Available online at www.sciencedirect.com
i . . ]OURNAL OF
ScienceDirect SOUND AND

VIBRATION

Journal of Sound and Vibration 317 (2008) 866—882

www.elsevier.com/locate/jsvi

Analyses of oscillators with non-polynomial damping terms

L. Cveticanin™

Faculty of Technical Sciences, Trg D. Obradovica 6, 21000 Novi Sad, Serbia

Received 2 August 2007; received in revised form 2 March 2008; accepted 17 March 2008
Handling Editor: M.P. Cartmell
Available online 9 May 2008

Abstract

In this paper the properties of the oscillatory motion of the system with non-polynomial damping is investigated. The
two limits for damping are the dry friction and linear viscous damping. The mathematical model of the system is a strong
nonlinear differential equation with fraction order velocity terms. Using the modified version of He’s homotopy
perturbation method the approximate analytic solution is obtained. The generating solution is assumed in the form which
corresponds to the system with linear viscous damping. Two special cases are considered: first, when the coefficient of the
damping force is small and second, when the damping force is close to dry friction. The obtained analytical solutions are
compared with numerical ones. They show good agreement.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

In most textbooks, the vibrations of two typical damping systems are considered: the harmonic oscillator
with linear viscous damping

¥4 (20)x 4+ 0’x =0 (1)
and the harmonic oscillator with dry friction, i.e., with zeroth order damping
¥+ (20)sgn(x)x° + o’x = 0, )
with the initial conditions
x(0)=4, x(0)=0, 3)
where
—1 for x<0
sgn(x) = | Oforx=0 |, 4)
1 for x>0
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x is the displacement, ¢ is time, ¢ is the damping coefficient, >0 is the eigenfrequency, 4 >0 is the initial

displacement and x = dx/dz, ¥ = d’x/d72. The term sgn(x) takes into consideration the change of direction of

the friction force. Namely, the damping force has the opposite direction to the motion and changes sign with

velocity: for x>0 the sign is positive, and for x<0 the sign is negative. The change of sign is for x = 0. It

means that the motion has to be divided into intervals bounded with the condition that the velocity is zero.
For the case when o> the solution of Eq. (1) is oscillatory

x = Aexp(—01) (cos(rct) + isin(;ct)) , 5

where

K=V —5§. (6)

The solution of Eq. (2) for the initial conditions (3) has the form

x=(=1)"" (g) + [A —(Qn— 1)(%)] cos wt, (7)

where n = 1,2, ... represents the number of motion periods between two zero velocities (x = 0): n =1,3,5...
for from right to left when x<0 and n = 2,4,6,... from left to right when x>0. The motion stops for
A — (2n — 1)(26/w?*) = 0 when the ’stop region’ is reached, i.e., when the initial position is equal or smaller
than |26/w?|.

However, these two types of damping (linear viscous and dry friction) exist only theoretically. Some
indication for this conclusion is mentioned by Hemp [1], who proposed that the damping for a runaway
escapement mechanism is between the linear and zero form, i.e., the damping is of fraction order

0<%<1, m<gq. ®)

The differential equation of motion of the system with fraction order damping force is in general
X + o’x + (28)sgn(x)|x|"1 = 0 )
i.e., for the motion from right to left between two consecutive zeros of X when x <0
¥+ w’x = (26)|x|™ (10)
and for the motion from left to right when x>0
¥4+ w’x = —(20)|x|"9, (11)

where |x| is the absolute velocity of motion.

In this paper the vibrations of the system with fraction order damping are considered.

