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Abstract

A stochastic optimal control strategy for partially observable nonlinear quasi-Hamiltonian systems is proposed. The
optimal control force consists of two parts. The first part is determined by the conditions under which the stochastic
optimal control problem of a partially observable nonlinear system is converted into that of a completely observable linear
system. The second part is determined by solving the dynamical programming equation derived by applying the stochastic
averaging method and stochastic dynamical programming principle to the completely observable linear control system.
The response of the optimally controlled quasi-Hamiltonian system is predicted by solving the averaged Fokker—
Planck—Kolmogorov equation associated with the optimally controlled completely observable linear system and solving
the Riccati equation for the estimate errors of system states. An example is given to illustrate the procedure and
effectiveness of the proposed control strategy.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Stochastic optimal control is a research subject of much significance since many actual control systems such
as those in engineering structures are subjected to random excitations and the system states are estimated from
the measurements with random noises [1]. For a long period of time, only the linear quadratic Gaussian
(LQG) control strategy was used in engineering applications. In recent years, several optimal control strategies
for stochastically excited nonlinear systems have been proposed [2-7]. In these studies, the states of the
controlled systems were assumed known exactly, i.e., the controlled systems are completely observable.
However, the system states are actually estimated from the measurements with random noises, i.e., the
controlled systems are partially observable. One basic approach to the stochastic optimal control of partially
observable systems is to convert the stochastic optimal control problem of a partially observable system into
that of a completely observable system using the separation principle [8-10] and then to solve the later
problem. For a partially observable linear system, the converted completely observable control system is of
finite dimension and it can be solved easily, e.g., by using LQG strategy. A nonlinear stochastic optimal
control strategy for partially observable linear systems was proposed recently by present authors [11] based on
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the separation principle, stochastic averaging method and stochastic dynamical programming principle. For a
partially observable nonlinear system, the converted completely observable control system is usually of infinite
dimension and it can hardly be solved. A few years ago, Charalambous and Elliott [12,13] proved that if the
nonlinearities enter the dynamics of the unobservable states and the observations as gradients of potential
functions, then the partially observable nonlinear control system could be recast as a completely observable
linear control system of finite dimension.

The objective of the present paper is to propose a nonlinear stochastic optimal control strategy for partially
observable nonlinear quasi-Hamiltonian systems. The optimal control force is split into two parts. The first
part is combined with the nonlinear terms in the control system and observation so that they are the gradients
of some potential function and the control problem of the partially observable nonlinear control system is
converted into that of the completely observable linear control system. The second part is determined by using
our previously proposed nonlinear stochastic optimal control strategy based on the stochastic averaging
method and stochastic dynamical programming principle [5,6]. The responses of the optimally controlled
system are predicted by solving the averaged Fokker—Planck—Kolmogorov (FPK) equation associated with
the optimally controlled completely observable linear system and by solving the Riccati equation for
estimation errors. Finally, the proposed control strategy is applied to the nonlinear stochastic optimal control
of a partially observable Duffing oscillator subjected to Gaussian white noise excitation to illustrate the
procedure and effectiveness of the proposed control strategy.

2. Stochastic optimal control problem of partially observable nonlinear systems

Consider a controlled, stochastically excited and dissipated nonlinear Hamiltonian system governed by

. OH
Q_Wa
. OH ., oH ,
P=-%g ~ Cogp + UKW, (1)

where Q and P are n-dimensional generalized displacement and momentum vectors, respectively;
H = H'(Q,P) is unperturbed Hamiltonian; U = U(Q,P) is n-dimensional feedback control force vector;
Cy = Cy'(Q,P) is n x n-dimensional damping coefficient matrix; Ko = Ky'(Q,P) is n x m-dimensional
stochastic excitation amplitude matrix; W(¢) is m-dimensional Gaussian white noise vector in the sense of
Stratonovich with intensity matrix 2D. System (1) can be modeled as Stratonovich stochastic differential
equation and then converted into Itd stochastic differential equation by adding Wong—Zakai correction terms.
These terms can be split into two parts: one having the effect of modifying the conservative force vector and
another modifying the damping force vector. The first part can be combined with —0H’/0Q to form an overall
effective conservative vector —0H/0Q with modified Hamiltonian H = H(Q,P) and with 0H/OP = 0H'/oP.
The second part can be combined with —Cy'0H’/OP to constitute an effective damping force vector —C,0H /0P
with Cy = Co(Q,P). With these accomplished, Eq. (1) can be rewritten as

o0H

dQ = =5 dr.
0H _ 0H
dpP = (— O U) dt + Ko dB(2), )

where B(7) is m-dimensional Wiener process vector and Ky = Ko(Q,P) is n x m-dimensional matrix with
2K,/ DKy T = KoK{.
By letting X = [Q",PT]", Eq. (2) is rewritten as

dX = A(X)dz + Uds + C; dB(2), (3)
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where

