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Abstract

Long-wave models obtained in the process of asymptotic homogenisation of structures with a characteristic length scale
are known to be non-unique. The term non-uniqueness is used here in the sense that various homogenisation strategies may
lead to distinct governing equations that usually, for a given order of the governing equation, approximate the original
problem with the same asymptotic accuracy. A constructive procedure presented in this paper generates a class of
asymptotically equivalent long-wave models from an original homogenised theory. The described non-uniqueness
manifests itself in the occurrence of additional parameters characterising the model. A simple problem of long-wave
propagation in a regular one-dimensional lattice structure is used to illustrate important criteria for selecting these
parameters. The procedure is then applied to derive a class of continuum theories for a two-dimensional square array of
particles. Applications to asymptotic structural theories are also discussed. In particular, we demonstrate how to improve
the governing equation for the Rayleigh—Love rod and explain the reasons for the well-known numerical accuracy of the
Mindlin plate theory.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Structures with a characteristic length scale occur in many areas of physics and engineering. The origin of
the length scale may be different, say, it may be the typical grain size of a particulate or the thickness of an
elastic waveguide; in all cases, these structures naturally lend themselves to continuous modelling using
singularly perturbed asymptotic models. The perturbations are invariably based on considering wave fields
that vary slowly with respect to the characteristic length scale. The resulting asymptotic models are usually
referred to as long-wave theories and the procedure of deriving them from a model with full detail as
homogenisation.

Various, sometimes contradicting, requirements on the long-wave theories resulted in a plethora of
distinct approaches to asymptotic homogenisation. These approaches are often designed to satisfy certain
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ad hoc criteria and usually result in models with identical asymptotic accuracy. Attempts at comparing
between these models often lead to even greater confusion: where some fail to discriminate the models by their
asymptotic accuracy alone, others try to generalise from the performance in particular model problems.

All long-wave theories are, in principle, asymptotic, but they are often used in a purely numerical context.
Practitioners are well aware that infinitesimal parameter that enables asymptotic expansion is only finitely
small in practice and, sometimes, not very small. And it is not unusual for theoreticians to propose an
asymptotic model that becomes ill-posed outside of the intended domain of applicability, which may, for
example, make numerical computations unstable. This dichotomy of outlooks resulted in a curious situation
when, for example, the most widely used refined plate theory by Mindlin [1] is not even a second-order
asymptotic of the associated three-dimensional (3D) problem. The point is, the practitioners are only
concerned with the “approximation” part of the asymptotic approximation and theoreticians tend to ignore
it altogether.

In this paper, we discuss numerical accuracy and stability of long-wave theories when the small parameter is
not very small. This problem has been previously considered for periodically inhomogeneous elastic medium, see
Ref. [2], where newly designed variational/asymptotic homogenisation procedure was used to derive strain
gradient theories that are both asymptotically consistent and stable. Our approach is different in that it is based
on a simple formal procedure capable of generating a class of asymptotically equivalent long-wave theories from
a single original homogenised model. Thus, we are shifting focus away from the homogenisation procedure and
explore numerical performance of the otherwise equivalent long-wave models. The dispersion relations for the
generated classes of asymptotic theories turn out to be related to so-called Hermite-Padé approximants first
introduced in Padé’s original work but little studied since (this area was revived by Shafer [3]).

The described classes of theories are characterised by a number of auxiliary parameters. We use a range of
model problems to introduce and discuss several criteria to help specifying these parameters. In particular, we
look into ways to ensure numerical stability and physical relevance of the response. In doing so it is necessary
to consider the behaviour of asymptotic theories beyond their validity range. The motivation for this is purely
pragmatic in that although we cannot attach any physical significance to the results obtained beyond the
validity range of the theory, the resulting models are more useful in a purely numerical context. In every
considered case the form of the generalised theory makes it also possible to match a few extra terms of the
long-wave expansion of the exact dispersion relation. Thus, the newly formulated theories may both be
“good” from a numerical point of view and possess extra asymptotic accuracy.

Since all of the considered long-wave theories may feature fourth and higher order spatial derivatives,
application of these theories to finite domains requires formulating appropriate boundary conditions. This is
an important and complex problem that we felt must be investigated separately. For most of the theories
discussed in this paper we identified equivalent sub-classes with modified inertia, see Ref. [4], which feature no
spatial non-locality and can therefore be used without reformulating the boundary conditions.

2. Model problem

Let us illustrate our ideas with the simple model problem first analysed by Newton. Consider a one-
dimensional (1D) regular array of particles connected by springs, see Fig. 1. If the mass of each particle is
denoted by M and the stiffness of each spring by K, then the motion of the nth particle is described by the
following equation:

Miy, = K(uy—1 — 2up + upyy), nel, (1)

in which the overdot denotes differentiation with respect to time and u,, = u,(f) = u(x,, f) is the longitudinal
deflection of the nth particle from the equilibrium position x, = n/, where / is the interparticle distance.

OOt Ot OO

Xn-1 Xn Xn+l Xn+2

Fig. 1. One-dimensional array of particles connected by springs.
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The steady-state response of the array to a harmonic excitation with angular frequency w may be
determined by seeking solutions of the form
u, = Uei(kxnfwt) (2)
with amplitude U and wavenumber k. When solutions (2) are inserted into the governing equation (1), one
obtains the dispersion relation for Bloch waves in the array, which may be written as

n @’
@ =2—2cosn = 4sin2§ or 5 = arccos’ <1 - 7), 3)

where @ is the non-dimensional frequency and # the non-dimensional wavenumber defined as

. w K
6=0 0=\, n=H. @

It is worth noting that all physically meaningful solutions of Eq. (3) lie within the first Brillouin zone,
i.e. [n|<m, see e.g. Ref. [5]. The described lattice structure is a classical example of low-pass filter, which only
allows propagation of waves with frequencies below the cut-off frequency @ = 2.