Usually, the systems with polynomial damping force and linear or nonlinear elastic force are considered
(see Refs. [2-5]). The oscillator with non-polynomial fraction order elastic force is investigated in the papers
[6-12]. The central result for the latter is that a system under the influence of such a force has periodic
solutions only when both the numerator (2m + 1) and the denominator (2n 4 1) of the exponent of deflection
are odd. If one of them is even, the motion is not oscillatory. The method of harmonic balance is used to
calculate the analytical approximation of these periodic solutions [6]. The higher order harmonic balance
method combined with numerical procedure (see Refs. [7,8]) has been used to construct an analytical
approximation to a system modelled by an x*? potential. The generalization of the result is done by Hu and
Xiong [9]. For the case when the restoring force is close to sign(x), the small é-method is applied [10]. Using
the advantages of the first integral, the exact analytical expression for the period of periodic solutions of the
oscillator equation ¥ + x'/@"*1) = 0 are determined [11]. Waluya and Horssen [12] applied the perturbation
method based on integrating factors to approximate first integrals for a generalized nonlinear Van der Pol
oscillator equation. The existence, uniqueness, stability and periods of the time-periodic solutions were
established straightforwardly.
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In this paper the previously mentioned methods and results are applied in order to solve analytically the
differential equation (9) with a fraction order damping term. The well known He’s homotopy perturbation
method (see Refs. [13—17]) is adopted for solving the strong nonlinear differential equation with fraction order
velocity. For the case when the coefficient of the damping force is small, i.e., the term with fraction order
velocity is small, the method of straightforward expansion [18] is used and the approximate analytic solution is
obtained. The special case when the damping force is close to dry friction, i.e., the fraction order of the
damping force is a small value, the method of variable amplitude and phase [19] is extended for solving
the differential equation. The approximate analytic solutions are compared with numeric ‘exact’ ones using
the Runge—Kutta solving procedure. The differences between solutions are discussed. The properties of the
system with fraction order damping are analyzed.

2. System with damping force close to linear viscous damping

The system with fraction order damping force close to linear is considered. The mathematical model of the
system is the differential equation (9) where the first time derivative is of fraction order. The approximate
solution of the differential equation (9) is obtained using the homotopy perturbation technique [13].

Remark 1. Due to the fact that Egs. (10) and (11) correspond to Eq. (9) and have the same forms but the
opposite signs of the right-hand side terms, in this paper the application of the homotopy perturbation
technique is shown only for Eq. (10). The same procedure is evident for Eq. (11).

In view of the homotopy perturbation technique, we can construct the following homotopy for Eq. (10)
transforming the variable x(¢) to X(z,p)

X + 0’ X + 20X = p(26X + (20)|X|"), (12)
where p € [0, 1] is the embedding parameter. The initial conditions are
X(0,p) =4, X(0,p)=0. (13)
In case p = 0, Eq. (9) becomes
X +0’X 426X =0, (14)
the solution of which is Eq. (5) for X(¢,0) = x(¢). For p = 1 Eq. (12) turns out to be the original differential
equation (10) with fraction order damping, and the solution is
X(t,1) = x().
Remark 2. The homotopy method admits the introduction of the linear operator (14) which describes the
physical sense of motion and does not require the solution of the mathematical linear part of Eq. (9) to be
the basis function for further approximation. From the physical points of view it is known that the sum of the
kinetic and potential energy of the considered system does not keep the same, but decreases. The solution is

approximated by a quasi-periodic function on a time interval of half the period of the non-damped motion.
The solution should decay.

The solution of Eq. (12) can be written as a power series in p
X =x0+px;+--- (15)

Substituting Eq. (15) into Eq. (12) and separating the terms with the same order of the parameter p, the
following system of differential equations is obtained:

P X0+ wPxg + 20% = 0, (16)

PR 4 0Pxy + 20%) = 20%0 + (26)|%0|"9,
(17)
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with the initial conditions for Eq. (16)

x0(0) =4, %(0) =0,
and for Eq. (17)

x1(0)=0, x(0)=0,
According to Eq. (5) and initial conditions (18), the solution of Eq. (10) is

xo = Aexp(—o¢) (cos(;ct) + gsin(m)> ,
where

k= V-5,
Using Eq. (20), the first-order deformation equation is

2
%14 205 + @*x1 + 204 exp(—dt) 2 sin(xkr)
K

m/q

- (25)‘ —A c%Zexp(—él) sin(xt) =0.

