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Abstract

A densely packed bed of granular material immersed in a fluid is cyclically agitated. The fluid may be compressible due
to a small amount of gas trapped in the pores. From the general two-phase equations the oscillatory motion characteristics
are determined. A penetration depth of the order of magnitude of a few particle diameters is found. Secular cycle-averaged
effects are investigated and two are identified: a particle pressure due to irreversible processes and collisions during the
oscillation, which is linear in the velocity amplitude and a quadratic effect that arises due to non-zero correlations between
the fluctuations in solids volume fraction and those in velocity, displacement and pore pressure. Orders of magnitude and
time constants of both these secular effects are established. The analysis shows that the secular effects manifest themselves
in a few cycles of the vibration. From constitutive estimates the influence on mean intergranular stress and interstitial pore
pressure is obtained. It is found that the quadratic effect hardly affects the intergranular stress, but has a substantial
influence on the pore pressure, which is reduced. The linear particle pressure effectively decreases the magnitude of the
compressive intergranular stress. Linear and quadratic effects have markedly different frequency dependencies. A
comparison with experiment on this point is reported. Applications are vibrated filtration and agitated magma chambers
that contain sediment. For the latter the theory explains the formation of gas bubbles associated with rapid fluid pressure
reduction during earthquake loading.
© 2007 Elsevier Ltd. All rights reserved.

0. Introduction

This paper is concerned with the mechanics of a rapidly agitated, densely packed, fluid-immersed particulate
aggregate. There are two key aspects to this problem. The first is the behaviour of the oscillated bed, which
deals with the absorption of energy, penetration depth and modes of motion. The second is the so-called
secular part of the problem, that is the slow, quasi-static motion and development of stresses and pressures,
which are associated with the oscillatory motion. For example, a densely packed, fluid-immersed bed which is
oscillated from below may exhibit fluidisation phenomena. In this paper both aspects will be treated. There are
a number of practical applications for this problem in civil and chemical engineering and in geology.
Oscillated-septum dead-end filtration—a chemical engineering application—has been studied in the past [1-3]
(in the dead-end filter geometry there is also a mean downward flow, which exerts a force on the particle bed).
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Nomenclature u fluid velocity (ms™1)
v solids velocity (ms~!)

a mean particle radius (m) X position vector (m)
A Eq. (26) (dimensionless) z vertical position (m)
B Eq. (26) (dimensionless)
¢ proportionality constant for the particle Greek letters

pressure (dimensionless)
Cg rate of skeletal stiffness reduction (Pa) p compressibility (Pa~!)
Cg rate of fluid drag resistance reduction (Pa y damping coefficient (Pas)

sm) 0 Kronecker delta (dimensionless)
d displacement (m) n melt viscosity (Pas)
Dg rate of change of E, (dimensionless) K coefficient for the resistance R (dimen-
Dg Cra®/n (dimensionless) sionless)
e % (dimensionless) A inverse penetration depth (m~!)
F o Sk st (ay Jo Rl = \[Rgol/CE) (1 ~§) (dimen-
Ef (2.17 — ¢)*/(1 + ¢) (dimensionless) s1opless) , . .
g acceleration due to gravity (ms=2) ¢ sollqs volume fraction (dimensionless)
h gap width (m) n particle pressure (Pa) . ‘
H layer thickness (m) z a.ttached fluid mass coefficient (dimen-
P fluid pressure (Pa) sionless)
q (1 — ¢y (ms~) Py melt density (kg m~?)
; dv (ms~) 05 sollqs denglty (kgm™3)
R(¢p)  solidosity dependent drag coefficient 2 partial solid-phase stress (Pa)

(Pasm™2) o partlal fluid-phase stress (Pa)
R fluid drag resistance (Pasm™2) T intergranular stress (Pa)
p time (s) W circular frequency (Hz)

C EB(1 — ¢) + 1 (dimensionless)

The purpose of the agitation in this case is to clear the septum of particulates so unclogging the filter, which
enhances the performance. The geophysical application is quite novel and concerns earthquakes in volcano
chambers. It is believed that over time, as the volcano is dormant, a granular deposit develops in the chamber.
When the latter is agitated by an earthquake the pore pressure is rapidly reduced in value, thus allowing gas
bubbles to form. This explains the origin of the gas [4,5]. Clearly, modelling this phenomenon is crucial for the
understanding of the combination of parameters that influence the likelihood of volcanic activity. There is
ample descriptive literature on the subject [6-8], but hardly any modelling of this multi-physics problem.

