taking travelling wave solutions for u, and wy,

ue(x) = Ue™™,  wo(x) = Welk~ (34)

and assuming the acoustic field has the form
py = T, TP for 2> p, (35a)
p_ = Tpe™> D for z< — h, (35b)

with 2 = kj — k*.
For real k, if k<k( (supersonic wave) the wave in the plate must couple to an outgoing acoustic wave and

p= ké — k2. If k> ko, the acoustic field must decay as z — oo and ff =i\/k* — k(z). When k is complex a

branch cut must be chosen, starting from the branch point & = k, that maintains these conditions on the real
k-axis. This has been discussed many times in the literature from the point of view of the forced response (see,
for example, Ref. [5]). One can take the view that the solutions to the dispersion problem (35) have no physical
meaning except as the kernel of a Fourier transform in solving the forced response, since the solutions with
complex k must be divergent at either x = +00. Nevertheless, the dispersion problem with complex k has been
studied in it’s own right for purposes such as non-destructive evaluation [20]. If one imposes the condition that
the solutions for complex k& must tend smoothly to the solutions for real k& as both the fluid loading and the
damping tend continuously to zero, a natural choice for the branch cut is given in Fig. 4.

Using the assumed form of the acoustic field in the continuity condition for the normal displacement at
z = +h, together with the plate equations (20) and (21), leads to a matrix equation for the amplitudes of the
free waves on the plate

L L U
uU uw { } o, (36)
Lwy Lwyw || W
with
2 2 2ip, 500 2i.“ﬂ2222
Lyy =k — kp) 1 ——kh™ | —— kph k=, (37a)
B B
4 4 24
Lyw =k — k) — Fkb (37b)
and

Lyw = Lyy = 0. (37¢)
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Im k
Branch Cut
k{’
®
ko ky ky k
A ® ® A s Re k
& e ® k
s _ k] kp 0
®
-k,

Fig. 4. The complex k plane showing the choice of branch cut and typical positions when &> 1 for the subsonic pole, ky, the leaky pole, k;,
the evanescent pole k, and the symmetric wave pole, k,. Also shown is the contour for the Fourier integrals used in Section 5.

For non-trivial solutions to exist the determinant of the matrix L must be zero. In this case the equations for U
and W are uncoupled leading to the dispersion equations Lyy = 0 and Ly = 0. These relations could also be
obtained by setting the denominator of the reflection and transmission coefficients to zero.

Setting Eq. (37b) to zero leads to the dispersion relation for the fluid loaded flexural waves and has been
studied many times before (see, for example, Ref. [8]). The solutions for positive k consist of a subsonic, real
solution together with complex solutions for the evanescent and leaky waves. Significant fluid loading is
associated with & = O(&?), at which point all three terms in Eq. (37b) are significant. For completeness, we
note that, for @> 1, the subsonic wave is given by

(26 ‘ )
ki~ko| 1+ ———+ O 38
o< 307 17 T 0 (38)
and the leaky wave by
(20)i , )
k~kp| 1+ ————F——=+ 0(¢) ). 39
”( wrdo—1+ o %

When @< 1 with @ = O(1) (in the sense of Olver [21]), the subsonic wave is given by

(Ze)
40'2/1 — @

None of these expressions are valid near @ = 1: for a discussion of their range of validity and distinguished
scalings see Ref. [8].

For @ = O(¢*) an approximation can be obtained for the subsonic wave in the heavy fluid loading limit
(& = £2Qy with Qy — 0),

ky~kp (1 + + 0(82)). (40)

2e 1/5
k>~kp|—— . 41
b<a’)1/2> ( )

Approximations in other regions and matching relations around the coincidence frequency can be found in
Refs. [8,9].