2.1. Homogenisation procedure

The standard homogenisation procedure for Eq. (1) involves introducing a continuous displacement field
u = u(x, t), such that u(x,, t) = u,(t), and expanding u,(¢) into Taylor series around u,(z). This enables us to
rewrite Eq. (1) in the following form:

2 'y
2 2n
Z (2n)! 8x2” S

with the array natural frequency Q defined in Eq. (4). This infinite series representation is exact, provided u is
smooth enough; it is not, however, convenient for practical purposes. The principal advantage of governing
equation (5) is best seen when it is non-dimensionalised according to

x=¢k, t=1/(1Q) (6)
which for u*(&,1) = n*lu(x(&, 1), 1(E, 7)) yields

o 2 a2 21172
== o ?

Let us now consider propagation of long waves, i.e. waves with wavelengths 2>/, so that parameter
n=kl=1/A becomes small. The dispersion relation (3) may then be expanded into asymptotic series
for n~ — 0, yielding
2 oot 2 8

=1 ——=4+-=+4+0 or = —+— 4 O(& 8

=1 -5t 3t () n & +2 +90+ (@°). ®)
If we assume that differentiation with respect to ¢ and © does not change asymptotic order of non-dimensional
quantities, the series at the right-hand side of Eq. (7) may also be regarded asymptotic and truncated. In this
paper, we consider second-, fourth-, and sixth-order theories. This terminology refers to the asymptotic order of
the neglected terms.' Specifically, these theories have the form

Our

T = g + O, ©)

'Our nomenclature departs here from the more common notation where the order of asymptotic theory is equal to the order of the
highest derivative. The common notation becomes inadequate when the leading order theory ceases to be hyperbolic, which will become
evident during discussion of plate bending theories in Section 4.2.
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The asymptotic consistency of Egs. (9)-(11) may be evaluated by inserting harmonic wave solutions
U exp(i(kx — wt)) = Uexp(i(& — @t /n)). It is easy to check that the resulting dispersion relations match the
first one, two or three terms of the first expansion in Eq. (8). To signify this, we will also refer to the theories
Eqgs. (9)—(11) as (2,4), (4,6) and (6, 8) theories, respectively. The first number in angular brackets indicates the
order in 5 of neglected terms in the governing equation, the second indicates the order in # of approximation
error of the associated dispersion relation.

The approximation error of asymptotic theories Eqgs. (9)—(11) may be expressed explicitly by using the
Taylor formula with the integral (Cauchy) form of the remainder term. In the case of harmonic waves the
error is equal to the product of wave amplitude and approximation error of the dispersion relation.

n* + 0(n®). (11)

2.2. Non-uniqueness

The leading order long-wave behaviour of the array is described by the hyperbolic governing equation (9)
that is unable to model the dispersion produced by the micro-structure. Higher-order theories (10) and (11)
do produce wave dispersion, but they also suffer from two subtly distinct yet closely related deficiencies.
For example, consider the dispersion relation

=0 =t =’ (1 =), (12)
which is obtained by inserting U exp(i(kx — wt)) into Eq. (10) and omitting non-vanishing factors. On the one
hand, it is easy to see that when 5> +/12 harmonic wave solutions become non-propagating in a sense that
they do not possess either real wavenumber or real phase velocity. In elastodynamics this situation is usually
referred to as the loss of strong ellipticity, see Ref. [6]. From the mathematical point of view, this means that
the model becomes non-hyperbolic, see Ref. [7]. We cannot expect a long-wave theory to be fully adequate in
the short-wave regime, but the lack of hyperbolicity renders Cauchy’s problem for Eq. (10) ill-posed and can
make associated numerical simulations unstable. On the other hand, within the first Brillouin zone the exact
dispersion relation (3) associates a unique right-travelling wavenumber to every frequency below cut-off. The
dispersion relation (12) provides two wavenumbers for each frequency, e.g. when & = 0, = 0 and n = —v/12
(the negative sign is chosen to ensure the correct direction of energy propagation). The second wavenumber is
clearly non-physical, violates asymptotic assumptions that enabled truncation of series (7), and must be
considered as an artifact of the used homogenisation scheme.

The described deficiencies of Eq. (10) are, in fact, fairly typical of homogenised models. A common way to
deal with the problem involves treating the leading order approximation (9) as an asymptotic identity and
differentiating it twice with respect to ¢, so that

a-)z

o ot
oo ogt’
which suggests replacing the fourth-order space derivative in Eq. (10) with the mixed double time double space
derivative. The associated dispersion relation

(13)

2 CL_)Z

1
@ = 1+Z/2/12 or N =gy =P T @+ 0@) (9
indicates that the new theory has the same approximation error as Eq. (10), but is always hyperbolic and
provides a unique right-propagating wavenumber for every frequency below cut-off. The possibility of
substitution (13) is well recognised; for example, it was used in Ref. [8] for the linearised Boussinesq equation,
in Ref. [9] when modelling thin plates, and recently in Ref. [10] in a homogenisation problem for long SH
waves in a periodic bi-laminate.
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The possibility of substitution (13) is a manifestation of non-uniqueness when deriving an asymptotic theory
for heterogeneous structure. The advantages of theory with mixed space/time derivatives may appear obvious,
nevertheless the choice is not quite as simple. The leading order theory (9) may as well be twice differentiated
with respect to 7, yielding

o*ur otur

—C 1
ot 9g*or? (15)

Thus, in view of Eq. (13), it is clear that the fourth-order time derivative may also serve as a substitute for the
fourth-order space derivative in Eq. (10). The resulting dispersion relation (see the right-hand side of the
identity in Eq. (14)) indicates that such theory would share all of the advantages with the theory that uses
mixed derivatives. Thus, we identified three distinct approximations of Eq. (1), all of which reproduce the
dispersion relation (3) with the same order of approximation error.