Introducing the Fourier series expression (see Ref. [20]) for the function

[eXp ( (% . 1) 5:) sin(;ct)] e _do g:l(ak cos(kict) + by sin(kict)),

2

into Eq. (22) it follows

m/q m/q

=+ 2561]

2

2

)

S adl
K

%1+ 20%) + 0’x) — exp(—81) [aoé —A%

2

m/q
42 ) sin(x?)
K

2
+25<—A%+b1

2
+(25)‘ 4z
K

m/q oo
Z(ak cos(kkt) + by sin(krct))] =0,
k=2

869

(18)

(19)

(20)

1)

(22)

(23)

24

where the coefficients ay, a; and by depend on the fraction m/q. We obtain the solution of Eq. (24)

with Eq. (19)

2| _ "
K

12

x| = exp(—0ot) [%(l — cos(kt))

k=2 1—

2
_é<Aw__bl
K K

m/q
exp(—01)t sin(kt).

2
—A—
K

2
A=
K

+—a
K

+ i ( akkz (cos(kkt) — cos(kt)) + % (sin(krer) — k Sin(m)))]

m/q 1
) exp(—ot) (l cos(kt) — p sin(zct))

(25)
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Using Eqgs. (20) and (25), the solution in the first approximation is determined

m/q
ap(1 — cos(kt))

2

X = exp(—St){A cos(xct) —i—% —A %

2
_é<Aw__bl
K K

A+ apt

2

m/q
1
—A “ ) (l cos(kt) — — sin(;ct))
K K
2
Y il

m/
“]’C q] } (26)

Analyzing the relations obtained, the following is obvious:

+ ° sin(xct)
K

1. For the special case when the damping parameter is zero (6 = 0), the solution (26) simplifies to

x = A cos wt,

which represents the well known solution of a harmonic oscillator for the initial conditions (3).

2. If m/q =1, the damping is the linear function of velocity, the solution (26) transforms to Eq. (5) which
corresponds to the linear viscous damping system (1).

3. The homotopy perturbation method uses the imbedding parameter p as a small parameter and only few
iteration are enough for asymptotic solution.

4. Due to straightforward expansion (15) the approximate solution (26) contains the so-called secular term
with the factor fsin(k?). Because of secular term, expansion (15) is not quasi-periodic. Thus x; does not
provide a small correction to xj.

5. Using the physical point of view the improvement of the approximation is necessary. The expansion for w
and ¢ is introduced

w(z):a)2+pa)1+..., do=0+pd +..., 27

1.€.,

a)zzwé—pwl—..., 0=20)—pdy —..., (28)

where w; and J; are frequency and damping correction parameters, respectively. Substituting Egs. (15) and
(28) into Eq. (12) and separating the terms with the same order of the parameter p, the following system of
differential equations is obtained:

P’ Ko+ wfxo + 250% = 0, (29)

Pl X+ wdxg 4 200%1 = w1x0 + 281 + do)Xo
+ (280) %0 ™/4.

(30)

The assumption of the solution of Eq. (29) in the form (20) and substitution of Eq. (28) into Eq. (30) leads to

the following second-order differential equation:
2m/q

%1+ 200%1 + wRx1 — exp(—do1) [agéo 4 %
0

2

m/q
—A& > cos(kot)
Ko

+ <w1A + 250(11
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21m/q
w ) sin(kot)
Ko

o

<w1A5—2(51 +50)A +250b1

0

m/q oo
+(200)|—4 2 > (ak cos(krcot) + by sin(k;cgt))] =0. (31)
0

k=2

Eliminating the secular terms in Eq. (31) the correction parameters are determined

2 2m/q
e ) L) o
K K

Y hadl
K
Applying the homotopy perturbation procedure and using Eq. (32) the general form of parameter corrections
for Eq. (9) are obtained
Ny

2 21m/q
o) = —(=1)" 1(25>‘ 42 (b, _a é), (33)
K K K

wheren =1,2,3,...:n=1,3,5,... for Eq. (10) and n = 2,4,6,... for Eq. (11). According to Eq. (27) and the
relations (33), the frequency and damping parameters are in the first approximation

P

m/q
)
ay, 51 = _5+A—(JJ2

m
/4 - ;c5 )

ay, & =—8+(=1y

o= (17 (L) by — b, (39)