The filter problem and the volcano problem operate in quite different parameter ranges. For example, the
viscosity of the fluid in the filter problem is typically that of water (0.001 Pa s), while magma viscosity may be
three or four orders of magnitude larger. Water, furthermore, may be regarded as incompressible, while
magma with a small gas content is essentially compressible. As approximations will be introduced to lead to
transparent results these ranges are important. The comparison between the parameter ranges for the dead-
end filtration problem and the agitated magma chamber problem is very interesting, as it transpires that
though frequencies and viscosities are very different, the penetration depth turns out to be roughly the same.
Comparing these two cases, therefore, highlights two limits of the manner in which slow secular effects become
manifest.

In this paper the general theory of oscillated particle—fluid beds is briefly reviewed. Then the secular effects
are discussed, especially the particle pressure (which is a linear effect) and the quadratic secular terms. The
oscillated bed is then calculated and approximations that are appropriate to the parameter ranges are
introduced, leading to a simple expression for the penetration depth. The associated secular contributions to
the static stresses are then estimated. The time-development of the latter is shown to take place in the dynamic
range (that is, a time constant of the order of magnitude of the period of oscillation is obtained). Finally, the
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range of influence of the secular effects on both the particle-phase and fluid-phase stress is estimated and
discussed in light of experimental results.

1. Oscillated packed beds and slurries (general theoretical considerations)
1.1. Governing equations

The particle-phase mass density is denoted by p,; the solids volume fraction is ¢ and the solid phase velocity
is v. The fluid mass density is called p, and the fluid-phase velocity u. All these are field variables and depend
on the position x and the time ¢. The basic continuity equations for the solid phase and fluid phase are given in
the literature, see Refs. [9—-11]:

a(pv(:b) + a(p.vvi¢) —

1
ot ax,» 0’ ( )

31— Phpyu] _

o, 0, 2

-0+

where Einstein’s summation convention is used.

The solids mass density is assumed to be constant, but the fluid may be compressible and therefore p, can
depend on position and time. The main cause of the compressibility is the presence of a small amount of gas in
bubble form. The relation between fluid compressibility  and fluid pressure p is a constitutive relation of the
form p;'Dp, /Dt = fDp/Dr (the time derivative D/Dz is co-moving with the mean fluid motion). The
variations in fluid density Jp, are expected to be small compared to the mean p,. Eq. (2) is expanded and terms
of order dp,/p, may be neglected compared to unity. Therefore, the continuity equation for the fluid is
approximately
Dp 03¢ 0l — ¢)ui

P, 3)

=05, % ox;

The gas phase is a small minority species embedded in the fluid. No separate equation set for this phase is
necessary, as the motion of the gas phase does not significantly affect the stresses in the medium. The gas phase
comes in the form of small bubbles.

The equations of motion (the momentum balance equations) for a fluid-solid mixture are well-
researched and reported in the literature [9—-11]. For each Cartesian component (£ = 1,2, 3), the equations
read

D’ 0 D
D0,y = = (BZ0) + OR@Nte = v0) + 1py (e = v0) + o g, @
0 D
(1= Iy ot = (1~ Bhou] — PR — v0) — 1y - (e = v0) + (1 = D)oy 5)

The symbols used in these two vector equations are as follows. In addition to the fluid co-moving derivative
D/Dt¢, a co-moving derivative with the mean solids motion is formally required and is denoted by D’/Dz. The
fluid-phase stress is ¢ and the particle-phase stress is X. For the fluid stress a simple isotropic form is assumed:
—pd, where ¢ is the unity tensor (the Kronecker delta). The intergranular stress t is obtained from the particle-
phase stress and the fluid pressure: © = ¢(X + pd). The fluid drag force is proportional to the velocity
difference in particle and fluid phases with proportionality coefficient R(¢). A set of terms is introduced to
compensate for the attached mass of fluid to the particles. These terms require a proportionality constant y,
which is a phenomenological parameter (a typical value is y = 0.5). Body forces associated with gravity are
also introduced; the acceleration due to gravity is g.

There are a number of further small corrective terms reported in the literature, see for example Ref. [11].
These are all neglected for the problem in hand.
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In order to distinguish between oscillatory and secular motion the four balance equations are recast in terms
of the flux fields q = (1 — ¢)u and r = ¢v. This gives