The observed non-uniqueness is related to the fact that even infinite (and convergent) asymptotic power
series do not determine their sum uniquely, see Ref. [11]. Instead, they determine an equivalence class of
functions with identical asymptotic expansions, which may differ by exponentially small terms. We deal with
truncated series and the equivalence class of functions with identical first few terms in the asymptotic expansion
is much wider. There is no simple constructive way of generating all such functions, however, it is possible to
produce a useful subset of them. Indeed, if operators #2 3% /0% and 5?9 /01? are applied to Eq. (9), we obtain

otur 5, otwr 4 o't ot
ofoa! “op T O and B = S

respectively. Since the approximation errors of Egs. (10) and (16) are identical, superposition (10) — C; x
(16); — C, x (16), would also be a fourth-order long-wave model for our lattice structure. We may write it
explicitly as

n* + 0(n*), (16)

Gh o] o'ur 1 o) '
1 —n*(C) — CZ)a_gz - ﬂzczﬁ] 32 = [1 +n (E - Cl) 6_52} 6_£2+ oG, (17)
where C| and C, are arbitrary constants. The derivation of Eq. (17) involves differentiation of asymptotic
series and therefore is purely formal. However, the assumptions that enabled truncation of the infinite series in
Eq. (7) ensure that this new theory has the same asymptotic accuracy as the original theory (10).
Previously, there have been other attempts to derive general classes of long-wave theories, similar to
Eq. (17). In particular, Metrikine and Askes [12] explicitly introduced a non-locality into their definition of the
displacement field; so modified homogenisation procedure enabled them to produce one-parameter classes of
fourth- and sixth-order models. Asymptotic theory (17) is formally identical to the fourth-order model from
Ref. [12] when C; = 0. Metrikine developed these ideas further in Ref. [13], where he argued in favour of
theories with higher inertia gradients using a range of phenomenological considerations, formal comparisons
with the Timoshenko and Mindlin beam and rod theories, as well as an explicit derivation of a relevant model
for the concrete.

2.3. Parameter selection

In order to formulate the criteria for selecting parameters C; and C, it is necessary to study the dispersion
relation of the theory (17), given by

@ +(C1 — C* P + Cra* = * — (5 — Con. (18)

Since Eq. (18) is quadratic both in 7> and in @&, it associates two (not necessarily real) frequencies with every
wavenumber and two (possibly, imaginary) wavenumbers with every frequency. Our original mechanical
model does not exhibit such a complex behaviour, associated with higher gradients of strain and inertia
entering the governing equation. This may be interpreted as introduction of both spatial and temporal non-
locality into the model. Another useful way of understanding the situation would be to assume that we are
trying to reproduce the behaviour of the original single atom chain, in which interactions happen between
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nearest neighbours only, using a more complex lattice structure. Non-single-valuedness in #> corresponds to
structures where atoms simultaneously interact with multiple neighbours, whereas non-single-valuedness in &>
corresponds to lattices comprising multiple types of atoms, see Ref. [14].

Both inertia and strain gradients are capable of describing the dispersion of waves in the lattice structure,
however both of them induce spurious features into the response. Governing equations with higher gradients
of strain may have solutions with spurious non-physical terms, associated with extraneous solutions of
the dispersion relation, as in Eq. (12). For instance, the low-frequency expansion of the extraneous solution in
Eq. (18) is given by

12 1-12C,
2 _ _ 2 4 1
—1oc, 1-12¢, @ TO@) (19)

s0 its limit becomes imaginary when C; > and does not exist when C; = 5. A real low-frequency limit of
Eq. (19) corresponds to the loss of hyperbolicity, thus we term the associated theories numerically unstable.
Higher inertia gradient terms result in the presence of extraneous high-frequency branches in the dispersion
relation. In particular, the long-wave expansion of the extraneous branch in Eq. (18) may be written as

1 C
@* = — o L+ o0, (20)

n

thus C, <0 corresponds to the presence of spurious propagating solutions for frequencies @>+/—1/C,.
Consequently, we cannot use Eq. (17) above the extraneous branch cut-off @ = /—1/C, and will refer to this
situation by saying that the theory (17) is bandwidth-limited when C,<0. While the numerically unstable
theories are not suitable for numerical simulations, bandwidth-limited theories may describe both stationary
and non-stationary dynamics of micro-structure at frequencies below the extraneous branch cut-off. In fact,
many relevant engineering problems are already bandwidth-limited, for example vibration of thin plates or
stress pulse propagation in thin bars.

A more subtle difference between the theories with strain and inertia gradients is related to the choice of
appropriate boundary and initial conditions. In order to use the theory with higher strain gradients and,
therefore, spatial non-locality manifested in the presence of extraneous solutions, it is necessary to formulate
additional boundary conditions. The difficulty of formulating consistent conditions may be greater than the
derivation of the asymptotic theory itself. On the contrary, theories with inertia gradients require additional
initial conditions, which are only necessary for non-stationary problems. Thus, it appears to be beneficial to
consider theories that contain higher gradients of inertia only. Generally, this can only be achieved in a scalar
context and was previously done in Ref. [9] for asymptotic models of thin plates. The resulting theories were
termed “dynamic” to signify their likely applications. Kaplunov et al. [4] refer to these asymptotic theories as
theories with modified inertia. This is the term that we will use in our paper.