0
K, @

) OH /oP - [0
AX) = —0H /0Q — CodH JOP |’ U:{U}’ €=

Suppose that system state X is estimated from the measurement with noises. The observation equation is of
the form

dY = D(X)ds + FUdt + C, dB(7) + C3 dBy (2), (5)

where Y is n;-dimensional observation vector; D(X) is 1;-dimensional function vector; B;(¢) is m,-dimensional
Wiener process vector; F, C, and C; are ny x2n, ny xm and n; x mj-dimensional constant matrices,
respectively. The objective of stochastic optimal control is to minimize a performance index

T
J= E{/ L(X,U)dt + 'I/(X(T))} (6a)
0
for finite time-interval control, or
1T
J = Th_r)réof L(X,U)ds (6b)

0

for semi-infinite time-interval ergodic control, where E{-} denotes expectation operation; 7 is the terminal
time of control; L(X,U) is cost function, which is a continuous, differential and convex function of both X and
U; Y(T) is terminal cost. Egs. (3), (5) and (6a,b) constitute a stochastic optimal control problem of partially
observable stochastically excited and dissipated nonlinear Hamiltonian system. It consists of two coupled
problems of optimal filtering and optimal control.

To convert the stochastic optimal control problem of partially observable nonlinear system governed by
Egs. (3), (5) and (6a,b) into one of completely observable linear system, control force U is first split
into U; = [0, UIT]T and U, = [0,Ug]T. U, is combined with the uncontrolled system and observation so that
Eqgs. (3) and (5) become

dX = [AX 4+ G(X)]dt + U, dz + C; dB(?), (7)
dY = [DX + E(X)]dz 4+ FU, dz 4+ C, dB(¢) + C3 dB(7), ®)
where A and D are 2n x 2n and n; x 2n-dimensional constant matrices, respectively,
0*H(0) O*H(0)
0QoP oP?
HO) 0 0H(0) ?HO) d 0HOO)\ |’
Q- %(CO(O’ oP > oPOQ @(CO(O)W>
GX)=AX)+U; —AX, D= %(ﬁ(O) +FU,(0)), EX)=D(X)+FU; — DX. 9)

Here, H is the Hamiltonian modified by U,. Note that control system (7) and observation (8) contain
nonlinear terms G(X) and E(X), respectively. Correspondingly, performance index (6a,b) is modified as

T
Jo = E{/ L(X,Uy)dr + ?’(X(T))} (10a)
0
for finite time-interval control, or
1T
Jy= 115207 | L(X,U,)dt (10b)

for semi-infinite time-interval ergodic control.
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3. Converted stochastic optimal control problem of completely observable linear systems

According to the separation principle [8—10], the stochastic optimal control problem of partially observable
system (7), (8) and (10a,b) can be converted into one of completely observable system governed by

dp = K*pdt + (DX + E)TpC~'dY — Z X(Clch)c dy, (11

(X, 01Y) = po(X|Y),

T
=E{ / dr / L(X, Uy)p(X, 1Y) dX + / W(f()p()k,ﬂv)df(} (12a)
0 X X(T)
for finite time-interval control, or
1 [T A A N
J1 = lim —/ dt/L(X,Uz)p(X|Y)dX (12b)
T—oo T 0 X

for semi-infinite time-interval ergodic control, where p = p(f(, t|Y) is the unnormalized conditional probability
density of system state estimation X for given observation Y(z1), 0<t<t;, C = CZC; + C3CT; K* is the formal
adjoint of operator K defined by

Klp—ltr<C CT62W> AX + G+ Uy v
2 oX X

(13)

in which = lp(f() is an arbitrary function and tr(-) denotes the trace of a square matrix. Eq. (11) is the so-
called Duncan—Mortensen—Zakai (DMZ) stochastic partial differential equation for p. Eqgs. (11) and (12a,b)
constitute a stochastic optimal control problem of completely observable system. Usually, it is a very difficult
problem since it is of infinite dimension.

