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Abstract

This study examines the performance and reliability of passive and semi-active damping in equipment isolation systems

for earthquake protection. Performance and reliability measures are the peak accelerations sustained by the equipment and

the peak displacements of the isolation system. A new hybridization of two previously studied semi-active control rules

regulates the damping in the semi-active isolation system. A parameter study identifies suitable values for the stiffness and

damping parameters of the passive isolation system, and feedback control constants for the semi-active equipment

isolation and compares the performance for a set of historical earthquakes and for a set of different building models. The

reliability of passive and semi-active equipment isolation systems is assessed separately for four historic earthquakes and in

regards to uncertainties in the isolation system. The reliability assessment makes use of a polynomial metamodel of the

responses as a function of the relevant random variables. Results illustrate the performance limitations of passive isolation

systems in protecting shock- and vibration-sensitive equipment from near-fault ground motions and show the

improvements associated with semi-active equipment isolation in terms of the mean and variability of the peak responses.

Correlations between the isolation system variables and the responses provide guidance for improved behavior.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

The serviceability of hospitals, emergency-response centers, and data centers following an earthquake
depend not only on the performance of the structural system, but also on the performance of the building
contents. Passive isolation and damping systems have been shown to preserve structural integrity under
demanding earthquakes [1–4]. Non-structural systems, and telecommunications equipment, however, can be
particularly fragile to seismic effects and down-time costs of critical facilities can be measured in millions of
dollars per minute [5–7]. In order to mitigate the seismic risk posed to equipment, isolation systems are
commonly installed within data centers, hospitals, and emergency response centers. Typically these equipment
isolation systems are a friction-pendulum, or rolling-pendulum type [8–10] with natural periods of 2–4 s.
Passive equipment isolation systems perform extremely well during low-level seismic events [11–15]. During
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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high-amplitude, long-period, ground motions excessive isolator displacements could damage the isolators or
overturn the equipment [11].

In long period isolation systems, increasing damping decreases isolator displacements but increases inertial
loads sustained by the equipment. When the disturbance is poorly characterized, or highly variable, passive
isolation systems may be enhanced by controllable damping, in which damping forces are regulated as a
function of measured responses [16,17]. Such parametric (or semi-active) control systems are unconditionally
stable, have modest power requirements, and can reduce vibration transmissibility for long period excitations
without increasing the transmissibility for short periods [18,19].

This study focuses on the response of a semi-active isolation system to a set of different earthquakes. The
analyses in this study involve structures of various configurations subjected to uni-directional ground motion,
semi-active equipment isolation systems incorporating a new feedback control rule, and metamodeling to
improve the computational efficiency of risk analysis computations.

2. Background

New results in the area of semi-active isolation effectively illustrate the performance of semi-active isolation
in buildings [4,19–21] and bridges [22–24] subjected to multiple historic ground motions [23,25]. These studies
contribute to the development of control algorithms (e.g., clipped optimal control [17] and clipped skyhook
damping [26]) and controllable damping devices (e.g., magnetorheological dampers [17]). Semi-active control
systems are nonlinear and the performance metrics commonly used in linear control analysis (frequency
response functions or impulse response functions) cannot be obtained analytically. Furthermore, for
earthquake engineering applications, the earthquake disturbance sources are transient and are not rich in
frequency content. For these reasons, the analysis and design of semi-active control systems in earthquake
engineering require transient response simulations of nonlinear dynamic systems. The reliability of semi-active
isolation systems has not been systematically characterized because of the computational effort associated
with transient response simulation.

In contrast to previous work on semi-active damping, as applied to buildings and bridges, this study
addresses the application of semi-active damping to protect building contents from earthquake hazards. The
primary goal of the study is to compare passive and semi-active equipment isolation systems by quantifying
the performance benefits of semi-active equipment isolation systems in terms of probability density functions
of peak responses. A new hybridization of the pseudo-negative stiffness control [27] and clipped skyhook
control [16] algorithms is applied to equipment isolation systems within several multi-story building models.
The selection of two parameters in this combined control governs the balance between response accelerations
and isolator displacements. The damping and stiffness parameters of the passive and semi-active isolation
systems are chosen to minimize equipment acceleration response without exceeding displacement limits.
Comparing transient responses of these new systems to fixed base and base isolated buildings of four-to-seven
stories, illustrates the advantages and the drawbacks of passive and semi-active control systems for protecting
critical equipment from earthquake hazards.

