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Abstract

In this paper, power flow models were developed to analyze transversely vibrating finite Mindlin plate considering the
effects of shear distortion and rotatory inertia, which are very important at high frequencies. The energy governing
equations for far-field propagating out-of-plane waves in the Mindlin plate were newly derived by using the classical
displacement solutions for out-of-plane motions in the Mindlin plate. The derived energy governing equations are
composed of the energetics of three kinds of far-field propagating waves. Below the critical frequency, the energy governing
equation for only one kind of far-field propagating wave, which is analogous to that for flexural wave in the Kirchhoff
plate, is obtained. On the other hand, above the critical frequency, the energy governing equations for all three kinds of far-
field propagating waves are derived. The developed power flow models are in the general forms incorporating not only the
Mindlin plate theory but also the Kirchhoff plate theory. To verify the validity and accuracy of the derived models,
numerical analyses are performed for the case where the finite Mindlin plates are excited by a harmonic point force, and
the spatial distributions and levels of energy density and intensity obtained by the developed power flow solutions for the
Mindlin plate are compared with those obtained by the classical displacement solutions for the Mindlin plate, the
traditional power flow solutions, and the classical displacement solutions for the Kirchhoff plate for various excitation
frequencies and hysteretic damping factors.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

The remarkable development of automotive, electronic and aerospace industries has been raising the
interest of high-frequency noise and vibration over the last decades. Consequently, suitable high-frequency
noise and vibration prediction tools for various built-up structures are required that can assist in identification
of structure-borne noise paths and potential hot spots (i.e. components with relatively high vibrational
energy). However, there is currently no one suitable method for predicting structure-borne noise of built-up
structures, such as automotive vehicles, household electric appliances and aircrafts, throughout the entire
audible frequency range (i.e. 20-20,000 Hz).
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At low frequencies, the deterministic approach based on traditional displacement solutions (i.e. modal
solutions) has been effectively used for prediction of structure-borne noise (vibration) of built-up structures.
Because of the relative large size of the wavelengths with respect to the size of each component in this
frequency region, small uncertainties in the properties of the short members will not impact their distinctly
resonant behavior. Therefore, the conventional finite element analysis (FEA) and boundary element analysis
(BEA) that apply numerical techniques to equations of dynamic motion have become firmly established as the
most widely used analytical vibration and noise prediction tools for practical engineers.

At high frequencies, the deterministic approach based on the analytical and asymptotic methods such as the
geometrical theory of diffraction (GTD), ray method and W.K.B. method have been proposed for prediction
of acoustic and vibrational responses since early times [1-5]. Though these deterministic methods provide
approximate expressions of the solution under high-frequency approximation, those are potentially
computationally expensive and time consuming to develop and check out analytical models for built-up
structures. In addition, there are other reasons that the deterministic approach is not practical for prediction
of structure-borne noise at high frequencies. The vibrational behavior of a structure at high frequencies
becomes increasingly dependent on fine structural details such as structural joints and boundaries, which
cannot be mathematically represented with sufficient accuracy in these frequencies range [6,7]. Also, high-
frequency acoustic and vibrational responses of nominally identical structures are observed to be different due
to fabrication tolerances allowed during manufacturing processes in mechanical industries [8,9]. Therefore,
because the large statistical variation observed at high frequencies is typical in practical engineering, the
usefulness of deterministic methods in the capacity of structure-borne noise prediction tool is limited.

As the alternative to deterministic approaches at high frequencies, the statistical approach was proposed
to predict modal- and frequency-averaged dynamic behavior of a structure. The statistical approach allows
for a much simpler description and measurement of the system, whether the field is described by modes or
wave [10]. However, the most obvious disadvantage of statistical approaches is that they give statistical
answers, which are always subject to some uncertainty. These characteristics of statistical approaches cause
the researchers concerned to develop theories of the variance, mean, and the confidence for prediction
intervals [11,12].

Statistical energy analysis (SEA), the representative analytical method of statistical approaches, is used to
effectively predict the space- and frequency-averaged behavior of built-up structures at high frequencies where
the modal density of structures is high. However, by SEA approximation, lumped dynamic characteristics are
used to represent continuous linear systems. Therefore, SEA can predict only a single acoustic or vibrational
energy value for each subsystem of a built-up structure. Additionally, because the power balance equation of
SEA is linear algebraic equation, the finite element and boundary element methods, which are very effective
numerical techniques for solving differential equations with arbitrary boundary conditions, cannot be applied
to SEA. Consequently, the FEA/BEA database model, which generally takes most of total analysis time at low
frequencies, cannot be used directly for SEA modeling [13].

Although SEA is one of statistical methods that are reasonable prediction tools at high frequencies, the
weaknesses of SEA have motivated researchers to investigate several alternative structure-borne sound
prediction tools that can be applicable to a numerical implementation such as finite element method and
boundary element method, and predict the spatial variation of vibrational responses in built-up structures.
Power flow analysis (PFA) is the representative product of such investigations. PFA can predict locally space-
and frequency-averaged vibrational behavior of arbitrary built-up structures by virtue of the governing
differential equation. The heat conduction type governing differential equation of PFA describes the state of
far-field vibrational energy, and makes it possible to effectively predict the far-field vibrational behavior of
arbitrary built-up structures with coarse mesh compared to conventional FEA using a numerical
implementation such as finite element method. PFA was first introduced by Belov et al. [14]. Nefske and
Sung implemented a finite element formulation of the vibrational energy equation to predict the vibrational
response of the Euler—Bernoulli beam [15]. Rods and Euler—Bernoulli beams were further studied by Wohlever
and Bernhard [16,17]. Bouthier and Bernhard extended the work of Wohlever et al. [18-21] to analyze the
energetics of a membrane, Kirchhoff plate and acoustic cavity. Park et al [22]. developed power flow models
for in-plane waves in thin plates. To derive the heat conduction type governing differential equations of PFA
based on plane wave components, two approximations are generally used. One is the local space-average over
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half a wavelength to remove the spatially harmonic component and the other is the exclusion of near-field
components which are dominant only near the discontinuities. Therefore, the total vibrational energy density
in PFA is approximated by the smooth far-field energy density and not the harmonic far-field energy density.

Although PFA is the more advanced vibrational prediction tool compared to SEA, the effort to improve the
theory of PFA has persisted. Langley showed that standard two-dimensional governing differential equation
of PFA based on plane wave components would be valid only for the structure having highly reverberant wave
field [23,24]. Consequently, Kim et al. suggested a modified governing differential equation of PFA in
cylindrical coordinate system for predicting the energy distribution in non-diffuse field [25]. Although the
wave field is effectively diffused on a rectangular plate in which numerous reflections of waves from the
boundaries occur, and can be approximated by the field of randomly oriented plane waves, the wave field is
not diffused on an infinite or circular plate which consists of cylindrical waves concentric with the driving
point. Therefore, the standard energy governing equation of PFA is only applicable to the reverberant energy
field of energy, and the modified energy governing equation of PFA is only applicable to the direct energy
field. Smith suggested a hybrid energy method in which the total vibration field is divided into a direct field
and a reverberant field [26]. It can predict the energy distribution over the whole plate that is equivalent to the
result by classical displacement solution in a point-excited plate regardless of wave field’s diffuseness. Le Bot
expanded the energy governing equation of PFA into modified differential equations for each of the plane
cylindrical and spherical wave fields for a general three-dimensional vibroacoustic problems [27,28].
Additionally, Lase and Jezequel suggested a General Energy Method (GEM) considering both active and
reactive energy components for predicting exact energy distribution in one-dimensional structures without
approximation from the deterministic point of view [29,30]. However, GEM has the weaknesses that it is more
computationally intensive than the classical displacement solution, and is not easy to be applied to higher-
order structures such as thin plates.

