Available online at www.sciencedirect.com

. . JOURNAL OF
ScienceDirect SOUND AND
VIBRATION

ELSEVIE Journal of Sound and Vibration 315 (2008) 700711

www.elsevier.com/locate/jsvi

A study of a nonlinear vibration isolator
with a quasi-zero stiffness characteristic

Ivana Kovacic®*, Michael J. Brennan®, Timothy P. Waters®

4Department of Mechanics, Faculty of Technical Sciences, University of Novi Sad, 21000 Novi Sad, Serbia
®Institute of Sound and Vibration Research, University of Southampton, Highfield Southampton SO17 1BJ, UK

Accepted 13 December 2007
The peer review of this article was organised by the Guest Editor
Available online 30 January 2008

Abstract

A vibration isolator consisting of a vertical linear spring and two nonlinear pre-stressed oblique springs is considered in
this paper. The system has both geometrical and physical nonlinearity. Firstly, a static analysis is carried out. The softening
parameter leading to quasi-zero dynamic stiffness at the equilibrium position is obtained as a function of the initial
geometry, pre-stress and the stiffness of the springs. The optimal combination of the system parameters is found that
maximises the displacement from the equilibrium position when the prescribed stiffness is equal to that of the vertical
spring alone. It also satisfies the condition that the dynamic stiffness only changes slightly in the neighbourhood of the
static equilibrium position. For these values, a dynamical analysis of the isolator under asymmetric excitation is performed
to quantify the undesirable effects of the nonlinearities. It includes considering the possibilities of the appearance of period-
doubling bifurcation and its development into chaotic motion. For this purpose, approximate analytical methods and
numerical simulations accompanied with qualitative methods including phase plane plots, Poincaré maps and Lyapunov
exponents are used. Finally, the frequency at which the first period-doubling bifurcation appears is found and the effect of
damping on this frequency determined.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

The use of passive isolators is one of the most common methods of controlling undesirable vibrations [1,2].
The performance characteristics of passive linear isolators have been widely studied [3-5]. In the simplest case
when a mass m is supported by a linear spring of stiffness £ on a rigid foundation, the isolator provides
efficient attenuation of harmonic vibrations of frequency w, if > +/2w,, where w, = \/k/m is the natural
frequency of the system. This indicates that the lower the static stiffness and hence natural frequency, the
wider the isolation region and the more advantageous its application. However, low static stiffness causes a
large static deflection. This disadvantage can be overcome by adding oblique springs in order to obtain a high
static stiffness, small static displacement, small dynamic stiffness, and hence low natural frequency [2,6].
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Fig. 1. A three-spring model of a QZS mechanism. The oblique springs have a cubic softening nonlinearity and pre-stress. The vertical
spring is linear.

Moreover, acting as a negative stiffness, the oblique springs can yield zero dynamic stiffness, i.e. the so-called
quasi-zero stiffness (QZS) mechanism can be established. This fact about the benefits of nonlinearity as well as
the fact that many practical isolators exhibit nonlinear behaviour [1,7-10], has given rise to a growing interest
in the study of nonlinear isolators [11-16].

In a previous study [17], a static analysis of the QZS isolator shown in Fig. 1 was presented, in which all
springs were assumed to be linear and unstressed. It was concluded there that, although yielding QZS, the
oblique springs detrimentally add stiffness to the vertical spring outside some displacement range and the
system becomes stiffer for large excursions from the equilibrium position. The following analysis is a natural
continuation of that study but with nonlinear pre-stressed oblique springs. So, unlike the previous study of a
geometrically nonlinear but physically linear system, the configuration discussed in this paper is represented by
both a geometrically and physically nonlinear model. The aim is to demonstrate the way in which the
attachment of nonlinear oblique springs can improve the performance of a simple linear spring, and also how
the introduction of physical nonlinearity in these springs can offer some benefits. The motivation is twofold.
Firstly, a system configuration, which yields QZS at the equilibrium position without the detriment arising in
the physically linear system is sought. Secondly, dynamic analysis of the isolator model subjected to
asymmetric harmonic excitation is carried out in order to determine its behaviour.

