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Abstract

This paper discusses theoretical and experimental investigations of vibrations of an autoparametric system composed of
two beams with rectangular cross sections. Different flexibilities in the two orthogonal directions are the specific features of
the structure. Differential equations of motion and associated boundary conditions, up to third-order approximation, are
derived by application of the Hamilton principle of least action. Experimental response of the system, tuned for the 1:4
internal resonance condition, are performed for random and harmonic excitations. The most important vibration modes
are extracted from a real mechanical system. It is shown that certain modes in the stiff and flexible directions of both beams
may interact, and, intuitively unexpected out-of-plane motion may appear. Preliminary numerical calculations, based on
the mathematical model, are also presented.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Beam structures are common in mechanical and civil engineering [1,2]. Linear and nonlinear models of a
single beam have been studied extensively in many papers. Large vibrations of non-planar motion of un-
extendable beams are considered in Ref. [3]. Equation of motions with nonlinear curvatures and nonlinear
inertia terms are derived systematically up to the third-order approximation, taking bending about two
principal axes and torsion of the beam into account. The reduction of the model to two differential equations
is carried out by expressing twisting of the beam versus bending in two directions. The response of such a
nonlinear model, when excited harmonically by an external distributed force, is presented in Ref. [4]. Paper [5]
presents the influence of parametric excitation on a single vertical beam response generated in a perpendicular
plane to that of the excitation. It is shown that a few resonances can be excited simultaneously and that a
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weaker type of coupling can modify that of stronger coupling to a significant extent. Non-planar motion of a
metal cantilever beam excited by vertical harmonic motion of the support is also presented in Ref. [6].
Bifurcation analyses show different possible vibrations of the beam and five branches of the dynamic solution.
Periodic, quasi-periodic and chaotic motions are found near the main parametric resonance. Because of a well
separated torsional frequency, the influence of torsional inertia is neglected in the model. A study of nonlinear
vibrations of metallic cantilever beams subjected to transverse harmonic excitations is given in Ref. [7], where
experimental and theoretical results are presented. The energy transfer between widely spaced modes via
modulation, both, in the presence and absence, of a one-to-one internal resonance is shown. Reduced-order
models using the Galerkin discretisation method are also developed to predict observed experimental motions.

More complicated situation may appear when instead of a single beam, a set of coupled beams is to be
analysed. Due to internal coupling, caused by nonlinear terms resulting from nonlinear geometry and inertia,
autoparametric vibrations may appear [8]. In such a case, one subsystem becomes a source of excitation for
the other, and under some conditions it may lead to an increase in vibration amplitude and, moreover, an
energy transfer between different vibration modes [9]. This kind of coupling appears in, so-called, “L”’ shaped
beam structures. In-plane motion analysis of such coupled beams is presented in Ref. [10]. Derivation of the
equations of motion and dynamical boundary condition are shown there for a structure flexible in one vertical
plane and stiff in the orthogonal direction. Analytical solutions are found in the neighbourhood of the
principal parametric resonance and for a 2:1 internal resonance, when the strongest coupling takes place.
Primary resonance of the first and the second mode, and prediction of the Hopf bifurcation, are determined
analytically. Experimental tests of nonlinear motion in a coupled beam structure with quadratic nonlinearities
are discussed in Refs. [11,12]. Periodic, quasi-periodic, and chaotic responses, predicted by theory are
confirmed experimentally. It is shown that under the 2:1 internal resonance, a very small excitation can lead to
chaotic response of the structure.

Another type of the “L” shaped metal beam structure is explored in Refs. [13—18]. The difference between
this and the models just summarised is that the beams are coupled in such a way that their stiffnesses are
essentially different in two orthogonal directions (see Fig. 1). The effect of nonlinear coupling between
bending modes of vibration is investigated theoretically and experimentally in Refs. [13,14]. The nonlinear
forced vibration responses show jumps at entry and exits frequencies. Small nonlinear interactions have
significant effect under the 2:1 internal resonance condition. A four-mode interaction exhibits large amplitudes
of indirectly excited modes and saturation of the directly excited mode. Planar and non-planar motions of the
vertical beam for two simultaneous internal resonance conditions are presented in Ref. [15]. The combination
and internal resonances give complicated responses and intermodal energy exchange effects, for small changes
in external and internal tuning. Differential equations of motion have been derived taking into account
bending of the horizontal beam, and bending/torsion of the vertical beam. It is shown in Ref. [16] that violent
non-synchronous torsion and bending vibrations occur as a result of the existence of quadratic nonlinear
coupling terms, and internal resonance effects caused by strong four-mode interactions.
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Fig. 1. Model of the structure.
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In spite of extensive investigations of the ““L”” shaped beam structure, there are no literature analyses, to the
authors’ knowledge, that take interaction between torsion and bending in both of the coupled beams into
account. The development of the mathematical modelling is particularly important if the structure is made of
composite material. Additional interactions of the composite structure can be observed because of a natural
closeness of the torsional and bending mode frequencies, which are usually well separated for metallic
structures.

This paper gives an extension of the analysis of the coupled beam structure presented in papers [13—18]. The
systematic derivation of the differential equations of motions and associated boundary conditions up to the
third-order approximation are given in the first part. Then, the results of preliminary experimental tests and
numerical simulations for out-of-plane motion, the modal interactions and their influence on the structure’s
response phenomena are presented in the second part.

2. Model of the structure

The structure considered in this paper consists of two slender glass epoxy composite beams with reinforcing
fibres orientated in the directions given by 0/90/45/-45/45/90/0 (Fig. 1). Both beams are of rectangular cross-
section and are fixed in such a way that their flexibilities are essentially different in the horizontal and vertical
directions [18]. They are clamped together at point C, while the horizontal (primary) beam is fixed at the
support B and can be excited by a shaker in the Y; direction. A lumped mass 4 attached at the top of the
vertical (secondary) beam allows for tuning of the structure for the required dynamical conditions.

