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Abstract

This paper deals with the problem of dynamic loading of a piezoelectric sandwich plate. The objective of the analysis is
to obtain a closed form approximate analytical solution for the equilibrium equations of the loaded plate considering time
variant damping, and to discuss the shear force effect for the problem. The solution to the problem is obtained using a
hybrid WKB-Galerkin method.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

The development of contemporary engineering has promoted a generally wide application of anisotropic
materials in aerospace applications, civil structural design, biomedical engineering and other fields [1-7]. One
of the most attractive smart materials for many practical installations is based on piezoelectric technology, in
which an actuator or sensor element usually has to be made up from several layers in order to be practically
effective, thereby exhibiting anisotropy. The mechanical application of smart structures using these elements is
therefore closely concerned with some appropriate application of the piezoelectric effect. The unique actuation
characteristics of piezoelectric materials permit them to be exploited for deformation-control, shape control,
and vibration control, as well as in the inverse role of sensing. The piezoelectric effect is a phenomenon in
which certain crystals become polarised when they are mechanically stressed, or they exhibit mechanical strain
when they experience an electric field, this being defined as the converse piezoelectric effect [5]. These basic
properties of piezoelectric elements form the basis of their application as sensors and activators [7].
Piezoelectric actuators and sensors are compact and do not necessarily need supporting mechanisms to bear
the reacting force in contrast with installations using shape memory alloy actuators [7]. Moreover,
piezoelectric structures can be highly reliable and predictable in use since actuators will transfer force to the
structural member according to the magnitude of the excitation voltage. They are also particularly attractive
due to their fast activation response time, normally of the order of milliseconds.
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Research results for various anisotropic plates applications, as given in Refs. [8—11], demonstrate that the
results of iterative multilayer plate theory, which considers a correction associated with the shear force effect,
are more accurate and correct than results obtained by taking the classical multilayer plate theory. Therefore,
the analysis presented in this work has been undertaken with due attention paid to iterative multilayer plate
theory.

According to Refs. [4,12], the finite element method, and other numerical methods, are invariably
used in this field of mechanics, but it is also important to investigate anisotropic structural problems
by applying appropriate analytical methods. This is one of the motivations behind this particular work.
In this paper a piezoelectric orthotropic sandwich plate is considered. The structure is subjected
to dynamic loading, and additionally a time variant damping coefficient is taken into consideration, to
make the problem more general and relevant to possible applications in civil and aerospace engineering.
In order to solve the problem, a hybrid Wentzel-Kramer—Brillouin—Galerkin (or WKB-Galerkin)
method has been applied, principally because hybrid methods [1,13] have already shown considerable
advantages in various branches of mechanics. Notably, they provide an opportunity to obtain the
approximate solution in an asymptotic form. Since piezoelectric structures comprising several layers
exhibit anisotropy some effects due to shear force action cannot be investigated in terms of classical
multilayer plate theory. Thus the solution is obtained by taking the piezoelectric constant responsible
for shear force into account, and in terms of iterative multilayer plate theory, according to Ref. [8], so as to
observe the influence of these two approaches on the solution. Both the piezoelectric constant and the use of
iterative theory provide a good opportunity to take shear force into account. The piezoelectric constant is
widely used in modelling the behaviour of piezoelectric multilayer plates [6,14], and iterative theory can readily
be applied to anisotropic laminated plates [8—10]. Therefore, an analysis is presented here of the influence of
shear force on a symmetrical orthotropic piezoelectric sandwich plate in order to compare these two
techniques.

2. Fundamentals of the problem

A rectangular, simply supported, symmetrical orthotropic sandwich plate (a x b) is considered. The
structure has thickness 4 and is subjected to some appropriate dynamic electrical loading *(x,y,7) on the kth
lamina, in this case conveniently chosen to be defined as in [6],

VECx,p, 1) = ¢*(1)sin %sin %, (1)

where V*(x,y,r) [6], is assumed to consist of two separate functions in the form of a spatial part,
AK(x,y) = sin(nx/a) sin(my/b), and a temporal part, ¢(f) = (p{§(77"(t), where (plg is the maximum voltage
amplitude applied to the plate; and A*(x,y) and &*(r) are spatial and time variant input functions. In practice
A¥(x,p) can be obtained by varying the surface electrode location or the layer thickness [6].

