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Abstract

For a flexible rotor system under seismic excitation, H2, HN and mixed H2/HN control strategies were formulated by

means of linear matrix inequality (LMI) to attenuate the transient vibration of the flexible rotor system under a

nonstationary seismic excitation and to improve robust performance of the flexible rotor system. A double-disc cantilever

flexible rotor system was used as an example to verify the feasibility and the validity of the H2, HN and mixed H2/HN

control strategies in active vibration control for a rotor system subjected to nonstationary El Centro seismic excitation.

The performances of the rotor system in both frequency and time domains were analysed based on numerical optimization

technique, which bases on an efficient convex optimization software. The feasibility and the effectiveness of the control

strategies presented in active vibration control for a rotor system were verified. It is shown that for the HN control, the

displacement responses of the rotor system are effectively suppressed in the frequency domain, but transient-response

performances are not so good. For the H2 control, the transient responses of the rotor system attenuate quickly, but the

frequency-response performances are not so good. The effectiveness of the mixed H2/HN control to suppress the

displacement responses of the rotor system in the frequency domain and the transient response in time domain greatly

depends on the HN performance index. If the HN performance index in the mixed H2/HN control is properly chosen, the

mixed H2/HN control can effectively suppress both the displacement responses of the rotor system in the frequency

domain and the transient response in time domain.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Lately, for most rotating machinery, such as turbines, compressors, machine tools and information storage
devices, further performance enhancement is in demand in terms of speed, accuracy and reliable operation.
Meanwhile, the rotating machinery is likely to face more severe vibrations caused by various vibration sources
such as mass unbalance, shaft misalignment and exogenous disturbance. These vibrations are in turn
responsible for not only performance degradations, but also excessive acoustic noises and fatigue-related
damages. Therefore, the vibration suppression is a matter of great significance to rotating machinery systems.
Two kinds of approaches, i.e., passive and active controls are often used. For a flexible rotor system which
ee front matter r 2008 Elsevier Ltd. All rights reserved.

v.2008.01.005

ing author. Tel.: +86571 8798 3515; fax: +86571 8795 1625.

ess: yjchenee@hotmail.com (Y. Chen).

www.elsevier.com/locate/jsvi
dx.doi.org/10.1016/j.jsv.2008.01.005
mailto:yjchenee@hotmail.com


ARTICLE IN PRESS
Y. Chen, C. Zhu / Journal of Sound and Vibration 314 (2008) 53–6954
must pass through the several lateral bending critical speeds, it is impossible for the passive control system to
select the stiffness and damping parameters so as to exert a significant influence over all these modes [1].
Therefore, the effectiveness of the passive vibration control is not very good, and the passive vibration control
cannot meet the requirements of the high-performance rotational machinery. These limitations together with
the desire to exercise greater control over rotor vibrations, with greatly enhanced performance, have led to a
growing interest in the development of active vibration control of rotor systems.