Until now, most researches on PFA have been restricted to the analysis of fundamental structures such as
rods, Euler—Bernoulli beams, membranes and Kirchhoff plates. Although PFA is a more suitable method for
high-frequency range than for low-frequency range, the existing traditional power flow models for out-of-
plane waves cannot consider very important phenomena in high-frequency range, namely the effects of shear
distortion and rotatory inertia. Therefore, power flow models by advanced theories such as the Timoshenko
beam theory and the Mindlin plate theory that account for these effects must be developed to improve the
prediction of vibrational behavior of a structure in the medium-to-high frequency ranges. In relation to this
work, Park et al. developed the power flow models for coupled Timoshenko beams. We newly derived the
energy governing equations for two kinds of flexural waves in the Timoshenko beam and extended the
application of the derived energy governing equations to coupled beam structures with general beam joints
through the wave transmission analyses [31,32]. However, the power flow model for out-of-plane waves in the
Mindlin plate has never been developed [33].

In this paper, the energy governing equations for three kinds of far-field propagating out-of-plane waves in
the Mindlin plate are derived. The derived energy governing equations for far-field out-of-plane waves is very
useful to predict the reverberant portion of the vibrational energy in a finite Mindlin plate. When the
excitation frequency is lower than the critical frequency determined by material properties and thickness of the
plate, the energy governing equation for only the bending dominant flexural wave, which is analogous to that
for the flexural wave in the Kirchhoff plate, is obtained. On the other hand, when the excitation frequency is
higher than the critical frequency, energy governing equations for all three kinds of far-field propagating out-
of-plane waves are obtained. Finally, to verify the accuracy and validity of the developed power flow models,
the developed power flow solutions and the classical solutions for out-of-plane motions in the Mindlin plate
are compared for several different conditions, and the classical and the developed PFA results for the Mindlin
plate are also compared with those for the Kirchhoff plate.

2. Mindlin plate theory
The Mindlin plate theory contains two rotations as field variables in addition to the transverse displacement

and can consider the effects of rotatory inertia and shear distortion, which are ignored in the Kirchhoff plate
theory. The effects of shear distortion rotatory inertia become increasingly important for propagating waves
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with shorter wavelengths at high frequencies. Generally, the effect of shear distortion is more significant than
that of rotatory inertia on the transverse vibration of a plate [7].

The equation of out-of-plane motion in the Mindlin plate can be obtained by using the Hamilton’s
variational principle. The Lagrangian is defined by subtracting the potential energy from the kinetic energy. In
the Mindlin plate, the kinetic and potential energy can be represented as, respectively,

e (@) o (&) + (5]
el () ]

car( Y ean(®—n) eean(® =0 ) Vi )

dy  0Ox ox oy 7 ’
where w is the transverse displacement, o, and o, are the angles of rotation due to bending, p is the density, / is the
thickness, I = /°/12 is the moment of inertia per unit width, D = ER*/[12(1—v?)] is the flexural rigidity, v is Poisson’s
ratio, E is Young’s modulus, x = 20(1 +v)/(24+25v+1?) is the shear correction factor and G = E/[2(1+v)] is the

elastic modulus of shear of the plate. Using the Hamilton’s variational principle in the Lagrangian obtained by
Egs. (1) and (2), the equations of out-of-plane motion in the unloaded Mindlin plate are obtained by [34]
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3. Group velocity of out-of-plane wave in the Mindlin plate

To obtain the general solution for the homogeneous undamped problem of out-of-plane motion in the
Mindlin plate [35], we can define the displacement potential functions ¢ and ¥ by, respectively,
0¢ oy 0¢p oy
=+ — d op=———. 6,7
"= Ty M YT T 7
Using these displacement potential functions, the equations of out-of-plane motion in the Mindlin plate can
be written in the form:
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From Egs. (6) and (7), it follows that

Ouy  Oay ) Oy, Oy,
=+ and Vi =5
Oox + oy 4 oy ox
where y,. = 0w/0x — o, and y,, = Ow/dy — o, are shear strains.

Thus displacement potential function ¢ involves both shear distortion and rotatory inertia, whereas y is a
function of shear alone [35]. Eq. (9) related to ¥ is not coupled with the other variables and can be represented
as, for time-harmonic motion,

Vi =

(11,12)

2 _
vy + (W’)w — 0. (13)

The general solution of Eq. (13), which is a far-field solution for o> w,1, is
Yx, p, 1) = (Ade F¥ 4 Betkivy(Ce kY 4 pelkin¥) el (14)

where o is the excitation frequency, . = /kGh/pl is the critical frequency of the displacement potential

function wave  with wavenumber k| = \/(plw2 — kGh)/GI, and ki, and ki, are x- and y-directional
components of wavenumber ki, respectively.

The wavenumber k; of the displacement potential function y» above the critical frequency (w > w.;) can be
approximated as

ki = \/(pl? — kG)/GI ~ [ per [G. (15)

By Egs. (12) and (15), because the displacement potential function iy with wavenumber &, includes only the
effect of shear distortion, this wave can be called out-of-plane shear wave (OPSW) to avoid the confusion with
the shear wave of in-plane waves in a plate. From now on, the wave with wavenumber &, is designated as
OPSW in this paper for the definite distinction among propagating waves in the Mindlin plate.

The general solution of Egs. (8) and (10) for time-harmonic motion can be represented as

{ ¢ } = Cd exp(K x + K,p) e, (16)
w ’
where C is the constant coefficient, d is a vector of a constant number, and K> = szJrKy2 is a square
wavenumber which is the sum of square wavenumbers of x- and y-directional wave components.

When Eq. (16) is substituted into Egs. (8) and (10), the following matrix equation is obtained:

kGhK? —kGhK? — pho? (a7)

DK? — kGh + pl? kGh N
d=0.

To have a non-trivial solution, the following characteristic equation is obtained from the upper matrix
equation:

1 1 plo?*
K4+pa)2(E+B>K2+pa)2<KG—D—B> =0. (18)

For Eq. (18), the four roots are given by
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Out of the four roots, the two roots,
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are always imaginary, and the other two roots,

2 2094 2 2
. Jole) 1 1 p2w 1 1 phw
K== 2 <KG+D> +\/ 4 <;<G D) D @1

are either real or imaginary depending on the frequency w. Therefore, the critical frequency determining
whether these roots are real or imaginary exists in variables ¢ and w, and can be obtained by w.n = /xGh/pl.
This critical frequency of the displacement potential function ¢ and transverse displacement w is identical with
that of the displacement potential function . Therefore, only a critical frequency for out-of-plane waves in
the Mindlin plate exists and can be represented as w. = /kGh/pI. In case of a steel plate (E = 19.8 x 10'°Pa,
p = 7800kg, v =10.28) of &1 = 0.01 m, the critical frequency of the plate is about f. = 156 kHz.

In the fourth root term of Eq. (19), the term phw?/D, which is identical with the fourth power of the
bending wavenumber in the Kirchhoff plate, can be regarded as that related to the effect of bending and
the term of p>w*(1/xG — I/D)? /4 can be regarded as that related to the effect of shear distortion, as shown in
Fig. 1. When w<w,, the term related to bending effect grows dominant to that related to shear effect in
Eq. (20), as frequency decreases. When w > w,, the term related to shear effect grows dominant to that related
to bending effect in Egs. (20) and (21), as frequency increases.

Therefore, below the critical frequency (w <w,), only the wave with wavenumber & is the far-field solution
and its wavenumber can be approximated as

pw? (1 T P20t (1 I\* pho?  ifpho?
— a4 = & 22
k2 2 (KG+D>+\/ 7 \w'6 D) "D D @2

where K = +jko.