Risk analysis is important for the assessment of new technologies for the protection of mission-critical sub-
systems. Response surfaces (metamodels) can significantly improve computational efficiencies to this end.
Response surface approximations involve preliminary screening of the input variables, selection of the
response surface polynomial order, and experiment design [28,29]. The convenient mathematical forms of
response surface metamodels and their ability to be established from sparse data sets make them attractive for
applications in design, optimization and risk analysis. Metamodeling can significantly increase the efficiency of
risk estimation when failure probabilities are low. Response surface methods (RSM) have been successfully
applied to several problems in structural dynamics. Failure probabilities of structures subject to short duration
non-stationary earthquake loading have been estimated using stochastic finite elements and quadratic
response surfaces [30]. Model updating for a nonlinear impact problem has been studied with response
surfaces [31]. Metamodeling error estimation was studied in the context of a single-degree-of-freedom
oscillator impacting a nonlinear material [32]. Response outputs were the peak acceleration and the time of
arrival of this peak. Response surfaces were implemented for the purpose of damage identification from
vibration data [33]. Uncertainties in input parameters (stiffness, mass, impulse magnitude and its location)
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formed the input vector, while the studied outputs were peak displacements and natural frequencies.
Polynomial response surfaces estimated by multiple regression were inverted as a damage detection algorithm.
In order to determine if the outputs were indeed sensitive to some or all input parameters, preliminary variable
screening was conducted before the RSM model was built. Variable screening significantly reduced the
number of runs required to generate an adequate response surface model.

This study adopts quadratic stochastic response surface metamodels to alleviate the computational burden
of determining peak response variability. Reliability analysis focuses on deriving the PDF’s of the peak
acceleration and displacement responses. The state limit function is dictated simply by non-exceeding
acceleration or displacement threshold levels. Response variabilities are correlated to variability in parameters
of the isolation system.

Following this introduction, Section 3 covers descriptions of the structural models, the earthquake ground
motions, and the semi-active damping algorithm. Section 4 presents a parameter study of the damping and
stiffness constants for passive and semi-active equipment isolation systems and compares acceleration and
displacement responses for 16 different building types and four different earthquake ground motions in order
to assess the expected performance improvement of the semi-active damping. Section 5 briefly reviews the
stochastic response surface method and provides probability distribution functions of equipment acceleration
and isolation displacement, and lists correlations of peak responses with the isolation system parameters. The
results demonstrate how semi-active damping can reduce mean peak responses as well as peak response
variances.

3. Structural models, excitation and semi-active control

The elements required to analyze and design a semi-active control system are a model of the system to be
controlled, a set of transient excitation records, a model for a semi-active damping device, a parameterized
control rule, a set of control objectives, and a well-designed passive control system for purposes of
comparison. Because of the decisions required to develop and assemble these various elements, conclusions
regarding semi-active control systems can sometimes be limited to the particular situation under study. In
order to generalize findings, multiple cases are usually considered [25].

3.1. Structural models

The structural models used in this analysis are a set of 16 multi-story building frames with a light secondary
system located on the first floor. The buildings range from four stories to seven stories, and each building
model has four cases: (a) fixed-base without equipment isolation elements, (b) base isolated without equipment
isolation elements, (c) fixed-base with a passive equipment isolation system, and (d) fixed-base with a semi-
active equipment isolation system. The four cases of the four-story building model are illustrated in Fig. 1.
The natural periods and modal damping ratios of the four fixed-base structural models, case (a), and the four
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Fig. 1. Four cases of the four-story building models: (a) fixed base; (b) base isolated; (c) passive equipment isolation and (d) semi-active

equipment isolation.
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base-isolated building models, case (b), are given in Tables 1 and 2. Floor masses, m, are 680 tons each, the
equipment mass, mi, is 2 tons, the interstory stiffness, k, is 400 kN/mm, and the interstory damping rate, c, is
1.5 kN/mm/s. In case (b), the isolated building, kb and cb are adjusted to produce a first mode period of 2.5 s
and a first mode damping ratio of 20%. Values of kb range from 18 kN/mm for the four-story structure to
34 kN/mm for the seven-story structure. Values of cb range from 2.9 kN/mm/s for the four-story structure to
6.4 kN/mm/s for the seven-story structure.