The deformed structure and the assumed coordinate systems are presented in Fig. 2. The axes X, Y1, Z; are
assumed to be inertial with their origin at point B, while the set X», Y5, Z, is attached to the centre of the
cross-section at point C and overlaps the principal axes of the beam cross-section. Frames &;, #7;, {; and
&y, 1y, (5 are the principal axes of the beam cross-section at arbitrary positions s and s, for the primary and
secondary beams, respectively. The components u;(sy, ¢), v1(s1, £), wi(s1, ) and u(s3, t), v2(s2, 1), wa(s2, ) denote
the elastic displacement of the cross-section centres of the primary and secondary beams (points O, and O,) in
the X, Y,Z, and X,, Y, Z, coordinate sets, respectively, while ¢ (s1,?), ¥,(s1,7), 01(s1,7) and ¢,(s2,1),
W, (s2,1), 02(s2, f) represent the rotations expressed by the Euler angles.

3. Equations of motion

The equations of free vibration of the structure given in Fig. 1 are derived by applying Hamilton’s principle
of least action,

15}
8/ (T = Vi+F1+Ty,—=Vo+Fo+Tc—Vc+Ty—V,y)dt=0, (1)
1
where T4, V1, Fy, T, V>, F> denote the kinetic and potential energies and the constraint equations of the
primary and the secondary beams, and T¢, V¢, T4, V4, the kinetic and potential energies of the masses C and
A, respectively.

By introducing the notation T — V| + F; = fé‘ hds),, Th—Vis+Fr,= folz hydsy, Eq. (1) can then be
re-written in the form

%) 1 15
/ ( ohy dsy +/ Shydsy +Tec—Ve+Ty— VA> dt = 0. 2)
I3t 0 0

The kinetic energy of the primary beam results from translational and rotational motions of the element
shown in Fig. 2a

h
T, = 7/ (plAl (V«%ﬂ + V)Z’l + V—%l) +151w§1 +I”1w§1 —l—Ig]COg]) dS], (3)
0

where p;, A denote density and cross-sectional area of the primary beam, and I¢,I,1,I;; are the principal
mass moments of inertia of the beam per unit length. Velocity components of the translational motion take the
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Fig. 2. Deflected beam structure: (a) primary beam and (b) secondary beam.

form
Vx1 = 1’217 V}’] = 1}15 VZI = }ijl’ (4)

where the dot denotes the time derivative. Assuming that the beam is un-extendable, and that there is no shear
deformation, we can express 6; and ; versus deformations u;, vy, wy, and then angular velocities can be
determined from the rotation of the cross-section which, after expanding of the trigonometric functions in
power series, gives [3]

y YA
we, = ¢y + Vywy,
_ a/ ./ l 2 o/ l /2 ./
Wy, = GV — W+ 507w — W Wy,
. 1.2 1.2 ./ ;o
Wy, = V1 — 3701 + 507001 + gy + viwwy, (5)
where the prime denotes the space derivative.

Taking into account the geometry of the beam of Fig. 2(a), we can assume that the angular velocity with
respect to the #; axis, and the mass moment of inertia relative to the {; axis, are relatively small, therefore,

2 ~ ~
CL),71 = 0, Igl ~ 0.
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Thus we keep only that part of the kinetic energy that corresponds to rotation with respect to the &; axis:

wg = ¢y + Ywy. (6)

Potential energy is determined in bending about the two principal axes #;, {;, and in torsion about axis ¢;,
Loh 2 2 2

Vi= 5/0 (Dc'lpgl + Dy, p;, +Dg1,051) dsy, (7

where D¢, = GJ¢ means the torsional stiffness, D,, = E1J,, D¢, = E1J¢, flexural stiffnesses and Pers Py1s Pri
are the curvatures, determined from the angular velocities by using Kirchhoff’s kinetic analogue [6]:
Pe, = ¢+ wiol,
= ¢y — W] + 12w — L,
pe, =V — 1pto] év’zv/{ + Py + viwwl. (3)

The constraint equation for the primary beam has the form,

I
F, =/ A0 = ((1+u)? + 07 +wh)ds), 9)
0

where 1 is the Lagrange multiplier.

The kinetic energy of the secondary beam is calculated by taking into account the velocity Vg, of the centre
of the cross-section O, related to the translational and angular motions of set X, Y, Z; which has its origin at
point C, together with the relative velocity V,. It can be written in vector form,

Vo,= Vetoec X 14V, (10)

where 1, = [up, vz, ws].
Applying, and then projecting the velocity components onto the X, Y,Z, coordinate set we get the kinetic
energy of the secondary beam,

1 h
T>=3 /0 (paa (V2 + V2 + V2) + 108 + 1,07, + 15,07, ) dss. (11)

Absolute velocity components projected onto the moving frame take the forms
. . ; . . . . 2 2
Vi =i+ ¢1c0Wic — v2(pic + 0y W) — wa@ ¢ + d1oWic) + UlC(l - %¢1c %’Jllc)
+ thc(=the — $reWio)s
Vy2 =0+ (52 + Uz)(¢1c + i/lcw/]c) + Wz(‘f)lci’,]c - W/lc) + alC(¢1cU,1C - Wac)
. . 2 2
e~ vhewie) +ine(1 - ot — ).
. . . 2 . . 2 .
V., =Wy = (52 + w)(@)c + droWie) + 52 (%QSICUIIC - %U/ICUIIC - W/ICU,ICW/IC)
) . . . . 2 2
+ v2(1 ) — Wie) + Dictyc + Wiew)e + ulc(l —Wie— ;W/IC) (12)
Making assumptions similar to those of the primary beam,

o> =0, I, =0,

N 2

we get

Wz, = §y + Dy, (13)

The potential energy of the secondary beam is expressed in the second local coordinate set, denoted by
index 2, and has an equivalent form to that of the primary beam,

1 [~
VZ = 5/0 (Déngz + Dﬂzpiz + Dgzpi) dS2 (14)
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with torsional and flexural stiffnesses,
D¢, = Godi,, Dy, = Eady,, Dy, = EaJy,
and curvatures
U/
pe, = 5 + wht,
2.1 12
Py = ot — Wi + 3w — Iw'owl,
R 2. 1 12 1 s
pe, = V5 — 2(;521;2 + 50505 + G 4+ vhwhHws. (15)
The constraint equation for the secondary beam is defined as

