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Abstract

Based on the Lord and Shulman generalized thermo-elastic theory with one relaxation time, the dynamic thermal and
elastic responses of a piezoelectric rod fixed at both ends and subjected to a moving heat source are investigated. The
generalized piezoelectric—thermoelastic coupled governing equations for piezoelectric rod are formulated. By means of
Laplace transformation and numerical Laplace inversion the governing equations are solved. Numerical calculation for
stress, displacement and temperature within the rod is carried out and displayed graphically. The effect of moving heat
source speed on temperature, stress and temperature is studied. It is found from the distributions that the temperature,
thermally induced displacement and stress of the rod are found to decrease at large source speed.
© 2007 Published by Elsevier Ltd.

1. Introduction

To eliminate the paradox inherent in the classical uncoupled and coupled thermoelastic theories that heat
propagates with an infinite speed due to the diffusion type heat conduction equation, the generalized
thermoelastic theories were introduced by Lord and Shulman [1] (L-S) and Green and Lindsay [2] (G-L) in
1960s. The L-S theory postulated a wave-type heat conduction law to replace the classical Fourier’s law. This
law is the same as that suggested by Cattanco [3] and Vernotte [4]. It contains the heat flux vector as well as its
time derivative and contains also a new constant that acts as a relaxation time. The G-L theory modified
both the energy equation and the Duhamel-Neumann relation, and allows two relaxation times. This two
generalized theories can both ensure finite propagation speed of thermoelastic waves.

Numerous works had been devoted to problems involving a moving heat source due to its extensive
engineering applications, such as continuous annealing after cold working, pulsed-laser cutting and welding,
and high speed machining and grinding, etc. Al-Huniti et al. [5] studied the dynamic responses of a copper rod
due to a moving heat source under the wave type heat conduction model. In Ref. [5], by means of the Laplace
transform the temperature was obtained directly from the heat conduction equation.

Piezoelectric ceramics and composites have been extensively used in many engineering applications such as
sensors, actuators, intelligent structures, etc. Mindlin [6] first proposed a thermo-piezoelectricity theory and
also established the governing equations of a thermo-piezoelectric plate [7]. Nowacki [8,9] has investigated the
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Nomenclatures Ty initial environment temperature, chosen
as (T—Ty)/T<1|

Cijki elastic constants u; components of displacement vector

Cg specific heat at constant deformation & components of strain tensor

D; components of electric displacement 0 temperature increment 0 = T—T,

E; components of electric field vector K coefficients of thermal conductivity

hijk piezoelectric constants Lij thermal modulus

Di pyroelectric constants 0 mass density

(0] strength of the applied heat source per o components of stress tensor

unit mass where i, j, k, [ = 1,2,3 T thermal relaxation time
t time Tik dielectric constants
T absolute temperature @ electric potential function

physical laws for the thermo-piezoelectric materials. Chandrasekharaiah [10] has generalized Mindlin’s
theory of thermo-piezoelectricity to account for the finite speed of propagation of thermal disturbances
on the basis of the first and the second thermodynamics laws. Compared with the investigation of
propagation of thermoelastic waves in elastic media, similar investigation in piezoelectric media is much fewer.
Majhi [11] introduced a potential function to deal with the transient thermal response of a semi-infinite
piezoelectric rod subjected to a local heat source based on L-S theory. Although the temperature
distribution was given in Ref. [11], the result is unreasonable. He et al. [12] used Laplace transform and state-
space method to solve the dynamic response of a semi-infinite piezoelectric rod subjected to a thermal shock at
one end based on the G—L theory, and one-dimensional (1D) analytical solution was obtained and displayed
graphically.

In this paper, based on the L-S theory, the dynamic response of a finite piezoelectric rod fixed at both ends
and subjected to a moving heat source is investigated. The piezoelectric-thermoelastic coupled equations are
formulated and the equations are solved by means of Laplace transform. Then the numerical Laplace
inversion is carried out to obtain the temperature, displacement and stress distributions in the piezoelectric
rod.

2. Basic equations

In the absence of body force and free charge, the generalized thermo-piezoelectric governing differential
equations are:

(a) Strain—displacement relations

ey = uij + ug). )]
(b) Constitutive equation
0 = Cjjkird — hqjDr — 23T, E; = higerg + ta Dy — p;0. 2
(c) Motion equation
O'!‘/"j = pu, (3)

(d) Gauss equation and electric field relation

Djj=0, Ei=-o, 4)
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(e) Heat conduction equation

0 . . .
KUQ,] = (1 + ’L'a) (pCEQ + Tolwiér — TOpk(p,k — Q) (5)

In the above equations, a comma followed by a suffix denotes material derivative and a superposed dot
denotes the derivative with respect to time.

