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Abstract

A system consisting of a linear power amplifier driving a piezoelectric actuator pair attached to a long viscoelastic bar is
analysed. Coupled piezoelectric theory is used, and allowance is made for the dynamics of the amplifier and of the
actuators. Formulae are derived for the relation between the input voltage to the amplifier and the normal force associated
with extensional waves generated in the bar and for the load impedance constituted by the actuator-bar assembly. It is
established that the mechanical work performed on the external parts of the bar at the actuator/bar interfaces is at most
equal to the electrical energy supplied by the amplifier. The results are applied to a three-parameter viscoelastic bar and to
an elastic bar, and the effects of the cut-off frequency, without load, and the output impedance of the amplifier are
examined. For the elastic bar, sharp response minima occur at frequencies that are integral multiples of the inverse transit
time through the actuator region. For the viscoelastic bar, the corresponding minima are less sharp and deep. The input
voltage to the amplifier required to produce a desired output wave at the actuator/bar interfaces can be determined
provided that the spectrum of this wave is not too broad.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Piezoelectric elements in the form of thin plates are increasingly used as sensors, e.g. Refs. [1,2], and
actuators, e.g. Refs. [3,4], in structural, space, medical and other applications. Their fundamentally important
feature in this context is that they give electrical response when subjected to mechanical stimuli, and vice versa.
This dual property is described by two coupled constitutive equations [5], often referred to as the actuator
equation and the sensor equation, that relate the mechanical and electrical fields in the piezoelectric material.
Such piezoelectric elements have large bandwidth and are suitable for integration into structures.

An analysis of the interaction of a piezoelectric actuator, driven by a linear power amplifier, and a host
structure generally involves consideration of the two constitutive equations, the dynamics of the amplifier and
associated electric circuits, the dynamics of the actuator, and the dynamics of the host structure. Under special
circumstances, one or several of these considerations may be insignificant.
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Nomenclature Greek
A cross-sectional area y wave propagation coefficient
c wave speed € permittivity
C capacitance { impedance ratio
d piezoelectric constant p density
D electric displacement 10 angular frequency
e strain
E complex modulus, Young’s modulus Superscripts
f frequency
F frequency-dependent part of transfer 0 ideal amplifier

function H av spatial average
G voltage gain of amplifier ¢ creep
h height e elastic
H transfer function, voltage to normal force emf electromotive force
i current E electrical
k square root of piezoelectric coupling M mechanical

coefficient r relaxation
/ length
N normal force Subscripts
0 charge
R r.esistance 0 actuator region
t time a actuator
U voltage b bond
v particle velocity ¢ core
w width cut cut-off (3dB reduction)
w energy, wor.k L loaded amplifier
x axial coordinate n propagation in direction of decreasing x
y transverse coordinate (horizontal) out amplifier output
z transverse coordinate (vertical) p propagation in direction of increasing x
Z impedance, characteristic impedance ref reference value

The sensor equation and the dynamics of the amplifier can be neglected if the actuator is driven directly
from an amplifier with sufficiently low-output impedance and of sufficiently large bandwidth. Furthermore,
the actuator may be considered as quasi-static if it is sufficiently small. Such simplifications were made in the
early work by Crawly and de Luis [6] on the interaction of piezoelectric actuators and an Euler—Bernoulli
beam.

The dynamics of the actuator was taken into account, e.g., by Pan et al. [7], who studied an Euler—Bernoulli
beam with attached piezoelectric actuators. Allowance for the interaction of structure and electrical circuits,
and for the two coupled constitutive equations, was made, e.g., by Hagood et al. [8], Thornburgh and
Chattopadhyay [9], and Thornburgh et al. [10]. Similar considerations were made also in studies of passive
electrical damping systems [11]. Studies of power requirements, with consideration of the dynamics of the
amplifier, were carried out, e.g., by Niezrecki and Cudney [12] and Leo [13].

In control applications involving waves, a problem of fundamental interest is that of generating waves of
prescribed shapes that can be used to cancel disturbing waves. Yet, little related work seems to have been
done. In particular, no such work has been found that involves viscoelastic structures or structural members.
Therefore, the problem to be considered in this paper is that of generating extensional waves in a linearly
viscoelastic bar by means of a linear power amplifier driving an in-phase symmetric piezoelectric actuator pair.
As a special case, the bar may be linearly elastic.
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Both the problem of finding the wave output produced by a given voltage input to the amplifier and the
converse problem of finding the voltage input to the amplifier required to generate a desired wave output will
be considered. The consistency of the model used will be confirmed by establishing that the mechanical work
performed by the actuators on the external parts of the bar is at most equal to the electrical energy supplied by
the amplifier. An associated problem to be considered is that of determining the electrical impedance that
constitutes the load of the amplifier.