10 The Effects of Shear, Rotatory inertia and Bending
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Fig. 1. The effects of shear, rotatory inertia, and bending on out-of-plane wavenumbers k, and k3 of the Mindlin plate (steel, # = 0.01 m,
f.=156kHz); “— is bending term and ‘- ---’ is shear & rotatory inertia term.
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Above the critical frequency (w>w,), both kinds of waves with wavenumbers k, and k; are far-field
solutions and their wavenumbers can be approximated as, respectively,

pw? (1 T P2t (1 I\ pho? pw?
— - - oy — 2
k2 2 (KG+D>+\/ s \w6" D) T D kG @3)

and
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where K; = +jk, and K> = +jks.
The displacement variables ¢ and w are composed of two kinds of propagating waves above the critical

frequency and one kind of propagating wave below the critical frequency. Generally, the general solution of
displacement variables ¢ and w can be represented as

{ d(x,y, 1)

Zikaex ik Zikpex ikx —iks, ikay ik, ik jo
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where A4;, B;, C; and D; are vectors of a constant number.

However, every combination of x- and y-components in Eq. (25) is not an appropriate solution. The other
terms except the combination of x- and y-components of the same wavenumber are extraneous solutions.
Therefore, using one of the eigenvectors in Eq. (17), the appropriate general solution of displacement variables
¢ and w is obtained by

¢ pho? — kGhis | o s o
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In Eq. (26), the out-of-plane wave with wavenumber k- is influenced by bending below the critical frequency
and by shear above the critical frequency. On the other hand, the out-of-plane wave with wavenumber k3
propagates only above the critical frequency where the effect of shear is dominant. Based on these characteristics
of out-of-plane waves except OPSW, the out-of-plane waves with wavenumbers k, and k3 can be called bending
dominant flexural wave (BDFW) and shear dominant flexural wave (SDFW), respectively. In this paper, the out-
of-plane waves with wavenumbers k, and k3 are designated as BDFW and SDFW, respectively. Additionally,
though the effect of rotatory inertia is important above the critical frequency, the out-of-plane wave with
wavenumber k3 is named SDFW because the effect of shear is predominant to that of rotatory inertia.

Above the critical frequency, because three kinds of propagating waves exist, three kinds of group velocities
for far-field solutions can be obtained. On the other hand, only one kind of group velocity for a far-field
solution is obtained below the critical frequency.

The group velocity of OPSW with wavenumber k| can be represented as the derivative
0w Gky G [plw?—kGh

6—1q_pw_pw GI

Similarly, the group velocities of BDFW and SDFW with wavenumbers k», and k3 can be represented as the
following derivatives, respectively,

ey = 27)

o, _ 00 _ 25KGD —kapar(D + kGI) (28)
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and
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In case of the Kirchhoff plate, the group velocity of a flexural wave is given by
dw Do\ '/
=~ =2(== 30
K= Bky (ph> ’ G0

where k; = (pho? /D)l/ * is the flexural wavenumber in the Kirchhoff plate.
Figs. 2 and 3 show the values of wavenumbers and group velocities of propagating out-of-plane waves in
steel Kirchhoff and Mindlin plates of # = 0.01 m, respectively, at various frequencies.

4. Derivation of time- and locally space-averaged far-field smooth energy density and intensity
4.1. Above the critical frequency

The general solution in Egs. (14) and (26) is composed of far-field and near-field solutions. The near-field
solution is important in the low-frequency range where the wavelength is short, but the solution is negligible in
the high-frequency range. Noiseux showed that the far-field solution is useful for the power flow analysis of
vibrating plate in the high-frequency ranges [36].

Above the critical frequency, three kinds of propagating out-of-plane waves, that is to say, OPSW, BDFW
and SDFW, exist but the exponentially decaying evanescent wave, otherwise referred to as the near-field
solution, does not exist. Using Eqs. (14) and (26), the far-field solutions for the out-of-plane motion in the
damped Mindlin plate are represented as

W = {A e hoy 4 3 eThevtikion g eikeihon | g, e0ketikion] ot (31)
and
¢ pho? — kGhks, | , . ‘ o : o ,
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w —KG, 2¢

pho® — kG, | —— e e A
G hk2 (C]e(_] 3exX— ] 3,})/) + C2e(_J ex X+ 3{3')/) + C3€(J 3exX—) 34‘}’}’) + C4e(J 3exX+] 3('}'}’)) eJU)t’
—KGnks,
(32)

where A4;, B; and C; are complex coefficients, the subscripts x and y in complex wavenumbers denote x- and y-
component of the wavenumber, respectively, G. = G(1 +ji) is the complex elastic modulus of shear, which is
represented as hysteretic damping factor n, complex wavenumbers are

kye = \/(plwz — kG.h)/ G, (33)

pw? [ 1 1 Pt (1 I\ pho?
kyeze = A | — — | £ -— . 34,35
23 2 <;<Gc +DC> \/ s \x6. D.) T D, (34.35)

The total energy density is the sum of the potential and kinetic energy densities in Egs. (1) and (2). Since the
average values of energy density and intensity are more interesting than instantaneous values, the energy
density and intensity are time-averaged by averaging over a period [37]. The time-averaged total energy
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density for out-of-plane motion in the Mindlin plate can be represented as

ph (Ow\ [Ow pl [ Qo [Ooy * Ooy,\ [ Oa
-ref7 (5 ) @) ) (GG
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where { ) operator indicates a time-averaged quality and the asterisk notation denotes a complex conjugate.
The time-averaged total intensity for out-of-plane motion in the Mindlin plate is transmitted by the shear
force and the moment, and can be represented as (I) = (/)i + (/,)j, where

1 duy Qo (O \* D (do, Qo (O, \*
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and
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ow ow\*

Gh< 5 )(E) } (37,38)

In lightly damped plates, i.e., # < 1, using Eqs. (33)—(35), the real and imaginary components of the complex
wavenumbers ki, = k1 +jk1s, koo = ko1 +jkos and ks, = k3; +jks, respectively, are well approximated as

_|plw? — kGh _m
ki = — ki = —(§>k11,
pw? (1 T pot (1 I\? phw?
=Py )+ —
Karan \l 2 (KG+D) \/ s \w6" D) "D
and
ko = _(g)k2],31 (39 — 44)

Substituting Egs. (6), (7), (31) and (32) into Eqgs. (36)—(38), the time-averaged far-field energy density and
intensity, whose primary variables are w, ¢ and , are obtained (Appendix A).

Assuming that hysteretic damping for the Mindlin plate is sufficiently small, the terms on the order of
square or more of # can be neglected. Additionally, the local space-average is used to eliminate the terms
which are spatially harmonic in the time-averaged far-field energy density and intensity. By these procedures,
the time- and locally space-averaged far-field smooth energy density and the components of the time- and
locally space-averaged far-field smooth intensity of out-of-plane waves in the Mindlin plate can be
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approximated as (Appendix A)

(@ = N(plo® + kGh)ki, + GIK]|]
% (|/’11 |2e’1(fkn.\.xfkmy) + |/12|2e’1(*k11x»\'+k11yy) + |1213|2€11(kmxfk11yy) + |1214|2en(kn.\‘wkmy))

+il(phe® — kGhik, ) (DI, + pl’k3)) + k3, (pha*)(kGh) Gk, + phor®)]
x (|Bl |Ze;7(—k2hx—k2hy) + |Bz|2ei1(—kznx+k21yy) + |Bz|2e'7(k21,\x—k21v}') + |B4|2er/(k2]xx+k21yy))

+ Y(phew* — kGhiy Y (Dk3, + plo’ky,) + ks, (pha*)(kGh)(k Ghicy, + pheo?)]

x (|C"1 |2€'1(7k31vx7k31yy) + |C_'2lze'7(7k3lxx+k3lyy) + |C'v3|2er1(k31xxfk3|yy) + |C4|2@n(k31,\—X+k31yy)), (45)

- 1[{D
(L) = 5|50 — vk ki,
x (|/'1] |2e'1(—k11xx—k11yy) + |[212|2e'1(—k11xx+k11y}’) _ |/_13|2677(kllvx_kllyy) _ |/_14|2e’1(kl]xx+kllyy))