2. Static analysis

Consider a simple model of the isolator shown in Fig. 1. Two nonlinear oblique springs are assumed to have
physical nonlinearity in that they are softening, with linear stiffness k; and cubic softening nonlinear stiffness
coefficient k5. In addition, they are pre-stressed, i.e. compressed by length . These springs are connected at
point O with a vertical unstressed linear spring of stiffness k,. The geometry of the system is defined by the
parameters a and /4, while the coordinate x defines the displacement from the initial unloaded position. The
relationship between the vertical applied force fand the resulting displacement x can be found by means of the
principal of virtual work. This requires the total work by the force f, and the reactions of the oblique springs in
the x direction f;,, and the vertical spring f>, to be zero for a virtual displacement Jx, i.e.

(f +2f 1 +/2)0x = 0. (1)
The restoring force of the oblique spring f; is given by

3
fi1=k <\/a2+(h—x)2 —Va +h - 5) —k3(\/a2 +(h=xP? =V +h - 5) . )

Its scalar component in the x direction is
h—x

Jix=f—F—.
\/ @ + (h — x)?

(€)
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The reaction of the vertical spring is

Jr=—kox. “4)
Combining Egs. (1)-(4) gives

/ 2
f=kox+2ki(h—x) \/M—l +2k3\/7<\/a2+(h V- )
@ + (h — x)? @+ (h

Introducing the dimensionless parameters

TS PR S S SR NG
k> @+ ky’ Va +i* \/a2+h2’ \/a2—i-h2 ks ’

Eq. (5) becomes

f=3%+2ul(4d—1)= 2T PX(4— 1), (7

where '=V1—@ —% A=+ 1)/Pand P=\/3>—2V1 -+ 1.
Differentiating Eq. (7) with respect to x gives the non-dimensional stiffness of the system

—1+2oc[l—a —] —2B(4 — 1)*[(1 — HGBI?* + &) + 3 4]. (8)

In operation, the system is loaded with a mass such that at the static equilibrium position (¥ = X,) the

oblique springs are horizontal, and %, = v/ 1 — @*. The stiffness of the system is zero provided that

o a
b= avor M—avor )

where the subscript ¢ denotes QZS. This relationship gives the value of the softening parameter of the oblique
springs as a function of the initial geometry (parameter a), pre-stress (parameter J) and stiffness of the springs
(parameter o), which leads to a QZS system. The influence of these parameters on the value of 8, is shown in
Fig. 2 for different values of «. These surfaces illustrate how the optimum softening parameter of the nonlinear
springs f3, is dependent on the rest of the system parameters. It should be noted that the optimum value of 8,
changes profoundly depending upon the values of ¢ and 5.

Fig. 2. The influence of the pre-stress parameter, 5, and the initial geometry parameter, @, on the softening parameter of the nonlinear
springs f3, for the QZS system and different values of the parameter «: (a) & = 0.3; (b) « = 0.5 and (¢) « = 0.75.
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In the special case when the oblique springs are linear but pre-stressed, Eq. (9) reduces to
5 a(l + 2a)
T 20

If the oblique springs are linear and unstressed, QZS is ensured when

1. (10)

A

_ a
~2(1—-a)

which shows that if the angle of inclination of the springs decreases, i.e. the parameter a increases, the value of
o which yields QZS also increases. This result is the same as that obtained in Ref. [17].

%g

(11)

2.1. Optimisation of the system

In addition to the isolator being a QZS system, it is desirable for it to have a wide range of non-dimensional
displacements d from the static equilibrium position for which the non-dimensional stiffness is less than a
prescribed low value K,. By substituting X _ k= X + d into Eq. (8), these displacements are found to satisfy

68,2 — 125+ D2+ [K —1 =20+ 6(5+ 1)*p, — 4&25(1} 24+ 620+ 1B,
+ 207 (5 + 1) — 20*(5 + 1), = 0, (12)

where 2% = 432 + .