In Section 2, the interaction of amplifier, actuators and bar will be studied for a general linear amplifier and
for a general linearly viscoelastic material. Coupled piezoelectric theory will be used, and full allowance will be
made for the dynamics of the amplifier. The dynamics of the actuators and the bar will be taken into account
in a one-dimensional context. In Section 3, the theoretical results obtained will be applied to a specific
amplifier model and to a three-parameter viscoelastic material as well as to a linearly elastic material.
Numerical results will be presented and discussed together with other results in Section 4, and conclusions will
be stated in Section 5.

2. Theory
2.1. Model description

Consider a long viscoelastic bar with an attached symmetrical pair of piezoelectric actuators of length
Ip = 2x¢ in the actuator region —xy<x <X, where x is an axial coordinate as shown in Fig. 1. The actuators
are attached to the bar by bonding layers of finite thickness. The cross-sections of the bar, the actuators and
the bonding layers are rectangular, and the full cross-sections are symmetric with respect to the y and z axes.

Outside the actuator region, the bar has height 4, width w and cross-sectional area 4 = hw. In the core of
the actuator region, it has height /4., width w, and cross-sectional area 4. = h.w.. Each bonding layer has
height A, width w;, and cross-sectional area A, = h,w;, and each actuator has height 4,, width w, and cross-
sectional area A, = h,w,. Therefore, within the actuator region, the total cross-sectional area is
Ay =24,+24,+ A,.

Generally, the materials of the bar and the bonding layers are assumed to be viscoelastic with complex
moduli E(w), Ey(w), respectively, where w is the angular frequency, while the material of the actuators is
assumed to be elastic with short-circuited Young’s modulus E,. As important special cases, one or both of the
materials of the bar and the bonding layers may be considered elastic by taking the moduli £ and/or E}, as real-
valued and constant. This is the normal choice of E, e.g., if the bar is metallic.

It is further assumed that initially plane cross-sections remain plane and that the stress is uniaxial in the x
direction. Within the actuator region, therefore, the effective complex modulus is Eg = ALE, + 2A,Ep+
A E)/Ay. Similarly, the effective density within this region is p, = (24,p, + 2A4pp, + Acp)/ Ao, where p, p, and
p. are the densities of the materials of the bar, the bonding layers and the actuators, respectively.

Actuator N(x,m)

#(x,w)

U@) Linear L';’u ©)

— " | Power . = e ale
Amplifier 2 ¥rox
—

Fig. 1. Linear power amplifier, actuators and bar.
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The piezoelectric material is assumed to be polarized in the z direction and to have a linear
electromechanical response. In addition to the short-circuited Young’s modulus E,, this response is
characterised by the permittivity ¢, and the piezoelectric constant d, = —ds;. The electrical fields between the
conducting layers on the upper and lower faces of the actuators are assumed to be parallel to the z-axis. The
electric displacement field is assumed to depend on x and w, while the electric field strength is assumed to
depend on w only. The effects of strains in the y and z directions are neglected.

The actuators are driven in parallel and in phase by the output voltage and current of a linear power
amplifier. The amplifier is characterised by its voltage gain G(w), when unloaded, and its output impedance
qut(co). As a result of the mechanical response of the actuators, extensional waves are generated which
propagate symmetrically in opposite directions through the bar away from the actuator region.

2.2. Amplifier and actuators

The amplifier, represented by its assumed equivalent circuit, and the two piezoelectric actuators in parallel

are shown in Fig. 2. The output voltage Ug(w) is related to the input voltage U(w) and the output current io(e)
by the relation

Up = GU — ZE iy. (1)

Here and in what follows, the notation ®(w) is used for the Fourier transform of a function &(7), which is
assumed to be piecewise differentiable and absolutely integrable.