1
+ 3 [D(phe® — KGRk, ) ka1 k3, + (pheoNeoka1 ) (< Ghka ']

x (|Bl |26VI(*k21lelc21),-}’) + |BZ|2611(*k21,vx+kz|yy) _ |Bs|2€n(k21xx7k2|v‘,y) _ |B4|2e'7(k2""x+k2‘yy))
1 2 2\2 2 2 2
+§[D(Ph60 — KGhk3 ) wk31k3 + (pho™)(wks31.)(kGhks1)7]
x (|Cl|26n(fk31xxfk31yy) + |Cz|ze”(*k31rx+k31yy) _ |C3|2eﬂ(k31.\»xfk31yy) _ |C 4|2eﬂ(k31.\w+kmy)) (46)

and

1D
(I,) = 3 3(1 — v)wki,ki,

% (|/'11 |2€f7(*kn,\»xfkny}’) _ |1212|Zen(*k1|xx+k1|yy) + |1213|2€'1(knxxfknyy) _ |1214|2€11(k11xx+/€11yy))

1
+ 5 [D(phe? — KkGhK3,) wka1, k3 + (pher®) (ko) Ghka)’]

% (|Bl |2€'1(*k21,\.x7k21yy) _ |Bz|2el1(7kzlxx+k31yy) + |B3|26'7(k21"'x7k2“’y) - |B4|2e”(k2'*x+k21yy))

1
+ E[D(phw2 — kGhic3, Y ks, k3, + (pho®) ks, (kGhks)]

% (|Cl |Qeﬂ(—k31x>€—k31y}1) _ |C_'2|2e'1(—k31xx+k31yy) 4 |C’3|2e’1(k31vx_k3lyy) _ |C4|2e’1(k3]xx+k3lyy))’ (47)

where ( ) means the time- and locally space-averaged quantity.

As shown in Egs. (45)—(47), above the critical frequency, the time- and locally space-averaged far-field
smooth energy density and intensity of out-of-plane waves can be separated into the terms of each kind of
propagating wave, which is OPSW, BDFW or SDFW.

4.2. Below the critical frequency

When w<w,, only one kind of out-of-plane wave, BDFW, is the far-field solution and the other kinds of
waves are near-field solutions. Therefore, below the critical frequency, the far-field solution neglecting near-
field solutions is given by

2 2
{¢} _ {p heo G"hi‘;hk% }( By ek B o(Cikoctibon) 4 B olkna—ikny) | B eilctibon) gor (48)
w —xG.hk3,

The displacement potential function y, OPSW, is a near-field solution and is neglected in the far-field
energetics.

In lightly damped plates, using Eq. (34), because the effect of bending is dominant in these frequency ranges,
the real and imaginary components of the complex wavenumber k,.= k»;+jky,, respectively, are well
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approximated as

o |po? (1T ot (1 I\? phw?
k=13 <KG+D)+\/4 «¢ p) T D

and
foy = —G) ko). (49,50)

Like the former case above the critical frequency, substituting Egs. (6), (7) and (48) into Eqgs. (36)—(38), the
time-averaged far-field energy density and the components of the time-averaged far-field intensity for BDFW
are obtained. Assuming that hysteretic damping is sufficiently small (5 < 1), the terms on the order of square or
more of u are neglected. The local space-average is also used to eliminate the terms which are spatially
harmonic in the time-averaged energy density and intensity. Below the critical frequency, the time- and locally
space-averaged far-field smooth energy density and the components of the time- and locally space-averaged
far-field smooth intensity for out-of-plane waves in the Mindlin plate can be approximated as (Appendix A)

(@) = (pha* — kGhic3 ) (Dk3, + plw*ks,) + kyy (pha* )k Gh)(k Ghicy, + pho?)]
X (BB P+ 1B P+ I[Bs] 1P + I[Ba] ), (51)

() = YD(pher® — KGhI, ) 0k1,k3, + (pheo® Nk )k Ghk1 )]
X (B P+ B P = 1B 1P = [Ba] ) (52)
and
(I,) = 3[D(phe* — kGhk3,)’ wka1yk3, + (phar) (ko) (kGhka )]
X (BT = 11B" P + IBs 1P = I[Ba] ), (53)
where [ 57 = [ I’ x exp{2(Fkaex £ k).
As shown in Egs. (51)—(53), below the critical frequency, the time- and locally space-averaged far-field
smooth energy density and the components of the time- and locally space-averaged far-field smooth intensity

are expressed in only terms related to BDFW with wavenumber k», which is similar to the energetics of the
flexural wave in the Kirchhoff plate model.

5. Derivation of energy governing equations for out-of-plane waves in the Mindlin plate
5.1. Above the critical frequency

Above the critical frequency, the time- and locally space-averaged far-field smooth energy density and
intensity, which are expressed by Eqgs. (45), and (46)—(47), respectively, are composed of three kinds of out-of-
plane waves, OPSW, BDFW and SDFW. Both far-field smooth energy density and intensity can be separated
into the terms of each out-of-plane wave. Therefore, the time- and locally space-averaged total far-field
smooth energy density and intensity are expressed as, respectively,

ey = (é1) + (&) + (&3) (54)
and
(M = () + (L) + (I3). (55)

In Egs. (54) and (55), <1, 2 and ““3” in the subscripts denote OPSW, BDFW and SDFW, respectively.
The time- and locally space-averaged far-field smooth energy density and intensity of OPSW with
wavenumber ki, are given by, respectively,

1 - - - -
(@) = 7 [(pleo* + xGhyk, + GIIE ] x (LT + 1AL + L] P + (A1), (56)
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(I'1y) =% [12)(1 —Vokiki | < (AT + 1[4 = A7 = 1[A4 1), (57)
and
(I,) = % [g(l —Vokiykty | x (AT = [P+ 1145171 = ([4a]7 1), (58)

where [ 757 = [ * x exp{2(kio.x = kigpp)}.
The time- and locally space-averaged far-field smooth energy density and intensity of BDFW with
wavenumber k,. are given by, respectively,

1
(@) = 7 [(phe?® — kG (DKS, + plek3,) + 3, (pheo ) Gh)(kGhks, + pheo?)]

x (B 1P + BT 1P+ BT + 1B 1), (59)

(T2) = 5 [Dpher — KGHIR Pokar oy + (pherNeokar NGk,
X (BT P + B P = I[Bs] P = I[Ba] 1) (60)
and
(Tny) = %[D(phwz  KGHIZ, ook 2, + (pheo? )k, )(cGhk )]
X (BIHP = B P 4 I[Bs] 1P = I[Bal ), (61)
where [ 51> = [* x exp{2(Ekanex + kagyp)).

The time- and locally space-averaged far-field smooth energy density and intensity of SDFW with
wavenumber k3. are given by, respectively,

(&) = %[(phwz — kGhIc3 (D3, + pl’k3)) + k3, (pha® )k GhY(kGhich| + pha?)]
< ([CTH P+ [CIT P+ G+ ([Cal 1), (62)

1
(I3y) = E[D(phwz — KGhIG ) oks1,k3, + (pho®) (k1) (Ghks;)]

x (IICTT P+ G P =[G P = I[Ca 1) (63)
and
- 1
(Ty) = 3 [D(phe — kGG, ) oks1,k3, + (pher) (k1) (k Ghk)’]

x (IICHTH 1 =[G P + [CTH 12 = ([Cal 1), (64)

where [ = [I” x exp{2(£kacx £ k3y)).
Above the critical frequency, because the effect of shear is dominant to that of bending, the squares of &y,
k»; and k3, which are the real parts of the wavenumbers, can be approximated as, respectively,

2 2 2
pw plw
k%l N — k%l A E, and k%l ~—. (65_67)
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Using Eqgs. (65)—(67), the group velocities of OPSW, BDFW and SDFW can be approximated by,
respectively,

dw G G

y = — X = —, 68
‘ol Okiy  pwky p (68)