We shall consider a thin piezoelectric rod. Let the piezoelectric rod polarization direction be parallel with
the axial direction.

For 1D problem we assume displacement components of the form

uy =u(x,t), u,=u=0. (6)
From Gauss’s law, since there is no free charge inside the piezoelectric rod, for 1D case, we have
oD
=
which leads to D = D(#). For simplification, we would like to keep D = const along the piezoelectric rod.
For 1D case, the first equation in Egs. (2), (3) and (5) reduce to

0 (7

0
6=Cn—u—111T—hD, )
Oox
o%u or  u
— A — = p— 9
Cnax2 Hax palza ©)
o°T 0 orT o%u
—=11 — Ce—+nTo=——— . 10
S ( “az) (p Ear tloga Q) (10)
For simplifications we introduce the following non-dimensional variables
0
X* = COVIOxs Z/l* = cO”Ous l* = 6(2)11015 T* = C(%HO‘E! 9* = T»
0
hD C
=" p="C *:L“, o= N ,702'0_5, (11)
et c1 k11 Tocyng p K11

In terms of these non-dimensional variables in Eq. (11), Egs. (8)—(10) take the following forms (dropping the
asterisks for convenience)

a:a—u—bG—D, (12)
Ox
u 00 u
a2 T (13)
0%0 9\ /00 Q’u
— = (l+1=)[=+g—— 14
o2 (“a:)(at”axaz Q)’ (19

where b = 41;To/c11 and g = A1 /pCg. The piezoelectric rod is assumed to be initially at rest and has a
reference temperature 7 and zero temperature velocity such that the initial conditions are determined as

u(x,0) = i(x,0) =0, 0(x,0) = 0(x,0) = 0. (15)
Assuming the piezoelectric rod is fixed at both ends with a non-dimensional length / and both ends are heat
insulated, the boundary conditions can be given as

000, 1) _ 30L,1) _

0,)=u(l,r)=0
u(0.0 = ulli) =0, 2=

(16)
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The piezoelectric rod is subjected to a moving plane heat source of constant strength releasing its energy
continuously while moving along the positive direction of the x-axis with a constant velocity v. This moving
heat source is assumed to be the following non-dimensional form:

0 = Qyo(x — v), (17
where Qy is constant and ¢ is the delta function. Applying the Laplace transform defined by
Lf (] =f(p) = / e ”f(t)ds, Re(p)>0 (18)
0
to Egs. (12)—(14) with Eq. (15), we obtain
6=%—b5—2, (19)
dx p
da do .
dxz _ba_p u, (20)
d*0 - da
—=x +fp)(p0+gp—u—ve(”/””‘), 1)
dx dx

where y = Qg/v.
The boundary conditions in Eq. (16) can be transformed to
d0(,p) _ dod,p) _

i(0,p) = a(l,p) =0, - A 0. (22)

3. Solutions in the Laplace domain

Eliminating 0 between Eqs. (20) and (21), we obtain the following equation satisfied by
d*a d*a

_ 7 — —(p/v)x 2
i m e + myii = mse s (23)

where

byp(1 + tp)
1)

my=(1+gb)(1+1p)p+p>, my=p(+1p), ms=
The general solution of Eq. (23) is
i=C; e~ fix + C, el + Cs g ko + Cy ghox + Cs e_(”/”)x, (24)

where C; (i = 1,2,3,4) are parameters depending on p to be determined from the boundary conditions and
Cs = m3/[(p/v)4 — ml(p/v)2 + my]. k; and k, are the roots of the characteristic equation

k* — mik* +my = 0. (25)
ki and k, are given by
my + \/m? — 4m, my — /m? — 4my
klz\l 21 , kzz\l 21 . (26)
Similarly, eliminating i between Egs. (20) and (21), we obtain the following equation satisfied by 0:
d‘0 d*0

+ mzé = Ny ei(p/v)x, (27)

— iy —
dx4 dx?