153
Fr= | 21— (1 + i) 45+ w3))ds,. (16)
0

To obtain the differential equations of motion it is necessary to determine the variations of the functions /4,
and h,, L4, and L,

1 . . . y ./ ’o / /
oh = 6 op;, p:col{q&l,ul,vl,wl,qﬁl,vl,ul,vl,wl,(pl,vl,wl,/ll} 17
... . ./ ’
5 2 oh, 5 q = col{uz v2, W, Py, 12, T2, W2, by, Uy, Uy, U5, Wh, s, U5, WY, a18)
2= qi5 . . . y / / ./ ./
i=1 aqz 127¢1C7u]CavIC7M;1C7(/)lC7UIC: M}ICavchM/lC}a
8LC_ E a 8pC19 pC:COl{Ula(b]salsﬁlsm.}ly(blav/]aM/]sl;/lsu.}/]}s (19)
Pci
. . . y ey /
I aLA 44 = COI{uZa U2, W2, ¢2’ U, U2, W2, ¢2s Uy, Wy, Uy, (20)
A= E L L
a AI W/z, (blc’ Uic,vic, Wic, ¢1c, U/IC’ W/lcs Vics W1C}~

Next, integrating by parts with respect to time limits #; and ¢,, and remembering that variations at the time
instances f; and ¢, are equal to zero we get,

L orh O’y O*hy O’ o’ o*hy o’
—_—— dup + | — =+ = — =+ ==3 ) du
1 0 Ouy 0t Ou) Os; 0v; 0t = Ov) 0s; 0t  Ov) Os;  Ov) Osj
o*hy O*hy o*h oh, Ol *hy ah1
- - S L 82 d
+( o 1 awqalerawg/as%) "t \og T oag o aos ) 00T L
LT /dh,  hy,  Ohy oh, Ohy Ohy O*hy o*hy
D S . - S
+ /0 Kau2 din Ot 6u/2652) ”2+(auz o020t 3, 05, 01 augasﬁaugasg) v
ohy *hy o*hy o*hy ohy, Ohy *hy
R — S e B 280, ds bdr=0. (21
(aw2 o0t Owyos; | owjost) 3by 0p,0t 0,08 002+ az il 0. @b

From that point, integrating by parts with respect to the space coordinates s; and s,, and then collecting
terms for proper variations, up to the third order, we get successive differential equations of motions:

o for the primary beam
variation du,

—plAll:i] +/11u’1’=0, (22)
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variation 6v;
= prvin 2+ Da (=i — oW} — wi'(9h + 2mw0]) — 2020w + o] + ¢)
+ Dy (Y by — oY 97 + 20 9} — 401§ — 20/(9] + 1)) + b))
+ DCI(_U{V(I - ¢1 + v ) - W1 V() + viwh) + 407 (g @) — vy o) — w2 + wivl + 3viwy)
+ QP T — 0T — w4 2¢,47) — W ”) IOV )+ Wiy + 20,5 + W)+ 28]
+ (g A+ 2048 + 26007)) + i) =
variation dw,
—mmM+1WHJh@W%+2MWHW@W+%WW+%K"WU—%
+ 01y + 207 + 4w (¢ ¢ — wiw)) + w20 — W' +2¢,¢7) + o} )
+ Dcl(—’h (o) + vhwy) — W1V¢1 v} + 3wiv] + Vi) — 4w ¢
W1(2¢/2 +07 120,97 — Vi) + Li(— U1¢1 v W1 ¢y — 2wy 0,0)) = 0,
variation d¢,
De (V)W) + W] + ¢]) + D,,l(—qSIU’ |+ oiw] + ¢1w"2
+ Dgl(qﬁlv”% —vfw] — (;Slw”%) + 11(—, — Wi, — 0)i)) =0,
variation 84,

(I=[A+ )+ +w)=0.

e for the secondary beam
variation du,

. 22 y . .
prAx(—ity — UlC(l - %‘ﬁ%c év/%c) +52(¢pjc+ 0 %C + 20,00 10W e + 2¢1cV1cW) )

.0 ) . . . . " .y "
+ i+ Vic) + oA+ U/1c + 201 0W) ¢ + Ty oW o) + wal@ o + d1oe)
+ 21}2(‘2’1C + 01 o Wie) + eVl e + d1ewie) — Wicd ) + Aausy =0,

variation dv,

poAa(=t2 — WIC( —1Pic —w 1c) —52(brc+ Pretie — GroW e + Fewie) — uaie + B ewlo)

+ Uz(éfc W) Wit ¢ — 2i(y ¢ + B oWie) + ic(Wi e — brevie) + Bre ewie + éie)

+ 2o + Dey(— Py wh — vV w3 — W (dh + 2wil)) — 2wi(uy W,y + U’Z/w/z/ + ¢5))

+ Dip (Y by — 15 ¢35 + 2wy — 405 ¢ — (¢/2 + $2p3) + Wi3)

+ D(z(—UIV(l — 3+ 17/2) — Wy (¢ + vhwh) + 405 (o by — vhV5) — w5 (2 + whoy + 3uhw)
VQRP2 — "2 — W' 2,0) — wi) + Lo (Wb + wh(dhy + 2005 + whih + 2044

+ W/Z/(Q')z + 2wyl + 20503) + ¢2W2) =0,

variation dw,

(23)

24)

(25)

(26)

27)

(28)

pr (—1'4'/2 e (ij,lc(] —ic+aw 10) + (e + vewie) + i@ ie + v IC)) + (@ e + d1oWic)

" " 2 R o L
+ 020V ¢ = 1) ) + w20 ¢ + W) + 2inc(@y vy + WieWie) — 201cl) ¢ — 2WieW) e

. 1,72 1.2 - / . ’ ” 7" o 72 1o
_ulc(l — e — 3w 1C> — bicte — chwlc) + Jowi 4 D (U5 (@ + 2whthy) 4+ v owh + U5 5)
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2
+ Dy (=¥ (1 — 3 + w3) 4 05 by 4 205 Pl + 4w (hypy — whw)
2 2
w520 = W'y + 20295) + v57) + Dea(— 03" (5 + vpw))
= RY93 — 0 (204 + 3whol - ohws) — 4w oy = wHQH + 03 + 20067) — 5%
+ Ia(—ihdy — #3w5 — yth — 2wyie) = 0, (29)
variation 3¢,