836 J.D. Smith | Journal of Sound and Vibration 305 (2007) 827-842

Setting Eq. (37a) to zero yields the dispersion relation for the symmetric (in-plane) plate wave. Re-writing in
terms of the scaled wavenumber, { = k/k,, and the fluid loading parameter gives

2ieoyd 2igo,

J1— /o) 1= (eofer

Treating oy and o, as O(1) parameters (for the moment), this can be solved approximately by taking the fluid
loading to be a perturbation (¢ — 0) [21]. One obtains

C-nl1+ 0. (42)

(2e)ia,d 2 2P Co kyh

2\/1—(60/Cp)2 PCp \/1—(co/cp)2

the effect of fluid loading is thus to attenuate the symmetric wave by an amount depending on the ratio of the
characteristic impedances of the plate to the fluid multiplied by k.

When the usual inextendable plate theory is used, the case of an air-backed fluid loaded plate is identical to
that of a fully immersed plate except that it has half the fluid loading (2¢ is replaced by & in expressions
(38)—(41)). This is not the case, however, if the plate equations (20) and (21) are used. Setting 7, = 0 in the
form for the acoustic field leads to a pair of coupled equations for the plate vibrations. Again, these can be
written in the form of a matrix equation (36) but this time Ly and Ly are non-zero. The dispersion
equation is found by setting the determinant of L equal to zero. Instead of separate dispersion relations for the
symmetric and flexural waves, the combined dispersion relation

~1+ + O()~1 +1y +0@E*) ase—0 (43)

Dk, ) = (K — I2)(K* — k) (1 - %’uu;u')z) — %‘kg(kz — 1) - %‘a,,cazkz(k“ k=0 (44)
is obtained.

The coupling between the two types of waves is small and there is no new structure in Eq. (44) as far as
flexural waves are concerned. The approximate solutions (38)—(41) still hold for Eq. (44), the effects of
coupling occurring at the next order in ¢. Fig. 5 shows a comparison of the subsonic and leaky wave dispersion
curves calculated using Eq. (37b) with those obtained from Eq. (44) for an air-backed steel plate in water. The
fluid loading in Eq. (37b) has been halved, in the manner of the usual plate theory, for comparison purposes
[1]. Branch (a) is the leaky wave, which tends towards k;, at high frequency (39). Branch (b) is purely real and is
the subsonic wave. It tends towards ko = @'/%k, at high frequency (38), is close to k; for frequencies below the
coincidence frequency (40), and then increases steeply as the frequency tends towards zero in the heavy fluid
loading region (41). The differences between dispersion curves calculated from the two different relations is
typically less than 1072 in this case.

The situation is more interesting when the symmetric modes are considered: writing Eq. (44) in terms of
{ =k/k, and rearranging gives

ieoy ie igo, @

+ —_ =
/1 _ (Co/cp)252 65(1 — (Co/Cp)4(I)2C4) /1 _ (CO/CP)2£2

If @ = O(1), the last two terms in the square brackets do not contribute until order > and the solution to first
order is still given by Eq. (43) (with 2¢ replaced by ¢). If @ = O(¢), however, the third term in the square
brackets is O(1) and will contribute at first order in ¢. Setting @ = Q¢ gives

5 2 202 93 1—(c L \2
=Ky o oy (CZ/C”) + 0. (46)
kp 2[25(1 = (co/cp) )+ 11 2[25(1 = (co/cp)T) + 1]

A comparison of the symmetric wave dispersion curve for a air-backed steel plate in water to that calculated
using the uncoupled equation (37a) with half the fluid loading is shown in Fig. 6. The change in behaviour at