Much work has been conducted in an effort to the active vibration control of rotor systems. Chen and Lee
[2] presented a decoupling vibration control approach for a flexible rotor system with symmetric mass and
stiffness matrices. Nonami et al. [3] reported an active control procedure for flexible rotors supported by
magnetic bearings, but the gyroscopic effects were neglected. As it is well known, the gyroscopic effects have
profound influence on the dynamic behaviour of rotor systems when operating at a high angular speed.
Neglecting such effects may deteriorate the control system’s performance or even invalidate the formulation.
Furthermore, the presented decoupling procedure does not hold when the gyroscopic effects are considered.
Lee and Chen [4] proposed an approach by designing a delicate feedback control to completely remove the
gyroscopic effects, which then makes decoupling of the governing equations possible. However, Salm [5] found
that the gyroscopic effects might serve to improve the system behaviour with large external damping. The
complete removal of the gyroscopic effects by providing a counteractive control input to enable decoupling
operation needs further justification. Burrows et al. [6] presented pole placement techniques for synchronous
vibration control of a rotor-bearing system. Knospe et al. [7] presented three adaptive control algorithms and
conducted experiments by using algorithms presented for unbalance response control of a rotor system and
indicated that the advantages and disadvantages of each algorithm were illustrated by examining experimental
results in a laboratory magnetic-bearing rotor rig. The rotor midspan vibration was almost completely
eliminated over the operating rotational speed range. Considering characteristics of the fluid-film bearings,
Abduljabbar et al. [8] presented an optimal controller to improve the dynamic behaviour of a flexible rotor
system regarding resonance and instabilities. The effectiveness of the proposed controller in significantly
improving rotor’s performance in term of stabilization was demonstrated and desirable levels of vibration
cancellation were achieved. Cole et al. [9] analysed active vibration control of a rotor system under direct
forcing and base motion disturbances, in which the rotor contacting with retainer bushes was prevented with
the proposed control approach. Recently, they applied frequency-matched control signals for control of
multiple frequency components in active vibration control of the rotor system [10]. Yu et al. [11] given a
detailed description of the electromagnetic actuator for active vibration control of a flexible rotor system and
proposed a control algorithm based on the least-square method which can greatly reduced the synchronous
vibrations of the rotor system. Keogh et al. [12] designed a transient vibration control strategy based on
measured rotor’s harmonic components and demonstrated the effectiveness of the control strategy in
attenuating transient vibration control of the rotor system in mass loss case in a flexible rotor magnetic-
bearing system. The problem of repeated contacts with the safety bush was alleviated and the transient
vibration control was achieved effectively. Lin and Yu [13] presented a dual-level approach for modal
vibration suppression of a rotor possessing repeated rigid-body modes with gyroscopic effects considered. The
first level control of the approach presented is to remove any combination of flutter, divergence, rigid body
and/or repeated modes by enabling positive definiteness of the augmented system, and the second level control
is then applied for the augmented system with complex modes. A mode switching approach by directing
control to the modes with higher vibration contribution can be beneficial in alleviating the higher mode
residual vibration was demonstrated.

The researches mentioned above were focused on the active vibration control of rotor systems with exact
dynamical model. However, there are always some uncertainties between the real model and the dynamical
model of the rotor system. An HN control with good frequency performance for modeling error and other
uncertainties is used to overcome model uncertainty in rotor systems. Keogh et al. [14] presented an
optimization approach based on the HN norm to minimize the influence of forcing disturbances, modeling
error and measurement error.

At present, almost researches in the active vibration control of rotor systems are concentrated on the
deterministic excitation. In fact, in order to develop higher performance higher speed rotating machinery, the
active vibration control of rotor system under deterministic excitations is not enough, the active vibration
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control under random excitation, such as earthquake, should be studied. Stochastic optimal control, HN

control and H2 control were used in active vibration control of random vibration. The stochastic optimal
control cannot deal with the vibration system with modeling error and other uncertainties. However, the HN

control problems under random excitation were mainly focused on seismic vibration control of the structures
or buildings [15–19]. Caruso et al. [20] presented the H2 control technique and applied it to the vibration
control of an elastic plate. Different H2 control laws were designed and compared by simulation, in order to
evaluate the performance obtained using different combinations of sensors and actuators together with models
taking into account an increasing number of structural eigenmodes.

The HN control is mainly concerned with frequency domain performances and does not guarantee good
transient responses in the time domain for the controlled system. The H2 control represents the optimal
synthesis tool when the objective of the control is to minimize the vibration energy due to impulsive or
stochastic disturbances acting on the controlled structure. The H2 control gives more suitable performance on
system transient responses in the time domain. In the active vibration control of flexible rotor system, it is
necessary to realize both specifications of the time and the frequency domains. The mixed H2/HN control can
satisfy both the time and the frequency domains performances of active vibration control problems in a
practical sense.

The H2 control and the HN control could be solved in the frequency and the time domains. At present, the
active vibration control of rotor system with the HN control was solved by Riccati equation or inequality in
the frequency domain. However, a lot of parameters and positive definite matrix must be regulated in solving
the Riccati equation or inequality. Sometimes, the solution of the problem could not be found even if the
problem has a solution. This brought much inconvenience for application in practice. Recently, efficient
interior-point algorithms make it possible to solve the high-order linear matrix inequality (LMI) by the
computer. And the LMI was widely used in control theory. The LMI approach can efficiently make up the
deficiency of the Riccati equation approach mentioned above. The parameters and positive definite matrix
need not be regulated in solving the LMI. Furthermore, the HN control was transformed from the frequency
domain to the time domain by the LMI approach. It is convenient to design the controller directly.