where my = yp*(1 + 1p)(1 — 1/v?). The general solution of Eq. (27) is
0=Cpe X 4 Cpeh™ 4+ Cy3e7 4 Cyyek>™ + Cs5e7 /Y, (28)
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where C;; (i = 1,2,3,4,5) are parameters depending on p. Substituting 7 from Eq. (24) and 0 from Eq. (28) into
Eq. (20), we can find the following relationships:

k2_2 k2_2 k2_2 k2_2 2 —1
e, cp=Fl 0, n=-2"Tc, cu=""Lc, CSSZL o )Cs-

Cii=- bl bl bl bl

(29)

In order to determine the parameters C; (i = 1,2,3,4) and C; (i = 1,2,3,4), we need to consider the boundary
conditions in Eq. (16) and we get

Ci+Cy4 C3+ Cy = —Cs, (30)

Cre M 4 e+ Cye ™ + Cypel! = —C5e™ PV, (31)

—Ciiky + Canky — C33ky + Cyska = (p/v)Css, (32)

—Criky e 4 Conkey e — Ci3ky ™ + Cyykr e = (p/v)Csse™ @/, (33)

Solving Egs. (30)—(33) with Eq. (29), we obtain C; (i = 1,2,3,4) as the following:

(k3 = p* /) — e/ Cs
(e} = kp)(eh! — ekl

(3 = p* /)™ — e Cs
(e} = k)(eh! —ehil)

(ki = p* /)" — e 0/ Cs
(e} —Ip)(et! — ekl

(ki = p* )™ — e 0P Cs
(e} —I)(e! — ekl

C =

Cy=-—

>

Cy=-—

>

Cy= (34)

Substituting C; (i = 1,2,3,4) into Eq. (24), we obtain

(k% —pz/uz)(ek" _ e—(p/n)l)c5 hx (k% _p2/v2)(e—k11 _ e—(p/n)l)c5 .
(k= I3)(eh! — e~kil) (k> — I2)(ek! — el
_ =P = e 0INCs o (k= p? ) = e ONCs
(ki — k3)(eke! — ehal) (ki — k3)(ek! — kel

],_[:

+ Cse v (35)

From the relationships between C; and C; in Eq. (29), we get

(K2 — pP)(I2 — p* o) (k! — e~/
- bl (2 — )kl — o kil)
Cyr = — (K> — pA) (I3 — p? o) kil — =0/ Cs |

by (k3 — k3)(eh! — e—hl)

(2 = pA)IS — pRfd)(eke! — e/l
B bkz(k% — k%)(ekzl _ e—kzl)
_ (I3 — PP — p? Jo¥)(e*! — e~/ Cs
a bley(k3 — I3)(ek! — ekl :

Cn =

s

Cs;

>

Cus (36)
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Substituting C; (i = 1,2,3,4) into Eq. (28), we obtain
B (k% _pZ)(kg —pz/vz)(ek‘l _ e—(p/u)l)cs ke (k% _pZ)(k% —p2/02)(€_k11 _ e—(,'?/u)l)c5 o

0=
bk (k7 — k3)(ek! — e~hl) by (ki — k3)(ek! — e~hl)
(k% _pZ)(k% _p2/02)(ekzl _ e—(P/D)I)CS e (k% _pZ)(k% _p2/02)(e—k21 _ e—(l’/u)l)c5 o
bles (k) — I3)(eka! — ehal) bk (ki — I3)(ek! — e~kal)
2
-1
+p(l) i )C5 e—(p/u)x. (37)

Substituting 7 in Eq. (35) and 0 in Eq. (37) into Eq. (19), we obtain
P =P — e DCs o Pk — p?oP) e — eI Cs

= _ ki
0 kei(kf = k)l — ekl k(i — i)kl — e—hal)
pz(k% _pZ/UZ)(ekzl _ e—(p/u)l)CS . p2(k% _pz/vz)(e—kzl _ e—(p/n)l)c5 o
ka(k = )kl — e~k la (I3 — ) — el
D
_pDCS ei(p/v)x — ; (38)

4. Numerical inversion of the transforms

In order to determine the temperature, displacement and stress distributions in the piezoelectric rod, 0, i
and ¢ must be inverted from Laplace domain back into the time domain. However, these solutions are too
complicated to be inverted directly and hence, no analytic solutions are possible. Therefore, the Riemann-sum
approximation method is used to obtain numerical results. In this method, any function f(x,p) in Laplace
domain can be inverted to the time domain as [13]

Bt i1 - N i
foen=5 Ef(x, P+ Red 7 (x40 1)"] , (9)
n=1

where Re is the real part and i is the imaginary number unit. For faster convergence, numerous numerical
experiments have shown that the value of f§ satisfies the relation fr~4.7 [13].