o o
aq; T o
Dp a¢ aql —
(- ppL -2 Thy, (o)
D’ JeD'gp 0 ¢ D
R ) G R (i R

P B = el = byl = RO ({205 =) = oy (725 =) + 0 = e (69
In the physics of an agitated slurry two time scales need to be distinguished: the rapid oscillatory effect and the
accompanying slow, secular (consolidatory or quasi-static) motion. The latter are caused by the excitations of
the particles in the slurry, which lead to a particle pressure that is more or less constant in time. Both rapid and
secular phenomena are described by the above equation set. Oscillatory (sinusoidal) solutions are obtained by
solving the equations for the first Fourier component. These give an impression of the decay of the amplitude
of oscillation for an agitated packed bed layer. The equilibrium equations for the quasi-static deformation are
also derived. The terms in the latter require input from the oscillatory solution—notably an expression for the
particle pressure and an evaluation of the time averages of products of oscillating quantities. All solutions are
carried out in one dimension—the vertical z direction. The acceleration due to gravity is g; = —g; g is positive.
In all this constitutive relations for the solid-phase intergranular stress have to be provided. For contacting
particles a stiffness E(¢) is introduced, as well as a damping associated with relative interparticle motion in a
fluid. The damping coefficient is called y. Strictly speaking the particles could find themselves in a fluidised
state; in that case the stiffness becomes zero, but the damping remains. In addition to these traditionally well-
known constitutive properties, a particle pressure needs to be introduced to account for the momentum
transfer of non-reversibly interacting particles in an agitated slurry.

1.2. Particle pressure and distinguishing time scales

The concept of (expansive) particle pressure in a dense slurry was introduced by McTigue and Jenkins [12],
who used it to describe migration effects in non-uniformly sheared slurries. A particle pressure arises when
there is the possibility of net momentum transfer due to an asymmetry in the particle—particle interaction, in
other words if approaching particles and departing particles do not sense equal-magnitude (opposite sign)
forces. If a purely fluid-mediated interaction between perfectly smooth particles is considered there is no net
transfer, but if particles can touch and the collision occurs at non-zero restitution then a particle pressure
develops. The effect is not necessarily confined to the collisional regime. Nonlinearity in the stress—strain
response of a packed bed at small compressive stress may also lead to particle pressure type phenomena. This
has been investigated recently by Davis and Koenders [13] and to demonstrate the phenomenon a cartoon
from that paper is included here: Fig. 1. Basically, the stress—strain curve goes through a hysteresis loop, but
does so in such a way that the response of the medium as a whole can be described by an oscillatory part, while
necessarily a mean stress must be included, because the mean stress over the loop does not equal the average
applied stress. It must be emphasised that the particle pressure, so obtained, is necessarily only a small fraction
of the total intergranular stress and for the remainder of this paper this effect is neglected.

If particles make and break contacts at speed substantial transfer of momentum takes place. For oscillated
slurries this effect is described by Gundogdu et al. [2] and its order of magnitude is estimated. The fluid
interaction for rough particles is calculated using various approaches by Patir and Cheng [14] and Smart
and Leighton [15] and—more recently—by Jenkins and Koenders [16]. The particle pressure 7 for a
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Fig. 1. A strain-controlled cycle of an oscillated packed bed in a nonlinear medium, exhibiting hysteresis. During loading and unloading
the stresses follow different paths. The time-average of the stress value 1/T ﬁ)T a(t)dt over the cycle is not equal to %(omax — Omin)- The
difference is the particle pressure.

granular assembly in a fluid in which the solids oscillate rapidly with a velocity gradient amplitude [0v/0z] is
estimated as

ov|
0z

a

Z > (7)

T =c1n

where # is the interstitial fluid viscosity, a the particle radius, 4 the mean surface to surface distance between
the particles that take part in collisions and ¢ a coefficient of order of magnitude 0.1-0.8.

In addition to the particle pressure the equations of motion possess products of oscillating variables. When
these are averaged over the cycle time, and depending on the phase shift between the variables, non-zero
contributions result. These are quadratic terms in the applied oscillating fields and below an explicit evaluation
will be carried out.

The equations that describe the phenomena at the two time scales are obtained as follows. All field
parameters are written as a time-averaged part (denoted by an over bar) plus an oscillating part (indicated by a
tilde); for example ¢(x,1) = ¢(X, t) + ¢(X, f). Then the Egs. (6a)-(6d) are considered. To begin with the first
Fourier component is isolated to give an expression for the oscillating fields. Then the equations themselves
are time-averaged to give the slow variation in the process; in addition the dynamic terms are all neglected.
The quasi-static evolution in the slurry is a variation superimposed on static equilibrium. It is caused by the
‘switching on’ of the particle pressure and the average of the quadratic products of the oscillating fields. So the
secular effect of the oscillation is that the interstitial fluid pressure and solid-phase stress are modified.

The scenario is informed by the time constants of the problem. Time-averaging is done over periods that are
long compared to the period of oscillation, but short compared with the duration of the phenomenon (in the
case of the earthquake-excited magma chamber the typical period of oscillation is 0.1 s, while the duration is
some 60s). The secular equations themselves possess a time constant, which will be estimated.