In general, the convexity is an important specification and many linear control problems can be reduced to
convex optimization problems, which involve the LMI. The LMI has more flexibility for combining various
design constraints on the controlled system. Recently, the LMI-based control system analysis has become
popular since it encompasses many control subjects. The theory of the LMI-based control system analysis has
been given as a very strict mathematical sense in Ref. [21]. However, very little work has been presented
addressing the active vibration control based on the mixed H2/HN control. Nonami and Sivrioglu [22,23]
applied the LMI-based mixed H2/HN control to investigate active vibration control for a structure. Fang et al.
[24] developed an H2/HN control strategy for vehicle active suspension system. These researches considered
the active vibration control under deterministic excitation. However, the study of the LMI-based mixed
H2/HN control on active vibration control subjected to random excitation was not available yet.

In this study, the H2, HN and multiobjective H2/HN state feedback control strategies are described by
means of the LMI and applied to active vibration control of the flexible rotor system under seismic excitation.
The multiobjective H2/HN control problem is solved by using very efficient convex optimization software
MALAB LMI Tools for a practical control object of the double-disc cantilever flexible rotor system under
seismic excitation.

2. Mathematic model of a controlled rotor system under seismic excitation

The equation of motion of a linear unbalance rotor system under seismic excitation can be formulated as

M€yþ ðGþ CÞ_yþ Ky ¼ FUþ Fu �ME€ygðtÞ, (1)

where y; _y and €y are generalized displacement, velocity and acceleration vectors of the rotor system,
respectively. M, K and C are mass, stiffness and damping matrices, respectively. G is a skew-symmetric
angular speed-dependent gyroscopic matrix of the rotor system. F and U are control input matrix and control
input vector, respectively. Fu is rotor’s unbalance excitation force vector which is generally expressed as
Fu ¼MeO2Eu in the rotor system and mieiO

2 is the unbalance force at the ith node. mi and ei are mass and
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rotor’s unbalance eccentricity at the ith node, respectively. Eu is an indicated vector of the unbalance
excitation force vector. E is an indicated vector of the inertial force and €ygðtÞ is acceleration of the ground
random motion.

Letting xT ¼ ½ yT _yT �, we can transform the second-order system equation (1) into a first-order system

_x ¼ Axþ B1wþ B2u, (2)

where

A ¼
0 I

�M�1K �M�1ðCþGÞ

" #
; B1 ¼

0 0

0 I

" #
; B2 ¼

I 0

0 M�1F

" #
; w ¼

0

I�1M�1Fu � E €xgðtÞ

" #
,

u ¼
0

U

( )
.

Let us consider the following controlled output vector:

z ¼ C1xþD11wþD12u. (3)

The focus in active vibration control of the rotor system is to obtain control strategies that guarantee the
stability of the closed-loop system and result in desirable performance by reducing the response of the rotor
system due to the ground random motion and the unbalance excitation. The stability of the closed-loop system
here means the standard notion of asymptotic stability (i.e., eigenvalues with strictly negative real parts for
linear time-invariant systems).

For the performance, we seek to find the controllers that result in a controlled output (i.e., z) that satisfies
the following inequality, assuming zero initial conditions:Z 1

0

zTzdtpg2
Z 1
0

wTwdt, (4)

where g which is a positive real number serves as the measure of performance, w is the disturbance signal (both
acceleration excitation of ground random motion and rotor unbalance excitation) and z is the controlled
output vector.

The standard definition of the L2 norm of signal z is as follows:

zk k22 ¼

Z 1
0

zTz dt. (5)

Then, inequality (4) can be rewritten as

zk k2pg wk k2. (6)

Hence, as g becomes small, the effect of the disturbance on z is diminished. For time-invariant systems, the
notation in inequality (6) is interchangeable with having the infinity norm of the transfer function from w to z,
Tzw, be less than g, i.e.,

Tzwk k1 ¼ sup
w

zk k2

wk k2
pg. (7)

3. Active vibration control strategies based on LMI

Let us consider the control structure shown in Fig. 1. It is assumed that the plant G is linear time invariant
and the state vector x is measurable. Here, w denotes the exogenous input vector and zN and z2 denote the
controlled output vectors. The closed-loop transfer functions from w to zN and z2 are, respectively, expressed
as Tz1w and Tz2w. The multiobjective H2/HN control strategy may be described as follows. Find a static
state-feedback law u ¼ Kx such that Tz2w

�� ��
2
is minimized subject to T z1w

�� ��
1
og. This approach yields a
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Fig. 1. Block diagram of H2/HN control system with state feedback.
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convex sub-optimal control problem whose global minimum of the performance measure JðTz2wÞ is an upper
bound on the optimal performance of transfer matrix Tz2w

�� ��2
2
.