The class of theories with modified inertia may be obtained from Eq. (17) by specifying C; = % The
associated dispersion relation is obtained from Eq. (18) by solving for 52, expanding for small @&, and yielding

= @*(1 + Cz(Dz)_2 — a-)2+ﬂl4_|_ <1_C2

1+ (C, —1/12)@ 12 144 12

Parameter C; may be chosen arbitrarily, e.g. by numerical fitting of the approximate dispersion relation (21)

into the exact dispersion relation (3). For example, the theory with C; = —0.0635 reproduces the exact

dispersion relation for @< 1.62 with 0.1% relative accuracy. The theory with C; = —0.0804 is 1% accurate
for @<1.93.

Probably the best analytic guess for value of C; may be obtained by matching the third-order term of the
expansion in Eq. (21) with the appropriate term of Eq. (8), thus C, = —i%. Firstly and obviously, this ensures
that the governing equation of our asymptotic theory is accurate to O(5°). Secondly, the dispersion relation
(21) may be recognised as a [1/1] Padé approximant in & for the exact dispersion relation (3), see Ref. [15].
The dispersion relation of the proposed asymptotic theory would share both the improved asymptotic
accuracy and good numerical convergence properties of the Padé approximant. This links our model to the
one described in Ref. [16], however, their approach does not generate higher gradients of inertia. It is
worth remarking that the dispersion relation (18) may also be interpreted as a quadratic Padé approximant,

)@6 + O(@%). (1)
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Fig. 2. Exact (thick solid) and approximate (thin solid and dotted) dispersion curves for the regular array of particles: (a) frequency of
harmonic waves against wavenumber; (b) relative approximation error against wavenumber.

see Ref. [3]. Higher order theories would produce higher order generalised Padé (or Hermite-Padé)
approximants.
The resulting (4,8) theory with modified inertia (C; = 2 and C, = %) has the following dimensional

representation:
27 ? 1 & Qu
[ O 22
( isov Tt 2092at2> ax2 22)

Its numerical performance is demonstrated in Fig. 2. Fig. 2(a) presents the dispersion curves for the exact
dispersion relation (3), as well as for original (10) and modified inertia (22) theories. Better accuracy of
Eq. (22) in the medium wavelength range is apparent by inspection. The plot of relative approximation errors
in Fig. 2(b) indicates that the new theory offers at least half an order reduction of error magnitude when
compared to Eq. (10).

2.4. Application to statics

The parameter selection criteria indicated in the previous section may at first appear confusing. While the
reasons for using theories with inertia gradients are fairly convincing when applied to wave propagation
problems, they may appear less appealing in statics. Indeed, our favoured theory (22), when specialised to
statics, does not possess any higher-gradient terms at all!

This behaviour is not coincidental. When fine-tuning asymptotic theories for problems of wave
propagation, we had full information about characteristic lengths of the involved wave fields. On the
contrary, we have not specified a characteristic length scale of the static problem of interest and therefore
cannot rationally discriminate between various theories. Thus, to formulate a statics theory we need to
reformulate governing equation (5) by introducing an external force field # = % (x) and yielding

S 2 Mup, T
Z (2n)'ax2” + =0 (23)

If we now require that . is sufficiently smooth and periodic with the period L>/, Eq. (23) may again be non-
dimensionalised according to Eq. (6) with y = //L and truncated. An appropriate fourth-order theory would
take the following form:
ou* L7 otu
o2 K 12 & 1
where u*(¢) = n*lu(x(¢)). By considering the leading order terms of this equation it is clear that the higher
strain gradient term is not arbitrary, but depends on the gradient of external stress. The appropriate class of

*= o) 24)
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asymptotically equivalent theories may then be obtained by twice differentiating the leading order of Eq. (24)
and superimposing it with the original theory, so that

w17 1 o'ur CI*7 .
et (o) 5o g =0 =

in which C is an arbitrary constant. A glance at Eq. (25) reveals that our previous statement that # has to
be sufficiently smooth should be interpreted as the requirement that *F / 0&% is of the same asymptotic order
as .

2.5. Theories of order six and higher

The formal procedure employed in the previous sections may be naturally extended to higher-order
asymptotic theories, however the benefits of such generalisation are ambiguous. First, the numerical accuracy
of the asymptotic model is typically maximised when it is truncated at the optimal (numerically smallest) term,
see e.g. Ref. [17]. Second, difficulties with numerical implementation of higher-order derivatives may
overweigh the benefits of using asymptotic model. Thus, we only provide indicative examples of higher-order
theories in this paper.

The class of sixth-order theories, asymptotically equivalent to theory (11), may be generated by applying
operators 1*0*/0&%, y*0* /0201 and 5*0*/0t* to asymptotic equality (9) and #28%/0&% and n?0*/d7* to
Eq. (10). The superposition of the resulting asymptotic equalities may be written as

o o c,\ o ot ot Q%
|:1_’72(C1_C2)662_’72C2+774<C3 Cy+ ) +1M(Cy = Cs5)——+1*Cs -

ot? oct &2 or2 ott| a2
1 0? 1 G o* ] 0%

1 Ci)— — 4+ C3 ) — o®n® 26
[ +f1<12 >a§ +n (360 T 3)654] a§2+ ("), (26)
where Cy,...,Cs are arbitrary constants. The class of theories obtained in Ref. [12] is reproduced when

C, =C4=Cs=0and Cj; is a certain function of C,. Theories (26) are numerically stable when

1 12C; — 142D

6D =6C>+ C, —24C3 —— <0 <0. 27
1t 3740 °r 3¢, —24C, —1/15 @7)

Theories with modified inertia are obtained by selecting C| = 12, C3 345 40 and 240C4 =20C, + 1, parameters

C, and Cs5 may be chosen arbitrarily. In particular, when C, = 276 0 and Cs = 28 980 the dispersion relation of
theory (26) is a [2/2] Padé approximant in & of the exact dispersion relation for #*. However, the numerical

performance of so-formulated (6,12) theory is not significantly better and, for higher wavenumbers, worse
than the corresponding (4, 8) theory (22).