A dynamic mechanical loading, Z(x,y,t), is applied normal to the plate. In this work two cases of
mechanical loading are considered,

. WX . Ty ow *w
Z = (1) sm? smf — 2pe(t)h - ph e 2)
and
w

Z = 4(1) cos%cos% - 2pe(l)h% ~phs 3)
where the first term represents the transverse load, for which ¢(¢#) = Qgcos 0t with loading amplitude Q,, and
the second term is responsible for oscillation damping taking into consideration a dynamic damping
coefficient &(¢). The quantity p = Zzzl(pkhk /h) invokes p; and h; which are the density and thickness of the
kth layer. It is used in this form mainly for analytical convenience.

For the structure of Fig. 1, it is arbitrarily assumed that

51 = 52 = 5: Bl//nn =B, = an: (4)

mn
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Fig. 1. A symmetrical orthotropic sandwich plate.

without significant loss of generality. According to Ref. [8], for a symmetrical orthotropic plate the following
conditions can be applied:

Up =Yy = Oa U=0v= 0, Kmn = 07 Cmn = 2L5032m(5 - 50)anJ ) (5)

where 20, 01—3d¢, 0,—J are the thicknesses of the middle, top and bottom layers, respectively; ug, vg; u, v are
displacements of the system mid-plane in the x and y direction for the classical and iterative theories
respectively; B),, are predetermined layer elasticity coefficients; i is the index of the ply such that i = 0 for the
middle layer, and for the top and bottom plies the indices are defined by " and ”. Also, we note that C,,,, is the
stretching—compression stiffness; and the subscripts m, n =1, 2, 6.

Since the structure is subjected to electrical and mechanical dynamic loading, the equations of motion, with
reference to [2,3,6,14,15], can be expressed in the following form:

o%u L A ) 2
Li1(Crn)uo + L12(Crn)vo — Li3(Kmn)Wo = ph——- Y C+ Z G gy T Z €65y

Ly (Cri)vo + Li2(Crun)ug — Loz (Kyp)w ha —}-Z OAaVk_}_i OALVk
22{Cmn)Vo 12{Cmn )Uo 238 )Wo = P o8 )

€3 a €36 Ox
o ka vk 0 kank N 0 ka |12
L33(Dmn)W0 L13(Kmn)u0 LZS(Kmn)UO =7Z - Z €312y Ox YR 22 €36 Oa a Z €322 a A2 (6)
k= k=1

where the piezoelectric stress-charge constant ) infers the induction and detection of shear force, €3, and €3,
denote the presence of transverse bending moments and angular deflection [6], D,,, is the bending stiffness
defined in Ref. [3], the number of layers N = 3, and the linear operators are defined as

62 2 2 62
L mn) = ) =, L mn) = a7 PR
1(Con) = Criz5+ Cos A 22(Con) = C2 e +Coo 73
62 63 3
Lia(Cypy) = LiaK,) =K Kis + 2K ,
12(Cpn) = (C12 + Ces) a3y 13(Kmn) = K1 75 + (K12 + 2Ko6) 5= 5 <32
o o o 4 o
Ly3(Kym) = Kop—+ (K 2Ke6) =————, L33(Dym) = Dj1=—+ Dpy—+ 2(D 2D¢6) ——— .
23(Kmn) = K22 3 + (K12 + 2K¢6) 3y ox 3(Dn) = D11 37 + Do 5 +2(D12 +2Des) 5 2

In order to investigate the influence of the piezoelectric constant €, which introduces shear force in
Eqgs. (6), and iterative theory correction for the classical multilayer plate theory, required to represent the shear
force effect in elastic structures, we consider two cases.