There is no explicit analytical solution of Eq. (12). It can, however, be solved numerically, constraining various
parameters. The parameters o, @ and ¢ are chosen from the set o € [1/10, 10], ae[0,1]and ¢ € [0, 1]. Among all
the combinations of these parameters and the parameter f3, calculated using Eq. (9), only those for which the
parameter 3, is positive were taken into account (only then there exists a softening spring). The optimisation
criteria included the achievement of the largest displacement from the static equilibrium position, at which the
prescribed stiffness was equal to that of the vertical spring alone, i.e. K = 1, the condition that the stiffness should
not be negative, and the requirement that the stiffness only changes slightly in the neighbourhood of the
equilibrium position (the tolerance of AK = 0.0025 for Aj = 0.01 ~was introduced, where j = X — X,).

The results of the optimisation are oop = 0.51, Gopr = 0.5 and dope = 0.89 (for which B, = 0.1709). These
values are used to plot the stiffness of the system using Eq. (8) with respect to the coordinate system p. This
can be seen in Fig. 3 as the solid line, which represents the optimised system that has both geometrical and

Fig. 3. Non-dimensional stiffness of the system with the linear oblique springs (dashed line), linear pre-stressed oblique springs
(dashed—dotted line) and nonlinear pre-stressed springs (solid line). The circles denote the stiffness at j = £x,.
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Fig. 4. Structural model of the isolator in operation.

physical nonlinearity. In addition, the results of the analytical optimisation of the linear system in Ref. [17]
a=(2/ 3)3/ % and the parameter o calculated on the basis of Eq. (11) are used to plot the corresponding stiffness
in Fig. 3 as a dashed line. As well as this, this stiffness is plotted in Fig. 3 for the case when the oblique springs

are linear but pre-stressed with 5=0.5 (dashed—dotted line). In this case, Eq. (10) was used as well as Eq. (12),

which yieldsa = 1/v 1+ 5. The circles in Fig. 3 denote the stiffness given by Eq. (8) calculated at y = +x,. It
can be seen that the use of nonlinear pre-stressed oblique springs can be beneficial, because it can result in a
smaller stiffness for larger displacements from the static equilibrium position and, additionally, it can yield a
very small stiffness in the neighbourhood of the static equilibrium position. In this way, the limitation of the
linear system can be overcome and, moreover, low dynamic stiffness in the neighbourhood of the equilibrium
position can be achieved.

3. Dynamic behaviour of the QZS system

When in operation, the isolator considered supports a mass m, initially in the static equilibrium position as
shown in Fig. 4. To include the influence of damping, a viscous damper, with damping coefficient ¢,, is added
in parallel with the vertical spring. The excitation force f; may be asymmetric, i.e. it can be the sum of a
harmonic excitation F cos wt and a constant force corresponding to a static force F;. Ideally, the system will
only be subject to harmonic excitation about the static equilibrium position. However, in some circumstances
there may be an additional “static” loading to the isolated mass due to very slowly varying inertia forces,
because of the acceleration of an aircraft or vehicle in which the isolator is situated, for example.

Assuming that displacements are small, the scalar component defined by Eq. (3) in the y direction can be
expanded using the Maclaurin series up to the third order. Further, taking into account the QZS condition (9),
the dimensionless parameters in Eq. (6) and

k>
IR TZCO()Z, CZ
m

Cr@)
2ky ’

146 1+ 146 PR F,
CRRY Ly Lk e Ak A N S EN D)
a a a ™o ko @ +
the non-dimensional equation of motion can be approximated by asymmetric Duffing’s equation with no
linear term and hardening nonlinearity

2 _
wy =

Y+ 20 + 79 = Fcos Qt + 1), (14)
where
F,
F=% (15)