Under the conditions assumed, the coupled constitutive equations [5] of the piezoelectric material can be
written

. 1N, U
_1 N U 2
¢ E[l A[I da hu ’ ( )
. N U
Da = _daA_:+8ah_:o (3)

where é(x,®) is the normal strain and N,(x,®) the normal force in the x direction, Dy(x, ) the electric
displacement and Uy(w) the voltage across the actuators in the z direction.
In terms of the electric displacement field, the charge on each actuator becomes

0, (0) = /_ 0 Da(x, w)w, dx. 4)

The output current from the amplifier to the two actuators in parallel is related to this charge through

ih = 2iw0,, (5)
where i is the imaginary unit. By the use of Egs. (3) and (4), this relation can be turned into the form

\ - em cemt dahy o
i =—(U0 -0 f), Ot = dalla G (6a,b)

>
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Fig. 2. Equivalent circuit of linear power amplifier driving piezoelectric actuator pair.
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. . ~emf | . .
where ZE = Z£ /2 with ZE(w) = 1/ioC, and C, = e,low,/h,. Here, Uzm is an electromotive force directly
proportional to the spatial average sz(w) = (1/ly) ffio N, (x,w)dx of the normal force N,(x,w) in each
actuator. Thus, C, can be interpreted as the capacitance of an unloaded actuator, ZZ(w) as the corresponding
electrical impedance, and ZF as the electrical impedance of two such actuators in parallel.

By Egs. (1), (2) and (6), the normal force N4(x, ) in each actuator is related to the strain é(x,w) and the
input voltage U(w) to the amplifier by the integral equation

¢ dlA

2
— —_I’N, = A,E, AEas G
N, 1+Zk e+ 15z 00 (7)
where
zE. ., dE,
=T g e 8a,b
(= 7k . (8a,b)

are the amplifier output to unloaded actuator pair electrical impedance ratio and the piezoelectric coupling
coefficient [5], respectively.

2.3. Actuators and bar

In the actuator region —xg<x <X, the equation of motion

ON I
e poAoiwv )
and the condition of compatibility
1 00
e = 10
¢ iw Ox (10)
relate the normal force
N =2N,+ 2N, + N., (1)

the particle velocity #(x, ) and the strain é(x, ). The contribution to the normal force N(x, w) from each
actuator N,(x, w) is given by Eq. (7), while those from each bonding layer N,(x, w) and the bar N (x, w) are
given by the constitutive relationships

= AyEyé, N.= A.Eé. (12a,b)

Because of symmetry, N(x,®) and #(x, ) are even and odd functions, respectively, of x.

Egs. (7) and (9)—~(12) provide one integral equation, two differential equations and three algebraic equations
for the six unknown functions N (x, w), N o(x, w), N »(x, W), N (x,w), 0(x,w) and é(x, w) in the actuator region.
Therefore, the general solution for N (x, ) and #(x, w) can be derived from these equations. By Egs. (7) and
(10)—(12), the normal force can be expressed as

~av d G U

100 2( 25
6+1+(k 2AEh1+§ (13)

Here, the average normal force Na is obtained by substituting Eq. (10) into Eq. (7) and forming the spatial
average of each term. This gives

N= AoEo

14¢ M d, GU
=——— —7"[o(xg,w) — 0(—x0,w)] + AgEg —————
where Z 2” = A,E,/iwly. Substitution of this result into Eq. (13) gives the normal force in the actuator region

1 db 2k d, GU
o ZU (0, @) — (=0, )] + 244 E 5
wax T T (1 =) Md(x0, ) — B(—x0, )] ha 1+ (1= )

(14)

(15)
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which, when substituted into the equation of motion (9), gives the Fourier transformed wave equation

0%
g—/gﬁ_o (16)

in terms of particle velocity. .
The most general solution of Egs. (15) and (16), which satisfies the symmetry requirements N(—x, w) =

N(x, ) and 8(—x, w) = —d(x, w) can be expressed as
NN h - ak> zZM d, GU
N =Ny, |e 0" f 0¥ ——— L (_p770%0 } ol0X0)| 4 D4 F,——————— (17)
o 1+((1-i)ZY hal +((1=K7)
Nop
b= ZM( e Y 4 oY), (18)

where y, =iw/co is the wave propagation coefficient and Z0 = AoEo/Co, with ¢o = (Eo/py) 12 s the
characteristic impedance in the actuator region. The function N [op(w) = N on() is arbitrary and represents the
normal force amplitudes at x =0 of waves No e " and N()ne”‘Y travelling within the actuator region
—Xop <X <X in the directions of increasing and decreasing x, respectively.