Initially the plate is considered to be subjected to an external mechanical force (2) and an electrical loading
(1), and the term responsible for shear force, €J, is neglected. For this problem the iterative multilayer plate
theory is used. To apply the iterative technique according to Ref. [8], a solution based on classical multilayer
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plate theory has to be obtained as a zeroth-order approximation, and then the result of the iterative theory will
be the first-order approximation.
Therefore, we get the following system of differential equations:

k 6V
Lll(Cmn)MO + LIZ(Cmn)UO LH(Kmn)WO - ph atz + Z (3)1 Ox
c c o aV
L22( mn)UO + L12( mn)uo - L23(Kmn)W0 612 + Z €3, a
N 217k N 217k
el 4 a4
L33(Dmn)W0 - Ll3(Kmn)u0 - L23(Kmn)l)0 =7Z- Z (3)126 Ox T Z 22 16 a o - (7)
k=1 k=1

The coordinate of the middle plane of the kth layer, according to Ref. [6] is given by z’é = (1/2)(zk + zk-1).
Taking into account Eqgs. (1), (4) and (5), the first two equations of the system (7) form an independent plane
problem, and the third one forms a lateral bending problem which is considered in this paper,

64 4 641 () aW() 62w0
Dy — T 0 4+ 2(Dy> +2D66)a 26 5+ D 5 q(0) sm—sm7 — 2pe (t)h— — h—612
k 7 X . Ty
+ kz:; é1z690" (1) (;) sm;sm? + Z ehzho (t)( ) s1n;s1n?. (8)
Using the substitution,
wo(£) = f(¢) sin = sin " )
a b
Eq. (8) can be rewritten as
D D 2D D

(25 22500 1 D210 ) = o) 2pmatr 0 - ph ), (10

where

q(1) = q(0) +

Z A + kZi; 2t () 21 0" (0).

By assuming that

Dot (B Pt Dy 5 D gy A0y g 2l
at ab? bt pa pa a a
Eq. (10) can be rearranged into the form
Z2f" (1) + 28(0f (1) + Df (1) = (1) (12)

in which 4? is a dimensionless parameter multiplying the highest order derivative.
The solution of this equation can be expressed as

J@O =10+, (13)

where f.(¢) is a complementary function and f,(¢) is a particular solution.
The homogeneous differential equation with the variable damping coefficient is solved in order to find the
complementary function

P2F7(8) + 28(0)f(2) + Df () = 0. (14)
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Then, according to the hybrid method described of Refs. [1,13], the general WK B-solution has the following
form:

e
feiy=eso| [ (G0 +110)a (15)
Substituting (15) into Eq. (14) leads to
1 X
e v i i | w0 o n| + B o (16)

From there, equating the coefficients of like powers generates this system of equations,

2 = M : 1
{f9+§e(t)f1_+OD_o LhE zd[nfo, -
So+2f1= 8_(Z)fo_fb_Df0=0-
The second equation within the alternative system (17) can be solved using the standard substitution
Jo=U0V () (18)
This leads to
AUV +UV'y— U3V — DUV =0 (19)
from which we obtain
N 2 912
V=P and U = i {2 / %dz} . (20)
Therefore, considering Eqgs. (18) and (20) the solution of the system of Eqgs. (17) can be expressed as
fi= 2 d tln Sos
@21

T

Thus, the solution based on the application of the WKB method can be defined by (15), taking into
consideration Eq. (21).

For the second step of the solution procedure, and according to the hybrid WKB-Galerkin method, the
Bubnov—Galerkin technique is applied using just the first term of the WKB-solution (f;). Thus we consider the
solution in this form:

f(t,2) = exp [ / [001(4) + 1002 (D]If (1) dt|. (22)

a

According to the hybrid approach described in Refs. [1,13], expression (22) is then substituted into Eq. (14),
leading to

2 [(Bo1 +1602) + (85 + 2801802 — 03,)/ 5] + 280)[d01 + i602]f o + D = 0. (23)
Following the orthogonality condition of the Bubnov—Galerkin method of the F and N+ 1 coordinate
funct1ons on the interval [a,b], i.e. ff F(0s ..y ONf s osf NoS o - - f(” ¢, Af (H)dt =0, or in this case,
f F(301,002,f 0./ - 1, A)f o(£)dt = 0, where F(o1, do2,f ./, 2, ) is the left- hand side of Eq. (23), the following is
obtained:
, e 7 . . =3 _ R T
)2 [(—501 — 802) of g+ (=021 + 2501802 + 1552)(if0)} + 28(0[— 801 — 100l +iD(£fy) =0, (24)

where f, = =+if,, and f; is given by Eq. (21).
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Equating the coefficients of the Real and Imaginary terms leads to the following system of equations:

Ady, — B, + BSy, + W =0, 25
Adg1 + 2Bd1002 = 0,
where
b = = =2 b 73 bs
A= / [=2%fof o — 28()f)dt, B=+ / Pfodt, W=+ / Df,dt. (26)
Solving the system of Eqs. (25) gives
VABW — A*
do1 = 5
27)
A
002 = Frp

2B

Therefore, the solution based on the hybrid WKB-Galerkin method can be expressed in the form of
Eq. (22), by applying Egs. (21) and (27). The hybrid solution of Eq. (22) is a complementary function f.(¢)
of Eq. (12), so in order to get the particular solution by applying the variation of parameters method,
we state that

(1) = Ct, (28)

where C is an arbitrary constant.
Using Egs. (21), (27) and (28) the hybrid solution (22) can be rewritten as

f= e—‘s(ﬁ‘/gt <c1 sin 501\/gt + ¢y cos 501\/5t>, (29)

where ¢; and ¢, are arbitrary constants. It should be noted that in case &(f) = MeX’, where M, K are arbitrary
constants, it is possible to obtain the hybrid solution in the same form (29).
The particular solution can be obtained in the form of

PR (51 sin 601\ Dr + &5 cos au \@z>, (30)

where

_ /Q(l)eéongt coS 501\/51(“ S _/q(t)e%z*/g’ sin (301\/5le

3] and &
/12501 \/B /12501 \/B

Then, from Eq. (13), the general solution of Eq. (12) can be expressed as
f(@) = eiéoz\/gt ((C_’l + ¢1) sin 501\/5[ ~+ (G 4 ¢2) cos gy \/5[) (31

As a result the solution (9) of Eq. (8) can be written in terms of Egs. (27) and (31), according to the classical
multilayer plate theory.

Since the solution wo(#) has already been obtained above in Egs. (9) and (31), we can then apply the iterative
multilayer plate theory. This theory, summarised in Ref. [§], is based on the idea of correcting terms, which
describe the in-plane shear effect. These terms are dependent on the plate thickness, the mechanical
characteristics of the plate material, and the loading. If the solution based on the classical theory of a
multilayer plate is regarded as a zeroth-order approximation then the result of the iterative theory will
necessarily be a first-order approximation. The shear force effect is taken into account due to additive
‘correction’ terms M7, M7, H* which appear due to internal forces and moments induced by the shear force
effect. These correction terms are based on the classical multilayer plate solution since the basic hypothesis of
the iterative theory is stated as [8], ‘it is supposed that tangential stresses ‘E;}z are defined by certain

xz?
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expressions based on ', t 7)., determined for the classical multilayer plate theory, ie. by taking into
consideration the hypothesis of the unstrained normal for the entire plate’. Therefore, applying the wy(?)
solution means that it is possible to find the correction terms M7, M7, H* and then finally to get the problem
solution according to iterative multilayer plate theory.

Thus, we now consider the iterative theory of multilayer plates. According to this theory [8] Eq. (8) can be
rewritten as follows:

otw otw o*tw ow o*w
o + 2(Dir + 2D66)a 2@)}2 + Dy — oy 7= q(l)SlH—SlIl? — 2pe (Z)h— - W

2 1% 2 ry% 2%
O k koo (T\? . TX . TY 0 k kyn(T\2 . WX . Ty "M% O°H* O°M;
+ Ez €320 P (Z)<Z) sm;sm?—i— E: €3,20¢" (1) (3) sm—a Sm_b + ( 6x2x +2ax6y+ a2 | (32)

Dy —

When considering the correction terms M*, M*, H*, it can be noted that the derivatives 8°M*/dx?,
0*H* /0x 0y, 62M*/6y in the right-hand side of Eq. (32) are all given in Ref. [8].

The form of these correction terms can be simplified by applying assumption (9), and they can therefore be
written in the following form:

o*ME . X . Ty
e = M., f(?) sm?smj,
M ny
52— M 1,1 (1) sin = sin 5
OPH* . . WX ., WY
=H ein 2
oy () sin p sin b (33)

where M, M " H are stated in the Appendix.
Thus, the expression in the right-hand side of Eq. (32) can be rearranged into
o’ ny

O’ M* O’H* M; X
X =M n—=qin —— 4
< 32 + 6x6y+ 2 ) () sin 7 sin b (34)

where f(¢) is given by Eq. (31) and M = M, + 2H + My.