The asymmetric Duffing oscillator has been the subject of numerous analytical and numerical investigations
[18-23]. It has been shown that in this oscillator chaotic motion is preceded by a sequence of period-doubling
bifurcations. In the case when the static force F| is zero, Eq. (14) describes a symmetric Duffing oscillator. In
Refs. [19,21,24,25], it has been shown that the route to or from chaos for this system is associated with the loss
of stability of the third superharmonic resonant response and that this transition is a sharp one. So, in both the
asymmetric and symmetric systems chaotic motion can appear, this being related to the loss of stability of the
secondary resonance and the separation of two periodic solutions with different periods. The appearance of
such motion in any isolation system, as in this one, is undesirable, because it can restrict its operating range
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and cause irregular behaviour. The case of symmetric excitation (r,= 0) is outside the scope of this paper.
Thus, the following analysis is aimed at obtaining the boundaries of an operational regime of the isolator
under asymmetric excitation with respect to the principal resonance curves. These boundaries are established
by examining the development of period-doubling bifurcation. Approximate analytical methods and
numerical simulations together with qualitative methods, such as phase plane plots, Poincaré maps and
Lyapunov exponents, are used.

3.1. Approximate periodic solution, stability and bifurcation analysis

An approximate solution for the equation of motion given by Eq. (14) is found by applying the harmonic
balance method. The solution is asymmetrical, comprising a bias (DC) term and harmonics (even and odd). In
the region of the principal resonance, the lowest harmonic dominates, while higher harmonics are relatively
small and can be omitted. Hence, the response of the system at the frequency of excitation, the so-called
T-periodic solution, is assumed of the form

Yo(@) =Pt + T) = Ag + A1 cos(Qt + 0), (16)

where 7'= 27/Q, and Ay, A; and 0 satisfy the following system of nonlinear algebraic equations:
3 .
745 + EVAOA% =rf,

3 .
A, + 3yAéA1 +ZyA? =f cos 0,

—204,Q = f sin 0.(17a—c)
The solution of this system of equations is shown in Fig. 5 in the form of the resonance curves for 4o and 4,

fpr rp=0.2, {=0.025 and different values of the non-dimensional magnitude of the harmonic force:
F=0.1, 0.5and 1.

(b)

< | |
R I
N S '
0 ‘l\_.— = — — NN -
0 05 £1 1 22 s 2 25 3

Fig. 5. (a) Resonance curves of the DC term A; (b) resonance curves of the harmonic term 4, for r,= 0.2, { = 0.025 and different values
of the magnitude of the harmonic excitation: F = 0.1 (dashed—dotted line), ¥ = 0.5 (dashed line) and F = 1 (dotted line).
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In order to characterise the nature of the behaviour of the system in the neighbourhood of the solution given
by Eq. (16), a perturbed solution is considered:

Y1(0) = Jo(r) + u(r) (18)
for which the linear variational equation can be presented in the form of Hill’s equation [26,27]:
it + 2Lt~ (o9 + g9 cos O + 6920)u =0, (19)
where
0o =3y (Ag +A7%>, o1 = 6yApd,, 0y = %yAZ, 0 =Qt+0. (20)

It can be seen that there are two parametric excitations in Eq. (19): one with the frequency Q and the other
one with the frequency 2Q. In a parametrically excited system, resonance occurs whenever a driving frequency
is equal to 2,/6y/n, where n is an integer [26-28]. The first unstable region occurs for n = 1, i.e. close to the

frequency Q ~ 2./Gq, i.e. Q ~ 2,/3y(4] + A}/2). According to Floquet theory, the particular solution of

Eq. (19) to a first approximation can be sought in the form u(t) = e**v(r), where u is the characteristic
exponent and v(t) is a periodic function with periods 7" and 7/2. The solution for u(r) is stable (respectively,
unstable) if the real part of u is negative (positive); on the boundary between stable and unstable regions the
real part of u is zero. Assuming the function v(t) to be the first term of a Fourier series at the stability
boundary u = 0, the perturbation can be written as

u(t)=>b cos(%r%—d)). (1)

The form of Eq. (21) indicates that bifurcation from a T-periodic solution given by Eq. (16) to a 27T-periodic
solution can appear. Inserting Eq. (21) into Eq. (19) and applying the harmonic balance method, a set of linear
homogenous equations is obtained, which can be written in matrix form as

Q@ o o1 .
_—+ao+écosé) —CQ~|—71s1nH {cosqﬁ} .