In cases (c) and (d) the equipment is isolated from the motions of the building structure via a compliant
isolation system, with stiffness ki and viscous damping ci. In case (d), additional damping forces, f c, between
the secondary system and the first floor of the building may be regulated via a controllable damping device.
The matrix equations of the motion for the structure, including the semi-active control forces, are:

M€rðtÞ þ C_rðtÞ þ KrðtÞ þ bf cðtÞ ¼ �Mh€zðtÞ, (1)

where the vector h ¼ ½11 . . . 11�T transmits ground acceleration, €zðtÞ, to all degrees of freedom, the damper
position vector b ¼ ½�10 . . . 01�T applies the interstitial control force, f c, between the first floor and the
secondary system, which is the degree of freedom ‘‘nþ 1’’ in an n-story building.
3.2. Historical earthquake ground motions

The earthquake records are selected to represent a range of ground motions. They are: Imperial Valley—El
Centro (1940) (PGA ¼ 342 cm=s2), Kobe–JMA (1995) (PGA ¼ 617 cm=s2), Northridge–Sylmar (1994)
(PGA ¼ 827 cm=s2) and Loma-Prieta–Los Gatos (1989) (PGA ¼ 559 cm=s2). Velocity time histories and
response spectra from these records are shown in Fig. 2. The response spectra illustrate the peak response
Table 1

Natural periods and damping ratios of the four-to-seven story base-isolated building models, case (a)

Mode 1 2 3 4 5 6 7

Four story Period, s 0.746 0.259 0.169 0.138

Damping 0.016 0.046 0.070 0.086

Five story Period, s 0.910 0.312 0.198 0.154 0.135

Damping 0.013 0.038 0.060 0.076 0.087

Six story Period, s 1.075 0.366 0.228 0.173 0.146 0.133

Damping 0.011 0.032 0.052 0.068 0.081 0.088

Seven story Period, s 1.239 0.419 0.260 0.194 0.160 0.142 0.132

Damping 0.010 0.028 0.045 0.061 0.074 0.083 0.089

Table 2

Natural periods and damping ratios of the four-to-seven story base-isolated building models, case (b)

Mode 1 2 3 4 5 6 7

Four story Period, s 2.503 0.333 0.183 0.140

Damping 0.198 0.084 0.080 0.088

Five story Period, s 2.501 0.409 0.220 0.160 0.136

Damping 0.202 0.097 0.081 0.084 0.089

Six story Period, s 2.500 0.481 0.258 0.183 0.150 0.134

Damping 0.201 0.113 0.085 0.083 0.086 0.090

Seven story Period, s 2.500 0.546 0.294 0.206 0.165 0.144 0.133

Damping 0.201 0.134 0.095 0.085 0.085 0.088 0.090
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accelerations and displacements of systems of different natural periods. The Northridge and Loma-Prieta
records excite large displacement responses in systems with periods from 2 to 5 s and are selected because of
the large displacement demands associated with these ground motions.

3.3. Negative stiffness and skyhook damping

The control method is a combination of pseudo-negative stiffness [27] and pseudo-skyhook damping [16]. In
the negative stiffness method the control force, f ns, opposes the stiffness forces in the isolation system, in an
effort to reduce the coupling force across the isolation system

f nsðtÞ ¼ �kns b
TrðtÞ. (2)

In the skyhook damping method the control force, f sd, opposes the total velocity of the isolated system, in an
effort to stabilize the secondary equipment with respect to an inertial reference frame

f sd ¼ csdð_riðtÞ þ _zðtÞÞ, (3)

where _riðtÞ þ _zðtÞ is the total velocity of the secondary system. The total control force is provided by a
combination of skyhook damping and negative stiffness. The semi-active damper is an energy dissipation
device; it cannot add mechanical energy to the structural system and may only exert dissipative forces. In order
to satisfy the passivity constraint control forces must have the same sign as the velocity across the terminals of
the device

f cðtÞb
T _rðtÞ40. (4)

The desired (or target) control force, is then

f tðtÞ ¼
f nsðtÞ þ f sdðtÞ if ðf nsðtÞ þ f sdðtÞÞb

T_rðtÞ40;

0 otherwise:

(
(5)

The semi-active device model used in this study incorporates actuator dynamics through a first-order time
delay. The actual control force applied to the system, f c, is given by