2. Packed beds and slurries (estimates of field parameters)
2.1. Static limit
First, the purely static limit is considered. All the velocities are zero and all time-dependent terms are

irrelevant. The stresses depend on the vertical coordinate z only and they obey the set

afstal = Gﬁstat

oz (/) oz - apsg = 0: (8)
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These equations are of course easily solved. At the top of the bed (z = H) the intergranular stress and the fluid
pressure vanish and therefore

—prg =0. ©)

Toar = Plpy — pp)g(z — H), (10)

Dstat = —pfg(z — H). (11)

For convenience it is here assumed that the fluid and particle layers have the same height. If these are different
the formulae are easily adapted. Similarly, if a mean flow is present, the pressure and stress will change, see
Ref. [1].

2.2. Oscillatory motion

The oscillatory motion is obtained from expanding Eqs. (6a)—-(6d) to retain the first Fourier component
only. These equations are then solved. All the field parameters depend on position and time according to
e #e\” Here / is the (complex) wavenumber and w the circular frequency of excitation. The interesting
solution for the purposes to hand is the one that is localised around the bottom of the bed at z = 0; at this
point the aggregate is agitated by a sinusoidal displacement d with amplitude d.

A key assumption that will be made is that the fluctuations in the solidosity are small compared to the mean
value. The equations of continuity and the equations of motion for this first Fourier component become

8,5
(1_$)ﬁﬁn_lj_%+2%:°’ (12b)

o pf%;’l G — o) + R(cp)( Bt %%)
+ R(¢)< qﬁq% - 75) + XEPfDB, <1$_% T +( d)q;) ) + dpgr, (12¢)

p, e f[%%%: - 10 = - R(¢>)< R (1%)2)
- R(¢)< M[d) —7 ) — 1Ppr = D (ld)q‘d) — T+ g Ji%y) —dpsgp. (12d)

Interest is now focussed on one-dimensional oscillatory motion in the z-direction. The mean motions g and 7
are supposed to be small compared to the amplitude of these field variables. Furthermore, the oscillatory parts
of the solid phase intergranular stress satisfy the constitutive equation 7..= E(¢)e.. + y(¢)dv./0z+
E@J))Eﬂ + @652 /0z, where e.. is the strain, E the stiffness and y the damping. For the parameter Ig(g) a
constitutive form R(¢) = Cr¢ is introduced and similarly E(¢) = Cg¢; below it is shown that the damping

does not play a prominent role and therefore this parameter is not expanded. Using these elements Egs.
(12a)—(12d) take the form

op oF.
E—i_ oz

0, (13a)
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Dp 03¢  07.
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+ Cqu( ¢_q¢ ) + 1oy gz (15%) -+ a %}J — b9, (13¢)
T R(¢>)< 94, SRy ‘Wf%)z)

- chs( ‘/"f"d) —7 ) — 105 ( (/)q,d) —T ‘%)J +$py9. (13d)

These equations are developed for the case when both the constitutive parameters E, 7, etc. and the mean field
variables ¢, p may be considered to be time independent. Now, if the penetration depth is much smaller than
the length scale over which the constitutive parameters and mean field variables change appreciably, the
average value of the parameters may be used for Egs. (13a)—(13d). In that case the solution of the oscillatory
field parameters has the form exp(Az) exp(iw?) and a value for 4 is easily derived. The average is evaluated over
a length scale of order of magnitude of |A|~!

The presence of the fluid pressure presents a problem. However, the context here is a strongly localised
phenomenon for which |A|~' is of the order of magnitude of a few mean particle diameters. Let the
phenomenon take place in the vicinity of z = 0, then the pressure field may be replaced by its mean in this
small region (p). The stress dlvergence terms in the equations are now 0/0z(Ee., + 700, /az —¢p — pqS)
EQe.. [0z + 70°7. /0z* — ¢pOp )0z — 6(;5/62 and 0/0z[(1 — ¢)p — qu] = (1 — ¢)0p/oz — a¢>/az. So, it fol-
lows that—even considering constant constitutive parameters—the set of equations (13a2)—(13d) can in
principle only be solved in conjunction with the secular equations, which should yield (p) and possibly the
gradients of this parameter. However, it will be shown that in practice these parameters are not important in
the estimate of 4.