4
sin ¢ (22)

Q>
—CQ—%Sinﬁ T—ao+%cosﬁ

Non-trivial solutions exist if the determinant of the matrix in Eq. (22), denoted by D, vanishes

A2\ @
Dy(Q%) = [3)} (Ag + 7‘) — ﬂ + Q7 — 9’4243 = 0. (23)

This determinant provides a characteristic equation for u. Its real roots occur if Do(2%) <0 [27,29]

42 @
[3y (Ag + 7‘) - ﬂ + Q% — 9924243 <0, (24)

On combining Egs. (17) and (23), the frequencies 2; and 5 at which period doubling occurs can be found.
Using Eq. (24), a frequency region between these values can be checked to see whether or not it corresponds to
instability of the T-periodic solution. However, the existence of the solutions for these frequencies will depend

on the values of the parameters r, and F'. This is investigated in Section 3.1.1.

3.1.1. Effects of the system parameters

In order to determine the existence of the solutions of Egs. (17) and (23), they are solved numerically and the
number of solutions is shown in Fig. 6 in the F — ry plane for { = 0.025, AF =0.01 and Ary = 0.01. The case
when there are two frequencies at which period doubling occurs is denoted by “0”’; the case when there is no
solution, i.e. period doubling does not occur is denoted by ““ x . It can be seen that in the majority of cases

period doubling occurs. Only when the constant force is small in comparison to the harmonic force (r,= 0.01),
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Fig. 6. The number of the values of the frequency at which period doubling occurs for { = 0.025 as a function of the magnitude of
harmonic force F and different values of the ratio r;: “0” two values (one unstable region); ““ x ” no values.

period doubling does not appear regardless of the value of . In addition, the smaller the magnitude of the
harmonic force, period doubling does not appear for more values of the constant force.

The unstable regions are denoted in Fig. 5 with a thick black solid line. They lie on the lower non-resonant
branches of 4,(2) and associated upper branch of Ay(Q2). The frequencies satisfying Eqgs. (17) and (23) are
denoted by Q, and Q, (for the sake of clarity they are shown just for the case F=0.5).

3.2. Numerical simulations

The analysis in the previous section shows that there is a possibility of period-doubling bifurcation and gives
the system parameters at which it may occur. To verify the results of the approximate theory, numerical
simulations were carried out for the equation of motion given by Eq. (14) and some selected values of the
system parameters. A very fine frequency resolution to order 10~° was required but the reported values are
approximated to order 1072,

The bifurcation diagram corresponding to F =025, rp = 0.2 and { = 0.025 is plotted in Fig. 7 for decreasing
frequency from © = 1.2. It can be seen that by decreasing frequency the first period-doubling bifurcation is
observed at @ = 1.19, followed by higher period doublings 47 at 2 = 1.07 and 87 at 2 = 1.05. This confirms
the appearance of a cascade of period-doubling bifurcations 2"T, n =0, 1,2,..., developing into chaotic
motion at Q = 1.04. Chaotic behaviour can also be verified by examining the Lyapunov exponents of the
system (4) [30]. For a d-dimensional dynamical system, there is a spectrum of d Lyapunov exponents. They
give the rate of divergence (1<0) or convergence (4<0) of nearby trajectories in phase space. One positive
Lyapunov exponent results in an exponential separation of trajectories, which corresponds to chaotic
behaviour. Each type of response is characterised in the phase projections and with Poincaré maps, which are
shown in Fig. 8. The sampling time for a Poincaré map was 7" = 27/, so that the number of points N marked
indicates the period of the response NT.

It can be seen that there is a good agreement between the value of the first period-doubling bifurcation obtained
in this approach and that one found previously using Egs. (17) and (23) with Q, = 1.19 (see Fig. 5a and b).

Since the system being considered is three dimensional, it has three Lyapunov exponents. When the
behaviour is chaotic, they are 4;>0, 4, =0, 413<0 and the Lyapunov (fractal) dimension of the chaotic
attractor can be estimated by [30]

dr=2+"1 (25)
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Q

Fig. 7. Bifurcation diagram of the system for F = 0.5, rp = 0.2 and { = 0.025 for decreasing frequency Q.