3. Two-dimensional square lattice structure

Examples in the previous section demonstrated how gradients of strain may be adjoined or replaced by
gradients of inertia in 1D problems and the advantages of so-formulated models. The technique is easily
generalised to those two-dimensional (2D) problems that are still scalar in nature, i.e. that are reducible to a
problem for a combination of uncoupled scalar potentials. For example, this is the case for isotropic media as
well as certain special types of anisotropy, see Ref. [18]. In order to illustrate the difficulties one encounters
when dealing with non-scalar models we consider a somewhat simplified version of a square lattice structure
studied previously in Ref. [19], see Fig. 3. The equations of motion for the structure are given by

Mﬁm,n - Kl (um,nfl - 2um,n + um,n+l) + KZ(umfl,n - 2um,n + ”erl,n)
+ KO(um—l,n—l + Um+1,n—1 + Um—1,n+1 + Um+1,n+1 + Um—1,n—1

— Um+1,n—1 — Um—1n+1 + Um+1n4+1 — 4”111,11)/25 (28)
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Xm-15Y n+1 X Yn+l X1 Yn+1 X Yn+1

Xm-1Yn Xm+1Yn

Fig. 3. Two-dimensional square lattice structure.

Mi}m,n = Kl(vmfl,n - 2Um,n + vm+1,n) + KZ(Um,nfl - 2vm,n + Um,nJrl)
+ KO(Um—l,n—l + Um—1,n+1 + Um+1,n—1 + Um+1,n+1 + Um—1,n—1
— Um—1pn+1 — Un+1,n—1 + Um+10+1 — 4Um,n)/2v (29)
where (u,v),,, is the displacement vector for a particle situated at (x,,,y,) = (ml,nl), m,n € 1, with / denoting
interparticle distance. M is the particle mass, and Ky, K, and K, are the stiffnesses of diagonal longitudinal,
axial longitudinal and axial shear springs, respectively.

The dynamic behaviour of the lattice may be assessed by considering propagation of harmonic waves,
defined as

(ty0) = (U, V) e hsp=on, (30)

where ¢ is time, k is wavenumber and w is circular frequency, as before. Parameters ¢y and sy are direction
cosines for the wave normal, cé + sé = 1. By inserting solutions (30) into equations of motion (28) and (29),
the exact dispersion relation for the square lattice is obtained in the form:

sin’(yco)sin’(ys9)
= (@" + B, cos(nsg) + cos(ncg) cos(nsy) + P cos(ncg) — By — B — 1)
x(@° + By cos(ncg) + cos(neg) cos(nse) + B cos(nse) — B — fa — 1), (31)
within which we introduced
K, K> _ M
=—, =—, Od=4/7ow and n=Kkl. 32
By Ko B> K, 2K, n (32)

Numerical analysis of Eq. (31) reveals the presence of two long-wave low-frequency solution branches that are
coupled because of the lattice structure anisotropy and may be referred to as quasi-longitudinal (QL) and
quasi-transversal (QT). The long-wave limits of the phase velocity 7= +/2@/n for these modes are the
solutions of the secular equation

173 — (x+ y)ﬁ(% + ocysg —(4—o? - yz)sgcé + ocycg =0, n—0, (33)

where o =f,+1 and y=p,+ 1. A more general ansatz & = & + 3> + 030" + O(n®) may be used in
conjunction with Eq. (31) to determine further refinements to the leading order long-wave approximation (33),
but the amount of algebra involved into such analysis cannot be justified within this paper. We will, therefore,
refine our asymptotic theories on the basis of long-wave expansions of Eq. (31) along particular directions
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(co,50) = (cos 0,sin0), where 0 =0, 0 =n/4 or 0 =mn/2. Longitudinal and transversal modes are not
coupled along these directions and the appropriate expansions for both long-wave branches are given
explicitly as

=) =) 2
vp _vr n it 6 m
=L=1-5+35+0 0=0 - 34
i 5 360" "), or >, (34)
257 (o0 +7+14) (o0 +7+62)
L _—=1- n '+ 0,
o+y+2 24(o+y +2) 1440(ac 4y 4+ 2)
207 o 6 n
—=r —1-24-1 40 0="=. 35
aty—2 24+1440+ (), 4 (33)

3.1. Long-wave models

We employ virtually identical homogenisation procedure to the one used for 1D array of particles.
Specifically, we non-dimensionalise equations of motion (28) and (29) according to

x=¢fk, y=U/k, t=1tv/M/(n/Ko) (36)

and expand the displacements into the Taylor series around a central particle (u,v) = (u,v),,,. After
appropriately truncating the series, we obtain a (4, 6) asymptotic theory governed by the following equations
of motion:

o%u % Pu Pu 1 (ydtu v 3 o'v  wdtu
Yo+ 2t am s — a2 (L +3 + +—— |n* = o), 37
T T egar T e T o 3<4654 ocor " 20800 " ocal’ 465“)" R
62 o%u v % 1 fadv w3 oY o'u  yotv\ ,

—+2 +r -+ lamt +35 + = 0(n*). 38
é ocor T o o 3<4654 o8dr 20870 ocdr’ 46() o) (38)

The essentially non-scalar nature of the coupled equations (37) and (38) is manifested by the presence of a
number of additional gradient terms, when compared to, e.g. Eq. (10) or Eq. (11). This results in a higher
number of options when Egs. (37) and (38) are generalised. To this end, we consider superpositions of Eq. (37)
with #20%2/0&%, n2d?/0¢* and #?0%/07® applied to Eq. (37) and #29%/0¢dC applied to Eq. (38), ie.
(1 + 72(C110% /0% 4+ €207 /3% 4+ 1307 /012)) x (37) + C14 x (38). This yields

2

Ta2 Tk T a2 T T !