The state space description of the control system shown in Fig. 1 is as follows:

_x ¼ Axþ B1wþ B2u

z1 ¼ C1xþD11wþD12u

z2 ¼ C2xþD21wþD22u

9>=
>;, (8)

where x is the state vector, zN and z2 the controlled output vectors, u the control input and w the exogenous
input. Supposing that the control input is a linear function of the state, i.e.,

u ¼ Kx, (9)

where K is the state feedback gain, the closed-loop system is given by

_x ¼ Aþ B2Kð Þxþ B1w

z1 ¼ C1 þD12Kð ÞxþD11w

z2 ¼ C2 þD22Kð ÞxþD21w

9>=
>;. (10)

3.1. H2 control strategy

The H2 norm of the transfer matrix Tz2w is finite if and only if D21 ¼ 0. In this case, the H2 norm of the
transfer matrix Tz2w is

T z2w

�� ��2
2
¼ Tr ðC2 þD22KÞXðC2 þD22KÞ

T
� �

, (11)

where the symmetric positive definite matrix X is obtained by solving the following Lyapunov equation:

ðAþ B2KÞXþ XðAþ B2KÞ
T
þ B1B

T
1 ¼ 0. (12)

In general, the constraint is

TrðSðxÞP�1ðxÞSTðxÞÞoZ, (13)

where P(x) ¼ PT(x)ARn� n and S(x)ARp� n, depending affinely on x, is expressed by introducing a new matrix
variable M ¼MTARp� p, i.e., the LMI,

TrðMÞoZ;
�M SðxÞ

STðxÞ �PðxÞ

" #
o0. (14)

Letting X2 ¼ X, from the above expression, it can be shown that Tz2w

�� ��2
2
is the minimum of Tr(Q)

subject to

ðAþ B2KÞX2 þ X2ðAþ B2KÞ
T
þ B1B

T
1o0, (15)

�Q ðC2 þD22KÞX2

X2ðC2 þD22KÞ
T

�X2

" #
o0, (16)
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TrðQÞoZ, (17)

where X2 and Q are symmetric positive definite matrices, respectively.
In general, the linear quadratic performance objective of the optimal control is often used in control

problems. Therefore, the linear quadratic performance objective should be transformed to the H2 norm
performance objective. Letting the linear quadratic performance objective be as follows:

J ¼

Z 1
0

ðxTQxþ uTRuÞdt (18)

and introducing a reference signal z2

z2 ¼
Q1=2

0

" #
xþ

0

R1=2

� �
u, (19)

the linear quadratic performance objective (18) can be rewritten as

J ¼

Z 1
0

zT2 z2 dt ¼ T z2w

�� ��2
2
. (20)

In this way, the linear quadratic performance objective of the optimal control is transformed to the H2

performance objective of the transfer function from the disturbance w to the reference signal z2. The matrices
C2 and D22 in Eq. (8) should be ½Q1=2T 0T �T and ½ 0T R1=2T �T, respectively.

3.2. HN control strategy

The bounded real lemma plays a central role in obtaining the HN constraint. There exists a quadratic
Lyapunov function V(x) ¼ xPx such that for all time t,

d

dt
VðxÞ þ zT1z1 � g2wTwo0, (21)

where P is a symmetric positive definite matrix.
Substituting Eq. (10) into inequality (21), we obtained the following inequality:

ðAþ B2KÞxþ B1w½ �
TPxþ xTP ðAþ B2KÞxþ B1w½ �

þ ðC1 þD12KÞxþD11w½ �
T
ðC1 þD12KÞxþD11w½ � � g2wTwo0. (22)

By rearrangement of inequality (22), using the Schur complement [21], the following inequality can be
obtained:

ðAþ B2KÞ
TPþ PðAþ B2KÞ þ ðC1 þD12KÞ

T
ðC1 þD12KÞ PB1 þ ðC1 þD12KÞ

TD11

BT
1PþDT

11ðC1 þD12KÞ �g2IþDT
11D11

" #
o0. (23)

Using the Schur complement for inequality (23) and multiplying by P
�1 from right and left, we obtain

P�1 Aþ B2Kð Þ
T
þ Aþ B2Kð ÞP�1 þ P�1 C1 þD12Kð Þ

T C1 þD12Kð ÞP�1

� B1 þ P�1ðC1 þD12KÞ
TD11

� �
ð�g2IþDT

11D11Þ
�1 BT

1 þDT
11ðC1 þD12KÞ

TP�1
� �

o0. (24)

By putting it in the LMI form again, we have

ðAþ B2KÞP
�1 þ P�1ðAþ B2KÞ

T

þP�1ðC1 þD12KÞ
T
ðC1 þD12KÞP

�1

 !
B1 þ P�1ðC1 þD12KÞ

TD11

BT
1 þDT

11ðC1 þD12KÞP
�1 �g2IþDT

11D11

2
664

3
775o0. (25)
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Multiplying inequality (25) by diag½ g1=2I g�1=2I � from right and left, and letting variable XN ¼ gP�1, the
following inequality can be obtained:

ðAþ B2KÞX1 þ X1ðAþ B2KÞ
T B1

BT
1 �gI

" #
þ

1

g

X1ðC1 þD12KÞ
T

DT
11

" #
ðC1 þD12KÞX1 D11
� �

o0. (26)

Using the Schur complement again, the following inequality can be obtained as the HN constraint of the
closed-loop system (10) for XN40:

ðAþ B2KÞX1 þ X1ðAþ B2KÞ
T B1 X1ðC1 þD12KÞ

T

BT
1 �gI DT

11

ðC1 þD12KÞX1 D11 �gI

2
64

3
75o0. (27)

3.3. The mixed H2/HN control strategy

The H2 and HN control strategies based on the LMI were derived above, respectively. Now we will combine
these two constraints into one design expression. The mixed H2/HN control problem is to minimize the H2

norm of Tz2w over all state feedback gains K such that what also satisfies the HN norm constraint. On the
other hand, inequalities (15), (16) and (27) are not convex because of the nonlinear terms KX2 and KXN. The
convexity condition requires a common Lyapunov matrix such that

X ¼ X2 ¼ X1. (28)

With the new variable W ¼ KX, the multiobjective H2/HN control using H2 and HN performance
constraints can be given by minimizing Tr(Q) over X ¼ XT, Q ¼ QT and W subject to

AXþ B2Wþ ðAXþ B2WÞ
T B1 ðC1XþD12WÞ

T

BT
1 �gI DT

11

C1XþD12W D11 �gI

2
64

3
75o0, (29)

�Q C2XþD22W

ðC2XþD22WÞ
T

�X

" #
o0, (30)

TrðQÞoZ. (31)

After finding of a solution (X, Q and W) to this multiobjective control problem, the optimal feedback
control law of control system (8) is obtained as

u ¼WX�1x. (32)

4. Seismic excitation model and acceleration of the ground random motion

The El Centro seismic excitation is used here. When the acceleration of the ground random motion
is denoted as €wðtÞ, the power spectral density of the El Centro seismic excitation can be expressed
approximately by

S €wðoÞ ¼
Sco2

ða4 þ o4Þðb2
þ o2Þ

�1ooo1, (33)

where a ¼ 10p rad/s, b ¼ 2p rad/s and Sc ¼ 3.55� 104m2/s3.
Generally, the seismic excitation is nonstationary and must be considered as nonstationary stochastic

process. The power spectral density of seismic excitation is time dependent and can be expressed as

S €wðo; tÞ ¼ gðtÞS €wðoÞ, (34)
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where g(t) is a slowly varying envelope function. In this paper, g(t) is formulated as follows:

gðtÞ ¼
t

2
e 1�t=2ð Þ. (35)