In the bar region x> x,, where waves are travelling only in the direction of increasing x, the general solution

N — Npe—“/(»’f—xo)’ (]9)

| N
l’} = —Z—MNpe_'(x o) (20)

for the normal force N(x, w) and the particle velocity &(x, ) can be obtained by reinterpreting the first terms
of Egs. (17) and (18). Here, y = iw/c is the wave propagation coefficient and ZM = AE/c, with ¢ = (E/p)l/2
is the characteristic impedance of the bar. The function N »() is arbitrary and represents the normal force
amplitude at x = x, of a wave N e~ 70=%) travelling in the bar region x> X, in the direction of increasing x.

The two functions N, op and N representing the waves in the actuator and bar regions, can be determined by
the conditions of continuity of normal force N (xo—, w) = N (xo+,w) and particle velocity #(xp—, ) =
D(xo+, w) at x = x(. Substituting Eqgs. (17)—(20) into these conditions and solving for N » gives

N, = HGU, 1)
where
YoXo — p—VoXo
H = 2A£,Ea%F, F :pZ'ZYO—Ze_OVO\O’ (223,[))
a = l
Z(/)V[ 2 ZEt ZZMZEt
p=(1+—>|:1+(1—k) outl 4 4k out | (22¢)
zM zE zM zE
Vad » ZE ,ZM 7E
q= (1 ——> {1 +(1-k%) 0”‘] v out (22d)
z™M z§ z™ zE

Substitution of Eq. (21) into Eq. (19) gives the normal force in the bar at x> x,
N = HGUe 70— (23)

in terms of the input voltage to the amplifier.
2.4. Energy considerations

The process of wave generation in the two external parts of the bar involves partial conversion of the
electrical energy

WE — / " Uo0io(tydr = % / " Do@)in(@) do (24)

[e¢]
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supplied to the actuators into the mechanical work

wM = _2 /oo No(Hve()dt = _%/oo No(w)bo(w)dw (25)

performed by the actuators on the external parts of the bar at the actuator/bar interfaces x = +x(, where the
notation @ is used for the complex conjugate of @. In the last members of these relations, use has been made of
Parseval’s relation. The minus sign in the last relation is due to the different positive directions of the normal
force Ny(1) = N(xy,?) and the particle velocity vy(7) = v(xy, 1).

The electric impedance Z* loading the amplifier is defined by the relation

Uy = Z%%,. (26)
A convenient way to derive this impedance from results obtained makes use of its independence of the output
impedance of the amplifier, which can therefore be taken as zero. Thus, Egs. (1), (6), (8), (14), (20), (21) with
zE . =0, and symmetry considerations, give
. zt
1 —kK*(1 — 4F°ZM ) zM)’
where F'(w) is obtained from F(w) by putting ZZ = 0 in Eqgs. (22b)~(22d). Substitution of iy from Eq. (26)
into Eq. (24) gives

27)

A

Uy

WE1°°1 2

" 2n) o ZF

do. (28)

By Egs. (19) and (20), the normal force No(w) and the particle velocity o(w) produced at the actuator/bar
interface x = x, are related as

No = —ZMp. (29)
Substitution of 7y from Eq. (29) into (25) gives

P B
e [
—0o0

From Egs. (28) and (30) and results of Sections 2.1-2.3, and by use of the result obtained by Christensen [14]
that the complex modulus is located in the first quadrant of the complex plane for w>0, it can be shown that

o<wWM<wE (31)

?do. (30)

with equality if and only if the effective complex modulus E; in the actuator region is real.

3. Applications

It will be illustrated how the relation between the normal force N(x, ) in the bar and the input voltage to the
amplifier U(¢) depends on the cut-off frequency wey = 2nf, and the output impedance qut of the amplifier.
In the frequency domain, these dependencies are related to the voltage gain G(w) and the function H(w),
respectively. The dependence on frequency w = 2nf of the electrical impedance Z%(w), which constitutes the
load of the amplifier, will also be illustrated.