From this, Eq. (32) can be written as
o*tw o*w o*w . . WX . Ty ow *w
ol T 2(D12 + 2Dg6) 557 o202 + Dn i 4(1) sin—-sin == — 2P8(1)ha - Phﬁ
ny

+ Mf(5)sin = sin ™ (39)
a b

For the case of simply supported boundary conditions the solution to Eq. (35) is expressed as

w(t) = a(7) sin — sin " . (36)
a b

Dy —

After simplifications similar to those defined for Eqs. (11), Eq. (35) can be rewritten as

q() + Mf (1)

ﬁa”(t) + 2ﬁs(t) (1) + '(t)
a a pa

(37)
where D is given by Eq. (11).

It is important to point out that the solution obtained for Eq. (12), and given by Eq. (31), is based on the
classical theory and is independent of the form of the function §(¢), which appears in the right-hand side of
Eq. (12). Therefore, solution (31), obtained from using the hybrid WKB-Galerkin method, can be applied
to Eq. (37) based on the iterative theory, by changing the function §(7) in solution (31) on the right-hand side
of Eq. (37).

For the second step, we consider that the plate as described is subjected to the external mechanical loading
of Eq. (3) and the electrical loading of Eq. (1), using the term responsible for the shear force €3¢. As a result,
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from the system of Eq. (6), a lateral bending problem is obtained in the form,

Mo Mo o*w, oy o

0
Dy —— ot +2(D12+2D56)a 2@yz+ 25 —q(t)cos—cos b 2pg(t)h7_ph =
+;egizg¢(t)<g> s1n731n?y— 2( >Ze%zoq)(t) cos— cos?y
No’fk N2 . X ., Ty
+;eszzo¢(l)(z> sm73m7’ a5

where it is reasonable to assume that the electrical loading is equal for each layer ¢@*(¢) = ¢(2).
To consider a specific example we assume that ¢(f) = ¢@,@(f) = g, cos 0t and then introduce a constant
Zy=2n*/ ab)zgzleggz’g. Since Qy can be arbitrarily chosen for our example then mathematically we assume
that Qy = Zyq, for q(¢) = Qpcos 0¢. It should be noted that in this case the first and the fifth terms cancel out,
due to the choice of Z,. However in practice, these terms may not cancel out, since the value of Z, may be
greater or smaller than the one chosen here as an arbitrary example to observe the influence of the fifth term,
and the fifth one may only reduce the value of the first term, or vice versa.
In this case Eq. (38) can be rewritten as

62 ﬂ/()
or?

Zeg’;zo (a) +Ze3220( ) 1(p(l) sin%xsin%. (39)

This equation can be solved by applying a closed form analytical solution as described above in Egs. (9)
and (31).

Mo oMo o Wy awo

Dy — P +2(D12+2D66)a 3y 5+ Dn—— o —2p (t)h — ph

3. Numerical results

To validate the solutions obtained above, graphical results for the problem for some predetermined
parameters are presented. It is supposed that a plate (¢ = b = 2m) is made of transversely isotropic layers, and
the planes of isotropy are parallel to the z = 0 plane, i.e. xOy. The piezoelectric material of the top and bottom
layers is BaTiO3 and the middle layer is made of a passive elastic material. Therefore, the parameters for the
top and bottom piezoelectric layers are as given in [3],

011 =00n=120x 10°Nm™2, Q,=362x10°Nm2, Qu=42x10°Nm™2, D,,= / / 0,z dz
—h/2

& =e) =el=—123Cm™2, (40)
and for the middle, non-piezoelectric, layer the coefficients of elasticity are expressed as in [8]

E, voEy 0 Ey 0 0 1
Bge =

BO :BO = —, —, = -, a =d = —,
R -2 2 +v) TG,

0
By, = (41)
where Ej, G, vy are the modulus of elasticity, the modulus of in-plane shear, and Poisson’s ratio. It is also
assumed that,

E Ey

v=vy=0.3 —=n, a:s(). (42)
0

Ey

For this particular example the following data is arbitrarily assumed, p = 5.7 x 10°kgm ™, &(f) = ¢, and

functions of electrical and mechanical loadings are assumed to be ¢(7) = 10%cos 7 and ¢(r) = —=9.1 x 10%cos #;

and parameters i/a = 0.1, h = 0.2m, 6 = 209 = h/2 = 0.1 m, where /% is thickness of the entire plate, are taken
from Ambartsumian [8].
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Fig. 2. Characteristic functions f{¢) (—) and @(?) (----) of the solutions in terms of classical and iterative theories.
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Fig. 4. Solution obtained for the case where ¢} #0.