The equation set (13a)—~(13d) is a linear system, with a characteristic polynomial P(1). The roots of the
equation P(A) =0 yield a set of solutions for A. In order to obtain the polynomial P(J) set
C.. = (iw)‘@(r}/@—?@/@%/@z. It is found that the resulting expression is rather long, but substantial
shortening is possible when simplifying assumptions are made. The first of these is:

(1) The mean velocities (and their gradients) are so small that they do not influence the oscillatory
behaviour. The reason is that the mean velocities represent secular changes and these take place on a much
slower time scale than the oscillatory motion. The polynomial becomes

P(7) = — %(F(l — ) +iaj(1 — d) + P)P) + L gd(b(p; — py) + py)
XOPr —
(1- (15)
_ Bpro(E +iay)
o
+ ABgo(iRP(p; — py) — prolid*(p; — py) + p(d — DI}
— B’ (R(Dlp; — py) — py) — prolxd( Do — py) — py) + py(d — D). (14)

+ o] - — d(EByps + BpsGaryy — P + pr — py)

+ EB(R + pyw) — o(RPy + Poy((p) —iwy) — xps + py)
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Table 1
Typical values for the parameters of the problem for a magma chamber

Pr 2.3 x 10°kgm™? ® 60s~! H 100 m
s 2.5 x 10°kgm™? E 1 x 108 Pa ¥ 10

¢ 0.6 B 1 x 1078 Pa a 1073 m
% 0.5 n 1x10Pas g 10ms2
R 10" Pasm—2 K 100 alh 100

) 10° Pa Ao 1/(20 x a) ¢ 1.5
Table 2

Typical values for the parameters of the problem for an oscillated filter problem (see Ref. [1])

pr 1 x 10kgm™3 ® 600s™! H 0.1m
Py 1.6 x 10°kgm™3 E 1 x 10*Pa ¥ 10

¢ 0.6 B 1x 1078 Pa a 1073 m
X 0.5 n 1 x 1073 Pas g 10ms—2
R 10° Pasm~2 K 100 alh 100

P 10° Pa A 1/(20 x a) { 1

This simplifies under certain assumptions informed by typical values for the parameters, listed in Tables 1
and 2. In addition to assumption 1 they are the following:

(2) The stiffness E is much greater than the mean fluid pressure (p). This can be determined simply from the
numbers. There may be problems with this when the bed fluidises, which needs separate investigation.

(3) The mean solidosity ¢ is in the range 0.5-0.7. These are normally expected values for an unfluidised
granular medium.

(4) The parameter copf<ﬁ. The resistance R is of the form xn/a®, where « is a factor, # the fluid viscosity
and a the particle diameter. Now, the ratio wp, /R s of the form (wa)p,a/(xn). As (wa) has the dimension of a
speed, the ratio wp, /R is akin to a Reynolds number. So, other than doing the numbers for a particular case, it
is observed that the oscillatory motion leads to slow interstitial flow.

(5) gp, 1s much smaller than |4|E this follows simply from a comparison of the numbers for |2|~a~"'. This is
an approximation that says something about the nature of the localised phenomenon. Let the fluid pressure be
influenced by the oscillatory motion to such an extreme extent that |(0p/0z)| >~ |4|(p), which is the maximum
attenuation of the mean fluid pressure that is possible. Then it follows from assumption 2 that |(0p/0z)| < || E,
thus extending the finding to the gradient of the pressure.

Using these assumptions the polynomial reduces to

4
Hmz%«E+mw¢—m+ﬁmEM$w—n—ﬁmm¢—mw+m
+iRBF (—Plp; — )+ py) = 0. (15)

This equation is easily solved, though the result is not very transparent. However, an approximation can be
made that is relevant to the current application. In practical terms the difference between p, and p; is small, so
one may set p; = p, + dp, where dp/p, is a number that is rather smaller than unity. It is also observed that in
practice wy/E is a small parameter. Now, making good use of approximation 4, above, it is found that up to
first order in dp and wy the two roots 4> are

2 1Rt 4 ded —ﬁ)wzﬁ n yoR$  pdpgo’(l —5)’

B0 ¢ EX1-¢) ‘

(16)

where a convenient parameter { = Ef(1 — ¢) + 1 has been introduced.
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The largest value (by far) is the first root. For this case, the relationship between the various field parameters
is expressed in the ratios of the amplitudes, which are denoted by hats

S VIERW -, o V2RI -D. . (41

R e B (1)
ol - 9) WEo(l—¢) " 9

S

2.3. Cycle-averaged cross-products and particle pressure

Defining the inverse penetration depth Re(1) = A9 = \/ Rpw(/(2E)/(1 — ¢), the cross product averages that
are necessary for the development of the secular equation can be evaluated. For example,