C-nl1- 0. (45)
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low frequency caused by the air-backing is most clearly seen in the imaginary part of the wavenumber. It
should be noted that the usual plate theory [1] would give no attenuation for the symmetric wave, due to the
absence of coupling to the fluid, and would have k/k, = 1.
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For completeness, Figs. 5 and 6 also include numerical solutions of the lowest order dispersion curves for an
air-backed, water loaded, steel plate calculated from the full elastic theory using the software Disperse
developed at Imperial College [22,23]. The differences between these curves and those calculated using thin
plate theory, which are most notable for the flexural dispersion curves of Fig. 5, are primarily due to the
neglect of transverse shear through the plate thickness: that thick plate theory must be used to obtain accurate
predictions around the coincidence frequency is well known [1,3]. Nevertheless, thin plate theory predicts the
qualitative physics extremely well and the two theories converge at low frequency. The numerical results for
the symmetric wave in Fig. 6 seem to support the low-frequency behaviour predicted by the coupled relation
(44), though the numerical solution becomes dominated by numerical error as the frequency tends to zero and
starts to predict non-physical negative attenuations for the symmetric wave when @ <0.1.

5. The line driven, fluid loaded, plate

Attention is now turned to the forced response of an air-backed, fluid loaded plate. The force is assumed to
vary only in the x-direction and has the Fourier transform

1 [ <
f(x) = 5> / F(k)e** dk. (47)
The components of the displacement vector of the mid-plane of the plate are taken to be
| 4
U(X) = = / U(k) " dk, (48)
21 J_o
1 [ -
wo(x) = — / W (k) e dk (49)
21 J_o
and using the wave equation in the fluid, the acoustic pressure in the half-space z>/ must have the form
1 [ oo
p(x,z) = — / P(k) *HPC=h § (50)
2n J_o

with f chosen as in Section 4. Substituting in the plate equations (20) and (21) and using Eq. (22) to guarantee
continuity of the normal displacement at z = £, it is a straightforward matter to solve for P, W and U. They
are given by

pF (k)

P= D) [y — ko) — @k (k* — k) — oyd* (k* — k)l — k), (51)
__ Fw) 2 oy Zp o\ 2ip o,
= hpeDik. ) 02 =K1 =) e G2
and
_ kyF(k) 4 g4y 2p g
Y= %pabi,p (GRS L} 39

The denominators, D(k, f8), are as given in Eq. (44).

The far-field acoustic pressure is obtained in the usual way from the saddle point contribution to the integral
in Eq. (50) [1,8]. Taking r = +/x2 +z2 and 6 to be the angle from the normal to the plate (z-axis), for
sufficiently large kor the far-field pressure is given by

/2 .
px, z)~ <2k°r) 0% P(ky sin 0) cos 0. (54)
Y[

For a discussion of the errors associated with this approximation see Ref. [5].
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If F(k) is assumed to be constant (a line driven plate), the angular intensity in the far field is given by
1(0) o |P(kq sin 0))? cos® 0. (55)

A plot of the angular intensity, scaled by its value at § = 0, is given in Fig. 7, showing the peak in the far-field
pressure near the coincidence angle for the symmetric wave, 0,. There is also a (much wider) peak near the
coincidence angle for the flexural wave, 0, when &> 1. Since | P(ko sin 0)] — 1 as both 0 — 0, and 0 — 0, the
ratio of the peaks in the intensity at these points is given simply by cos? 0,/cos® 0,. The peak in the intensity
near 0, is very narrow however; by looking near 0, for the points where | P(kq sin 0)|? is a fraction r of its peak
value one can obtain an estimation of the angular width of this peak. Expanding in terms of ¢ and assuming o;
and o, are small, one obtains (after much tedious algebra)

e (1 — r)l/2

2
= Gos0, 112 + 0(¢&). (56)
For steel in water AQ = 0.084 when & = 1.5 if  is taken to be 0.25. Just before the peak in intensity there is a
corresponding drop-out of similar width. One sees that, although the feature in the intensity near 0, is
broadband in terms of frequency, the angular width narrows with decreasing frequency making it less obvious
at frequencies well below the coincidence frequency.