1\ o 1\ o*u
2C1 4+ aCig + aCi1 +9yCi1p +2C14 +
( 11 14 )65365 ( 1nT7yCn2 14 >85 6C
1\ o* o* o*u
(2C12+VC14+ >656Z3 (2C13—C14)a Tac 00 C13a
o*u o 2 4
+(Ci; = C + (aC C = 0(n"), 39
(Cis “)6265 (@C3 — 12)6265}7 (n") (39)

where Cy;, C12, C13 and Cy4 are arbitrary constants. The second generalised governing equation is obtained
in a similar fashion, by combining Eq. (38) with #29?/0&%, 2 9*/0(* and #?3%/01* applied to Eq. (38) and
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n?d? /0£ 3 applied to Eq. (37), with the result (1 + n%(C2,0% /08> + C2p0% /0L + €307 /012)) x (38) 4+ Cay X
(37) given by

0 Cu O e e D)o 1) O
08 T el T T o TR TN\ o

1
+ <2C21 +9Cu+ =

ot 1
3) . (chl 4+ oCop +2Coy + ) —

=24

083 ol 2
N oty o*u 0%
+ <2C22 +OCC24+3> W‘I’(ZCZ’& - C24)Wéa€_ -
. 4

d"v v
HeCas — Cot) o (pC — Cag) —
(2C23 21)612662 (7Cas 22)612642

]'72 = o(r"). (40)
Again, constants Cy;, Cy, Cy; and Cy4 may be chosen arbitrarily.

An inspection of generalised governing equations (39) and (40) immediately reveals that they have ten
different fourth-order spatial derivative terms. Since a theory with modified inertia cannot possess higher
order spatial derivatives, it would require vanishing of all ten corresponding coefficients in both governing
equations. Unfortunately, these coefficients depend on only eight arbitrary constants. Thus, it is generally
impossible to select Cyy,. .., Cyq such that all of the higher order spatial derivative terms vanish from Egs. (39)
and (40), except, possibly, for some special combinations of spring stiffnesses. This also suggests that in the
non-scalar context, generally, it is not possible to create asymptotic theories that do not possess extraneous
solutions. Therefore, spatial non-locality is an unavoidable feature of vector asymptotic models and if the
model is intended for using on finite domains, the appropriate boundary conditions must be formulated.

3.2. Example of parameter selection

Detailed analysis of the options available for selecting parameters for Eqgs. (39) and (40) is a fairly complex
and, to a large extent, numerical problem. Thus, we only indicate a possibly useful parameter selection
procedure, with no claims at generality or optimality. We start by noting that in order for the asymptotic
theory to reproduce the expected symmetric response for propagation along O and OC, it is necessary to set
Cy = Cyp, Cpp = Cyy, Cy3 = Cy3 and Cyy = Cy4. The numerical stability of Egs. (39) and (40) can be ensured
by using necessary and sufficient conditions for stability when propagating along 0 = 0 and 0 = =/2, which
are given by

1
Cllg_ﬁ, Cp< —

(41)

We also use necessary and sufficient condition for stability when propagating along 6 = n/4 that is equivalent
to ensuring that the following bi-quadratic equation for # has no real roots:

-

(C' = Cra)(1 + u(C' + Cra)n* = 12(1 + 2uC)yp + 24 = 0, (42)

where C' = 5+ Ci;1+ Cpp and p=2+ o+ y. Since conditions (41) and (42) are not sufficient to ensure
numerical stability for all 0, additional numerical tests have to be performed to ensure the numerical stability
for all directions of propagation.

It is impossible to refine the asymptotic accuracy of the model (39), (40) for all of 6 € {0,%/4,7/2}. For our
specific choice of parameters o = g and y = %, it turned out beneficial to match O(;*) terms in expansions (34)
by selecting

o—730C;,+ 1) 30Cp + 1
300 ’ 300

Only one of the expansions (35) can be further refined; we chosen C;; such that the resulting theory is less
limited in bandwidth. Finally, the value of C;, was chosen by considering numerical stability conditions (41)

Ch = 13= (43)
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Fig. 4. Exact (thick solid) and approximate (thin solid, dotted and dashed) dispersion curves for asymptotic models of the 2D square
lattice structure: (a) frequency of harmonic waves against wavenumber when 6 = 7/6; (b) relative approximation error against the
direction of propagation.

and (42), with the resulting set of parameters given by

641 7
C11—C22——m, C12—C21—_ﬁ,
199 514
= = — = = —_——. 44
Ci3=0Cxn 396 Ciy=Cxn 95 (44)

The numerical performance of the so-defined model is illustrated in Fig. 4. The dispersion curves for frequency
versus wavenumber are given in Fig. 4(a) for 6 = /6. There are two speeds of sound in this vector problem
and two exact dispersion curves (thick solid) exhibit strong coupling behaviour for # = 3.5. The original
theory of (37), (38) (thin solid curves) crudely reproduces this coupling behaviour. The numerical instability of
the theory manifests itself by the first branch becoming non-propagating at n =~ 2.5. The refined asymptotic
theory (39), (40) and (44) (dotted and dashed curves) has two spurious branches with cut-off frequency & ~ 1
and, therefore, is bandwidth limited. However, both relevant (long-wave low-frequency) branches are
numerically stable; this seems to be true for all 8. The accuracy can be assessed by considering relative
approximation errors plotted in Fig. 4(b) for two fixed values of # and a full range of angles 6.