~7$ » /ZTI/(U 7 ( wor e R (a o _;7) dr \/2Fé’$e*2ﬂnoz , s)
r.-Q = — e(re'e ™ e(lpe ¢ = 7.
2m Jo AVEw(l — ¢)

The others are obtained in a similar way

—  \RFPUCHF - e

G.9=— e (19)
Ewd(l — ¢)
~—~ F 672/102 e
o=t R 0)
2(1—-9)
P~
£ h= 21
—9=0, @
od ~ Rie 207
7¢=—7_£ — 7. (22)
0z 2En(1 — ¢)
Finally, the particle pressure becomes
ol a .
T =cn P enolFle 0% (23)

2.4. Secular motion

The secular equations are obtained from Egs. (6a)—(6d). They involve averages of fields and averages of
double products of fluctuations of fields. Two parameters are introduced, Cr defined as 9R/d¢ and Cg and
OE /d¢; straightforward evaluation yields the following:

@ oF,

o Tz (242)
_ [(op 7] 0 0q.
A R S (24b)
0 $a. . $Pa) = ¢Ng \ 5
e nr el g i+ R(G—r )+ (1_¢ @+ _$)z>—¢p‘vg—o, 40
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_ — Y T~ ~2 Y7l
-l =P+ G- R ) - o (‘“‘f"” ().

(-9 —g " 9Pra g

The appropriate term for the particle pressure has also been introduced here. The term 9¢ /0t is eliminated and
the cross products are inserted. These steps lead to the following simple equations:

0p OF.

2> — (1= ¢)prg=0. (24d)

E—i— 3= 0, (25a)
R 61_7 qz aﬁ afl aq; _
(1—¢)ﬁ(5+1_¢§>+az+az =0, (25b)
ﬁ(_ _ sa—Ar B 220z _ 1= ) aqz = = =4 —20z 25
5, (T — e e $p) + R 0-9 - | — ¢pyg = Ae 0%, (25¢)
0 — —{ &g — _
11— $) + R( (1‘7[’_‘1;5) - r) — (1= §)psg = Ae ", (25d)
where
Cr(1 — 2 2R CrR o
=& Rfm _‘2)* R \/ GIEC#, B= 2Fw(b£1i£$)2 P, = cnklfl, T=owdd. (26)

Some time after the oscillation has been ‘switched on’ the system will be in steady state: the velocities and time
derivatives will be negligible. Then, assuming H > 4 !, the solution for the stresses is simply

—20z
= Fe 4 Be ¥~ ATV L e ), — pp) (27)
= 201 — $) T
Ae—zioz
p=—————9gz— H)p,. (28)
270(1 - $) !

It is seen that the effect of the oscillation is to reduce the fluid pressure in a thin zone at z = 0. The compressive
stress is increased by the term proportional to A, but decreased by the terms proportional to B and 7.

2.5. Time-dependent behaviour at the onset of the oscillation

The way in which the equilibrium state described by Egs. (27) and (28) comes into being is now investigated.
This is a non-trivial problem. As a first approximation the particle pressure is neglected and the equations are
linearised by neglecting products of parameters. The parameters 4 and B are regarded as functions of time and
the purpose of this section is to investigate what functional time dependence the secular equations will impose.
The only nonlinearity appears in Eq. (25b), so this equation is approximated as

op 6r7 09.
- Pp+-+Z2=0. (29)
0z Z
Adding the two equations of motion gives
0 _ 2z
g (7= — Be” 0% —dpg+ (1 —)prg =0, (30)

or

To: = Be 0" — p = (¢p,9 — (1 — P)pp9)(z — H). (31
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Using the simple constitutive equation

ot.. EOF
— = = 2
or ¢ oz’ (32)
it follows that
LoF,
— z — B —2202 -+
5/, o dt e +p7, (33)
where pt = P — py.,- Differentiate with respect to time
Edr. 0 Be—Yio: pt 0O Be-2io
50z arlBe )+ 2 T 9+Z- 5 (34)
so,
EOF, O, _,, . 1 or, 0q.
S Y A 5 J— sz,
6 a ) T U (62 * 62) (35)
Now use Eq. (25d) and differentiate once with respect to z:
+ ¢ 0dg, OF, 0 s
_ oz T (ge 07y = 0.
a d)) 622 ((1 —¢) 0z 62) az( ¢ )=0 (36)
Here are two equations in 0g./0z and 07, /0z and the solution is
0q. 1—¢ 0A(z, t
7 el (BT
oz~ RGEF1— )+ 1)
0B(z, 1 _ . opt
1= (Rap P - g -+ D) | @)
OF. 1—¢ 0A(z, 1) 6B(z f) Pt
e [ Ra) —a - pEL (38)
0z RY(EB(1— )+ 1)L 0z
These are substituted back into Eq. (29) to give
0A(z,) ——0B(z,1 62
50~ 5 ED R PED L g2 L Re(ep0 ~ )+ )T =0 (39)