The far-field structural response of the plate can be calculated from the Fourier transforms (48) and (49). In
both cases, the branch cut is chosen as in Fig. 4 and the contour of integration is then deformed around the
branch. In doing this a contribution from the poles that have been crossed in deforming the contour is
obtained giving

Plate displacement = 271 x Z(Residues) + / (Branch cut). (57)

In the far field of the plate, the integral around the branch cut can be approximated using Watson’s Lemma
[21]. In doing this, terms that decay faster than one over a fractional power of x are dropped, hence the only
residue contribution that should be retained is that due to the subsonic (real) root [8].

One notes that, in general, the points k = k; and k = k, do not lie near the branch cut, hence the terms of
order o; and o, can be dropped from the integrand. The branch cut contribution to the normal displacement is
thus the same as that given by the inextendable theory, viz.,

kO eikox—i% 1 B
Wo(x)branch ~ F()\ / %WW + O(X 5/2). (58)

20 T T T T T T T T

-Fp(0)

F(0)---

-10

0

Fig. 7. Plot of the scaled far field intensity, F(6) = 101og,,|7(6)/1(0)|, when & = 1.5. This is compared with the result obtained from using
only the bending wave contribution, F;(0), plotted as a dashed line.
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To leading order in ¢, the subsonic pole is the same as before hence the flexural wave contribution is as
calculated previously [8].

The in-plane displacement, u,, is calculated in a similar fashion. Again, because of the approximations
involved in evaluating the branch-cut contribution, the only residue contribution that should be kept is that
resulting from the subsonic pole. Since this is not expected to be near k,, terms involving «; and «, can be
dropped and

4 2111
ey Fo {( —kp) — B }
206 2 _ i) [k“ - lﬂkﬁ]

B
One see that the numerator of Eq. (59) is the dispersion relation for the flexural waves on a fully immersed
fluid loaded plate; if the plate had fluid on both sides there would be no residue contribution from the subsonic
pole but because of the free side the subsonic flexural wave couples to the in-plane displacements. The residue
contribution then depends on the difference in the fluid loading and gives a contribution of the order of the
fluid loading parameter, ¢, when @ = O(1).

The branch cut contribution to the normal displacement seems to be a structural acoustic wave caused by
the acoustic near field of the force coupling back into the plate. Of course, the acoustic field can also couple
into symmetric waves on the plate. Assuming k, is not near ko so that terms involving «, and o; can be
dropped, the branch cut contribution to the in-plane displacement is given by

Rgsi«l;(iue Uk) = Res1due (59)

s Likgx oo
1€ ~ . _
ux(x)branch = 7‘/0 U(kO + IS)e = dS, (60)
where

yFoupkky(k* — k)
pc(k” — ko) (BeX(k* — k) + u2ky)

Uy = (61)
and f has been taken to have its value on the left-hand side of the branch cut. Eq. (60) is in a form suitable for
application of Watson’s Lemma [21] hence, for large x,

iyeiko)(—lﬂ k3/2(k4 ki)FO
V2mpel 2kl — k)2

When @ = O(1), the subsonic residue contribution to the normal displacements of the mid-plane, wy(x), is
O(1) and dominates the flexural panel response. In the heavy fluid loading region, however, the residue
contribution is O(g) [6] and the branch cut contribution (58) is significant. One might then wonder if the
branch cut contribution (62) would also be significant?

The total energy in the panel at frequency w is given by

+ O(x=?). (62)

Ux (X )branch

2duY du l 2d Wo dzwo} 63)

1
Eiotal = 2h/ dS{ P (uy uy 4+ wowp) + = > PC
o mid plane 2 0 P dx dx P dx? dx?

The first two terms are the kinetic energy of the panel; equating the third term to the tensile energy in the plate
and the fourth term to the flexural energy, one can examine the relative energy in these two contributions.
Using Egs. (58) and (62) one finds that if all the plate motion were in the branch-cut contributions the ratio of
strain energy per unit area in the in-plane motion to that in the flexural wave is given approximately by

as x — oo. (64)

2
ko
2 <_4 - 1)
Elong 2h2 kb
Eﬂex Cp <k2 )2
U
2
kp
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Since ci = hzci /3 this is an O(1) quantity hence, if the structural acoustic contribution (58) for flexural waves
is considered to be significant for the structural response, the structural acoustic symmetric wave may also
need to be included.