5. Numerical results and discussion

In terms of the Riemann-sum approximation defined in Eq. (39), numerical Laplace inversion is performed
to obtain the non-dimensional temperature, displacement and stress in the piezoelectric rod. In the calculation,
the material constants of the piezoelectric rod necessary to be known are given as [14]

el =741 x10°Nm™2, p=7600kgm™>, Cp=420Tkg'K~', T,=293K,
J11 = 0.621 x 10°NK'm~2,
The other constants are taken as
0,=10, 1=005 [=10, D=1x10"%

Numerical calculation is carried out for two different cases. The first case is investigating how the non-
dimensional temperature, displacement and stress vary with different time when the moving heat source
velocity keeps constant. The second case is investigating how the non-dimensional temperature, displacement
and stress vary with different moving heat source velocity when the time keeps constant. In the first case, we
consider three different time instants t = 1, 2 and 3, while the constant heat source velocity is v = 1. In the
second case, we consider three different heat source velocities v = 1, 2 and 3, while the constant time instant is
t = 1. The numerical results are obtained and presented graphically in Figs. 1-6.
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Fig. 1. Non-dimensional temperature distributions at v = 1.
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Fig. 2. Non-dimensional temperature distributions at r = 1.

Fig. 1 shows the non-dimensional temperature variation in the piezoelectric rod for the first case. In Fig. 1,
the non-dimensional temperature distributions at = 1, 2 and 3 are represented by the solid line, dot line and
dash line, respectively. From Fig. 1 we observe that the temperature increases as the time increases. The peak
value of non-dimensional temperature in solid line, dot line and dash line occurs at x =1, 2 and 3,
respectively. This can be understood clearly from Eq. (18) that because the applied heat source moves with
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Fig. 3. Non-dimensional displacement distributions at v = 1.
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Fig. 4. Non-dimensional displacement distributions at ¢ = 1.

a constant velocity, v, thus, once the time instant ¢ is given, the distance that heat source moves across is
x = vt. At location x = vt heat source releases its maximum energy, which leads to a higher local temperature.

Fig. 2 shows the non-dimensional temperature distribution in the piezoelectric rod for the second case. It
can be found from Fig. 2 that temperature decreases as the moving heat source velocity increases. For the
same time duration, the heat source releases the same amount of energy. However, the intensity of the released
energy per unit rod length decreases as the source speed increases. As a result, each location in the thermal
disturbed region receives less amount energy as the source speed increases. This in turn leads to a reduction in
the local temperature distribution within the rod.
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Fig. 5. Non-dimensional stress distributions at v = 1.
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Fig. 6. Non-dimensional stress distributions at ¢ = 1.

Figs. 3 and 4 show the non-dimensional displacement distributions for the first case and second case,
respectively. From Fig. 3 it can be found that displacement increases as the time increases. This indicates as the
time increases heat disturbed region evolves deeper in the piezoelectric rod. Due to the applied heat source the
rod undergoes thermal expansion deformation. As time increases the thermal expansion deformation
accumulates. Therefore, the displacement increases. From Fig. 4 it can be observed that displacement value
decreases as the moving heat source velocity increases. This results from the reduction of the heat energy
intensity per unit rod length at large velocity. It can be also found from Figs. 3 and 4 that the displacement
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value is kept zero at x = 0 and 10, which coincides with the boundary conditions that the rod is fixed at both
ends.

Figs. 5 and 6 show the non-dimensional stress distributions for the two cases, respectively. From Fig. 5 we
can find that the stress in the rod is compressive. The absolute value of the stress increases as the time
increases. This is because the rod is fixed at both ends, which leads to the thermal expansion deformation
being restrained to develop along the rod elongation, therefore, compressive thermal stress occurs in the
piezoelectric rod. It can be seen from Fig. 6 that the absolute of the stress decreases as the velocity increases.
The similar reason for this can be found from the above descriptions.

From Figs. 1-6 we can notice that once the time instant is given, the non-zero values of non-dimensional
temperature, displacement and stress are only in a finite region and outside this region the results are all zero.
This accounts for heat propagation speed being finite in the rod, also this is entirely different from the classical
heat conduction theories, which predict an infinite speed. Because of the finite heat propagation speed, the
heat disturbed region is bounded when the time instant is given, which results in the thermally induced
displacement and stress are also in a bounded region.