The method of Monte Carlo simulation is employed to determine acceleration of the ground random
motion €ygðtÞ. For a rotor system subjected to random excitations with a given power spectral density S €wðoÞ,
the time history of the spectral function S €wðoÞ can be numerically simulated by using a series of trigonometric
functions, i.e.,

€ygðtÞ ¼ gðtÞ
XN

k¼1

Ak cosðoktþ jkÞ, (36)

where N is the total number of frequency points, Ak the amplitude, ok the circular frequency of each term in
the trigonometric series, jk the uniformly random variable between 0 and 2p and jj and jk are independent of
each other if i 6¼j. Ak and ok can be obtained by

A2
k ¼ 4S €wðokÞDo, (37)

ok ¼ ol þ ðk � 1=2ÞDo, (38)

where S €w is the power spectral density function of the stochastic process, ou and ol are the upper and the
lower limits of frequency concerned, respectively. Do ¼ (ou�ol)/N is frequency interval and k ¼ 1,2,y,N,
where N is a natural number.

5. Numerical example and analysis

Generally, there is no analytical solution to the LMIs, but they can be solved by numerical methods. The
above inequalities are solved using the efficient convex optimization software MATLAB LMI Toolbox.

A double-disc flexible rotor system shown in Fig. 2 was used as an example to verify the feasibility and the
validity of the H2, HN and mixed H2/HN control strategies in active vibration control for the flexible rotor
system subjected to seismic excitation. The double-disc cantilever flexible rotor system is located in the
horizontal plane. One side of the rotor was supported on a rigid bearing and the other on a flexible bearing.
The geometric size and physical parameters of the double-disc cantilever flexible rotor system are the distance
between the rigid bearing and disc A, l1, is 0.2m; the distance between disc A and the flexible bearing, l2, is
0.15m and distance between the flexible bearing and disc B, l3, is 0.1m; the radii of the flexible shaft, disc A
and disc B are 0.03, 0.15 and 0.09m, respectively; the thicknesses of disc A and disc B are 0.05 and 0.03m,
respectively; the unbalance eccentricities of both discs e are 10� 10�6m; Yong’s modulus of the material of the
shaft E is 2� 1011N/m2; mass density of the disc r is 7850 kg/m3; the lumped mass of the flexible bearing is
2 kg; the steady angular speed of the rotor is 500 rad/s which is much greater than the first critical angular
Fig. 2. Schematic of a double-disc cantilever flexible rotor system.
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speed 238 rad/s. At the steady operational angular speed, the stiffness coefficients and damping coefficients of
the flexible bearing are, respectively, as follows:

kxx kxy

kyx kyy

" #
¼

1:87� 106 4:10� 105

4:10� 105 1:87� 106

" #
N=m,

cxx cxy

cyx cyy

" #
¼

1:6� 102 2:10� 102

2:10� 102 1:5� 102

" #
Ns=m:

The double-disc cantilever flexible rotor system is simplified to a massless elastic shaft with two rigid discs
and a lumped mass at the flexible-bearing location. It is a rotor system with ten degree of freedom. The
equation of motion of the rotor system under seismic excitation can be obtained easily by using the lumped-
parameter method.

The steady unbalance displacement response of the double-disc cantilever flexible rotor system at different
angular speeds is shown in Fig. 3, which is obtained through calculating steady amplitudes of the rotor system
at different steady angular speeds. The unbalance displacement response of disc B is mostly larger than that of
disc A. It is shown that there are four peaks on the unbalance response at the angular speeds of 238, 315, 483
and 569 rad/s, respectively, which correspond to the first four critical angular frequencies of the double-disc
cantilever flexible rotor system, i.e., 238.6, 314.8, 483.4 and 569.6. The first three peaks are very evident, but
the fourth peak is not evident.