For p = 1 we obtain
02~ o {1 =1y g (5> (A’;Z)l_m/q], (36)
0 (1Y (L) by — o) (37)

and the approximate value of k is

—m 2 —m
Ko = \/wz [1 —2a (5> (A’;z)l /"] - (i) (A%z)m " by — day) (38)

Using Eq. (20) with Egs. (36)—(38), the solution in the first approximation is

x = Aexp (—t {(—1)"1 g (AL(DJ 1ﬂn/qy(;cbl — 5a1)})

1/2
802\ / Kk \1-mla  [8\?/ Kk \20-m/o)
2 _ 1yl e A N e A _ 2
X (cos llw 2(—1) a1< " >(Acu2> (;c) (sz) (kb 5a1)]
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b (=" (kby — day) K\ 1-m/q
" K Sdw? K \1-m/q N2/ Kk \20-m/g 12 (sz)
2 1yl e A N e A _ 2
lw 2=1 a1< K )(Aa)z) (K) (sz) (kb1 — o) 1
d? K \1-m/q N2/ K \20-m/g) 12
. 2 A =l _ (¢ _ 2
xsin t[w 2=1) al( . )( sz) (K) ( sz) (b 5a1)] . (39)

Analyzing the relations it can be concluded:

1. The frequency of vibrations depends on the initial amplitude 4; the exception is for x/Aw? = 1 when the

frequency is
B 5\? 5
Ko =A/w? |l =2a[— || — (=) (kb — day)". (40)
K K

2. The frequency of vibration depends on the fraction order m/q.
3. The parameter of amplitude decrease dy depends on the initial amplitude and the fraction order of the
damping force (see Eq. (37)). For k/Aw? = 1, the amplitude decrease depends only on the value of m/q:

50 ~ 5(!)1 - gal). (1)
4. If m/q = 1, the damping is the linear function of velocity, and the Fourier coefficients (23) are
ar=0, b =1, (42)
and the correction parameters (33) are
w1 =0, & =0. (43)

The solution (39) transforms to Eq. (5) which corresponds to the linear viscous damping system (1).
5. For m/q = 0, when (sin(xo?))° = 1, the Fourier coefficients (23) are zero (a; = 0, and b, = 0), and the
correction parameters are

w] = 0, (31 = —0. (44)
The vibration parameters are wy = w and dy = 0, and the motion corresponds to the case of dry friction (4).

3. System with small damping coefficient

It is of special interest to analyze the system with small damping. For the case when the coefficient of the
damping force is small, i.e.,

20<1, (45)
the differential equation (9) transforms to the differential equation with small nonlinearity
¥+ wx 4 esgn(x)|x"9 =0, (46)
ie.,
¥ 4 w’x = £e|x|™1, (47)
where

e =20, (48)
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and the upper (4) sign correspond to (x<0) and the lower sign (—) to (x>0). The sign changes for x = 0. In
order to solve Eq. (46), the method of straightforward expansion is introduced.

Remark 3. The procedure applied for solving the differential equation (47) with positive sign is the same as for
the other differential equation with negative sign. In the paper the solving procedure for the differential
equation with positive sign is introduced.

Assuming the solution of Eq. (47) in the form of series

X=Xxo+ex;+..., w§=w2+sw1+..., (49)

and by substituting into Eq. (47), the following system of differential equations is obtained:

e X+ wixg =0, (50)
et X+ iy = oix+ |x0|™/,
(51)
For the initial conditions (18) the solution for x is
xo = A cos(wypt). (52)

For ¢ = 0 the frequency is w = wy. Substituting Eq. (52) into Eq. (51), the linear nonhomogeneous differential
equation is obtained

X1+ w(z)xl = w1 A cos(wot) + | — Aw sin(wor)|™. (53)

Transforming the trigonometric function [20]

’ o0
sin™ 4wy ) = % + Z a;, cos(kwyt), (54)
k=1

where a; and a are coefficients which depend on (m/q), and substituting into Eq. (53) yields

* e}
%1+ oy = 51270 + (w14 + af) cos(wot) + Z ay cos(kwyot), (55)
k=2
where
as = dah| — Awo|™4, @ =d,| — Awo|™,  d; = d,| — Awy|™. (56)

Eliminating the secular term the frequency correction is obtained

a
o = — Zl' (57)
The solution of Eq. (55) is
o0
x1 = K + Ky cos gt + K3 sinagt + Y _(Cj cos(kwl), (58)
k=2
where
* *
Ki=2%, C=—t (59)

202 T -k
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and K, and K3 are arbitrary constants calculated according to initial conditions (19)
K, =—-K, — ch, Ky =0.