0w  kGky kG |po? (1 I P2t (1 I\?  pho?
o= 0 KOk kG per (1 T = , 69
€2 0k», oW oW 2 KG+D + 4 \xkG D + D (69)

and

dw _ Dk D 2010 20t (1 T\ pho?
P PNt E LI el (R Y A () B (70)

oky1 plo  plo 2 \kG D 4 \kG D D

Substituting Eqs. (65)—(67) into Egs. (56)—-(64), the relationships between the time- and locally space-averaged
far-field smooth energy density and intensity of each propagating out-of-plane waves are derived by, respectively,

2
(=2 (S 5.7 @ an

2
) =2 (% i+ %f) (@) (72)

and
() = _n (a?+ ° ?) (23). (73)
nw \0x 0y
For a steady state elastic system, the power balance equation can be written as

V- 1+ mgiss = Tin, (74)

where n4;5s and 7;, are the dissipated power due to the damping of the system and the input power, respectively.
From the works of Cremer and Heckl [7], the time-averaged dissipated power in an elastic medium with small
structural hysteretic damping is proportional to the time-averaged total energy density in the form of

Tldiss = N (e). (75)

Substituting Eq. (75) into Eq. (74), the second-order partial differential equations, which set the far-field
smooth energy density related to each kind of propagating wave as a primary variable, can be derived by,

2 L

v

)7
e —
4
S (A Jjot -
F f),@xod’o) e
p

Fig. 4. Simply supported, transversely vibrating rectangular Mindlin plate excited by a harmonic point force.
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respectively, using Eqgs. (71)—(73),

A
_Ti; (6x2+2) (e1) +nwlér) = miin,

and

(a)

¢’ i

Energy density (dB) ref 10”2 J/im?
-y
o

(b)

40

Energy density (dB) ref 1012 J/m?

0.6

y (/7’)

7"/ ,;/

.{‘;’Q\ ."\»

AL \\\ %
Wy {"/Zf‘i'l%‘?&,v:‘aé»fa"\"“ﬁ"
0% A
N4

oy

(0P PN, 5

o
(6x2 a_yz) (€3) + nw(es) = mjin.

Classical Energy Density of Mindlin Plate

.,l«i’\\ N ;
AR ’4“«0‘0 Qé‘o‘ bl 3\"\; YA
N \q‘\ ') 7

‘“ A\"‘\\ ""‘"/ w‘"“\ ‘;'!"Nlh\. ' ,'

(/' \»f ,,'wll/ % h'
0 7/::«'»\1‘:"?*;'7»,.»,\
' "“’)‘! A :"

7 ‘()\VIA\VI\ y\ \\Q |\

0 o

Classical Energy Density of Mindlin Plate (dB)

' \ i
‘ ‘ll‘ ‘\" .‘

‘l"\" ‘g“' LT

‘0\\ ‘ (A
NRINLA of’ ¥ 75
,:&,vt';[.\w!/;» 25 ,.: ZN :“:‘o\;*»:::«“:/
ST Ui ".,J:, sl A

NS
o7 K
oz "‘ T '
S 4 Q‘y," ‘ T
‘ uv

0.4
2

0 0

' "‘A “;"’ Q‘»A'@\;’«&\" ‘\\“""/'

“ «\"/‘

R P ,om,
s
il

\'I' l!’l/

S
X0 Q«‘.ﬁi&,v’;;‘.’!{\,
“"\\i‘x'g‘ X

TR

')‘v 'A'

[

¥
7/
W

(76)

(77

(78)

Fig. 5. The energy density level distributions of classical solutions of the Mindlin plate (4 = 0.001 m, f, = 1.56 MHz) when f'= 1 kHz. The
reference energy density is 1072 J/m? (a) 7 = 0.01, (b) # =0.1.
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5.2. Below the critical frequency

Below the critical frequency, the time- and locally space-averaged far-field smooth energy density and
intensity, which are expressed by Eqs. (51), and (52) and (53), respectively, are composed of only one kind of
out-of-plane wave, BDFW. In these frequency ranges, because the bending effect is dominant over the shear

and rotatory effects, the wavenumber k,;, which is the real part of k., can be approximated differently from
k»1 above the critical frequency by

1/4
|p? (1T p*ot (1 I\’ pho? _ (pho?
=473 (KG+D>+ s \w¢" ) "D T\ ' (7)

(a) PFA Energy Density of Mindlin Plate
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Fig. 6. The energy density level distributions of power flow solutions of the Mindlin plate (4 = 0.001 m, f. = 1.56 MHz) when f = 1 kHz.
The reference energy density is 10712J/m? (a) 4 = 0.01, (b) 5 = 0.1.
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Using Eq. (79), the group velocity of BDFW with wavenumber k,. can be expressed by

ow D phw? Y Ip D\ *
=— 2k —=2— —=2{— . 80
T Bk T o < D > ph (ph> (80)
These approximated wavenumber and group velocity are identical to those of the flexural wave in

the Kirchhoff plate. Substituting Eq. (79) into Egs. (51)—(53), the relationship between the time- and locally
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Fig. 7. The energy density level distributions of classical solutions of the Kirchhoff plate (4 = 0.001 m, f. = 1.56 MHz) when f = 1 kHz.
The reference energy density is 107'2J/m? (a) 5 = 0.01, (b) n = 0.1.
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space-averaged far-field smooth energy density and intensity of BDFW is derived by

_ oL 02
(L) =2 (it )(@). (81)
no \0x Oy
By Eqgs. (74), (75) and (81), below the critical frequency, the energy governing equation for BDFW is obtained by
2 2 2
Cp2 0 0 _ —
"o (@ + o (€2) + nw(éz) = mojn. (82)

Below the critical frequency, the energetics of BDFW in Eq. (82) is very analogous to that of the flexural wave in
the Kirchhoff plate.
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Fig. 8. The energy density level distributions of power flow solutions of the Kirchhoff plate (# = 0.001 m, f. = 1.56 MHz) when f = 1 kHz.
The reference energy density is 107'2J/m?: (a) 5 = 0.01, (b) n = 0.1.
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6. Power flow analysis of a rectangular Mindlin plate
6.1. Power flow solutions for out-of-plane waves in the Mindlin plate
To verify the derived power flow models for out-of-plane waves in the Mindlin plate, numerical analyses

were performed for the finite Mindlin plate simply supported along its edges and excited by a transverse
harmonic point force as shown in Fig. 4.

(a) Comparison of Mindlin plate and Kirchhoff plate (dB)
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Fig. 9. The comparison of the energy density distributions along the line y = L,/2 of the plate (4= 0.001m, f. =1.56MHz) when
f= 1kHz. The reference energy density is 10721/m?: (a) n=0.01, (b) n=0.1: , PFA solution of the Mindlin plate; ----, PFA
solution of the Kirchhoff plate; ----- , classical solution of the Mindlin plate; ------ , classical solution of the Kirchhoff plate.
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When a point force is excited at (xg,yo) of the plate, the energy governing equations for out-of-plane waves
(OPSW, BDFW and SDFW) in Egs. (76)—(78) are expressed by

C2< 62 62
-z <—2 + —2> (i) +nw(e;) = mpd(x — x0)o(y — o) (=1,2,3). (83)
nw \0x*> 0y

Because there is no power outflow from the simply supported boundary, the energy density solutions
(Navier solutions) of Eq. (83) can be expressed by the double Fourier series of the cosine functions with
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Fig. 10. The intensity level distributions of classical solutions of the Mindlin plate (4 =0.001m, f. = 1.56 MHz) when f= 1kHz.
The reference intensity is 10712 W/m?: (a) y = 0.01, (b) n = 0.1.
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respect to the spatial variables x and y, respectively [13]:

(84)
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Fig. 11. The intensity level distributions of power flow solutions of the Mindlin plate (&