To make the converted stochastic optimal control problem of completely observable system of finite
dimension, according to Charalambous and Elliott [12,13], assume that initial system state X(0) has the
following probability density:

PoX]Y) = 7(2 1)n| | o~ (X—mo) oy (X—mo)/2 ed?(X,O), (14)
v/ (£T) |0

where my and 6, are constant vector and symmetric positive-definite matrix, respectively; and the nonlinear
terms in control system (7) and observation (8) have potential function ¢(X, ), i.e.,

GR) = ¢,cT XD gk = T 39X, 1) (15)
oX oX
in which ([)()A(, t) satisfies the following partial differential equation
2
%-ﬁ- tr CICTa(lz +1C1T% +(AX+U)T6¢ 0. (16)
ot 2 oX 2 oX
Then, by using the gauge transformation
HR 1Y) = pX, 1Y) e &, (17)
DMZ Eq. (11) becomes
dp = K pdr+DX)pC Ay — .C1dy, 18
p=K pdi+(DX)'p Z X (18)
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where K~ is the formal adjoint of operator K defined by

62
pr_—tr(ClCT ‘/’) + (AX +Uy)" oy (19)
). oX
and the performance index (10a,b) becomes
Ji= { / de / LX, Un)p(X, 1]Y) e dX + / PX)HX, T|Y)edED dX} (20a)
X(T)
for finite time-interval control, or
J, = Jim / de / L(X, Up)p(X[Y) ™ dX (20b)

for semi-infinite time-interval ergodic control. It is seen from the comparison of Eqs. (18), (19) and Egs. (11),

(13) that in the former equations the nonlinear terms G(X) and E(X) have been deleted. Thus,

Eqgs. (18)—(20a,b) constitute a stochastic optimal control problem of completely observable linear system.
Furthermore, by using Eq. (9), Egs. (15) and (16) can be rewritten as

0H o0H -~ _ 0
<—A+CO—A> = KK! 22 (D) + FUy )y = CKT L 1)
o0 'op/, oP op
) o ) oH ol "o )
W (KoKT ¢>+—K +( ) %9 <—A+co—A> Py @
ar o2 2 ’op o) o0 \oQ  'oP/, 0P ‘op

where (-)y and (-); represent nonlinear and linear terms, respectively. For stationary potential qﬁ(f(), the first
term in Eq. (22) vanishes. Since Egs. (18)—(20a,b) represent a stochastic optimal control problem of completely
observable linear system, they can be formulated equivalently as

dX = (AX 4 Uy)dz+ (ReDT 4+ €, dvy, (23)
dv; = dY — DX d¢, (24)
T A A
Jr= E{/ Ly(X,Uy)dr + 'I’Z(X(T))} (25a)
0
for finite time-interval control, or
| I
Jy = lim — Ly(X, Uy)dt (25b)
T—oo T 0
for semi-infinite time-interval ergodic control, where V, is n;-dimensional innovation process vector; R is the
covariance matrix of state estimation error X = X — X, which has Gaussian probability density
% 1 —X"RZ'X)2
pX)=———¢ R (26)

vV (2n)"Rel

Covariance R satisfies the following differential Riccati equation:
Rc = AR¢ + RcAT — (ReDT + C,CHC7'(DR¢ + C,C) + €, C] (27a)
for finite time-interval control, or algebraic Riccati equation
ARC +RcAT — ReD" + C,C))C (DR + C,C) + C,C] =0 (27b)

for semi-infinite time-interval ergodic control.
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4. Optimal control law

Let X = [QT, IST]T. Egs. (23)—(25a,b) describe a stochastic optimal control problem of completely
observable, stochastically excited and dissipated linear Hamiltonian system with Hamiltonian H = H (Q, f’). If
the dissipation, excitation intensity and control are of the same small order, then Egs. (23)-(25a,b) constitute a
stochastic optimal control problem of quasi-linear Hamiltonian system and our previously proposed nonlinear
stochastic optimal control strategy for quasi-integrable Hamiltonian systems [5,6] can be applied to this
control problem. Specifically, by applying the stochastic averaging method [14] to system (23), the following
averaged Ito stochastic differential equations is obtained:

AN\ T
dH = |m(H) + <<Zl;> U2> dr + o(H) dB;(7), (28)

where H = [1:1 WH, ... H, 1" and H; is the ith modal energy of the controlled linear system; < - > denotes
averaging operation; B;(7) is standard Wiener process vector; m(H) and G(H) are, respectively, drift vector and
diffusion matrix with elements