4. Application to asymptotic structural theories

Although the term “strain gradient theory” is usually associated with the modelling of micro-structure,
long-wave approximations for simple engineering structures—rods, beams, plates and shells—were among the
first asymptotic theories with higher gradients of strain to be derived and used in practice. Many modern
gradient models of micro-structure are governed by the equations that are formally equivalent to asymptotic
models of simple structures. We illustrate this similarity by using our procedure in the context of several well-
known structural theories.

4.1. Longitudinal waves in a cylindrical rod

One of the first structural theories to incorporate higher gradients of strain was the theory for longitudinal
waves in a thin cylindrical rod of radius R. The higher order (lateral inertia) correction was proposed by
Rayleigh [20]; Love [21] derived the appropriate governing equation

%u VR? &?
2 .
= (1" 45

0oz < 2 ax2>”’ (“43)
where u = u(x,t) is the longitudinal displacement, v is the Poisson ratio, ¢y = /E/p the bar velocity,
E the Young modulus and p the material density. The dispersion relation of Eq. (45) matches two terms of
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the long-wave low-frequency expansion of the Pochhammer—Chree dispersion relation, see e.g. Ref. [22],
which may be written as

2 20403 2
Vg v =8 —4dv+T) 8
7O + 38017 @° + O(d°) (46)

with @ = wR/cy and n = kR. Therefore, Love’s equation (45) is a (4, 6) asymptotic theory for cylindrical rods.
Governing equation (45) may be recognised as a particular case of the fourth-order theory for 1D array of
particles (17). Thus, we introduce similar scaling ¢ = kx, T = ¢okt, and generate a class of theories in the form

0\ o%ur 3 v\ 3 o%ur
1-Cl— | —= (1 -p*Co—=— ¢ — — == 47
(1-rega) i = (-remri(a-ary)5) 5 “
in which «* = [u. The associated dispersion relation is given by
2
Cra* + & + (% +C - Cz) o’ —nt — Cip* =0. (48)

It is easy to check that the low-frequency limit of the extraneous solution is 4> = —1/C; and the long-wave
high-frequency limit of the extraneous branch is &> = —1/C;. Thus, numerical stability requires C; >0,
theories with C»> >0 are not bandwidth limited.

The original model (45) is a (4, 6) theory with modified inertia. A (4, 8) theory with modified inertia may be
obtained by selecting

)

e

dOv) = 12v + 403 — 200> —4v + 7 (49)

and is bandwidth limited for positive v. Many engineering rod theories were derived with the assumption that
their short-wave velocity limit equals the velocity of the Rayleigh wave cg, as in exact Pochhammer—Chree
dispersion relation. We may also achieve this by selecting

5 (P(V)ck — 43 + 82 +4v —7)
Cr=cz 2 22
24(v = D1 — c3)

) (50)

_ Qav 4+ 4v3 — 3202 — 4y + T)ck — p(v)

c
? 24(1 —v2)(1 — ¢3)?

(51)
It is important to realise that any short-wave behaviour of a long-wave theory is equally meaningless. While
the (4, 8) theory with parameters (50) and (51) may produce better-looking dispersion curves in the short-wave
limit, it also possesses extraneous solution terms, which may and will distort the solutions of boundary value
problems unless special boundary conditions are formulated.

The behaviour of theory with parameters (50) and (51) is quite similar to that of the rod theory by Mindlin
and Herrmann [23]. It is easy to check that the Mindlin—-Herrmann theory is not fourth-order asymptotic and,
consequently, cannot be represented in the form (47). By restricting the “tuning” parameters to x =
1 — x?/2(v + 1) it can be made a (4, 6) asymptotic theory. However, regardless of a particular choice of x and
K1, the approximation accuracy of both (4, 8) theories with Egs. (49) and (50), (51) is significantly better, which
is demonstrated in Fig. 5. The axisymmetric branch of the Pochhammer—Chree dispersion relation is
notoriously difficult to reproduce, and none of the considered theories quite manages to follow the
fundamental mode in Fig. 5(a). The plot of relative approximation errors in Fig. 5(b) clearly demonstrates the
benefits of using the (4,8) theory with modified inertia (49). It may be re-written in terms of dimensional
variables as

2 20403 Qu2 2 ) 2
%a_u=<1 R4V =8 —4v+7) 0" R*¢p(v) 6).. (52)

“Oox 24(1 —?) o2 24c(1 —v)or

and deserves to become the long-wave theory of choice for modelling rods.
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Fig. 5. Exact (thick solid) and approximate (thin solid, dotted and dashed) dispersion curves for the rod theories when v = 0.25: (a) phase
velocity & = v/c; of harmonic waves against wavenumber; (b) relative approximation error against wavenumber.

4.2. Bending of a thin plate

For another example of asymptotic model for engineering structures we select a dynamic plate bending
theory from Ref. [9]. A governing equation of the sixth-order theory is given by

Tv—17 (422 — 424y — 33v?) %\ ..
DA?w +2ph( 1 + h? A+ i —)w=0
Wt op ( TSIy 10501 — v o))" =7

where w is the mid-surface deflection, D = 2Eh’ /3(1 — v?) the flexural rigidity, E the Young modulus, v the
Poisson ratio, ¢; = \/u/p the shear wave speed, ¢ the shear modulus, p the density, / the plate half-thickness
and the Laplace operator 4 = d° /ox? + 0’ /8z%. This modified inertia theory reproduces three terms in the long-
wave low-frequency expansion of the Rayleigh-Lamb dispersion relation for anti-symmetric modes, given by