D (V5 wh + vywh + ¢3) + Dyn(— ot + vhwh + w3

+ Doa(yt"5 — V5w — pow''3) + In(—y — whity — dhih) = 0, (30)
variation 64,
(1= [+ ) + 2+ w2 =0. 31)

The components obtained from integration by parts for the limits s; =0, s; = /; and s, =0, s, = », and
then grouped for the appropriate variations, give the associated boundary conditions as follows:

® at point B, s; =0

wmp=0, vip=0, wp=0, ¢p=0, vizF=0, wz=0, (32)

® at point C, sy =1, 5, =0
variation du; ¢

—a(I 4+ uye) = pyAabaiing + iirc — Lt/ 1] — mciive — malivoa + iirc — lv'1c] + HOT = 0, (33)
variation ov;¢
Dvie — Mvi ¢ — pyAabaliing + V1c] — meg — mcebic — mag — mylig + 61c] + HOT =0,  (34)
variation dw ¢
D,ﬂwll//c — ;le/lc — py A2 lo[tag + W1 + lZ(If.)IC] — mewic — mylvag + Wic + lz(.i)IC] + HOT =0, (35)
variation 3¢ ¢
— D1l — prAaballa(ing +Voic) + Byl — Ieedi o — malla(ina + i) + By ]
+myg(v24 + L) + HOT = 0, (36)

. ,
variation ov'; ¢

— Doyt — prAala[—la (g + i) + By ) — Ly

— M=l + iirc) + B ] = mag(waa — bt o) + HOT = 0, (37)
variation ow'q¢
—Dw{c — IcyWyc + HOT = 0. (38)
® at point A, s =1,
variation dus 4
—lo(1 +uy,) — myg — myling + ¥1¢] + HOT =0, (39)

variation 6v, 4

Doty — Jatly , — magdyc — maling + Wwic + laé ]+ HOT =0, (40)
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variation ow, 4

Dipws'y — Jowhy 4 — magvc — malng + it — L) o] + HOT =0, (41)

variation d¢» 4
—Dahy — Lachrg +HOT =0, (42)

variation 6v'5 4
—Dptly, — 4t + HOT = 0, (43)

variation dw',4
—Dypwy, — Ly, + HOT = 0. (44)

Equations for the boundary conditions are given up to the first-order terms while the second and third
orders are written by the abbreviation HOT (higher order terms). Indices 4, B and C denote values at the
proper points. Note that to have consistency in Eqgs. (33)—(38) variations of the secondary beam at point s, = 0
are expressed by variations of the primary beam at s; = /;, by using a transformation of the local to the
absolute set of coordinates.

The derived partial differential equations which describe the problem consist of the geometrical and inertial
nonlinear terms and nonlinear, non-homogenous, dynamical boundary conditions. To solve this set of
nonlinear equations of motion, and the nonlinear boundary conditions, an approximate analytical method has
to be applied. It requires an appropriate assumption for the admissible vibration modes which will then satisfy
the boundary conditions to the required perturbation order accuracy. However, to make proper assumptions
for this further work on an approximate analytical approach, certain experimental and numerical (finite
element analysis (FEA)) tests had to be undertaken, and these are presented in the next section.

Determining the Lagrange multipliers and then introducing dimensionless time 7 = wt, where

w= \/D;I/plAll?, and dimensionless coefficients

Di ~ Dy ~ Do «~ Dp =~ Dp o=

o D¢, /L Dy, 2 D, 2 Dy, = Dy,

D¢y D¢y Dy Dy Dy
fee _ [ce foy _ Ic feg _ [ce az _j ¢ A _ g ae g ¢

- 5 - 3 /K - 23— (o — 3 — L4 — L An» — L 4¢

pA pr AL ' pAil pr ALy pr AL ! pr AL

@+ . a+b . Ay . Axlp ~ my ~ mc ~
=1, 2 2=1, P22y, 2222y, =My, = Mc,
121 1217 p1 A1 A1l pr Al 1Al

L - g g 3

l] 25 g 602[] DC] pl 141>

we get equations of motions and the boundary conditions in dimensionless form (the “‘tilde” used for
dimensionless parameters definition has been dropped for simplicity):

® v, direction
= 20+ Dar )y — oS — -+ 20400) = 20+ ]+ )
+ Dy (Y by — oY b7 + 207 ) — 4 — 20(($'T + 1)+ w{ )
+ (=1 = @2+ 0D — wiV (@, + )W) + 4], b — v\ 0) — WP+ Wi + 30 w)
F QP T — " =W+ 2¢,07) — W)+ TLOV, ) A Wiy + 20, + wli! + 20,
+ (g + 2wl + 2000) + i) = 0, (45)
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® w, direction
— 301+ W]+ D V(P + 2w, ) + 0w+ 0l dY)
+ Dy (=} (1= 7 + W) + 0V by + 207 + 4w (1) — wiw) + (29T — w7+ 2¢,67) + v”¢>”)
’ / ’ " 2 2 /
+ (=Y () + vhw)) — WiV BT — v Qe + 3wio] + ) — dwl' i — w29 + T + 2¢,0]) — v]¢))
(=0, — 0w — 8! — 2wl i i) =0, (46)

® ¢ direction
Dar(u)'w} + 0} + ) + Dy (—byt”3 + o] + ') + (10" = o — '3
+ 11(—4’1 — Wi — o)) =0, 47)

® v, direction
(=i — WlC( — 3¢l — 3w 10) —s2(bic+ Pt ic — ProWic + Hiewie) — wadic + Fiewie)
+ v2(¢1c + Wﬁc) + Wi o = 2i(di o + By oWy o) F ilicWie — d1cv)e) + e ewie + d10))
+ /ot + Dea(— qﬁ’z”w'z - véVW’g Wy (5 + 2wht) — 2wh (205w + viw) + ¢5))
+ Dyp(w oy — 0 3 + 205y — 405 oy — U”(¢,2 + 2¢7) + W)
+ Dep(—vy (1 — ¢2 + “ — wh (452 + vyw)y) + 40y (95 — vhvy) — W' (2, + whvy + 3vhwy
+ v’2’(2<,b 5 — v”% w”% +2¢,95) — whd5) + Izmz(wzq_’)z + w2(¢2 + 2Wht + whith + 2050
+ W (y + 2wy 4 2050) + i) = 0, (48)