Based on Egs. (49), (52) and (58) with Eq. (59) the solution of Eq. (47) in the first approximation is

= ( ;Z)Oz —¢ Z ﬁ) cos wt + — + Z cos(kwt) (60)
k= -

where
In general, the solution of Eq. (46) in the first approximation is

o0
x = (A + eKy)cos wpt = ¢Ky + K3 sin wgt + Z eCy, cos(kwot). (62)
k=2

where A is the initial amplitude which is different for all intervals of motion between two consecutive zero
velocities and

" — A m/q
wo = \/wz_gw. (63)
Ao
For
m 2N
— = M=1,273,..., N=123,...
q 2M+15 b b b b 9 9 9 b

the sin terms in Fourier series [20] are zero. Using only the first three terms of Fourier expansion the
approximate solution is obtained. In general, the solution in the first approximation is

x = Agcoswgt + e cos wot + (—1)""e(K | + C3 cos 2mot) (64)
and the corresponding time derivative is
X = —wo[(Ag + £4;) + 4=1)""eC3 cos wy ] sin wot, (65)

where 4y and A; depend on the initial conditions. Analyzing the relation (65), it is obvious that the velocity is
zero for sin wyt = 0, i.e.,

(n—Dn __(n—Drn

T= (66)
o w
It means that the time limits for one direction of motion are (n — 1)n/w and nn/w.
Substituting the lower time limit in Eq. (64), the boundary position x(,—1) is
Xty = (=1 A + ed; + (K1 + C3). (67)
Separating the terms with ¢° and ¢!, the following is obtained:
Yoy = (=1 Ao, X1y = (=17 (A + K1 + C5). (68)

Using these relations, the arbitrary constants are defined

Ao = (1" "Xop1yps A1 = (=1 X101y — (K1 + C5). (69)
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For the other limit value of time, the boundary position is
x@=04f40%o—wh+dKr+@ﬂ
= (=) " Xo-1pp — ex10-1)p + 26(—= 1" (K1 + C3) (70)
and the values with ¢ and ¢! are
Yo = (=D X0 1ps Xink = =Xk + 2(=1)"" (K| + C). (71)

The values (71) are the initial values for 4y and A4, for the following n intervals of motion. Thus, for the first
interval of motion the initial conditions (3) are

Ag=A, A =—(K, + C). (72)
The motion is
x = Acoswyt — &(K| + C3)coswot + &(K1 + C; cos 2wgt). (73)
According to Eq. (70), the final position at 1 = n/w is
= —A 42K, + C). (74)

Using the previous consideration and the initial conditions (70), it can be concluded that the general form of
the constants is

Ao =xp —e[(=1)""" = @n = DI(K1 + C3), A1 =—Q2n— 1)K, + C}) (75)
and the motion is
x = Agcoswgt — e(2n — 1)K + C3)cos wgt + e(—1)"" (K| + C cos 2myt), (76)
with the initial conditions
xXp = (=14 =201 = De(Ky + C)], %5 =0, (77)

for n = 1,2. For the relation (76), the maximal displacements are

24, 24, 24
A, —|A—2K0 =22, a—dek, (1-22), |44k, (1-22)],.... (78)
3ay 3ay 3ay

So, the maximal amplitudes decrease in arithmetic progression with difference of 2¢K;(1 — 2—2) for half of the
period of vibration (¢ = n/w). The amplitude decrease decrement is

D= (Awo)m/‘fz‘s# (1 _ %“—3). (79)
Wy

3a

Due to the results obtained, it can be concluded:

1. The amplitude decrease depends on: the initial amplitude A4, the degree of the damping force m/q, the
coefficient of damping 26 and the frequency wy.