. ", OH; aH 0 " o0 (0H,;
mMH) = (- ) Cp—— —f, — | ==/,
< /; ! anaP’» ZZZ[( l I-HaHj 0X, ‘ ¢

— k=1 j=1 rs=1

00; o (oH;
+ _Ajfsl Ny _"frk
ok, ), o0, \ox, "),
o0 np 2n 2
0H; 0H;
oi(H)o; (H) = < / < Jf g) (Wf rk) Ry(7) dz > (30)
e k I=1 r s= t+1 r t

in which ¢ is the damping coefﬁc1ent dependent on A in Eq. (9); 0 the generalized phase process; f,x the
element of matrix (ReDT + C; CT)C ; Ry/(7) the correlation functlon of V(¢). Eq. (28) implies that H(l) isa
controlled diffusion process vector. Correspondmgly, performance index (25) is modified into

Ry(7) dr>, (29)

T
Js= E{ / (Ls0. U dr + %(H(T))} 31)
0
for finite time-interval control, or
1T .
Jo=Jim 7 | <L3(H, U2)> dt (32)

for semi-infinite time-interval ergodic control.

By applying the stochastic dynamical programming principle [15,16] to the control problem of averaged
system (28) and (31) or (32), a dynamical programming equation can be established. For performance
index (31), it is

AN T T
oy . . ol oV,
=,t= —min <L3(H, U2)> + [m() + <<af>> U2> i

2
+ ; tr (c(H)o‘T(H) ¢ Vl) (33)
oH
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and for performance index (32), it is

A\ T T
" . kel ol GH aVz
= min <L3(H, U2)> + |mA) + <(af>> U2> =
2
+1tr (o(I:I)cT(I:I)a Zz) . (34)
2 of

In Eqgs. (33) and (34), V; and V> are called the value function, and 4 is a constant representing optimal
average cost. The optimal control law is determined by minimizing the right-hand side of Eq. (33) or (34) with
respect to U,, i.e.,

0L; OHOV

—+—=—==0. 35
oU,  oPoH 33)
Let L; be quadratic with respect to U,, i.e.,
Ly(H,Uy) = g(H) + UIRU,, (36)
where g(ﬁ)>0; R is a symmetric positive-definite matrix. Then optimal control law is of the form
1, oH OV
Us=—-R'—« —«, 37
7 27 oPoH 7

which depends on the derivatives of value function V; or V, with respect to H. Substituting Eq. (37) into
Eq. (33) or (34) yields the following final dynamical programming equation:

2
aV+1tr<(m'Ta V) +mTaV

o 2 o oH
~ T ~
1/ (oH0V oHOV .
— (| =—=—=] R'—=—=)+gH) =0 38
4<<6P6H> aPaH> o) ©38)

in the case of finite time-interval control, or

2
1‘[r<(m'T 6 AI;) +m' or
2 oH

oH
~ T ~
1/ (ofar\" efer\
- —= T~ Rili,\i,\ +gH) =41 39
4<<6P6H> aPaH> oD 9

in the case of semi-infinite time-interval ergodic control. Since the diffusion matrix in Eq. (38) or (39) is non-
singular, Eq. (38) or (39) has a classical solution [16], i.e., continuous and smooth solution, which can be
obtained by using conventional numerical technique. Thus, the second part of stochastic optimal control
force, U;, can be obtained by solving Eq. (38) or (39) and then by substituting the resultant 01/ oH into
Eq. (37). The total optimal control force is then U" = U, + Us.

5. Performance of proposed control strategy

To evaluate the performance of the proposed stochastic optimal control strategy for partially observable
nonlinear quasi-Hamiltonian systems, the response of the optimally controlled system is first predicted. The
response consists of optimally controlled response estimation X and response estimation error X. The statistics
of X is obtained as follows: substituting U in Eq. (37) with solution 6V/6ﬁ from Eq. (38) or (39) into
Eq. (28), and averaging the terms involving U yield the following averaged Itd stochastic differential equation
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for optimally controlled system

dH = i(H)ds + o(H)dB; (), (40)

AN T
i) — maiy + { () e
m() = m(f) + <<af>> U2>. (41)

The FPK equation associated with 1t6 Eq. (40) is

op NS .
== =) —~mH
5 ;aﬂi[’"( ”]