The reference intensity is 107> W/m?: (a) 5 = 0.01, (b) 7 =0.1.
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as shown in Fig. 4, and “1”, “2” and ““3” in the subscripts denote OPSW, BDFW and SDFW, respectively.

where E;,,, is the coefficient of (m,n) mode of the energy density (¢;), L, and L, are the dimensions of the plate
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Fig. 12. The intensity level distributions of classical solutions of the Kirchhoff plate (%

The reference intensity is 10712 W/m?: (a) y = 0.01, (b) n = 0.1.
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where the power coefficient of (m,n) mode, II;,,, is
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Fig. 13. The intensity level distributions of power flow solutions of the Kirchhoff plate (4

The reference intensity is 10~">W/m?: (a) 5 = 0.01, (b) 7 =0.1.
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Substituting Egs. (84)—(86) into Eq. (83), the modal participation factors of energy densities are represented as

(Cz mn/L L )7[, in COS(I’VZHX(]/L )COS(HTEyO/Ly)
(e/ne){(mm /L) + (nm/Ly)*} + neo

By Eqgs. (54) and (55), the time- and locally space-averaged total far-field smooth energy density and intensity
solutions are expressed by, respectively,

3 00 00
e = Z [Z Z E; , cos (mLix> cos <%>

Eipm = (i=12,3). (88)

; (89)
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6.2. Numerical examples

Numerical analyses were performed for a finite rectangular isotropic plate simply supported along its edges
and excited by a transverse harmonic point force. The energy density and intensity distributions obtained by
the developed power flow models for the Mindlin plate were compared with the results obtained by the
classical solutions for the Mindlin plate (Appendix B), and with the classical solutions and the power flow
solutions for the Kirchhoff plate [20], respectively. In the first example, the dimensions of a plate were
L.xL,xh=1mx1mx0.001 m, as shown in Fig. 4, and the material properties of a plate were assumed to
be the same as those of steel. The critical frequency of this plate was about f. = 1.56 MHz. The external point
force was located at xo = L,/2 and y, = L,/2 in the plate and its amplitude was F'= 1 N. According to
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Fig. 16. The energy density level distributions of classical solutions of the Kirchhoff plate (4 =0.01m, f. = 156kHz) when 1 = 0.01.
The reference energy density is 107'2J/m?: (a) f= 5kHz, (b) f = 200 kHz.



826 Y.-H. Park, S.-Y. Hong | Journal of Sound and Vibration 317 (2008) 800-840

excitation frequency, the time-averaged input power used to obtain the power flow solution was calculated as
follows:

Tin = lRe{(Fejwt) % (aw(x05y()a t)) } _ T1in (wéwc) (91)

2 ot Tin + Moin + T3 (0>w)’

where Ow /0t was obtained by the classical solution expressed as Eq. (B.10).

For excitation frequency of 1 kHz, the spatial distributions of the energy density and intensity obtained by
each solution for various values of hysteretic damping (y = 0.01, # = 0.1) are shown in Figs. 5 and 6. For the
sufficient accuracy of Navier solutions, 25,000 lower modal terms of the series were used to obtain the classical
and PFA results, respectively. Generally, to guarantee the sufficient convergence, the Navier solutions for the
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Fig. 17. The energy density level distributions of power flow solutions of the Kirchhoff plate (h = 0.01 m, f. = 156 kHz) when n = 0.01.
The reference energy density is 10712J/m?: (a) f= 5kHz, (b) f = 200 kHz.



Mindlin plate model need much more modal terms than those for the Kirchhoff plate model. In Figs. 5 and 6,
the developed PFA solutions for the Mindlin plate represent well the global variation of the classical solutions
for the Mindlin plate like the cases of the Kirchhoff plate shown in Figs. 7 and 8, regardless of the hysteretic
damping of the plate. These results can be clearly observed in Fig. 9, which shows energy densities of each
solution along the line x = L,/2. In results by both plate models, as the hysteretic damping of the plate
increases, the global variations of energy densities predicted by the classical and PFA solutions increase, as

Fig. 18. The comparison of the energy density distributions along the line y = L,/2 of the plate (2 = 0.01 m, f. = 156 kHz) when n = 0.01.
The reference energy density is 10™'2J/m?: (a) f = 5kHz, (b) f = 200 kHz:

----- , classical solution of the Mindlin plate; --- ---

the Kirchhoff plate;
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seen in Figs. 5-8, and the spatial distributions of energy densities predicted by the classical solution and the
PFA solution become more similar due to the increase of modal overlap in the classical solution except the
vicinity of the driving point where the direct field is dominant. Additionally, because the excitation frequency
(1kHz) is much lower than the critical frequency (f. = 1.56 MHz) of a plate, the effects of shear distortion and
rotatory inertia are not dominant over the effect of bending. Therefore, as shown in Fig. 9, the results obtained
by the Mindlin plate model are almost equivalent to those by the Kirchhoff plate model. Figs. 10 and 11 show
the intensity distributions predicted by the classical solution and PFA solution for the Mindlin plate model,
respectively. Figs. 12 and 13 show the intensity distributions predicted by the classical solution and PFA
solution for the Kirchhoff plate model, respectively. Like the previous case of energy density, the spatial
intensity distributions of the classical solution and the PFA solution for each plate model become more similar
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Fig. 19. The energy density level distributions of classical solutions of the Mindlin plate (2 = 0.04m, f. = 39.1 kHz) when n = 0.01.
The reference energy density is 107'2J/m? (a) f = 4kHz, (b) /= 70 kHz.
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as the hysteretic damping increases, and the spatial intensity distributions obtained by the Mindlin and
Kirchhoff plate models are almost identical because of low excitation frequency, as shown in Figs. 10-13.
For the next examples, the thickness and hysteretic damping of the plate were set to be 4 = 0.01m and
n = 0.01, respectively. The critical frequency of this plate was about 156 kHz. In Figs. 14 and 15, the developed
PFA solutions for the Mindlin plate represent well the global variation of the classical solutions for the
Mindlin plate like the cases of the Kirchhoff plate shown in Figs. 16 and 17, regardless of the excitation
frequency. In results by both plate models, as the excitation frequency increases, the energy density decreases
fast with increasing distance from the driving point. In Fig. 18(a), though the excitation frequency is lower
than the critical frequency, the energy density distributions obtained by the classical and PFA solutions for the
Mindlin plate differ from those obtained by those for the Kirchhoff plate because the effects of shear

(a) PFA Energy Density of Mindlin Plate (dB)

Energy density (dB) ref 1012 J/m2

00

(b) PFA Energy Density of Mindlin Plate (dB)

45
40 Lo e
35 N3

25

Energy density (dB) ref 102 J/m?

' 0.4

N
0 o »®
Fig. 20. The energy density level distributions of power flow solutions of the Mindlin plate (4 = 0.04m, f. = 39.1kHz) when n = 0.01.
The reference energy density is 10712 J/m>: (a) f=4kHz, (b) f= 70kHz.
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distortion and rotatory inertia are not ignorable. When the excitation frequency is higher than the critical
frequency, because the effects of shear distortion and rotatory inertia are dominant, the differences of spatial
energy distributions as well as energy levels predicted by the Mindlin and Kirchhoff plate models are more
prominent as shown in Fig. 18(b).

In the last examples, only the thickness of the plate in the second example is changed to & = 0.04 m. This
plate model has the critical frequency of f. = 39.1 kHz, which is relatively lower than the critical frequencies of
previous examples. Therefore, the effects of shear distortion and rotatory inertia become more important at
low frequencies in this example than in previous examples. Figs. 19 and 20 show the effects of shear distortion
and rotatory inertia are dominant even at low frequencies and the energy model for the Mindlin plate is
derived successfully (see Figs. 21 and 22). In Fig. 23, the spatial distributions and levels of energy densities
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Fig. 21. The energy density level distributions of classical solutions of the Kirchhoff plate (h = 0.04m, f. = 39.1 kHz) when n = 0.01.
The reference energy density is 107'2J/m?: (a) f = 4kHz, (b) /= 70 kHz.
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predicted by the Mindlin and Kirchhoff plate models are considerably different at both 4 and 70 kHz, which
are lower and higher than the critical frequency, respectively.