_f cðtÞ ¼ ðf tðtÞ � f cðtÞÞ=Td , (6)

where Td is a time-delay constant of 0.05 s.
Isolation systems for shock-sensitive equipment typically endeavor to minimize loads and accelerations

sustained by the equipment without exceeding isolator displacement capacities. In this study, the isolator
displacement capacity is 50 cm and accelerations below 50 cm=s2 are acceptable. The acceleration performance
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metric is the peak total acceleration of the secondary system and is given by

A ¼ max
t
j€zðtÞ þ €riðtÞj, (7)

where €riðtÞ is the acceleration of the equipment with respect to the ground. The displacement performance
metric is the peak relative displacement across the isolator system and is given by

D ¼ max
t
jbTrðtÞj. (8)

As will be seen in the following sections, achieving acceptable acceleration responses within these displacement
limitations is demanding, especially considering the transient and pulse-like nature of earthquake excitation,
and requires equipment isolation periods longer than 6 s.

In the following section, values for the passive isolation parameters, ki and ci, and the semi-active control
parameters, kns and csd, are selected in order to achieve a desirable balance between the total acceleration
sustained by the isolated object and the displacements across the isolation system.
4. Parameter study for stiffness and damping values

The sensitivity of the performance metrics, A and D, to variations of the secondary isolation system
parameters, ki, ci, kns and csd, are visualized in Figs. 3 and 4 as response surfaces over a range of parameter
values. The five-story building model is used for these parameter studies.

The sensitivity study for the passive isolation system (parameters ki and ci) was conducted for kns ¼ 0 and
csd ¼ 0, and is illustrated in Fig. 3. As expected, reducing the coupling between the equipment and the
structure reduces the accelerations sustained by the equipment but increases the displacements in the isolation
system. For the range of values investigated, peak response accelerations are not sensitive to changes in ki but
increase monotonically with ci for all earthquake records except Loma-Prieta. Peak response displacements
become large for larger values of ki and smaller values of ci.

The sensitivity study for the semi-active isolation system (parameters kns and csd) was conducted for
ki ¼ 2 kN=m and ci ¼ 200N=m=s, and is illustrated in Fig. 4. Without semi-active forces, the period of this
system is 6.3 s and the damping is 5%. Performance enhancements from semi-active damping increase with
longer isolation periods and lower levels of passive damping [34]. Fig. 4 shows that a semi-active damping
equipment isolation system can reduce accelerations and displacements below values achievable by passive
isolation systems if the semi-active control constants kns and csh are selected properly. Semi-active response
behavior can be excessive if the control constants are too large.

Performance metrics for building cases (a) and (b) (which do not involve the four isolation system
parameters) are provided in Table 3 and provide a benchmark for the passive and semi-active equipment
isolation systems. The peak isolation system response displacement, D, is not involved in these cases. In case
(a), fixed-base, the peak response acceleration of the equipment is larger than, or as large as, the peak ground
acceleration for almost all structures and all earthquakes. As the number of floors increases, and the natural
periods increase, structures respond with smaller accelerations. Structural base isolation reduces the peak
equipment acceleration by 50–70% as compared to the fixed base structures, depending on the earthquake.
Response accelerations are nevertheless all well above the acceptable values of 50 cm=s2. Accelerations in the
five-story fixed-base building are higher for all earthquakes except for the Loma-Prieta record.

Peak responses from a nominal passive isolation system with ki � 2 kN=m and ci � 1 kN=m=s, kns ¼ 0, and
csh ¼ 0 (6.3 s period and 25% critical damping) are shown in the third section of Table 3. The level of damping
in case (c) was designed to keep the isolation system generally within the 50 cm displacement limit. The
acceleration responses are larger than the acceptable level of 50 cm=s2 for the larger earthquakes, as shown in
Table 3.

The fourth section of Table 3 shows peak responses from a semi-active isolation system with ki � 2 kN=m,
ci � 200N=m=s, kns � 3N=m, and csh � 200N=m=s (6.3 s period and variable damping). For all four building
structures and for all four earthquakes, semi-active control reduces response accelerations by 30–60% as
compared to the passive isolation system while increasing response displacements by no more than 5%.
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Table 3

Peak values of total acceleration response, A (cm=s2), and isolation displacement, D (cm), of the secondary system