Both A(z,f) and B(z,f) possess a spatlal dependence, given by the exponentlal decay and so it is
reasonable to assume that p* also possesses this same dependence. Thus, a purely time-dependent
equation is obtained by setting A(z, £) = Ao()e™>07; B(z,t) = By(t)e 27 and p*(z, 1) = py(t)e~>*0%; it follows
that

o( J) Po(l)

240E(1 — ¢)Ao(1) — R +425E(1 = §)’po(1) — RH(EB(1 — §) + 1)

Laplace transforming, using the initial condmons By(0) and p((0) = 0 reveals 1mmed1ately that the equation is
exponentially unstable

=0. (40)

200E( — $)Ag(s) — sSREBo(s) + 422E(1 — $)*Po(s) — sSRP(ER(1 — @) + 1)py(s) = . (41)
The instability can be removed if
270E(1 — $)Ao(s) — sRPBo(s) = f(5)[A/ZE(l — §)* — sRY(E(1 — §) + 1), (42)

in which case

pols) = =/ (), (43)
where f(s) is a stable function. Thus, physically, the secular equation imposes a form on the time dependence
of A(z,t) and B(z,1).
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A realisation of this form is now put forward.
Introduce the function

F(f)= — Foe'/™ if 0<¢< Ty
= — FoeT0/ if 1>T,.
This function has Laplace transform
eTo(lfsfo)/to 1
+ .
s(1 —sty) — s(1 — stpy)
This is the form chosen for f(s). The instability is removed when

_ RGEB(L — )+ 1)
CARE1 -9

f(s) = —F()

To find the corresponding forms for A(z,#) and B(z, t) consider the function

G =0 if 0<r<q,

t— .
=D g <i<0,
0o

ek (TN
0o

This function has Laplace transform

~ 1
— (e~ %05 _ g=Q0s
G(s) 20, (e e~ %Y%),
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(44)

(45)

(46)

(47)

(48)

The functions Ag(¢) and By(7) will have the form of G(7) with coefficients ¢, Q4 and 04 and g5, Qp and 0p

instead of ¢y, Q, and 0y. The form C1A — sCzB is then

C\A—sC,B=— -
! &2 SZQA SGB S26,4 S@B

Choose gz = 0 and let Q, — g, be vanishingly small, then

~ ~ C — —445  Cre= 9285 (C
CiA—sCrB = 1(Q4 — q4)e 4 G0 2
SQA SQB S@B

Finally, choose ¢, = Qjp; this gives
~ ~ [C — C C
CiA — sCoB = e~ 14 M_{_J _ 2
SQA SQB SHB
All these are used in Eq. (41) with C, = 2J0E(1 — ¢), C, = Ré, resulting in

_ To(l—j‘to)/to 1
e—qAS C](QA qA) + 2 C2 4},2E(1 _ (]5) FO € _ — 0
50 4 s0p s@ s K

and the various parameters are determined:

R¢ 04 R¢$

OpFo = 4 =Ty —A Fy=
B ZEq—gp T 0

Ou—aqs ~ 2o(l—eclo/)’
The parameters T and F are determined from

04— 44 Op
4:14 — =
04 > 0p

where 4 and B are defined in Eq. (26).

C1e(Qa=005=4a8  Cre~(QB4B)S—485  (Cie44%  (Cre I8

(49)

(50)

(1)

(52)

(53)

(54)
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The outcome of this analysis is then that in order to achieve stability the parameter By(¢) climbs linearly with
time-constant 0p for a time T; after that By(¢) remains constant at B. At the point ¢ = Ty the parameter Ay(¢)
starts up; this parameter practically jumps to its final value 4. The pressure meanwhile rises exponentially with
a time constant #; to its new equilibrium value and reaches that value in a time 7. After t = Ty the pressure
remains constant for as long as the oscillation phenomenon lasts at its equilibrium value given by Eq. (28). To
give an impression of the numbers for the earthquake agitated magma chamber, using the values in Table 1,
to >~ 0.01sand Ty >~ 0.25s. These time values should be seen in the context of the period of oscillation of 0.1s,
so that the equilibrium value is attained after about three cycles. The value of the time constant #, suggests that
the treatment of the time-dependence of the secular equations should include dynamic terms as well. The
conclusion may be drawn that the secular effects come into being in a short period of time (order of magnitude
of the cycle period). The duration of the whole phenomenon is estimated at some 60, so the validity of the
analysis is not in doubt.