7. Conclusion

For the improved vibrational analysis for out-of-plane motions in a two-dimensional plate structure in the
medium-to-high-frequency ranges, power flow models were newly developed for propagating out-of-plane
waves in a finite Mindlin plate. The derived power flow models have different forms depending on the exciting
frequency and are the general energetic model for out-of-plane motion in the plate, incorporating not only the

(a) PFA Energy Density of Kirchhoff Plate (dB)
/
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40 .

Energy density (dB) ref 10 "2 J/m?

0 o0

(b) PFA Energy Density of Kirchhoff Plate (dB)
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0.6
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W\
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Fig. 22. The energy density level distributions of power flow solutions of the Kirchhoff plate (A = 0.04m, f, = 39.1 kHz) when n = 0.01.
The reference energy density is 107'2J/m?: (a) f = 4kHz, (b) /= 70 kHz.
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Kirchhoff plate theory used for the conventional power flow model but also the Mindlin plate theory. Below
the critical frequency, the energy governing equation for one propagating out-of-plane wave, BDFW, like that
of the Kirchhoff plate is obtained. Above the critical frequency, the energy governing equations for three kinds
of propagating out-of-plane waves, OPSW, BDFW, and SDFW, are found.

To verify the developed power flow models, numerical analyses of various examples were performed. As
expected, the developed power flow solutions for the Mindlin plate agreed well with the global variation of the

(a) Comparison of Mindlin plate and Kirchhoff plate (dB)
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Fig. 23. The comparison of the energy density distributions along the line y = L,/2 of the plate (h = 0.04m, f. = 39.1 kHz) when n = 0.01.
The reference energy density is 10~'2J/m?* (a) f = 4kHz, (b) f = 70 kHz: , PFA solution of the Mindlin plate; ----, PFA solution of
the Kirchhoff plate; - - - , classical solution of the Mindlin plate; ------ , classical solution of the Kirchhoff plate.
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classical solutions for the Mindlin plate at various excitation frequencies and hysteretic damping factors.
Additionally, as the exciting frequency increases and the plate becomes thicker, the developed power flow
solutions for the Mindlin plate become greatly different from the traditional power flow solutions for the
Kirchhoff plate. Therefore, the developed power flow model for out-of-plane motion in the Mindlin plate can
be an improved tool for prediction of diffuse vibrational behavior in a plate at medium-to-high frequencies.
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Appendix A. Derivation of time- and locally space-averaged far-field smooth energy density and intensity
A.1. Above the critical frequency

Above the critical frequency, all kinds of out-of-plane waves of general solution in Egs. (31) and (32) are

far-field components. The far-field solutions composed of transverse displacement w, displacement potential
functions ¢ and y by Egs. (31) and (32), can be rewritten as, respectively,

W= [ { P e(ikaerx—jkacyy) 4 Pze(ﬂkznerjkzwy) + P3e(szu_x‘ﬂkzny) +P 4e(szu—X+kay)}

+{Qle(_jkh:\'x—jk}uyy) + Qze(—szzxX-ﬁ-jk}(yJ’) + Q;e(jkk.\‘x_jk}cyy) + Q4e(jk3zr-"+jk3wy)}] er’f’ (A.1)

¢ = [{ Rle(_ijL'xx_kaL‘)‘y) + Rze(_jkl(.\‘x""jkhyy) + R3e(jk2{xx_jk21‘,v}") +R 4e(jk2t.\‘x+jk2t‘yy)}
+ { Sy elTHkex—ikiny) 4 g o(iksextikioy) 4§ plikserx—iksar) L g 4e(jk3<-,\»>c+jk3ryy)H it (A.2)
and
W= {Tle(—jkl,,xx—jkm,x) 4 TyeHhentikion 4 7 kiea—ikion 4 T4e(jkmx+jlcll.},x)} el (A.3)

where P;, O;, R;, S;, and T; are constant complex coefficients.
The time-averaged far-field energy density and the components of the time-averaged far-field intensity
which take primary values as w, ¢ and , can be represented as, respectively,

e[ (A0 (0N B [ (052 (03", (o) (05"
(e>_Re[4<az><az>+4 ACTEACIAE,
D ( [day\ [Ooy\* 0oy (0o, * 0oy \ (Ouaty, *
SE)E) -E)E) = E)E) )
_’_g aa"‘+% %_}.%*
4 dy Ox/\dy Ox
LKGH[(ow @ N* o N ew N
4 oax )\ T * dy % oy % ’
1 ooty 0o\ (ot * D (Qu, 0w, (0w, *
“x“zRe{‘D(ax“@)(a—,) ‘“‘V)E(aﬁaxa—t

ow ow\ ™
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1 doy Doy (B \* dory oty [Qoy\ ™
U}’)_zRe{ D(@y+vax><8t> ( V)2<a o ) \w
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The time-averaged far-field energy density and intensity can be obtained by substituting Eqgs. (A.1)—(A.3)
into Egs. (A.4), and (A.5) and (A.6), respectively. However, the obvious relation between the time-averaged
far-field energy density and power which are obtained by this means are not found. Therefore, to eliminate
terms that are spatially harmonic in the time-averaged far-field energy density and intensity, the locally space
averaged value is obtained as follows:

and

(@ = % / Kl /0 W(e) dxdy (i=1,2,3) (A.23)
and

(M) = k’”k’” /n/k'” /n/km DHdxdy (i=1,2,3), (A.24)
where () an i [) are tile time- and locally space-averaged far-field smooth energy density and intensity, respectively,
and (I) = (I.)i + (I [,)j. For instance, Eq. (A.7) in the time-averaged far-field energy density is represented as

(%) (a§[> = 0 koo PRI + [[R2] P + IR + [[R]T1P)
+ 0l P(ISTT 1 + 11S2] 1 + 1S3 1 + 1S4l 1P
+ @ koo IR ((Ro] ™ = [Rs]™™ — [Ra]l"™)* + [Ro] "([Ri]™™ — [Rs]™ — [Ra]™)*
—[R ]+—([R1]“ [Ro] ™ = [Ra]™)* = [RaI™ (R +[Ra] ™+ — [Rs]")*}
+ ks P{IS177 (S = [S5]7 = [Sal™)* + [S2] (8117 — [Ss]" — [Sa]™H)*
=[S ST A IS = [Sal T — [Sal TSI+ [S] T = 1S5
+ 0 (kaerk 5 )[R 4 [Ra] ™ = [Rs]™ = [RaI™)([S117™ + [S2]F = [S3]7™ = [Sa]*F)*
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+ 0 (k3exk 3, D[S + [S2] 7 = [S3]7 = [Sal™ ORI + [R] ™" = [Rs]"™ — [Ra]T)*
+ {0kae([RI]7™ + [Ra] ™ = [Rs]™™ — [R]™) + ke ([S1]77 4 [S2] " — [S3] — [Sa]™))
x Aok ([T 7™ = [To] " + [T3]"" = [Ta] ™Y + (k1o ((T1]7~ = [T2]F + T3] = [Ta]™)
X {wkaex([R1]™™ + [Ra] ™" = [Ra]'™ — [Ra] ™) + 00k ([S1]77 4 [S2]™F = [S3]77 — [Sa] 7)Y
+ kg AT+ (IT2 7P + [T P + [ T4l 1)
+ 0k ([T (—[To]" + [T3]7 — [Tl — [T (71 + (T3] — [Ta]7)*
+ (T = [To] ™ = [Ta] ™) = [T (T = [T +[T3]7)%) (A.25)
where [ 5 =[] x exp(tkex £ keyy).
In Eq. (A.25), the terms like ([[R\]™"1%.... I[Si]" " |1%..., [[Tu]" 7% are purely exponentially decayed
components and the other terms like ([R;]” ([R2]™ )™, ..., [Sa]™ " (R ..., [Tu]" " (T5]7 7)) are

spatially harmonic components. Therefore, using the local space-average to eliminate spatially harmonic
terms, Eq. (A.25) is expressed by