Case Floors El Centro Kobe Northridge Loma-Prieta

A D A D A D A D

(a) Fixed-basea 4 441 – 1122 – 932 – 1562 –

5 460 – 1414 – 1444 – 846 –

6 433 – 935 – 1216 – 865 –

7 343 – 838 – 890 – 807 –

(b) Base-isolateda 4 115 – 248 – 410 – 334 –

5 134 – 267 – 449 – 356 –

6 141 – 335 – 468 – 334 –

7 174 – 359 – 463 – 355 –

(c) Passive equipment isolationb 4 40 17 81 30 101 48 112 52

5 33 15 84 30 91 53 85 47

6 32 14 82 34 91 53 92 48

7 23 12 58 32 87 52 100 50

(d) Semi-active equipment isolationb 4 19 18 41 33 50 49 49 49

5 24 23 38 37 57 56 48 47

6 23 23 25 24 58 57 48 47

7 23 23 33 31 57 56 48 46

aPeak values of response for the first floor.
bPeak values of response for isolated equipment at the first floor.

H.P. Gavin, A. Zaicenco / Journal of Sound and Vibration 306 (2007) 74–9082
For the set of four historical earthquake ground motion selected for this study, the peak equipment
responses from the fixed-base and base-isolated buildings (cases (a) and (b)) are more sensitive to the dynamics
of the host structure than are the responses from the equipment isolation cases ((c) and (d)). The natural
period and damping of the isolated equipment system are insensitive to the host-structure’s dynamics, which
explains the robustness of equipment isolation systems with regards to variability in the host-structure’s
dynamics.

Semi-active isolation systems with periods longer than 6.3 s tend to exhibit better performance, but for the
sake of meaningful comparisons to the passive isolation system, the period was kept the same. The long
isolation periods and low damping ratios of the passive components of the semi-active isolation system are
critically important in achieving performance goals in semi-active damping [34].

Acceleration time-histories responses of the four-story structures to the Loma-Prieta earthquake are
compared in Fig. 5. Passive equipment isolation (case (c)) reduces equipment accelerations by 60% as
compared to the first floor accelerations of a passively base-isolated building (case (b)). Semi-active equipment
isolation (case (d)) reduces equipment acceleration by an additional 50% as compared to the passive isolation
system. The dashed line in Fig. 5(d) shows the semi-active damping force f cðtÞ divided by the equipment mass,
mi (2000 kg). This figure illustrates that the semi-active system provides a damping force that is roughly equal
and opposite to the inertial forces (or the isolation shear force) on the equipment mass. Damping forces that
oppose the inertial forces can reduce both equipment accelerations and isolator displacements. Fig. 5(e) and (f)
show the passive and semi-active isolation system displacements.

Fig. 6 illustrates the hysteretic behavior of the semi-active forces in the isolation system (a), and the total
forces in the isolation system (b). The semi-active isolation forces are essentially proportional to displacement
and in phase with velocity whenever the passivity constraint is satisfied. The sum of the semi-active and passive
isolation forces (i.e., the total base shear) are plotted in Fig. 6(b).

The analysis of this section shows that the peak accelerations sustained by equipment in buildings subjected
to earthquakes can be significantly attenuated by isolation systems, that isolating the equipment itself can be
more effective than isolating the entire building, and that semi-active equipment isolation can provide
additional reductions, especially in accelerations. Comparisons of the peak response acceleration sustained by
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isolated equipment installed in buildings of various configurations (number of stories), and subjected to
various earthquakes, show that the response is almost invariant to the number of stories. Because seismic risk
has as much to do with mean values of the responses as it has to do with the variability of the responses, the
reliability of the equipment isolation to variability in the isolation system parameters is analyzed next.

5. Risk analysis

Risk analysis is carried out using the stochastic response surface method (SRSM) [29] based on quadratic
polynomial metamodels with uncertainties associated with parameters of the equipment isolation system.
Although metamodels may be extended to approximate discontinuous surfaces [35]. Figs. 3 and 4 show that
this is not necessary for the current study. The (SRSM) provides a closed-form approximation to the limit
state function for the system under study and thereby reduces the computational effort of large Monte-Carlo
analyses [28,29,36,37]. When the response surface is quadratic design points and failure probabilities may be
evaluated analytically [38–41].
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5.1. Response surface metamodels

Response surface methods provide a means to establish computationally efficient approximations of
detailed models with a relatively small number of detailed simulations [29]. Response surfaces are constructed
using regression methods on sparse data obtained from more detailed analyses, resulting in polynomials
relating the input variables to the corresponding responses or outputs. When the set of all possible input
variables (the design space) is large and when resources are limited, experiment design methods help determine
which detailed simulations should be executed [28,36].