® w5 direction
. . 2
" (—W2 + 52 (U/IC(I —3bic + é’/lc) +ic(brc + viewie) + @i + 0 1c)) + By + droivie)
+ DZ(WIIC — d)lCij/]C) + Wz(f)/lc + WIIC) + 21/21@(1')/1CU,1C + W/ICWIIC) - 2l>1cl>,1C — 2W1Cw/lc
—iilc(l év’fc ;W’fc) — bt — v'ich/lc) + 2aWy + Dy (v () + 2whel)) + v 3wl + Vil
+ Dp(—w¥ (1 — ¢35 + W3) 4 08 by + 205 By + 4w (hypy — whwl) 4+ w (2(/5 — W3+ 2¢,0) + vy
+ Dpa(—0 (¢ + vhwh) — Wi 3 — 0] 2y 4 3whvly + vhwh) — 4wl po )
— WP+ 0"+ 20,0%) — DY) + Tamy(—ihey — 02w — o) — 2whiydlh) = 0, (49)

® ¢, direction
Der (V)W + V3wY + ¢) 4 Dya(—do"5 + V5w + ¢aw'3) + Dea(pyt’5 — vyl — ow'
+ Izmz(—¢2 — whity — Dyih) = 0. (50)

The dimensionless boundary conditions are stated as

e at point B
vig=0, wig=0, ¢3=0, V=0, w=0, (51)
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e at point C
Ve = Mvie — (Ma+ M )iiaa + B1c) — Mc(@Bic + g%) — M 49* =0,
Dywic — 2awic — (M2 + M 1)(b24 + Wic + Laic) — M = 0,
Dl + Teehic + (Ma + M g)Lo(ing +01c + Lo o) — M ag*(vas + Lacp; ) = 0,
Ve + Teet e — (My + M) Lo(Wayg + iive — Loty o) + M 4g*(wag — Lot ) =0,
Dywic+ IcyWie =0, (52)

e at point 4
Deatlyy — dathy — M 424 + 0ic + Lo + ¥ 1) = 0,

Dypwyy — Jawhy — M 4(Wou + i — Lot + g%} ) = 0,

Deaadph g + Lazhry =0,

Deavyy + Lach, =0,

Dyl + Ly, = 0. (53)

The Lagrange multipliers /1, and 4, are determined on the basis of the equations of motion and boundary
conditions for the u; and u, directions, respectively,

S1
A= / i dsy — [(Ma 4+ M ) (24 + i — Loty o) + M ciiic), (54)
1

2 . 1 1 22 -2 o -
Jo = / ny {uz + Ulc(l - Eﬁb%c - EUI%C) —52(1c + Ve + 2010 Wi e + 20100 W)
L

2

2 <2 - -2 . w - .
— (e + 1) — 02(Pic + Ve + 20 Wi + Bewi ) — wat'ic + ¢ )
— 2001 e + By Wi o) — e + Prewie) + W1C¢1ci| dsy — M 4(iiog + D1 + g%). (55)

Because coordinates u; and u, are dependent on the v, wy, vy, wp variables, then the following equations
have to be taken into account in the equations of motion given above:

1 1o
Uy = —E(v’f +w), w = —5/ 7+ w?)dsi,
0

I e
u/2 = — E(p/g + w/g , Uy = _E/ (v/g + W/g) ds,.
0

Finally we get six coupled equations of motion and 15 boundary conditions.

4. Experiment and finite element analysis

The experimental setup used for the testing work is composed of a high-end proprietary modal analysis
system, spectral acquisition software, and an electrically matched shaker with control of the excitation level.
The signals are measured by three small, low mass, piezo-sensors and a piezo-sensor is used for monitoring the
excitation. The arrows in Fig. 1 indicate the orientations of the sensors used in the experimental tests.

Preliminary experimental investigations consisted of tuning the structure for chosen bending and torsional
natural frequencies of the structure. The frequencies are determined by modal analysis of the system response
activated by an impact. By modification of lumped masses 4 and C and the length of the primary beam, the
system has been tuned for a 1:4 ratio of the first bending frequency of the primary beam (ws1;y = 3.61 Hz) and
the first bending frequency of the secondary beam (wp i1y = 14.45Hz). The torsional frequency of the primary
beam, when the whole structure is fixed, has also been measured (1) = ~4.9 Hz). The parameters of the
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tuned structure are listed in Table 1. After the tuning procedure, the whole structure is mounted on the shaker
and then excited by a random excitation over the band from 0 to 40 Hz. This test enables the main resonant
responses of the system to be found. Figs. 3 and 4 show, respectively, the frequency spectra of the system
responses obtained from sensors no. 1 (Z direction) and no. 3 (Y direction). The highest peaks in Fig. 3
correspond to the resonant frequencies of the system, which in a linear system are equal to the natural
frequencies. Individual peaks, in turn, correspond to the first bending frequency wpiqy = 3.61 Hz, the first
torsional frequency w1y = 4.9 Hz, and the second free bending frequency wpqy = 15.50 Hz, of the primary
beam. Because of the positioning of the sensor no. 3, Fig. 4 mainly shows the dynamics of the primary beam.
The closeness of the torsion and bending frequencies is a typical feature of such a structure when made of
composite material. For geometrically equivalent aluminium or steel beams, the torsion natural frequency
would tend to be remote from the bending frequencies.

The structure has been also modelled in the ABAQUS™ commercial finite element code for natural
frequencies and mode shape extraction. The composite beams are modelled by fully integrated shell elements
S4 with 6 degrees of freedom per node and a consistent mass matrix. The eclements are based on
Mindlin—Reissner theory with finite membrane strain. The material is a layered composite material with
proper orientation of each orthotropic layer, and with three integration points through the thickness.