3. Results for the static secular fields (parameter estimates)

The deviation from the static stress due to the agitated bed depends on the numerical range of the
parameters. Crucial among these is the value of the drag R(¢) and its derivative Cr(¢). Various formulae are
put forward in the literature, see for example Ref. [17]. Here the one proposed by Happel and Brenner [18] is
used; it depends on the melt viscosity # and the particle radius a:

—— 9 (1 —P)(3+297)
R(¢)=@3_%1/3+%5/3_3$2.

(55)

For convenience introduce the non-dimensional parameters Ry = Ra*/n and Dg = Cra®/n.

For the rheology of the dynamic stiffness E(¢) the literature on oscillated compressed packed beds is useful.
According to Hardin and Richart [19] this modulus (in samples with isotropic prestress tjs,) depends on the
void ratio e(= (1 — $)/$) and has the form E = f,t./2(2.17 — ¢)*/(1 + ¢), where f, depends on the material
parameters of the grain. The non-dimensional parameters £, = (2.17 — ey’ /(1 +e) and Dg = 0Ey /d¢ are
introduced. All the ¢p-dependent parameters are plotted in Fig. 2. Note that Cg is rather greater than E itself

and, similarly, that Cg exceeds R by a substantial margin.

10000

1000 A /
D

100 - ) //
R¢

0.1 - I

0.01

035 040 045 050 055 060 065 070 0.75
¢

Fig. 2. Drag and stiffness parameters Ry & E; and the derivatives OR;/0¢ & OE;/0¢ as functions of the solidosity ¢.
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Table 3
Typical values for the static pore pressure and the secular correction at a vibration amplitude of the order of magnitude of the particle size

pslat(o) A/)U
Magma problem 2.6 x 10° Pa 2 x 10°Pa
Filter problem 10° Pa 130 Pa

The secular contribution to the intergranular stress at z = 0 due to the quadratic effect is (see Egs. (28)

and (27))
A (R Cr Cg —
B =) 20(1—9) [(f_?>(l — - 2]' (0

Call the term in square brackets ¢ and this parameter is also plotted in Fig. 2. When >0 then a positive
secular stress follows, which would reduce the compressive intergranular stress from its static value. Note that
this term depends on the frequency as w~'72. It is furthermore observed that a small variation of the solidosity
around the expected value of ¢ ~ 0.6 may make this term either positive or negative. Add to that the fact that
the solidosity-dependence of the resistance and the stiffness are rather approximately known and one can see
that it will be very hard to predict whether a positive or negative extra stress is generated by the quadratic
effect.

The other contribution to the stress is the one that follows from the linear effect—Eq. (23)—and this

contribution takes the form
Ro(
20y = 1@ Rt (57)
(1—-¢)h\2E¢
which depends on the frequency as /or.

The experiments reported in Ref. [1] indicate that the linear effect leads to the correct frequency dependence,
suggesting that the quadratic effect is negligible at these solidosities.

For the pore pressures things are rather different, however. For this quantity there is no relevant linear
contribution, but the influence of the quadratic contribution is outlined in Table 3 for a benchmark amplitude
d=a.

It is seen that for the two sample problems at these amplitudes the pore pressure is reduced by some 10%.
This occurs rapidly, so bubble formation may well occur, thus increasing the fluid compressibility, see
Ref. [20]. This in turn has the effect of increasing A/4¢, leading to a yet greater reduction and yet more
bubbles.

4. Conclusion

Theory is presented that addresses the mechanical behaviour of an agitated particle—fluid mixture which is
densely packed at a solids volume fraction of ca. 0.6. The problem is illustrated by two applications: (1) a
sediment-filled magma chamber and (2) an oscillated dead-end filtration problem. For the latter experimental
results are available, see Ref. [1]. The secular effects are calculated. These affect both the pore fluid pressure
and the intergranular stress in the vicinity of the point at which the mixture is agitated. The key concepts are
introduced, one of which is the particle pressure. This parameter may be associated with either collisions
between particles or dissipative phenomena in a densely packed bed. The orders of magnitude for both are
estimated, demonstrating that for amplitudes of vibration that are of the order of the particle diameter
substantial effects will take place. These effects are chiefly the reduction of the pore fluid pressure and the
reduction of the compressive solids-phase stress due to the linear particle pressure. The theory is essentially
lincar and when the secular effects become large, it is expected that major nonlinearities will have to be
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accounted for. The latter are not dealt with in this paper, which is intended to demonstrate the basic nature of
an oscillated packed bed immersed in a fluid.
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