The response surface is a mapping of n inputs x1; . . . ;xn into m outputs, y1; . . . ; ym, using, for example, a
quadratic polynomial form:

ypðxÞ � ap þ
Xn

i¼1

bpixi þ
Xn

i¼1

Xn

j¼i

cpijxixj. (9)

The coefficients (ap, bpi, and cpij) are typically determined by singular value decomposition to fit the response
surface to sparse data obtained from the detailed analysis.
5.2. The stochastic response surface method

The stochastic response surface method (SRSM) can be viewed as an extension of the classical deterministic
response surface method (RSM). The main difference between the SRSM and the RSM is the representation
of the design variables in the form of random variables. The SRSM assumes that square integrable random
variables can be represented as functions of independent standardized random variables (SRV) [42]. The
uncertain system’s responses, or output variables, are expanded into a polynomial of the SRV’s. As in RSM,
only a limited number of detailed analyses are necessary to determine the SRSM. Uncorrelated input random
variables, X i, with CDF FiðX iÞ are transformed to SRV’s, xi, through the use of the inverse standard Gaussian
CDF, F�1,

xi ¼ F�1½FiðX iÞ�, (10)



ARTICLE IN PRESS
H.P. Gavin, A. Zaicenco / Journal of Sound and Vibration 306 (2007) 74–90 85
and outputs are approximated by a polynomial expansion on xi. The quadratic polynomial approximation is

Y � aþ
Xn

i¼1

bixi þ
Xn

i¼1

Xn

j¼i

cijxixj, (11)

where Y is a random output of the model, a, bi and cij are deterministic constants to be estimated. The least-
squares method is employed to calculate polynomial coefficients in which the sum of squared residuals is

w2 ¼
Xk

q¼1

yq � aþ
Xn

i¼1

bixqi þ
Xn

i¼1

Xn

j¼i

cijxqixqj

 !" #2
, (12)

where xqi is the value of the ith SRV used in the qth simulation of the detailed model, and yq is the result of a
detailed simulation using the values xqi. Setting partial derivatives equal to zero, qðw2Þ=qa ¼ 0, qðw2Þ=qbi ¼ 0,
qðw2Þ=qcij ¼ 0, the set of normal equations is obtained

y ¼ N/, (13)

where

y ¼ ½y1 y2 . . . yq . . . yk�
T,

N ¼

1 x11 x12 � � � x1n x11x11 x11x12 � � � x11x1n x12x12 x12x13 � � � � � � x1nx1n

1 x21 x22 � � � x2n x21x21 x21x22 � � � x21x2n x22x22 x22x23 � � � � � � x2nx2n

..

. ..
. ..

.
� � � ..

. ..
. ..

.
� � � ..

. ..
. ..

.
� � � � � � ..

.

1 xq1 xq2 � � � xqn xq1xq1 xq1xq2 � � � xq1xqn xq2xq2 xq2xq3 � � � � � � xqnxqn

..

. ..
. ..

.
� � � ..

. ..
. ..

.
� � � ..

. ..
. ..

.
� � � � � � ..

.

1 xk1 xk2 � � � xkn xk1xk1 xk1xk2 � � � xk1xkn xk2xk2 xk2xk3 � � � � � � xknxkn

2
66666666666664

3
77777777777775
,

/ ¼ ½a b1 b2 . . . bn c11 c12 . . . c1n c22 c23 � � � � � � cnn�
T ð14Þ

in which a sparse data set, y, from the detailed model is evaluated for k different sets of the n SRV’s,
xq1; . . . ; xqn, q ¼ 1; . . . ; k. For problems involving m41 output variables, Eq. (15) would be evaluated m times
producing m sets of the polynomial coefficients, a; bi; cij. The Vandermode matrix N can be the same for all m

normal equations. The number of elements, k, in the sparse data set, y, must not be less than the total number
of coefficients

kX1þ 2nþ
n!

2ðn� 2Þ!
. (15)

Once the coefficients are known, many samples of the output variables can be estimated easily from Eq. (11) or
Eq. (13). This is essentially the same as running Monte-Carlo analysis on the metamodel approximation of the
original system. The resulting samples of the system outputs may then be analyzed using standard statistical
methods.