Tv—17 62v> — 418v + 489 (381v3 — 4995v% + 14613v — 11189)
=2 4 6 8 10 12
"o —n! 350 — 17 4725 — 1)} 1mEOm. (4

in which @ = 1/6(1 — v)wh/2¢; and n = kh, see e.g. Ref. [22]. The asymptotic structure of Eq. (53) may be made
more explicit by an appropriate non-dimensionalisation. Motivated by Eq. (54), we introduce
6(1 —v)

(53)

and recast Eq. (53) in the form
?w (Tv =17 Aw* 5 (337 + 424y — 422)%w* | 0 (56)
o 151 —v) o2 15751 —v? ot |
with w*(€,(, 1) = n*w(x, z, f) and 4, = 0% /0&* + 8% /(2. (6, 10) theory (56) is different from all other theories we
discussed so far in that its leading order is not hyperbolic. This results in the presence of asymptotic correction

terms of varying orders, which reduces the number of options when formulating the class of asymptotically
equivalent theories. To this end, we apply operators #24,, %4> and 1*3* 972, and obtain the superposition

O*wH Tv— 17\ *A.w*
+ A2w* + (ClAiw* + (C1 + ) )172

+ A*w* +

012 151 —v)) o012
Tv— 17\ % A2w*
4. % *
+|:C3A*W + (C2+C3+C115(1—V)) 3.2
33v2 4 424v — 422) 6414/*} .
( 2T T s — vy ) ot ! 7
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where constants Cy,..., C3 satisfy one of the following conditions
Ci c? 4
Ci<4c — [ =~ =<0, 58
1 3 or C3 + C% C3 ( )

For the sake of brevity we only consider theories with modified inertia for which C; = C3 = 0. A slight
improvement on Eq. (56) may be obtained by comparing the dispersion relation of Eq. (57) with Eq. (54) and
matching the O(n'?) term. Thus, a (6, 12) variant of Eq. (54) requires

197v2 — 64v + 32
1575(v — 1)(7v = 17)°

Ci=Cy=0, = (59)

It is instructive to compare the discussed asymptotic models with the popular Mindlin plate theory given by

w p O 200 &2
20h— A————=|(D4d————=|w= 6
T ( Kz,uat2)< 3 azz>w 0 (60)

with the “shear coefficient” x> to be chosen, see Ref. [1]. Similarly to the case of the Mindlin-Herrmann rod
theory, this theory is not fourth-order asymptotic, merely approximate. It can be made fourth-order asymptotic
by selecting x*> = 5/(6 —v), see Ref. [24] and references therein. Mindlin suggested using “a compromise
between” k? = n%/12 or x? = c%/c3, which are crude lower and upper bounds of the asymptotically correct
value (cg is the Rayleigh wave speed). In fact, if we select x> = 5/(6 — v) and rewrite Eq. (60) in terms of the
non-dimensional variables used in Eq. (56), the result will only differ from Eq. (56) in the coefficient of O(1°)
term. Specifically, instead of
422 — 424y — 33y? 2(6 —v)

Mindlin’ s theory has
1575(1 — v)? Y 45(1 —v)

which differ by no more then 5% for all positive Poisson ratios. Thus, Mindlin’s theory may be recognised as a
version of the asymptotically consistent governing equation (56) with slightly perturbed coefficients.

Our observations are supported by the dispersion curves in Fig. 6. The plot in Fig. 6(a) seems to
demonstrate that all three theories (56), (57)—(59) and (60) are fairly accurate even in the range of moderate
wave lengths. The Mindlin plate theory appears to be the most accurate, because its short-wave limit is fitted
into the Rayleigh wave speed limit (we used x* = ¢%/c3). However, as is easily seen from Fig. 6(b), Mindlin’s
model is significantly less accurate than both (56) and (57)—(59) within the range of its likely applications. It is
also worth noting that the added asymptotic accuracy of the (6, 12) theory (57)—(59) is actually reducing the
range of accurate approximation, which confirms our considerations from Section 2.5.

(a) (b)
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Fig. 6. Exact (thick solid) and approximate (thin solid, dotted and dashed) dispersion curves for the theories of plate bending when
v = 0.25: (a) phase velocity & = v/¢; of harmonic waves against wavenumber; (b) relative approximation error against wavenumber.
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Since there already exists a large number of numerical (finite element) implementations of the Mindlin
theory, it seems appropriate to suggest using the formally equivalent plate theory from Ref. [9] instead. This
would only require to specify x*> = 5/(6 — v) and use the modified governing equation

0*w p o 2ph* 0 D(10312 — 66v — 2)d*w
2ph—+ (4 ——L—— ) (D4 - |w= —. 61
Proat ( 20 612) ( 3 aﬂ)w 70082 o D)

5. Conclusion

We demonstrated how relatively simple manipulations may significantly improve dynamic response of
existing long-wave theories, which would be most relevant to stationary dynamics. Our procedure presents a
natural way of “retrofitting” old asymptotic theories. The (4,8) rod theory with modified inertia, obtained in
Section 4.1 from the Rayleigh—Love governing equation, is, to our best knowledge, the most accurate fourth-
order rod theory available. While asymptotic models for bending cannot be significantly improved, we both
explained the well-known numerical performance of Mindlin’s plate theory and indicated useful modifications
of it.

Our observations also demonstrate that it is usually possible to formulate theories that approximate
governing equations more accurately than the other aspects of the problem, e.g. distributions of displacements
and stresses across the thickness for plate and shell theories. Therefore, the dispersion relation cannot be
considered a sole indicator of accuracy of the asymptotic theory.

Finally, we reiterate that our discussion does not touch upon the question of selecting appropriate boundary
conditions for asymptotic governing equations. While the theories with modified inertia may be used without
reformulating the boundary conditions, we demonstrated that this option is not generally available in the two-
dimensional setting. Therefore, the problem of efficient derivation of the appropriate boundary conditions
remains open and will become a subject of a separate investigation.
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