Table 1

Parameters for structure after tuning 1:4

Length of horizontal beam 236 mm
Length of vertical beam 201 mm
Mass A value 153¢g
Mass C value 380¢g
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< -
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Fig. 3. Spectrum of the response measured by sensor no. 1.
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Fig. 4. Spectrum of the response measured by sensor no. 3.
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The natural frequency and mode extraction procedure was applied after one geometrically nonlinear step of
gravity loading of the flexible L-beam structure. In this way, the reference state of the structure accounts for
the large displacements and rotations leading to its deformed shape and the stiffness matrix used in the
analysis is the tangential stiffness of the deformed structure. The nonlinear preloading gives up to 2.5%
difference in the natural frequencies from the case of the unloaded structure.

The results based on the modal analysis of the finite element method (FEM) model and those obtained
experimentally are compared in Table 2. Vibration modes which correspond to the frequencies presented in
Table 2 are shown in Fig. 5. For better visualisation the modes of vibrations are plotted together with the
undeformed model. The first mode with the lowest frequency value, that is 3.61 Hz (the first peak in Figs. 3
and 4) is given in Fig. 5(a), evidently the first bending mode of the primary beam is responsible for the
dynamics. The vertical beam moves in the vertical plane as a solid body. The mode at 4.9 Hz represents torsion
of the primary beam (Fig. 5(b), the second peak in Fig. 3) while the mode at 15.5 Hz corresponds to the second
bending mode of the primary beam (Fig. 5(c) and the third peak in Figs. 3 and 4). It is worth noting that the
three lowest vibration modes, which have been separated by linear modal analysis, only exhibit deformations
in bending and torsion of the primary beam. The secondary beam, which has the same cross-section, remains
undeformed.

Table 2
Comparison—experiment and FEM results

Physical model (Hz) FEM model (Hz)
Fig. 5(a) 3.61 3.78
Fig. 5(b) 4.90 4.21
Fig. 5(c) 15.50 16.10
Fig. 5(d) 29.60 29.25

Fig. 5. Vibration modes of the structure: (a) the first bending mode of the primary beam; (b) the first torsional mode of the primary beam;
(c) the second bending mode of the primary beam; and (d) the first bending mode of the primary beam in the stiffer direction coupled with
bending mode of the secondary beam.
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Fig. 6. Experimental modal analysis, equivalent to Fig. 5(d).

An interesting phenomenon has been observed by studying the fourth peak of Fig. 3 in detail. For this
frequency the bending mode of the vertical beam is excited, and, due to interaction, the bending mode of the
horizontal beam in the stiff direction is excited too. Point C moves in the horizontal plane while the node of
vibration is localised very close to point 4 (top mass). This out-of-plane motion is presented in Fig. 5(d) and it
is confirmed experimentally in Fig. 6. This (the fourth) mode of vibrations is the object of further analysis. The
authors have not found this kind of behaviour to be evident in “L”’-shaped structures before, nor does there
appear to be evidence of discussions of such phenomena in the literature. As evident in Table 2 experimental
and FEA results for this mode are in a very good agreement. The next paragraph presents preliminary
numerical investigations of this mode.

In many practical engineering applications, the control of the motion of the top mass 4 plays an important
role. Therefore, the influence of the internal resonance conditions on trajectories at this point is of interest. By
imposing harmonic excitations at different frequencies, in particular around the resonant areas, the response
of the system can be investigated in some detail. As mentioned earlier, the two first frequencies, torsional and
flexural, of the composite structure are very close localised. Therefore, behaviour of the system for excitations
close to the first torsional frequency of the primary beam, is studied experimentally, as well. To avoid damage
to the structure, and to get satisfactory signals, the amplitude of excitation has been carefully chosen. Fig. 7
shows trajectories of the top mass near the torsional resonance of the primary beam. The trajectories are
reconstructed by signals received from sensors no. 1 and 2. During transition through the resonance,
differences in the structural response are clearly visible. Inside the resonance area, near 4.9 Hz, the major axis
of an elliptic trajectory is almost parallel to the Z coordinate. Outside this resonance zone the axis rotates in
the clockwise direction and the trajectory, because of nonlinear interactions with other vibration modes,
assumes a more complex shape, reminiscent of a Lissajous figure.

5. Analysis of the out-of-plane response

To study the dynamical response of the system, the set of partial differential equations has been discretised
by applying the Galerkin method. Solutions of the system are assumed to be in the form

n n n
v =Y @i@oi(s), w1 =Y aw@u(s), b= api(®ogils),
i=1 i=1 i=1

Uy = ;bvi(f)ﬁvi(SZ)a Wy = ;bwi(f)ﬁwi(SZ)a (pbz = ;bd)i(r)ﬁfb[(SZ)’ (56)
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Fig. 7. Trajectories of the top mass.
where a,(), ai(t), agi(t), bu(t), byi(t), byi(t) are time dependent and are the so-called Galerkin coefficients.
oi(81), %wi(51), 0i(81)5 Bri(52)s Bri(52), Byi(s2) are corresponding mode shapes, and 7 is the number of assumed

modes. Note that the notation a(t) and o(s;) corresponds to the primary beam, and b(z), i(s,) to the secondary beam.

Substituting Eq. (56) into the partial differential Eqgs. (45)—(50) and assuming only one mode response for
each coordinate (n = 1), we get

dv + kavav = _8(Kaw,u</)awa¢ + ,udwﬂqﬁawdcb + ,uav,g'vavév + #a\t’,ﬁd)alt’&gb + ,uav’[;,,vavbw) + 82(' . ')a
&w + kawaw = _S(Kav,ad)avad) + ﬂau,d(pavdd) + /’taw,(}v(Z)ade + /ftuw,;‘,',,‘,awbw) + 82(- . -)a
dg + kapay = —e(Kap awavty + Hew ol + ﬂaw,éiu@)aw&v) + 32(~ )

50 + kpoby = — 8(,Uzjwdw + Mﬁ¢d¢ + wa,bd>bwb¢> + ,uljw,gd)b.w[;qﬁ + :uaw,iivawéb‘
+ :uaqb,iiva(ﬁdv + ﬂbv,&'vbli&v + tubw,&wbwdw + #bw,jﬁd)bwb¢) + 82(' . '),

Bw + kbwbw - - B(H&ydv + Kbv,bd)bvbgb + :uav,a'vdﬁ + de’,dltfdi' + ,ubl,’bd)bvbd) + :uav,évav&v
+ l’tbu!,ijyblvél} + Auuw,iiwawdw + :"Laqb,iiwa(f’éw + :ubv,iiwblidw) + 82(' . ')5

5(1) + kbd)qu = _S(Kbv,bwbvbw + ,ub'v,l;wévb'w + ﬂbwj/;l;bwév) + 32(- ). (57)

In this paper, the analytical approach is concentrated only on the out-of-plane motion, represented by the
fourth mode response, obtained by FEA (Fig. 5(d)), and confirmed by real experimental tests (Fig. 6).