5.3. Effect of variability of passive and semi-active control parameters

In this study reliability analysis is focused on deriving the PDF’s and correlations for the peak total
acceleration of the secondary system, A, and the peak isolator displacement, D. The PDF’s, f AðaÞ and f DðdÞ,
and correlations are compared for passive isolation and semi-active isolation. The limit state function is
dictated simply by non-exceeding threshold levels amax ¼ 50 cm=cm2 and dmax ¼ 50 cm, and the probability of
failure is

Pf ¼ Prob½A4amax [D4dmax�. (16)

To study the effects of variations in the passive isolation parameters, ci and ki, on A and D, the input
variables, ki and ci, are assumed to be log-normal with mean values mki

¼ 2000N=m and mci
¼ 1000N=m=s,
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and coefficients of variation Vki
¼ 0:1 and V ci

¼ 0:3. It is presumably more difficult to accurately provide the
designed damping level than the designed stiffness in the isolation system. The coefficients of variation were
selected to be large enough to reveal meaningful correlations between the isolation system parameters and the
responses.

Eq. (13) was solved using singular-value decomposition for the two sets of the six polynomial coefficients, a,
b1, b2, c11, c12, and c22; one set for the response surface for A, and the other set for the response surface for D.
This procedure was repeated for each of the four historical earthquake records, El Centro, Kobe, Northridge
and Loma-Prieta.

Mean and standard deviations of the peak responses and correlations with the input random variables, ki

and ci, are provided in Table 4. For the selected range of values of ki and ci, the passive isolation systems are
almost certain to exceed the threshold values selected when responding to strong ground motions. Peak
Table 4

Statistics of the response variables A and D with respect to uncertainty in the passive control parameters: mki
¼ 2000N=m,

mci
¼ 1000N=m=s, Vki

¼ 0:1, Vci
¼ 0:3

Parameter El Centro Kobe Northridge Loma-Prieta Units

mA 36 86 95 83 cm/s2

sA 11 21 17 16 cm/s2

mD 15 30 53 48 cm

sD 1 1 2 4 cm

Pf 0.11 � 1 � 1 � 1 –

rA;D �0.95 �0.25 �0.80 �0.48 –

rA;ki
0.02 0.02 0.23 0.38 –

rA;ci
0.97 0.99 0.87 0.91 –

rD;ki
�0.12 0.95 0.16 0.28 –

rD;ci
�0.99 �0.28 �0.98 �0.60 –

Table 5

Statistics of the response variables A and D with respect to uncertainty in the passive and semi-active control parameters: mki
¼ 2000N=m,

mci
¼ 200N=m=s, mkns

¼ 3000N=m, mcsh
¼ 200N=m=s, V ki

¼ 0:1, Vci
¼ 0:3, Vki

¼ 0.1, V ci
¼ 0:1

Parameter El Centro Kobe Northridge Loma-Prieta Units

mA 20 37 60 51 cm=s2

sA 5 4 6 7 cm=s2

mD 19 32 55 48 cm

sD 3 4 1 2 cm

Pf 0.001 0.01 � 1 0.50 –

rA;D 0.58 0.42 0.53 0.60 –

rA;ki
0.17 0.21 0.97 0.82 –

rA;ci
0.10 0.63 0.28 �0.01 –

rD;ki
�0.46 �0.40 0.66 0.77 –

rD;ci
�0.06 �0.08 �0.49 �0.31 –

rA;kns 0.25 0.31 0.04 0.07 –

rA;csh
�0.02 0.10 �0.06 0.02 –

rD;kns 0.42 0.41 �0.18 �0.50 –

rD;csh
0.02 �0.03 �0.26 �0.15 –



ARTICLE IN PRESS

0

5

10

15

20

25
(a) (b)

(c) (d)

(e) (f)

(g) (h)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

p
.d

.f
.,
 f
(A

)

max|A| m/s2

0

2

4

6

8

10

12

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

p
.d

.f
.,

 f
(A

)

max|A| m/s2

0

1

2

3

4

5

6

7

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

p
.d

.f
.,

 f
(A

)

max|A| m/s2

0

1

2

3

4

5

6

7

8

9

10

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

p
.d

.f
.,
 f
(A

)

max|A| m/s2

0

5

10

15

20

25

30

35

40

45

0.1 0.2 0.3 0.4 0.5 0.6

p
.d

.f
.,
 f
(D

)

max|D| m

0

10

20

30

40

50

60

0.1 0.2 0.3 0.4 0.5 0.6

p
.d

.f
.,

 f
(D

)

max|D| m

0

5

10

15

20

25

30

35

40

45

50

0.1 0.2 0.3 0.4 0.5 0.6

p
.d

.f
.,

 f
(D

)

max|D| m

0

5

10

15

20

25

0.1 0.2 0.3 0.4 0.5 0.6

p
.d

.f
.,
 f
(D

)

max|D| m

Fig. 7. Probability density functions from Monte-Carlo sampling of the response surface. Dashed lines: passive, Solid lines: semi-active:

(a, c, e, g) A; (b, d, f, h) D; (a, b) El Centro; (c,d) Kobe; (e,f) Northridge and (g, h) Loma-Prieta.

H.P. Gavin, A. Zaicenco / Journal of Sound and Vibration 306 (2007) 74–90 87



ARTICLE IN PRESS
H.P. Gavin, A. Zaicenco / Journal of Sound and Vibration 306 (2007) 74–9088
response accelerations, A, are negatively correlated with peak response displacements, D. The isolation
damping, ci, is positively correlated with the peak response acceleration, A, and is negatively correlated with
peak response displacements, D. Decreasing ci decreases A but increases D for all four earthquakes.
Correlations with ki depend on the earthquake.

To study the effects of variations in both the passive and semi-active isolation parameters on A and D, the
input variables are assumed to be log-normal with mean mki

¼ 2000N=m, mci
¼ 200N=m=s, mkns

¼ 3000N=m,
and mcsh

¼ 200N=m=s, and coefficients of variation V ki
¼ 0:1, Vci

¼ 0:3, Vkns ¼ 0:1, and Vcsh ¼ 0:1.
Mean values, standard deviations, and correlations for the set of four earthquakes are provided in Table 5.

The semi-active isolation system is much less likely to exceed the threshold limits. The semi-active isolation
outperforms the passive isolation of secondary system for the four historical earthquakes, providing much
smaller values of acceleration response, with respect to uncertainties in ki, ci, kns, and csh. The semi-active
isolation application results in peak acceleration response statistics with mean values that are half those of the
passive isolation system. Moreover, the standard deviations of the peak acceleration response with semi-active
isolation are only 10–40% of those with passive isolation.

With semi-active damping, peak response accelerations are now positively correlated with peak response
displacements, indicating that further reductions in A would also tend to result in smaller values of D. For the
four earthquakes A is positively correlated with ki and for the Northridge and Loma-Prieta earthquakes D is
positively correlated with ki. Correlations of A and D with the other parameters are not as strong or
systematic; the most effective way to reduce both A and D is therefore to design semi-active isolation systems
with very long natural periods (longer than 6 s, if possible). For the selected data range, increasing ci tends to
reduce D at the expense increasing A.

Probability density functions of A and D for the passive and semi-active equipment isolation systems are
given in Fig. 7 and show the effect that semi-active damping has in reducing both the mean and the variance of
peak responses [43]. For all response surfaces the condition number of N was less than 20 and R2

R2 ¼ 1� ky� N/k22=ky� ȳk22, (17)

was greater than 95%. The PDF’s of A and D were evaluated with 100,000 Monte-Carlo samples of the
response surface models. The number of Monte-Carlo simulations was large enough to capture the sharp tails
of some of the distributions shown in Fig. 7. These distributions were calculated using less than 100
simulations of the detailed model, corresponding to a speed-up factor of more than 1000.

6. Conclusions

Properly designed semi-active isolation systems, applied to the protection of light equipment within
buildings, can significantly reduce the peak response accelerations without substantially increasing isolator
displacements, in comparison with well-designed passive equipment isolation systems.

Application of the stochastic response surface metamodels for reliability analysis of semi-active control
systems illustrates the benefits of semi-active control in terms of mean responses and response variances. Semi-
active damping reduces peak response accelerations by 30–60% and reduces peak acceleration variances by
60–90% as compared to a well-designed passive isolation system. The ability of semi-active isolation to reduce
both acceleration and displacement responses tends to increase with the natural period of the isolation system.

The stochastic response surface method is an accurate and effective tool in estimating response statistics and
in this analysis it provided a speed-up factor of over 1000.

Future work will address reliability due to variability in ground motion parameters, bi-directional ground
motion, equipment with mass eccentricity, experimental implementation, and GIS-based loss estimation for
vibration-sensitive equipment installations.
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