V.Z. Gristchak, O.A. Ganilova | Journal of Sound and Vibration 317 (2008) 366-377 375
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Fig. 5. Comparison of solutions for egﬁ =0 (—and ----) and e26;e0 (°°9).

To illustrate the results graphically appropriate code was written within the MAPLE™ software package
and used for numerical visualisation. According to assumptions (9), (31) and (36), the characteristic functions
f(t) and #(z) of solutions wy(z) and w(z), which were obtained by applying the classical and iterative multilayer
plate theories for the first problem, i.e. where €3, = 0, are given in Fig. 2.

If we consider the case when the mechanical loading does not promote vibration created by the electric field,
and also opposes the electrical loading, i.e. () = 9.1 x 10® cos 7, then we obtain the function given in Fig. 3.

Considering the second problem described by Eq. (38), i.e. we take into account the shear force piezoelectric
constant €Y, it is obvious that for the particular example described by Eq. (39) the shear force effect
compensates for the mechanical loading, and as a result, the action of the electrical loading is not increased by
the mechanical loading effect as shown in Fig. 4, in contrast to the case when €3, = 0.

Therefore, the correlation of results obtained above for ¢}, = 0 in terms of classical and iterative multilayer
plate theories, and for €3, #0 can be illustrated in Fig. 5.

4. Concluding remarks

Considering initially the first problem defined by Egs. (8) and (32) in this paper, and illustrated in Fig. 2, in
which the mechanical loading is defined by Eq. (2), the electric excitation by Eq. (1), and the term responsible
for the shear force effect in the piezoelectric layers e(3)6 is neglected. Then, by analysing Eq. (8) it has been
shown that if both the mechanical and electric loadings take the form of periodic functions, then, in terms of
the converse piezoelectric effect, vibration of the structure caused by the mechanical loading is increased by
the mechanical strain due to the electric load action. So, the amplitude of oscillation for the model described in
Eq. (8), i.e. for e(3)6 =0, is larger than that for the case of 6(3)6 #0, where the action of the mechanical loading is
reduced by the shear force effect (Fig. 5).

Fig. 4 illustrates the vibration of the plate subjected to the mechanical loading of Eq. (3) and the electric
excitation of Eq. (1). By analysing Eqs. (38) and (39), it is obvious that the terms responsible for the
mechanical loading and the shear force effect (%) cancel out, and we observe the result of the electrical
loading action. As a result of this we obtain a system for which the mechanical loading compensates for the
shear force action. It is highly significant that this effect would not have been observable if the shear force had
not been taken into consideration.

We can conclude that for the cases investigated here the results of applying classical multilayer plate theory
differ significantly from the results obtained when taking the shear force effect into account.

Also, since piezoelectric structures are often required to be made of several layers, and therefore exhibit
anisotropy, some effects due to shear force action cannot be investigated by applying classical multilayer plate
theory, and the results specifically obtained from this research for an orthotropic sandwich plate subjected to
dynamic loading confirm this assumption. According to Fig. 5 it is obvious that the effect of the presence of
the piezoelectric constant responsible for the shear force effect is greater than the influence of the iterative
multilayer plate theory application. Therefore the application of the piezoelectric terms, which take the shear
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forces for the piezoelectric material into consideration, is particularly justified for applications which involve
piezoelectric sandwich plate vibration.

Appendix

Simplified expressions for the correction terms M, M y,ﬁ in Eq. (33)

m 6 (3, R
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70 P 53 1)

+ [Bzz st (Bt 2366)W} (§ Bsal, (6% — 33) + 70(62 — 83)* Bosaly
(6 = &)’

T30

70 70 7 /45 6% —53)0;
+ [Bgz P + (BY, + 2Bgy) W] (1_50 Bigagy + %BMGSO :
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