1 n 62 n . .
+3 > SAoT, L;: ai/(H)a;/(H)p] . (42)

where

ij=1

For semi-infinite time-interval ergodic control problem, a stationary solution to Eq. (42) can be obtained
as follows:

p(H) = Cpeo™, (43)
where C, is a normalization constant and probability potential
N H a(p>T N
H) = ~ | dH, 44a
o= [ (5 (440)
00 _ o Tt | s e B
— = o(H)e" (H)]; — - 2mi(H 44b
o ;[( )o" (H)]; {; o (H) (44b)

in which [(;'(I;I)o-T(IA{)]l.;.1 is the element of inverse matrix [O'(I:I)GT(I:I)]*I. The mean square values of estimated
generalized displacements and momenta of the optimally controlled system can be calculated as follows:

[e.¢]

B10)= [ (0wt £17)= [ (2ot 3)

The mean square values of the errors of estimated generalized displacements and momenta can be obtained
from solving Riccati Eq. (27a.,b) for R, i.e.,

E[0]= Ry EIPT] = (RC)psimsr (46)

Thus, the mean square generalized displacements and momenta of the optimally controlled system are

E[QY] = E[Q]1+ E[Q]], E[PY] = E[P]]+ E[P] @7)

The mean Hamiltonian E[H] of the optimally controlled system can be obtained from E[Q?] and E[Pf].
The mean Hamiltonian E[Hyc] of the uncontrolled system can be obtained by applying the stochastic
averaging method for quasi-Hamiltonian systems [14] directly to Eq. (2) without control force U if the
dissipation and stochastic excitation are weak. The first criterion for evaluating the effectiveness of the
presently proposed control strategy is defined as the percentage reduction in mean Hamiltonian, i.e.,

_ E[Hyc] - E[H(] 0
K, Elfoc] x 100%. (48)
For further examine the performance of the proposed control strategy, Eqgs. (3) and (6a,b) are treated as a
stochastic optimal control problem of completely observable system. Then our previously proposed nonlinear
stochastic optimal control strategy for completely observable quasi-Hamiltonian systems can be applied to
evaluate the mean Hamiltonian E[Hy]. In this case, the total mean Hamiltonian E[H /] is E[Hp| plus the
contribution from measurement error. Thus, the second criterion for evaluating the effectiveness of the
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proposed control strategy is defined as the percentage reduction in mean Hamiltonian:
E[Hyr] — E[H (]
Ky=———"—F———=x100%. 49
=T R )

Higher values of K; and K, imply better effectiveness of the proposed control strategy.

6. Example

As an example for the application of the proposed stochastic optimal control strategy, consider the
stochastic optimal control of a partially observable Duffing oscillator under stochastic excitation governed by

X1+ X +aX,+bX3 = e&(t) +u, (50)

where X is displacement; ¢, a and b are constants representing damping coefficient, linear stiffness and
nonlinear intensity, respectively; e is excitation amplitude; &(7) is a Gaussian white noise with unit intensity; u
is feedback control force. Assume that ¢, e* and u are of the same small order. Letting X; = Q and X, = P,
Eq. (50) is rewritten as

dX = A(X)ds + Udz + C,dB(2), (51)
where B(f) is unit Wiener process and
X:{Q}, A= Co U:m, cl:m. (52)
P —aQ —bQ’ —cP u e
Suppose that the system velocity is observed with noise. The observation equation is
Y =X, +e (), (53)

where Y is the observation, e; the amplitude of observation error, £,(¢) the Gaussian white noise with unit
intensity independent of £(¢). Eq. (53) can be rewritten as the following It6 stochastic differential equation:

dY = Pdt+ e; dBi(2), (54)

where B;(?) is unit Wiener process independent of B(¢). For ergodic control, the performance index is
1 [T
J= Tlgigof/o L(Q, P,u)dt. (55)
Eqgs. (51), (54) and (55) constitute a stochastic optimal control problem of partially observable nonlinear

quasi-Hamiltonian system. Note that only control system contains nonlinear terms.
Split control force u into u; and u,. u; satisfies the first equation of Eq. (21) and Eq. (22), i.e.,