However, the proposed Galerkin approach initially needs to be used to solve the nonlinear boundary
condition problem, and that can cause difficulty. Therefore, the mode shapes are determined on the basis of
FEM. Analysing in detail the deformations of the structure presented in Fig. 5(d) as obtained by FE method,
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it can be concluded that the total deformation can be composed of the individual modes of each beam, taking
into account their torsional and flexural deformation components. The out-of-plane motion consists of the
first shape modes for the wy, ¢, v2, w2, ¢, coordinates and the third mode for the v, coordinate. The mode
shapes presented in Fig. 8 are equivalent to those modes obtained from FEM. The shape functions presented

in Fig. 8 can be assumed to be in the classical form, e.g. in the v; direction

oy, = Cyy1 cosh(Asy) + Cyp sinh(dsy) + Cppz cos(Asy) + Cupa sin(Asy), (58)
(a) (b)
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Fig. 8. Shape functions of the out-of-plane resonance: (a) beam 1—bending in flexible direction; (b) beam 1—bending in stiff direction;
(c) beam 1—torsion; (d) beam 2—bending in flexible direction; (e) beam 2—bending in stiff direction; and (f) beam 2—torsion.
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Fig. 9. Phase trajectories of free vibrations obtained from numerical calculations: (a), (c), (¢) primary beam and (b), (d), (f) secondary
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while the orthogonality property of the assumed mode is defined by taking the attached lumped masses at
point C and A, and takes following form:

fori =,

1
()0t () dx + ot (Dt (1) = { (59)

0 fori#j,

where for the primary beam: m =my+ M4+ M for the «, and o, modes, and m = ({¢c: + M2L§ +
MAL%)/Il for the a, mode, and for the secondary beam m = M 4/m; for the f5, and f,, modes and m =
1 4¢/(my15) for the f, mode.

To simplify the integration procedure using the Mathematica® package, Eq. (58) have been approximated
by polynomials

O‘f = BowZS% + Bmﬁszls + -+ Bavlos}o- (60)

Definitions of the coefficients included in Egs. (57) are presented in Appendix A.

Physical data of the composite material such as Young’s modulus, Poisson’s ratio, density of the material,
etc., have been determined on the basis of several experimental tests. Physical data of the structure and the
coefficients of Eqs. (57) are included in Appendix A. From there a numerical model in the Matlab-Simulink
package could be created. The excitation has been included by adding the term ;09 cos 9t on the right-hand
side in the first equation. Small modal damping (0.1%) has been added to all coordinates of the system, as
well. Phase trajectories obtained from the numerical calculations are presented in Fig. 9, where axes represent
displacement and the first time derivative, respectively. As can be seen, the behaviour of the system, especially
for coordinates v; and v,, is very complicated. Comparison of the frequencies of the system response obtained

Table 3
Comparison—experiment and numerical model

Physical model (Hz) Numerical model (Hz)

Fig. 5(b) 4.90 5.69
Fig. 5(d) 29.60 28.45

0.12 —

I

-0.12 T T T T T 1

470 480 490 500
time

Fig. 10. Time series of displacement for free vibrations—w, direction.



504 J. Warminski et al. | Journal of Sound and Vibration 315 (2008) 486-508

0.008 —
0.004 ‘—_
L 0 _-
-0.004 —-
-0.008 - T T T T T ]
470 480 490 500

time

Fig. 11. Time series of displacement for free vibrations—¢; direction.

from the numerical model and the physical system is presented in Table 3. Numerical frequencies are obtained
directly from time histories received from the Simulink software (Figs. 10 and 11) and next by converting
them to dimensional form. The analytical results obtained for the fourth mode of vibration (Fig. 5(d)) are
very close to those obtained by experiment. Identification of the system parameters, especially estimation
of the damping coefficients, and fitting the numerical model with the real system will be the next step
of the work.

6. Conclusions and final remarks

The paper deals with preliminary theoretical and well-developed experimental studies of an autoparametric
beam structure with essentially different stiffnesses in two orthogonal directions. The systematically derived
equations of motion, and a preliminary series of numerical calculations, show that nonlinear terms which
couple the structure may result in many unexpected responses. An experimentally tested composite
beam structure, tuned for the 1:4 internal resonance condition, exhibits possible vibrations as an
out-of-plane motion in the stiff direction of the primary beam. In the neighbourhood of the torsional
resonance, due to nonlinear coupling, additional nonlinear modes are involved in the system response, and
this is expressed by the complex trajectories that have been seen. The experimental work has confirmed the
FEA analysis, with generally very good agreement. Therefore the results give a promising basis for finding and
interpreting analytical solutions of the mathematical model. This, and further investigation will eventually
allow a strategy to be developed for the active control of this kind of structure by the application of PZT or
SMA elements.
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Appendix A

A.1. Physical parameters of the structure

E, = E, =25.5GPa, T4 =7.821 x 107 kgm?,

Gi = G, = 9.8 GPa, T4y = 12.889 x 10~ kgm?,
Py =p, =2100kgm=3, [, = 52476 x 10~ kgm?,
ay = a, = 2.1 mm, Tce = 111.6 x 10~ kgm?,
by = by = 12.8 mm, Icy =757 x 107 kgm?,