Ooty \ [ Ooty * L _ -
(%) (%) = ki PUIT " P+ [T 1P + [T P+ ([T )
+ o haex PO[RI™ P 4 [[R2] 1 + I[RTT 12 + [[Ra]T1%)
+ e PAISIT P 4 10S2 1 + 1S3 1 + (1S4 TH1P). (A.26)

Apply this procedure to the other terms, for small damping, the time- and locally space-averaged far-field
smooth energy density and components of intensity are obtained by, respectively,

(@) = H(plw® + kGI)kT| + GIKY] x ([T 171 + [T 1P + T3 1P + [ T4l 1)
+il(phe?® — KkGhi, ) (D3, + pIw’kay) + k3, (pha)(kGh)(kGhk3, + phor®)]
X (IR P+ [[R2] P 4+ I[RsTT 17 + I[Ra]™1%)
+ Y(phe* — kGhicy, (DK, + plw’ks,) + ki  (pha*)(xGh)(k Ghicy, + pher?)]

X (ISP A+ IS2] P+ 0S5 + 1Sl ), (A.27)
. 1
() =5 g(l = vk, | < (7P + ([T P = (17317 F = 177

1
+ 3 [D(pher” — KGhIS) ) wkarkly + (phar?) (ko) (k Gl )]
X (LR + IR~ = IRs] ™ — [[Ra] ™)

1
+ z[D(PhCO2 — kGhk3, Y wkaixk3, + (phe (ki) (xGhksi)*]

X (ISP A+ IS2] P = 10Ss 1 = 1Sl ) (A.28)
and
- 1D
(I) = 5 |5 (L= vk, | < (7077 F = (T2 P + 17317 F = 1747

+ %[D(phcoz — kGhi3)) wka k3, + (pha™) (ks ) (Gl )]

x (IR 1P = [[R] T + I[Rs]T 12 = I[Ra]TH1P)

+ %[D(phwz — kGhi3, Y oks1,k3, + (pho*)(ks1,)(kGhks;)?]

x (IS117 1 + I[S2I 1P = (1Ss17 12 = [Sal T ). (A.29)
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A.2. Below the critical frequency

Below the critical frequency, the only BDFW with wavenumber k,,. is a far-field solution and the OPSW,
displacement potential function Vs, is a pure near-field solution. Therefore, the far-field solution composed of
the transverse displacement w and displacement potential functions ¢ can be rewritten as, respectively,

W= {Ple(_jkzt.vx—jkm.y) + Pze(_jkz"'*x+jk2‘3"y) + P3e(jk2(.vx—jk2(;‘.y) + P4e(jkz<».\-x+jk2cyy)}ej(ut (A.30)
and
¢ = {Qle(—jkmx—jkzwy) 4 Qze(_jkzr.\‘x"’jkhyy) 4 QSe(jkmx—jkzo»y) 4 Q4e(jsz.\-«‘c+jkz[yy)}ejwl. (A.31)

Substituting Egs. (A.30) and (A.31) into Egs. (A.4)—(A.6), the time-averaged far-field energy density and
intensity of out-of-plane waves in the Mindlin plate are obtained. In this case, like the previous case, the local
space-average is applied to the time-averaged far-field energy density and intensity in order to eliminate
spatially harmonic terms.

The time- and locally space-averaged far-field smooth energy density and intensity are expressed by

?) = Y(phw? — kGhk3,)*(Dk3, + pla’ks)) + k31 (phw?)(k Gh)(k Ghics, + pha?)]
X (IR + I[R] P+ [[RT 17 + I[Ra] T ). (A.32)

(Iy) '[D(phw — kGhic 51) wkzlxkgl + (phw?) (k1) (kGhka1 )]
< (IR + IRl + [[Rs] 17 + I[Ra] T ) (A.33)
and

(I,) = YD(phar* — kGhic3, ) wkai,k3; + (phwr)(wkary )k Ghkar )]
X (IR = [[R2] 17 + I[RsT 1> — [[Ra]™H1P). (A.34)

Appendix B. Classical solution of out-of-plane motions in the Mindlin plate

The equations of out-of-plane motion in the Mindlin plate excited by a harmonic point force are given by

%0, 1-=v) oy (1+v) azocy ow %oy
> ) ===, B.1
[axz Tt T oy KGh(ax * ) P =0 (B.1)

(1 —v)d%x, 3%, (14v) 62ocx ow 0%a,
Dl et e, T2 | TG ) e 70 ®2)
and
62w 62w Ou, Ou ow .

where F is the amplitude of external point force and (xo,)) is the excitation position.

When the plate is simply supported along its edges, the transverse displacement w, and the angles of rotation
due to bending «, and «, can be expressed by using the double trigonometric series of the spatial variables x
and y, respectively,

w(x, y, 1) = Z Z mn s1n( ) sin (nzy > e, (B.4)
x 'y

m=0 n=0

(X, ¥, 1) = Z ZB o cos( > sin (nzyy> et (B.5)

m=0 n=



838 Y.-H. Park, S.-Y. Hong | Journal of Sound and Vibration 317 (2008) 800-840

cos @ ejwt’
L,
where 4,,,,, B,., and C,,, are modal participation factors of variables.
Using the double series of the sine function, the external force is also expressed by,

. nmy wt
()

and

oy(x, p, 1) = Z Z Con sm(

m=0 n=|

Fo(x — x0)d(y — y) &' = Z Z Fom sm<

m=0 n=

By the orthogonality of sine functions in Eq. (B.7), the modal force factor F,,, is obtained by

4F
Fo, = sin X0 sin o .
L.L, L, L,

Substituting Egs. (B.4)—(B.6) into Egs. (B.1)—(B.3), the following matrix equation is obtained:

e e e | [ Am 0
&1 €2 &3 B = 0 N
€31 &30 &33 Cmn an

where

en = kGh(mn/Ly,),
e12 = —D A(mn/Ly)* + (nm/L,)* (1 — v)/2} + plw?* — kG.h,
ey = —Do(mm/L)(nm/L,)(1 +7)/2,
&1 = kG h(nm /L)),
& = —D(mn/Ly)(nn/Ly)(1 +v)/2,
&3 = =D {(mn/Ly)*(1 —v)/2 + (nm/Ly)} + plo?* — kG.h,
e31 = KGM{(mn/Ly) + (nm/L,)*} — pheo?,
ey = —kG h(mmn/Ly)
and
33 = —kG.h(nm/L)).

(B.6)

(B.7)

(B.8)

(B.9)

By Eq. (B.9), the transverse displacement w and the angles of rotation due to bending o, and o, can be

rewritten as, using only the modal participation factor 4,,,,,

W(X, s [) = Z Z mn Sln< ) sin (nzy) e]‘“’
Ly y

m=0 n=0

. (13821 — &23811) mnx\ . (nmy
(X, p, 1) = Apyin cos sin ot
e Z Z{ (e12€23 — €13622) L, L,

m=0 n=0

and

e (exe11 — &12€21) | . [mmnx nmy
1= Amn Sin COS ejwf,
(%7 1) Z Z{ (e12823 — €13622) L, L,

m=0 n=0

(B.10)

(B.11)

(B.12)
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4F gin (X0 G (1T
L.L, L, L,

Apn = . (B13)

2 2
mn nn mn (13621 — €23€11) [ nw\ (822611 — €12821)
Gl (7)) + <—) - (—)—— (—)— — pha?
‘ (Lx> L, L, J(e12e03 — e13e22)  \Ly/ (€12623 — €13622) P

where
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