6. Conclusions

The dynamic thermo-elastic responses of a piezoelectric rod subjected to a moving heat source is
investigated based on the L-S generalized thermo-elastic theory. The piezoelectric—thermoelastic coupled
governing equations are formulated. By means of Laplace transform and Riemann-sum approximation, the
equations are solved and the numerical results of non-dimensional temperature, displacement and stress are
obtained and displayed graphically. From the graphs, we can arrive at the following conclusions.

1. In all figures under the generalized theory of L-S theory, it is clear that all distributions considered have a
non-zero value only in a bounded region of space. Outside this region the values vanish identically and this
means that the region has not felt thermal disturbance yet. From the distributions of temperature, it can be
found the wave type heat propagation in the piezoelectric-thermoelastic medium. The heat wavefront
moves forward with a finite speed with the passage of time. This is not the case for the coupled theory,
where infinite speed of propagation is inherent and hence all the considered functions have non-zero
(although may be very small) value for any point in the medium. This indicates that the generalized heat
conduction mechanism is completely different from the classical Fourier’s in essence.

2. At x = vt non-dimensional temperature attains its peak value once the time instant is given.

3. The values of non-dimensional temperature, displacement and stress decrease as the moving heat source
increases.

Acknowledgement

The authors would like to thank the support of the National Natural Science Foundation of China
(10602021, 10472039) and China Postdoctoral Science Foundation (20060400209).

References

[11 H.W. Lord, Y. Shulman, A generalized dynamical theory of thermoelasticity, Journal of Mechanics and Physics of Solids 15 (1967)
299-309.

[2] A.E. Green, K.E. Lindsay, Thermoelasticity, Journal of Elasticity 2 (1972) 1-7.

[3] C. Catteneo, A form of heat conduction equation which eliminates the paradox of instantaneous propagation, Compte Rendus 247
(1958) 431-433.

[4] P. Vernotte, Some possible complications in the phenomenon of thermal conduction, Compte Rendus 252 (1961) 2190-2191.

[5] N.S. Al-Huniti, M.A. Al-Nimr, M. Naji, Dynamic response of rod due to a moving heat source under the hyperbolic heat conduction
model, Journal of Sound and Vibration 242 (4) (2001) 629-640.

[6] R.D. Mindlin, On the equations of motion of piezoelectric crystals, in: N.I. Muskilishivili (Ed.), Problems of Continuum Mechanics,
70th Birthday Volume, SIAM, Philadelphia, 1961, pp. 282-290.



T. He et al. | Journal of Sound and Vibration 306 (2007) 897-907 907

[7] R.D. Mindlin, Equations of high frequency vibrations of thermo-piezoelectric plate, International Journal of Solids and Structures 10
(1974) 625-637.
[8] W. Nowacki, Some general theorems of thermo-piezoelectricity, Journal of Thermal Stresses 1 (1978) 171-182.
[9] W. Nowacki, Foundations of linear piezoelectricity, in: H. Parkus (Ed.), Electromagnetic Interactions in Elastic Solids, Springer,
Wein, 1979 (Chapter 1).
[10] D.S. Chandrasekharaiah, A generalized linear thermoelasticity theory for piezoelectric media, Acta Mechanica 71 (1988) 39-49.
[11] M.C. Majhi, Discontinuities in generalized thermoelastic wave propagation in a semi-infinite piezoelectric rod, Journal of Technical
Physics 36 (3) (1995) 269-278.
[12] T.H. He, X.G. Tian, Y.P. Shen, State space approach to one-dimensional thermal shock problem for a semi-infinite piezoelectric rod,
International Journal of Engineering Science 40 (2002) 1081-1097.
[13] D. Tzou, Macro-to-micro heat transfer, Taylor & Francis, Washington, DC.
[14] T.H. He, X.G. Tian, Y.P. Shen, Two-dimensional generalized thermal shock problem of a thick piezoelectric plate of infinite extent,
International Journal of Engineering Science 40 (2002) 2249-2264.



	Dynamic response of a piezoelectric rod with thermal relaxation
	Introduction
	Basic equations
	Solutions in the Laplace domain
	Numerical inversion of the transforms
	Numerical results and discussion
	Conclusions
	Acknowledgement
	References