A3 ¢
— b0 =, 56
up — bQ Py (56)
5 2 52 2 780\ 2 A G £ 0
_¢+€_ A¢;+€—< qf) + (uy —aQ — ¢P) qf%—P (,1'320, (57)
ot 25p* 2 \0P opP 0Q

where : and P are the estimations of Q and P, respectively. One solution to Egs. (56) and (57) is ¢ = 0 and
uy = bQ . It is seen from Egs. (51) and (52) that in this case u; plays the role of feedback linearization. Then,
the stochastic optimal control problem of partially observable nonlinear quasi-Hamiltonian system is
converted into the following stochastic optimal control problem of completely observable linear system

dQ = Pdr+ (Ren/e)dV, (58a)

dP = (—aQ — cP +uw)dt + (Rexn/e}) AV, (58b)
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N N N
s = Jim /0 L0, PLun)d1, (59)

where R¢y» and Re, are the elements of covariance matrix R for estimation errors O and P. The stationary
covariance matrix R¢ is obtained from solving the following algebraic Riccati equation:

AR + RcAT — RCE;R¢/e? + @°E, = 0, (60)
where
0 1 0 0
A= , E,= . 61)
—a —c 0 1

By applying the stochastic averaging method to Eq. (58a,b), the following averaged It6 equation for the
estimated Hamiltonian of the optimally controlled linear system is derived:

dH = [m(H) + (Puy)] dt + o(H) dB5(2), (62)
where H = 132/2 + an/Z; the drift and diffusion coefficients are

N 1 N
m(H) = —— (aR¢y, + Reyy) — cH,

2e2
A 1 A
o’ (H) = = (aRz); + Rex ) H. (63)
I
For ergodic control problem with performance index (32), the dynamical programming equation is
. ~ - - oV
mm{ (Ly(E ) + [m(ED) + (Pus)] 2%
2 oH
1, 0V
Lo Az} — (64)
2 oH
Let
- - - A A2
Ly(H,uw) = g(H) + Rz, g(H) = so+51H + 5,1 . (65)

The optimal control law for u, is obtained from minimizing the left-hand side of Eq. (64) with respect to u,
as follows:

1 oV 4

= TR (66)
Substituting Eq. (66) into Eq. (64) to replace u, yields the final dynamical programming equation
1, ~ *V 1% ﬁz(ar/>2 .
—0 H ~|—mH—,\_— — =+ H:}u 67
FO U s m) e — (55 ) D (67)

The optimal control force component w3 is obtained from solving Eq. (67) and then substituting the resultant
ov/ 0H into Eq. (66). The total optimal control force is then
u*=u1+u;=bxf—;—Rz—2X1. (68)
The response of the optimally controlled system can be predicted by solving the FPK equation associated
with averaged It6 Eq. (62) as described in the last section. The response of the uncontrolled system is obtained
by applying the stochastic averaging method to Eq. (51) without control force u. Then the first performance
criterion K, can be evaluated according to Eq. (48). E[Hy] can be obtained by treating Eqs. (51) and (55) as a
stochastic optimal control problem of completely observable quasi-Hamiltonian system, by applying our
previously proposed nonlinear stochastic optimal control strategy for completely observable quasi-
Hamiltonian systems [5,6] and by adding the contribution from observation error. Thus, the second
performance criterion K, can be evaluated according to Eq. (49). Note that in calculating E[H ] both the
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effects of estimation error on u; and u, are taken into account. If u, is taken without considering this effect,
then mean Hamiltonian E[Hgz] will be less than E[H]. This leads to the following third performance
criterion:

_ E[Hc] - E[Hsr]

0
Ky = ] x 100%. (69)

For parameter values ¢ = 0.1, b/a = 0.16, sy = s, = 0, some numerical results for K;, K, and K3 as functions
of e/e; or e;/e are shown in Figs. 1-4. It is seen from Fig. 1 that the proposed control strategy is very effective
even for large observation noise. It is also seen from Fig. 1 that as the ratio of excitation intensity to
observation noise increases, e.g., e/e; > 5, K; approaches a constant, the value of which depends on s;/R. Fig. 2
shows that K, is small only e;/e — 0. This implies that the proposed control strategy has good filtering-control
effectiveness and the original control problem can be treated as a stochastic optimal control problem of
completely observable system only when observation noise is very small. Figs. 3 and 4 indicate that the
observation noise has significant effect on u; when e;/e, R/s; and nonlinearity are large. This effect has been
taken into account in the proposed control strategy.