2. The period of vibration does not depend on the order of the damping function for the case when the
damping coefficient is small.

3. For larger values of the damping coefficient, the amplitude decreases faster.

4. For the same fraction order, the higher the value of the initial amplitude, the faster the vibration amplitude
decreases.

5. For Awy = 1, the amplitude decrement is approximately a lmear functlon of m/q.

6. The decrease depends on the frequency of the system ~1 /(u M4, for wo>1 the amplitude decrease is
slower for smaller values of fraction order; for wy = 1 the change of the fraction order has no influence on
the amplitude decrease, and for wy<1 the decrease is faster for smaller fraction order.
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Fig. 1. The time history diagrams for dry friction (x; — #) and viscous damping (x, — ¢) for the following initial conditions: 4 = 0.8,
A=0.6and 4 =04.

0.6
X
04t N ]

0.2 1

XA

t

Fig. 2. Time-history diagrams obtained analytically (x4 — ¢) and numerically (xy — 7).

7. Besides, from Eq. (76) and its first time derivative, it can be concluded that the motion x(z) and velocity x(¢)
change their directions at the same time.
8. For

Awy = 1.6971, (80)

the decrease decrement is approximately the same for viscous damping (m/¢ = 1) and dry friction
(m/q = 0). For Awy>1.6971 the amplitude decrease is faster for viscous damping than for the dry friction.
For Awy<1.6971 the damping decrease is faster for dry friction than for viscous damping.
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3.1. Examples

To prove the results obtained, two examples are provided:

1. In Fig. 1. the time history diagrams for the system with dry friction x; and viscous damping x, are plotted.
Using the relation (76) and the parameter values ¢ = 26 = 0.1 and w = 2+/2, the motion for various initial
values (4 = 0.4, 0.6 and 0.8) are calculated. For the initial condition 4 = 0.6, the viscous damping and dry
friction have approximately the same decrease and their time history diagrams coincide. The two diagrams
represent the boundary between two groups of initial conditions: for 4 = 0.4 the dry friction decreases
faster than for the viscous damping, and for 4 = 0.8 the decrease is faster for viscous damping than for the
dry friction. The obtained results are in good agreement with conclusion 8.

2. In Fig. 2. the solution of the differential equation

¥+ x = 0.05sgn(x)|x]*°,
with the initial conditions
x(0) =0.6, x(0)=0,

is plotted. Using the suggested analytical procedure, the solution x4 (76) is obtained. Comparing the
analytical solution x4 with the ‘exact’ numerical one xy, obtained by Runge—Kutta procedure, it is evident
that the difference between them is negligible.

4. System with damping force close to dry friction

Let us consider the case when the order of the velocity term in the damping force is a small value (m/q = ¢)
near zero (m/q ~ 0)

¥ + w?x + (20)sgn(x)|x|* = 0, (81)
i.e., between two zero velocities for the motion from right to left
¥+ o’x = (20)|x)° (82)
and for the motion from left to right
¥+ o’x = —(20)|x]°. (83)

The damping parameter ¢ also need to be small. The method of variable amplitude and phase is adopted for
solving the differential equation (81).

Remark 4. In the paper the approximate solving method is developed for the differential equation (82) in the
time interval between two zero velocities. The same procedure is available for the differential equation (83). By
generalization of the obtained solutions the general solution for Eq. (81) is obtained.

For ¢ = 0, the differential equation (82) transforms to
¥+ a’x = (20), (84)
i.e., the differential equation of dry friction. The general solution of Eq. (84) is
26
X = e + Bsin(w? + a), (85)
where the arbitrary constants B and o depend on the initial conditions xy and Xy = 0

20 T
B:X()—(E), O(ZE. (86)
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Based on the solution (85) of Eq. (84), the trial solution of Eq. (82) is introduced

X = (g) + B(t) sin (1), (87)
where
Y (1) = ot + (1), (88)

B(t) = B, y/(t) = { and a(f) = o are the unknown time-dependent functions.
Introducing the assumption that the first time derivative has the form of the first time derivative of Eq. (87)