It is assumed that the displacements of the discs are measurable and there are a seismic excitation and an
unbalance excitation on the rotor system. The displacement sensors and the actuators are configured in both
the horizontal and vertical directions for discs A and B. Then, the state space mode of the controlled double-
disc cantilever flexible rotor system can be formulated as follows:

_x ¼ Axþ B1wþ B2u

z1 ¼ C1x

z2 ¼ C2xþD22u

9>=
>;, (39)

where x ¼ ½xd1 yd1 yxd1 yyd1 xd2 yd2 yxd2 yyd2 xb yb _xd1 _yd1
_yxd1

_yyd1 _xd2 _yd2
_yxd2

_yyd2 _xb _yb�
T is the

state vector, zN and z2 are the controlled output vectors determined by the HN and the H2 performance
objectives, respectively. Matrices A, B1 and B2 are determined by the physical parameters of the rotor system
Fig. 3. Steady unbalance response of the rotor system.
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and controlled input and output according to Eq. (2):

C1 ¼

01�10 1 0 0 0 0 0 01�4

01�10 0 1 0 0 0 0 01�4

01�10 0 0 0 0 1 0 01�4

01�10 0 0 0 0 0 1 01�4

2
6664

3
7775; C2 ¼ I20�20; D22 ¼

1 0 0 0 0 0 01�14

0 1 0 0 0 0 01�14

0 0 0 0 1 0 01�14

0 0 0 0 0 1 01�14

2
6664

3
7775
T

.

The power spectral density of El Centro seismic acceleration is shown in Fig. 4. The frequency
corresponding to the peak value of the power spectral density is 2.57Hz. The energy of the seismic wave
mainly exists in the lower frequency region. Time history of the acceleration of the El Centro earthquake is
shown in Fig. 5. It is shown that the magnitude of peak value of the acceleration is 3.12m/s2.

In the active vibration control of a flexible rotor system, both performances in the frequency domain and
the time domain should be considered. The simulation results about the frequency-response curve and the
transient-response time history under impulse load of the flexible rotor system are mainly analysed. The
displacement response of the flexible rotor system in the frequency domain is obtained by transfer matrix
method. The transient response of the flexible rotor system in the time domain is obtained by Duhamel
integration under impulse load. The results in the x-direction and the y-direction are similar due to the
symmetry of the double-disc cantilever flexible rotor system. Therefore, the numerical results in the x-direction
are used to show the effectiveness of active vibration control for the double-disc cantilever flexible rotor
system based on the HN, H2 and mixed H2/HN controls.
Fig. 4. PSD of the acceleration of the El Centro earthquake.

Fig. 5. Time history of the acceleration of the El Centro earthquake.
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With and without the HN control, the frequency responses and the transient responses in the x-direction of
discs A and B of the double-disc cantilever flexible rotor system under El Centro seismic excitation are shown
in Figs. 6–9, respectively. Without the HN control, there are five peaks on the frequency-response curves in
Figs. 6 and 8, which are corresponded to the first five critical angular frequencies of the rotor system, i.e., 238,
315, 483, 569 and 839 rad/s, respectively. The peaks on the frequency-response curves of the rotor system
almost disappear with the HN control and the vibrations of the rotor system in the critical angular speed
regions are completely suppressed. Without the HN control, transient responses in the time domain attenuate
slowly in Figs. 7 and 9. The transient responses of the discs attenuate quickly with the HN control, but the
transient-response performances are not so good and the transient response to decay takes a long time.
The frequency response of disc B is larger than that of disc A and the locations of the peaks are same without
the HN control. The vibrations of the both discs are effectively suppressed in the critical angular speed regions
with the HN control. Similarly, the transient response of disc B is larger than that of disc A without the HN

control. The transient responses of both discs attenuate with the HN control.
With and without the H2 control, the frequency and the transient responses of disc A under El Centro

seismic excitation are shown in Figs. 10 and 11, respectively. Without the H2 control, there are five peaks on
Fig. 6. Frequency response of disc A with the HN control.

Fig. 7. Impulse response of disc A with the HN control.
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Fig. 8. Frequency response of disc B with the HN control.

Fig. 9. Impulse response of disc B with the HN control.

Fig. 10. Frequency response of disc A with the H2 control.

Y. Chen, C. Zhu / Journal of Sound and Vibration 314 (2008) 53–6964



ARTICLE IN PRESS

Fig. 11. Impulse response of disc A with the H2 control.

Y. Chen, C. Zhu / Journal of Sound and Vibration 314 (2008) 53–69 65
the frequency response in Fig. 10. The vibration of disc A are suppressed in the critical angular speed regions
in some extent with the H2 control, but the frequency-response performance is not so good. The transient
response of disc A attenuates slowly without the H2 control and the transient response of disc A attenuates
very quickly with the H2 control in Fig. 11. The transient response of disc A attenuates completely after half-
second.