When the frequency € decreases and passes Q= 1.04, the Lyapunov exponents are A, =
0.043, 2, =0, 43 = —0.093, which confirms the appearance of chaos. Here, the Lyapunov dimension is
dr = 2.4624. Not being an integer, it reveals that the system response is extremely sensitive to initial
conditions.

3.3. Unstable frequency

The appearance of the first period-doubling bifurcation on decreasing frequency is of practical importance
for the isolator. When the system enters the unstable region, and beyond this point chaotic motion can appear,
as well as sudden and significant change of the amplitude of vibration. Hence, the first period-doubling
bifurcation point can be considered as an important frequency [31,32]. Since the analysis given in the previous
section has shown the accuracy of the analytical results given in Egs. (17) and (23), they can be used to plot the
graph shown in Fig. 9. This graph can be used to determine the frequency at which period doubling will
emerge depending on the value of r,and for F=05 (dotted line), F =075 (dashed—dotted line) and F=1
(dashed line).

A numerical study was carried out to determine the effect of the damping ratio on the onset of the period-
doubling bifurcation point. The critical value of this parameter (., for which period doubling does not exist is
shown in Fig. 10 as a function of the parameter r, for different values of F'. 1t reveals that a suitable choice of
the damping coefficient ({>={.,) can entirely eliminate the possibility of the appearance of period-doubling
bifurcation. Thus, damping can be used to suppress this behaviour of the system.

4. Conclusions

A vibration isolator consisting of a vertical linear spring and two additional springs that have both
geometrical and physical nonlinearity has been considered in this paper. The additional springs are oblique,
pre-stressed and have a softening characteristic. Once the system is optimised it has quasi-zero dynamic
stiffness at the equilibrium position, which has been obtained as a function of the initial geometry, pre-stress
and the stiffness of the springs. It has been shown that the use of nonlinear pre-stressed oblique springs can
improve the static characteristics of a QZS mechanism, i.e. it can produce a smaller stiffness at larger
displacements about the static equilibrium position than the system with the linear springs. Simultaneously, it
can yield a very small stiffness around the equilibrium position.

However, such a nonlinear vibration isolator under an asymmetric excitation can exhibit period-doubling
bifurcations. In order to characterise this behaviour with respect to the system parameters and the principal
resonance, a dynamical analysis has been carried out. This analysis has led to the conclusion that in this
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Fig. 8. Phase projections and Poincaré maps for F =0.5, rp =02and { = 0.025: (a) period-one motion Q =1.2; (b) period-two
motion Q =1.19; (c) period-four motion Q =1.07; (d) period-eight motion Q =1.05 and (e) chaotic motion Q = 1.04,
A1 =0.043, 2, =0, A3 = —0.093 and d, = 2.4624.



710 L Kovacic et al. | Journal of Sound and Vibration 315 (2008) 700-711

1.6

1.5 /

14 / .

13k / / _
—

12 ~ 3

/ -
-
-

e .

08 | - 1

0.7 . . .
0.01 0.05 0.1 0.15 0.2

Ty

Fig. 9. The frequency at which the unstable region begins (€2,) as a function of the parameter ry for { = 0.025 and different values of the
dimensionless magnitude of the harmonic excitation: F = 0.5 (dotted line), £ = 0.75 (dashed—dotted line) and F=1 (dashed line).
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Fig. 10. The critical value of the damping ratio (., as a function of the parameter r, for and different values of the dimensionless
magnitude of the harmonic excitation: F = 0.5 (dotted line), F = 0.75 (dashed—dotted line) and F = 1 (dashed line).

system period-doubling bifurcations are likely to happen within a specific frequency range. This behaviour is
characterised by regions with increasing periodicity of the response, resulting in chaotic behaviour. However,
for some values of the system parameters (the magnitudes of the harmonic excitation and constant forces and
damping) period doubling does not occur.
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