An amplifier with voltage gain
GO

- - 2
1 +iw/weyt (32)

is considered. Here, wey = 2nf, 1s the cut-off angular frequency at which |G(w)| is 3 dB below its real low-
frequency limit G°, ie., |G(wew)l = G°/+/2. The output impedance ZOEut = R is assumed to be real and

constant. The amplifier is considered to be ideal if w¢,; = oo and ZOEut = 0 so that G(w)=G and H(w)=H"(w),
respectively.
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Two bars, one elastic with Young’s modulus £ = E° and one viscoelastic with complex modulus

F =gl 1Tior (33)
1 +iwf

are considered. Thus, the Young’s modulus of the elastic material is the same as the high-frequency limit of the
complex modulus which represents the initial elastic response of the viscoelastic material. The parameters ¢
and ¢ are relaxation and creep time constants, respectively, with "< according the three-parameter
viscoelastic solid model [15]. As the density p of the two bar materials is assumed to be the same, the
viscoelastic material approaches the elastic material when the relaxation and creep time constants assume
increasingly large values. It is also assumed that the bonding layers are so thin, that their effects on axial
stiffness and inertia as well as shear deformation can be neglected.

Eqgs. (22), (23), (27) and (32) can be made dimensionless as follows. A reference voltage U,r is taken as a
voltage, which characterizes the input voltage U to the amplifier, e.g., the amplitude, and a reference force is
defined as Nyt = 2(4uEud,/hy)G° Urer. This relation is obtained from Eq. (2) by letting N, = Ny;/2, Uy =
G'U,e and e = 0. Thus, the reference force is exerted by the two actuators if, with clamped ends, they are
driven by the amplifier with the reference voltage as DC input (|ZZ(0)| = oo, io(0) = 0). References for the
function H and the gain G (although G is dimensionless) are taken as Hp = 2(A,E.d,/h,) and Gier = G,
respectively, so that there is the relation Nyef = Hyer Grer Urer in analogy with Eq. (23). A reference length and a
reference time are defined as xwr = /o and ter = lo/c, respectively, where ¢ = [(2A.E, + A.E®)/(2Aqp, +
Ap)]'/? is the common speed of the elastic and viscoelastic wave fronts in the actuator region.
Correspondingly, a reference wave propagation coefficient and reference frequencies are defined as y,.; =
1/Xrer and  ref = frof = 1/ter, respectively. Finally, a reference electrical impedance is defined as
ZrEef = |Z(I)£(wref)| = l/zwrefcw A

With the dimensionless quantities N=N /Nef N=N /(Niertrer), ... inserted, Egs. (23) and (32) become

N = HGU 1), (34)
G= ! (35)
T+ i Den
respectively. Here, the transfer function H(&) = H(w)/H s = F(w) is given by Egs. (22) with
i~ ~ s~ 1/2
i@ AE, A, AE, A T 1+ idf
YoXo = —= || 2 — 2 —= : 36
/o0 2[( AE"+A)/< AE€+A?‘1+1@?>] ’ (36a)
zM Aupy AN [ AEJ 1 +i07 AN
0 alPyq c alia c
— =2 — 12 = ——+ — , 36b
zM K Ap+A>< AEﬂ’z1+1a)z+A>} (36b)
- ot 1/2
2y VAL [F14+i07 () Aupy | A [ (y4uEa | A)]" (36¢)
V4 i AEC |7 1 + 107 Ap A AE¢ A
£ ~F
i = 10Z oy (36d)
0
Eq. (27), finally, becomes
~E
~ V4
Fe Ll (37)
1 — K31 — 4" ZM ) zM)
where
~ |

and (@) = FO(w).
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The same parameter values A,E,/AE¢ =3, A,p,/Ap =17, A./A =1 and k> = 0.15 are chosen for the
elastic and viscoelastic bars. For the viscoelastic bar, the relaxation and creep time constar}gts are taken as

=0.25 and I = 0.50, respectively. The cut-off frequency f «ut and the output impedance Z_, are varied in
the broad intervals 0.01 </ i <<ooand 0 <Z out <10, respectively. In this way the 1nﬂuence of these parameters
can be demonstrated, and the limit case of an ideal amplifier with /', = oo and Z = 0 is included.

4. Results and discussion

Closed-form results have been obtained for the transfer function H(w)G(w) from the input voltage U (w) of
the amplifier to the output normal force N o(w) generated at the actuator/bar interfaces and for the impedance
Z%(w) that loads the amplifier. Here, G(w) is the voltage gain of the unloaded amphﬁer and H(w) is the transfer
function from the ideal voltage source GU in Fig. 2 to the normal force No(w) generated. This transfer
function can also be written as H;(w)Gr(w), where

ZE
zE 4 7F

out

G = G, H.=H" (39)
are the voltage gain of the loaded amplifier and the transfer function from the output voltage of the amplifier
to the normal force generated. Here, H'(w) is obtained from H(w) by putting ZE =0 in Egs. (22). Both
relations are evident from the equivalent circuit of Fig. 2.