In the mixed H2/HN control, the HN performance index g has a great effect on the control effectiveness.
From Eq. (7), we know that g is the supermum of the root mean square gain for the transfer function Tzw from
the exogenous disturbance to the controlled output, which denotes the effects of the exogenous disturbance on
the controlled output. Therefore, the HN performance index g is determined by the exogenous disturbance
in the practical design. The smaller the HN performance index g is, the better the control effectiveness is in
theory. The main factor considering in choosing the HN performance index g is the exogenous disturbance in
practice. In Ref. [18], the peak value of the seismic acceleration is 7.29m/s2, g is selected as 0.125, the desired
performance is guaranteed. The seismic excitation combined with the rotor unbalance excitation as the
exogenous disturbance of the double-disc cantilever flexible rotor system was considered. The maximum
equivalent acceleration due to the seismic excitation and the rotor unbalance is smaller than 7.29 in our
analysis, so g ¼ 0.125 is chosen in our analysis in order to guarantee the desired performance of the double-
disc cantilever flexible rotor system.

When g ¼ 0.125, with and without the H2/HN control, the frequency response and the transient response of
disc A under El Centro seismic excitation are shown in Figs. 12 and 13, respectively. It is shown that there are
five peaks on the frequency response without the H2/HN control and the peaks disappear on the frequency
response of disc A with the mixed H2/HN control. The displacement response of disc A is effectively
suppressed in the frequency domain and the control effectiveness is quite good for this case. The transient
response of disc A attenuates slowly without the mixed H2/HN control and the transient response of disc
A attenuates very quickly with the mixed H2/HN control. The transient response of disc A with the mixed
H2/HN control attenuates more quickly than that with the pure HN control in Figs. 7 and 9 and completely
attenuates after half-second. Therefore, the improvement of the time response of the rotor system due to
introduction of the H2 control in the HN control is very obvious.

The frequency responses and the transient responses of disc A with the mixed H2/HN control under
different HN performance indices g are shown in Figs. 14–19, respectively. It is shown that the effectiveness of
the mixed H2/HN control on the displacement responses of disc A at the critical frequency regions greatly
depends on the HN performance index g. As the HN performance index g in the mixed H2/HN control
increases, the displacements of disc A at the critical frequency regions in the frequency-response curves
increase obviously and the transient response of disc A attenuates slowly. The control effectiveness of the
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Fig. 13. Impulse response of disc A with the mixed H2/HN control.

Fig. 14. Frequency response of disc A with the mixed H2/HN control for g ¼ 0.25.

Fig. 12. Frequency response of disc A with mixed H2/HN control.
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Fig. 15. Impulse response of disc A with the mixed H2/HN control for g ¼ 0.25.

Fig. 16. Frequency response of disc A with the mixed H2/HN control for g ¼ 0.5.

Fig. 17. Impulse response of disc A with the mixed H2/HN control for g ¼ 0.5.
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Fig. 18. Frequency response of disc A with the mixed H2/HN control for g ¼ 1.

Fig. 19. Impulse response of disc A with the mixed H2/HN control for g ¼ 1.
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mixed H2/HN control to disc A becomes worse with an increase of HN performance index g in both the
frequency and the time domains. Therefore, a small feasible HN performance index g should be selected in
practical active vibration control design of the flexible rotor system.

6. Conclusions

The H2, HN and mixed H2/HN control strategies were formulated, respectively, by means of the LMI. An
active vibration control for a double-disc cantilever flexible rotor system under seismic excitation were
analysed by the H2, HN and mixed H2/HN control strategies, respectively. It is shown that for the HN

control, the displacement responses of a rotor system in the frequency domain are effectively suppressed at the
critical angular frequencies regions of a rotor system, but the transient-response performances are not so good.
For the H2 control, the transient responses of the discs attenuate very quickly, but the frequency-response
performances are not so good. For the mixed H2/HN control, the control effectiveness depends on the HN

performance index. The effectiveness of the mixed H2/HN control to the rotor systems becomes worse with
increment of HN performance index. If the HN performance index is properly chosen, the mixed H2/HN
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control can effectively suppress both the displacement responses of a rotor system in the frequency domain
and the transient vibration of a rotor system in time domain.
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