7. Conclusions

In the present paper, a stochastic optimal control strategy for partially observable nonlinear quasi-
Hamiltonian systems has been proposed. The control force consists of two parts. The first part is used to
convert the original control problem into that of completely observable linear quasi-Hamiltonian system and
is determined by the condition that the combinations of it and nonlinear terms in system and observation
equations are the gradients of some potential function. The second part is used to reduce the response of
converted controlled system and is determined by using our previously proposed nonlinear stochastic optimal
control strategy for completely observable quasi-Hamiltonian systems. It has been shown through applying
the proposed control strategy to a partially observable Duffing oscillator under stochastic excitation that the
proposed control strategy is very effective even for large observation noise and strong nonlinearity.

Acknowledgments

This study was supported by the National Natural Science Foundation of China under key Grant
No. 10332030, the Zhejiang Provincial Natural Science Foundation under Grant No. 101046 and the Special
Fund for Doctor Programs in Institutions of Higher Learning of China under Grant No. 20020335092.
The supports are gratefully acknowledged.



196 Z.G. Ying, W.Q. Zhu | Journal of Sound and Vibration 310 (2008) 184—196

References

[1] G.W. Housner, L.A. Bergman, T.K. Caughey, A.G. Chassiakos, R.O. Claus, S.F. Masri, R.E. Skelton, T.T. Soong, B.F. Spencer,
J.T.P. Yao, Structural control: past, present, and future, Journal of Engineering Mechanics—American Society of Civil Engineers 123
(1997) 897-971.

[2] D.S. Bernstein, Nonquadratic cost and nonlinear feedback control, International Journal of Robust and Nonlinear Control 3 (1993)
211-229.

[3] J.N. Yang, Z. Li, S. Vongchavalitkul, A generalization of optimal control theory: linear and nonlinear control, Journal of Engineering
Mechanics—American Society of Civil Engineers 120 (1994) 266-283.

[4] M.F. Dimentberg, D.V. Iourtchenko, A.S. Bratus, Optimal bounded control of steady-state random vibrations, Probabilistic
Engineering Mechanics 15 (2000) 381-386.

[5] W.Q. Zhu, Z.G. Ying, Optimal nonlinear feedback control of quasi-Hamiltonian systems, Science in China, Series A 42 (1999)
1213-1219.

[6] W.Q. Zhu, Z.G. Ying, T.T. Soong, An optimal nonlinear feedback control strategy for randomly excited structural systems,
Nonlinear Dynamics 24 (2001) 31-51.

[71 Z.G. Ying, W.Q. Zhu, T.T. Soong, A stochastic optimal semi-active control strategy for ER/MR dampers, Journal of Sound and
Vibration 259 (2003) 45-62.

[8] W.M. Wonham, On the separation theorem of stochastic control, SIAM Journal on Control and Optimization 6 (1968) 312-326.

[9] W.H. Fleming, R.W. Rishel, Deterministic and Stochastic Optimal Control, Springer, Berlin, 1975.

[10] A. Bensoussan, Stochastic Control of Partially Observable Systems, Cambridge University Press, Cambridge, 1992.

[11] W.Q. Zhu, Z.G. Ying, Nonlinear stochastic optimal control of partially observable linear structures, Engineering Structures 24 (2002)
333-342.

[12] C.D. Charalambous, R.J. Elliott, Certain nonlinear partially observable stochastic optimal control problems with explicit control
laws equivalent to LEQG/LQG problems, IEEE Transactions on Automatic Control 42 (1997) 482—497.

[13] C.D. Charalambous, R.J. Elliott, Classes of nonlinear partially observable stochastic optimal control problems with explicit optimal
control laws, SIAM Journal on Control and Optimization 36 (1998) 542-578.

[14] W.Q. Zhu, Z.L. Huang, Y.Q. Yang, Stochastic averaging of quasi-integrable Hamiltonian systems, Journal of Applied Mechanics—
American Society of mechanical Engineers 64 (1997) 975-984.

[15] R.F. Stengel, Stochastic Optimal Control: Theory and Application, Wiley, New York, 1986.

[16] W.H. Fleming, H.M. Soner, Controlled Markov Processes and Viscosity Solutions, Springer, New York, 1992.



	A stochastic optimal control strategy for partially observable nonlinear quasi-Hamiltonian systems
	Introduction
	Stochastic optimal control problem of partially observable nonlinear systems
	Converted stochastic optimal control problem of completely observable linear systems
	Optimal control law
	Performance of proposed control strategy
	Example
	Conclusions
	Acknowledgments
	References