In the heavy fluid loading limit, the residue contributions to the plate displacements can be calculated using
the approximation (41) for the subsonic pole giving

i) 1/2 ikox—iZ
Wo(x) =~ —lel/ Fo hox Foko/ oikox—i -
5h06§k2 Zmllhpcgki 32
— Q% Fy i3t — i ikgxit
()~ =7 oo e Dk TR — k) et E (66)

(&
5065 (ky — k) 2V 2mpcuky(k* — k) X3

with @ = Q¢%, k, = kafl/lo and the approximations hold as Q; — 0.
6. Thick shell theories

The thin shell theory gives a good qualitative picture of the physics of the fluid loaded plate however for
accurate predictions above the coincidence frequency the effects of through thickness shear must be taken into
account and a thick shell theory used [1]. Many of the thick shell theories used for structural vibration
calculations, such as the Timoshenko—Mindlin plate theory, are based on an expansion of the form [18]

U@ =up —zH + 2%+ 295 + -+, (67a)
Uy2)=vg— 295+ 229 + 29 + - -, (67b)
U.(2) = wy. (67¢)

As can be readily seen, expansions of this type still satisfy the Kirchoff-Love approximation and do not give
any coupling between the acoustic fields and the in-plane vibrations. To regain the coupling to symmetric
waves, the assumed form for U, would have to be modified to include a term of at least order z.

7. Discussion

The preceding sections have shown how the effects of coupling between the in-plane plate vibrations and the
acoustic field can be incorporated into thin plate theory. Although terms of the order of o;®”> = k?h2 have been
kept for consistency, these terms never give effects at leading order and can be dropped, simplifying the
equations slightly. (In fact o; has been used for book keeping—expansions are truncated at the point were o;
terms would contribute.) This amounts to dropping the first z dependant term in the continuity equation for
the normal displacement (22). The second term leads to contributions of the form ocpa')2 /(k2 - kf,). When
I kf, = O(1) these contributions are of order yzk;hz and would usually be dropped in thin shell theory. For
|k| near k,, however, these terms become large and must be kept.

The coupling of the in-plane (symmetric wave) vibrations into the acoustic field is due to a tensile strain
causing a small change in the thickness of the plate (and vice versa) through the Poisson’s ratio of the material.
Thus any shell theory (thick or thin) that takes inextendability of the normals to the mid-plane as one of its
starting assumptions will not allow any coupling between the symmetric wave and the acoustic field for a flat
plate. Although computing power has increased tremendously over the last few years, the complexity of many
structural acoustic problems of practical interest means that a FE simulation is often performed using shell
elements for the structure. Since many commercial FE codes were originally designed as structural codes, with
the acoustic elements being added later, it is likely that in some codes the shell elements will be based on a shell
theory that does not allow extension of the normals to the mid-plane. Of course on curved structures the
normal displacements of the mid-plane are coupled to the in-plane displacements through curvature terms in
the equation of motion, thus one would not expect to see any differences until the wavelength was much
smaller than the radius of curvature. It is interesting to note that some differences between structural acoustic
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calculations based on three-dimensional FE analysis and those based on shell elements have been observed
[24], though the discrepancies have been conjectured to be caused by the contributions of non-propagating,
higher order, Lamb waves to the boundary conditions at discontinuities.

The coupling between the in-plane vibrations of a plate and the acoustic field is generally small, nevertheless
it can lead to significant effects in certain regimes—such as for a narrow range of angles in the case of the
acoustic field or at very low frequencies in the case of the structural vibrations. These effects add to the
richness of what appears, on the face of it, to be a simple physical system, that of a fluid loaded, forced, flat
plate.
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