The consistency of the model used has been confirmed by establishing that the mechanical work performed by
the actuators on the external parts of the bar is at most equal to the electrical energy supplied to the actuators.
This work goes into the energy associated with the waves generated in the bar.

The assumption that initially plane cross-sections remain plane means that the effect of shear deformation
of the bonding layers is neglected. In turn, this means that the bonding layers are very thin, or the bonding
material is very stiff, or both. Sometimes, it may be consistent to neglect the effects of axial stiffness and inertia
together with that of shear deformation, which means that the bonding layers and all their effects are neglected
(as in the applications of Section 3). However, the effects of axial stiffness and inertia may be significant even if
that of shear deformation is not. If, e.g., the moduli in shear and extension of the bonding layers are increased,
the effect of shear deformation decreases while that of axial stiffness increases. At a stage where the shear
deformation of the bonding layers can be neglected, the importance of their axial stiffness and inertia is
decided by the relative sizes of the middle terms in the expressions Ey = (24,E, + 2AE + A.E)/ Ay for the
effective complex modulus and py, = (24,p, + 24sp, + Acp)/ Ao for the effective density.

A necessary condition for the validity of the one-dimensional wave propagation model used is that the
significant wavelengths 4 associated with the waves generated must be long compared with a characteristic
transverse dimension of the bar [16]. If such a dimension is taken as d = (hw)!/? = A4'/2, this condition can be
expressed as d/A<1. In the case of the elastic bar, it becomes 1.26(A1/2/lg)f< 1. If, e.g., A = 10mm? and
Io = 100mm one obtains the condition f <25. In what follows, numerical results will be presented in the
frequency range 0.01 <f< 10.

The frequency dependence of the voltage gain |G| of the unloaded amplifier for different cut-off frequencies
f .t and that of the function || for different output impedances qut are shown in Figs. 3(a) and (b) for the
elastic bar and in Figs. 4(a) and (b) for the viscoelastic bar. The frequency dependence of the impedance ZF
that loads the amplifier is shown in Figs. 3(c) for the elastic bar and in Fig. 4(c) for the viscoelastic bar.

In the elastic case, anti-resonance occurs at the frequencies f . =n,n=1,23,..., which are the zeroes of
H(2xf) in addition to the zero at f = 0. These frequencies correspond to periods that are 1, 1/2, 1/3, ... transit
times ¢ = 0 through the actuator region and wavelengths that are 1, 1/2, 1/3, ... of the length /; of this region.

At these frequencies, both the normal forces Ny and the particle velocities +3 at the actuator/bar interfaces
are zero. This implies that no work is performed at these interfaces and no waves are generated in the external
parts of the bar. Therefore, there are no external losses associated with the vibrations in the actuator region. In
addition, there are no internal losses as the materials of the actuator region are elastic. This total absence of
losses explains the perfect sharpness and depth to zero of the minima of |H| at the anti-resonance frequencies.
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(a)

Fut=00L 01 1 oo

(b)

A
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10t ) '
K
N 10
Re(Z%) |Z2¥| -Im(Z5)
10} \
107 10" 10° 10!
i

Fig. 3. Dependence on frequency f of (a) the voltage gain |G| for different cut-off frequencies /| wut» (b) the function |H| for different output

impedances Z,,,, and (c) the load impedance Z . Elastic bar.

Between these frequencies, the function |H| has local maxima. The maximum values are |H|,,, =~ | for an

ideal amplifier with qut = 0, and they decrease with increasing output impedance qu[.
at higher than at lower frequencies.

It may seem abnormal that the actuator region can vibrate in modes such that both the normal force and the
particle velocity are zero at its ends. However, Eqgs. (17)—(20) and (22a) show how this is possible. The last of
these equations show that at the anti-resonance frequencies e™70% = e’0*, Substitution into Eq. (18) shows
that &, = 0. This result, the conditions of continuity and Eqs. (19) and (20) show that also Ny = 0. Eq. (17),

with x = xy and N=N o = 0, shows how the amplitudes N, op(@) = N, on(w) of the waves N, ope” " and N one’o*

This decrease is larger

within the actuator region depend on the input voltage U of the amplifier. Conversely, this equation shows
that vibrations with both Ng =0 and & = 0 would not be possible if either U = 0 (natural vibrations) or
d, = 0 (non-piezoelectric material).