I} =236 mm, Tcr =156.6 x 107 kgm?,
[, =201 mm, p1=p,=03,

my = 0.0153kg,

me = 0.038 kg,

Dei = GiJz, Ja=pbial, Do=GiJan, Jao=pba,

ab? ab3
Dnl = EIJnla J;]l = %9 D)12 = E1J112a J112 = %9

bha by
Dy =EJg, Jo :%, Dy = EJp, ngZ%-
Ay =aby, Ay = abs,

A.2. Definition of the coefficients of Eq. (57)

e primary beam
1 v
. .[0 DlexU o, dsy

kav = T,
fO % dsl

fol (Dy1 — D)@Y o + 2000y + oniorg) — De (oo, + ooy, + oo ))ory disy

WV

Kawap = — 1 5
. 2
fO % dS1
1 ;o 1" 1 7"
; L Jo 10,0 + oo oty dsy oW+ M y)Laoo e dsy
aw,ap — 1 > av,dv — ) >
Jo 02 ds Jo 02 ds
1 ’ o /7" 1
p Jo Tr(on 0y + oo )ory dsy Jo (M2 + M B, 400, dsy
aw,iap — T 1 > avbw — 1 ’
Jo 22 dsy Jo %3 ds
1 v
o Do, o, dsy
kaw =

%}
Jo o2, dsy
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f() (DEI(O‘WO‘Z;) —{-OC”O(;,)) +(Dnl _ g])(O(IVOC(b +20€W ’ +OCHOC¢))OCW dS1

Kavap = — 5
fo o, dsy
1
I T (oo + oo ) dsy fo (M3 + M 4) Lol o) o, dsy
Havap = 5 s Hawgev2) = ) 5
fo oz, ds fo o2 ds;
1
1 f()l(Mz + MA)ﬁwAa(LO(W dSl k fO Délacl/)ocd) dS1
bw = 1 > ap = — 1
anw Jo 22 ds IN Iloc2 ds;
1 /
f() (Dilfx;/(xiv + (Dfl + D’Tl - Dgl)abaw)aﬁb ds) fO % nOCQb ds
Kavaw = — 1 5 ) av,aw — 5
fo Ilot(pdsl fo ¢d31
fO at W O((P dS]
Haw av(3) = .
fo oc¢ ds;
e secondary beam
) Ly
K fo (Dg2ﬁlv + M 4g*B))p, ds> p Jo? owcP, dsa p fo Sz%cﬁL ds,
bv ) iw — T 5 . > a Y
' L2y B2 dsy “T Ry, T B s

2 2((Dyp = Do)(BY By + 281 By + BuBy) — Dea(B, By + 2B + Bl By)B, ds

Kbw,bp =
f() mZﬁv dSZ
o h(ﬁwm BB Jo” $:90c,cBy ds: - Jo” ey, dsa
bw,b¢ ! ﬁv dS2 5 aw,dav foz [33 d52 5 ap,iv OLZ ﬁi dsz 5
foL2 (m2ﬁ;’ [ e dsy — M fxucﬁ;’) B, ds> 0L° o BoBodsa
Upy iy = — s Hbwaw = T L 2 4.
o foLz mzﬁz ds; ‘ fo ﬁﬁ ds>
20Dy W v ds2 2P, + Mag”p,)p,, dsz
o LB, B, + BiBy)B, d 0 DBy + Mag*By)B, d
Mbw,iﬁd) == Ly 2 ke = L, 2 >
ﬁv dSZ fo ) mzﬂw dS2
[y = — fo i S2O‘1Cﬂw ds;
av — )
0 2 dSz
. P (Dya — Do)(BY By + 2BY By + BBy + Dea(B By + BLBy)By dSz
bubp = —

fO n’lzﬁw dS2
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— fO z(a/ic - 2a0ca;c)ﬁw ds, _ OL2 (a/»va - 2‘XWCO(/wC)ﬁw ds,
Keavav = — 0L2 Bi ds, > aw,aw — fo ) ﬁi ds» >
L / 2 () /
S Jo" L2(BBy + ByB)B, ds2 @ 2 — et )Py dsa
:ubv,bqﬁ - OL2 l21, dS2 > Havaw = — OLZ i, ds2 5
IOLZ (mzﬁ:; fLYzz oyC dS2 — MAOCUC/)]:;) /)]W dS2 OLZ(a/‘ZVC _ awcaivc)ﬁw dS2
,u W, G = — b} )u W,Aw = - b}
bw,dav OLZ leﬁi, dSz aw,dy OLZ ﬁﬁ dS2
/ 2 Ly
1 _ f()L2 SZOCwCad)Cﬁw dsy 1 _ ()L %yo vﬁw dsy oy = 0 D@ﬁ;[g(ﬁ ds,
ap,aw — N ’ bvaw — — T L, 0 . ° = T T I . 5 . >
o B ds 02 e dsy I Imy B ds
_ Jo*DapB, + (Der + Dip — D), B,,)By dsa _Jo? BBy dso
Kby,pw = — L, B ’ lub'v,lﬁw = L 2 4.
fO 12”’!2,8(7) dS2 0 ﬁ¢ dSz
Ly o
'u Lo 0 : ﬁvﬁ;ﬂ(f) ds2
bw,bv L :
0 ’ ﬁi ds,
A.3. Values of the coefficients
e primary beam
kao = 2523.52, Kavaw = 17575 x 107, gy g0, = 14.7653,
kaw = 21.9026, Kavap = 2408.99, Pavap = 0.000315835,
ks = 0.953403, Kawap = 0.149711, gty 49 = 127007 x 1077,
,uav)av = 745872, ,uaw)év(z) = _216252, ,uaw’a‘u(_;) = 147653,

Hawag = 127007 x 1077, pu, 5 = —74.4068, B oy = 2-15729.

A.4. Values of the coefficients

e sccondary beam

Ky = 3.65204, Kpow = —272942,  pa, = —11.6524,
kpy = 133.677, Kpopp = 684.773, 1, = 0.817875,

kb¢ = 16986.2, Kbw,bp = 625.955, ,Lt[w = 0.0151564,
Hapio = —79.1398, Bavao = —78.3826,  fip sy = —0.662433,
Lo = 7-71894, o = 0.649207, g1+ = 1.39161,
B = 0.107419, Moo = 0.102172,  pr, ;0 = —0.0011083,

Hapio = —0.000984119,  piy, 4, = —0.662433, pi;, ;. = 1.39161,
Hagaw = —0.0100401,  py, 5 = 0102172, p5,5, = 0.0011083,
Hiwip = —0.0011083,
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