Figs. 3 and 4(c) show that the load impedance 7" has a relatively small real part which is non-negative,

0<Re(Z~E)< |ZE|, and a relatively large imaginary part which is negative, 0< — Im(ZE) A |ZE|. For
maximum supply of power to the actuators, the load impedance should be the complex conjugate of the
output impedance of the amplifier [17], i.e., 7" = éfut.
qut = R, this condition implies Re(ZE) = R and Im(ZE) = 0. The first of these matching conditions can be
satisfied at one or several discrete frequencies provided that R<0.18. It can also be satisfied in an approximate

As the output impedance has been taken as real,
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Fig. 4. Dependence on frequency f of (a) the vol%age gain |G| for different cut-off frequenciesfcm, (b) the function |H| for different output

impedances qul, and (c) the load impedance Z~. Viscoelastic bar.

sense within a limited range of frequencies. The second condition can be satisfied at a chosen frequency by
means of a matching inductance which is included in the load. It can also be satisfied in an approximate sense
within a limited range of frequencies.

In the elastic case, Re(ZE) has zeroes at the anti-resonance frequencies f ,=nn=0,1,2,..., which are the
zeroes of FI(2nf) and ﬁo(an). Eqgs. (37) and (38) show that at these frequencies, the load impedance is
imaginary, AR Jio(1 — k?). Consequently, the average power supplied by the amplifier to the actuators is
zero. This is consistent with the observation that no work is performed on the external parts of the bars at the anti-
resonance frequencies and with the absence of internal losses. Between the anti-resonance frequencies, the real part

Re(ZE) has local maxima, similarly as |H|, and the maximum values decrease with increasing frequency.

In the cases considered, with O<Re(ZE)< |ZE| and 0< — Im(ZE) A |ZE|, the load impedance at the anti-
resonance frequencies can be used to approximate the imaginary part of the load impedance at all frequencies,
ie., Im(ZE) ~—1/o(1 — k%). In dimensional terms Im(Z%)~ —1/w2(1 — k*)C,, which shows that the
imaginary part of the load can be represented by a capacitance C ~ 2(1 — k*)C,. This capacitance can be
regarded as the capacitance 2C, in series with a capacitance 2C,(1 — k?)/k?, which is >2C, if k> <1.

In the viscoelastic case, the behaviour of the load impedance ZE(a)) between antiresonance frequencies is
similar to that in the elastic case. However, the minima in Re(ZE) are less sharp and deep in the viscoelastic
case than in the elastic case. This is in accord with the behaviour of |H].
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The responses of the normal force No(7) at the actuator/bar interfaces, for different combinations of the cut-
off frequency f «ut @and the output impedance ZOEut, to a unit step input voltage U(7) = 0(7) to the amplifier are
shown in Fig. 5 for the elastic bar and in Fig. 6 for the viscoelastic bar. In both cases, the responses have
damped oscillatory behaviour due to the repeated reflections of waves between the actuator/bar interfaces. For
infinite cut-off frequency and zero output impedance, the zeroes of Ng(f) occur at =0, 1, 2, ..., i.e., at
distances from each other equal to the transit time #, for an elastic or viscoelastic wave front through the
actuator region. These distances increase and the maximum amplitude decreases with decreasing cut-off
frequency and increasing output impedance. This is because an increase of output impedance, similarly as a
decrease of cut-off frequency, increases the slowness of the response of the loaded amplifier. In the
applications considered, a characteristic response time of the loaded amplifier may be taken as the product
trc = RC of the assumed resistive output 1mpedc1nce R of the amphﬁer and the approximate input capacitance
C~2(1 - k*)C, of the actuators, which gives fpc = (1 — kz)Zom Thus, in dimensionless terms, this response
time is directly proportional to the assumed resistive output impedance. It represents the time needed to
charge the capacitance C from zero to 63% of full DC voltage through the resistance R.

Conversely, the input voltages U(7) required to produce the normal force pulse No(7) = [0(7) — 0(F — T)]

sin(2n7/T) with duration 7" = 50, for amplifiers with cut-off frequency f,,, = | and the output impedances

ZOEut = 0 and 10, are shown in Fig. 7 for the elastic bar and in Fig. 8 for the viscoelastic bar. The input voltage

amplitude required increases with increasing output impedance, and it is higher for the viscoelastic bar than
for the stiffer elastic bar.

The spectrum |N O(an )| is shown in Fig. 9, where it can be seen that frequencies f > (0.5 are not significant.

Furthermore, Figs. 3 and 4 show that the function H - G_l is well-behaved for non-zero frequencies, which
are well below the lowest anti-resonance frequency f; = 1. Therefore, the maximum frequency for the DFT
inversion was taken as f max = % which resulted in a sufficiently accurate discrete representation of N (7). If the
desired pulse would have a considerably broader spectrum, in particular with significant frequencies f > 1,
numerical problems are likely and it may not be possible to determine the required input U(7).

(@ (b)
ool Fous=0.01 ol Four=0.1 |
=0 W 53 OAA%W
-0.01 -0.1
© I”””””(d)

f~cut= o]

) ﬂk@m s
=4 0 'ZD 0 H =
U 1 -0.1 M

0 5 10 0 5 10
13

Fig. 5. Normal force N, versus time 7 at actuator/bar interfaces in response to a unit step amplifier input voltage for different cut-off
frequencies: (a) f'cul =0.01, (b) ‘fcul =0.1, (¢) _faul =1 and (d) _fcm = 00. The amplitude in each diagram decreases with increasing

output impedance me =0, 0.1, 1 and 10. Elastic bar.
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Fig. 6. Normal force Ny versus time 7 at actuator/bar interfaces in response to a unit step amplifier input voltage for different cut-off
frequencies: (a) foy = 0.01, (b) fou = 0.1, (¢) fou = 1 and (d) f,, = co. The amplitude in each diagram decreases with increasing

output impedance me =0, 0.1, I and 10. Viscoelastic bar.
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Fig. 7. Amplifier input voltage U versus time 7 required to generate a single-period sine normal force with unit amplitude and duration 50

at actuator/bar interfaces. Cut-off frequency /| «ut = 1. Amplitude increasing with increasing output impedance qut =0 and 10. Elastic
bar.

5. Conclusions

The main conclusions of this study are as follows: (i) In the case of an elastic bar, anti-resonance occurs at
frequencies that are integer multiples of the inverse transit time through the actuator region. At these
frequencies, the actuator region vibrates without internal or external losses, and therefore the anti-resonance
minima have perfect sharpness and depth to zero. (ii) In the case of a viscoelastic bar, the behaviour between
the anti-resonance frequencies is similar as in that of an elastic bar, but the minima are less sharp and deep due
to internal as well as external losses. (iii) The impedance of the actuators, which constitutes the load of the
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Fig. 8. Amplifier input voltage U versus time 7 required to generate a single-period sine normal force with unit amplitude and duration 50
at actuator/bar interfaces. Cut-off frequency f, = 1. Amplitude increasing with increasing output impedance Z_,, =0 and 10.
Viscoelastic bar.
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Fig. 9. Spectrum \1;7 ol versus frequency f of single-period sine normal force with unit amplitude and duration 50.

amplifier, has a relatively small non-negative real part and a relatively large negative imaginary part.
(iv) Perfect matching of the actuator load impedance to the output impedance of the amplifier can be achieved
only at discrete frequencies and with the aid of a matching inductance. Within a limited range of frequencies,
approximate matching can be achieved similarly. (v) In the case of an elastic bar, the real part of the load
impedance has its zeroes at the anti-resonance frequencies. In an approximate sense, the imaginary part can be
represented by a capacitance at all frequencies. (vi) In the case of a viscoelastic bar, the behaviour of the load
impedance between the anti-resonance frequencies is similar as in that of an elastic bar, but the minima of the
real part are less sharp and deep. (vii) The normal force at the actuator/bar interfaces in response to a step
input voltage to the amplifier has a damped oscillatory behaviour due to repeated reflections of waves between
the actuator/bar interfaces. (viii) An increase of output impedance increases the slowness of the response of the
loaded amplifier due to the capacitive nature of the amplifier load. A decrease of cut-off frequency increases
the slowness of the response of the loaded amplifier similarly. (ix) The input voltage to the amplifier required
to produce a desired normal force pulse at the actuator/bar interfaces can be determined provided that the
spectrum of this pulse is not too broad.
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