X = Bwcosy, (89)
the following constraint is to be satisfied:
Bsiny + Bicosy = 0. (90)
Substituting Eq. (87) and the time derivative of Eq. (89) into Eq. (82), we obtain
Bw cosy — Bwasiny = 25((Bwcos )’ — 1). (C2))
Using Eqgs. (90) and (91) Eq. (81) is expressed as a system of two coupled first-order differential equations
Bw = 25((Bw cos ) — 1) cos i, (92)
Bi = %(1 — (Bwcos)®) siny. (93)

There is no closed form analytical solution for the systems (92)—(93). As the functions cosy and siny are
periodical, the averaging procedure is introduced in order to find an approximate one. The averaging of the
periodic function y is done and the averaged differential equations are

B= l(25)38@8-1 / cos! ey dy, (94)
T 0

= — l(25)(3(1;)8-1 / ) cos ¥/’ siny dip. (95)
n 0

Using the series expansion for ¢ = m/q [20]
coshy = %0 + > (@} cos(ky) + b sin(k)), (96)
k=1

the averaged equations (94) and (95) are obtained
B=(20)Bw" ' Pe), &=—(25)(Bw)' Q) 97)

where coefficients afj, a] and b} depend on ¢, and
1 T o0 1 T o0
P(e) = E/ Z aj cos(ky)cosydy, QO(e) = E/ Z by sin(ky) sin y dy. (98)
0 k=1 0 k=1

Integrating the differential equations (97), we obtain

Qo)P(e)1—e) 1070 0() Q8)P@E)(1 — &)
(Bow)'™* t] ’ OC_O“’_P(s)(l—:a)ln'“r Bo)—

B:BO[H

, 99)

where By and o are the initial values. Applying Eq. (99), the solution of Eq. (82) in the first approximation is

obtained
x:§+30<1+$> sin[(w—%)hLao)} (100)
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The suggested procedure is suitable for solving (83) and after some generalization of Eq. (100) the solution of
Eq. (81) in the first approximation is

Xy = (—1)"1{5)52+ B, <1 +m> sin Kcu — (1! m>t+ an_l] } (101)

where B,_; and «,,_; are initial conditions for certain time interval of motion between two zero velocities. For
the series expansion of functions [21]

Pe) =Py + O@),  0() =0, + O1(5),  exp(edy 1) =1+ 0,11+ -+, (102)
where
by = 2201 (103)
(Bn—lw) ¢

the solution (101) is

20 . 1 (20
Xy = (1) {—2 + B,_1 exp(ed,_17)sin [(w a1y (7)Q11_) ‘4 oc,,_l)} } (104)
w (Bn—lw) ¢
For the initial conditions (3), the arbitrary constants in the first interval of motion are
50 26 0
Bocos<€—o>:A——2, o = =4 20 (105)
w w 2 o
The motion in this direction stops at
20 0 0
X1p = — — Boexp (W> cos <£O>, x1 = 0. (106)
) ) )
These values are the initial values for the motion in the other direction. For n>2, the arbitrary constants are
Spe O On— 20 On—
B, cos (8 l) = B, exp <8 2n> cos (8 2) — 2(—2), Oy = i + E0n-1 . (107)
w 0} w [0} 2 w

For the sake of simplicity, in Eq. (107) the series expansion of cos(ed,—; /) is introduced. Using the first
term in the series (cos(ed,—;/w)~ 1) and the assumption that ep,/w is sufficiently small, the arbitrary
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Fig. 3. Limits of motion and time-history diagrams obtained analytically (x4 — ¢) and numerically (xy — 7).
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Fig. 4. Time-history diagrams for various values of damping order: viscous damping x,, dry friction x; and x, when m/q = 0.05.

constants are

20
B, ZA_E forn=1, (108)
20
B,_1= -2 el + B,y exp(ed,—on/w) for n=2, (109)
and the phase angle
T
Tt =5 (110)

The motion of the system without an initial velocity is possible only when the elastic force |w?x| is higher
than the damping force 26|x|°. For ¢<1, the limits of motion are

26 20

For this interval the motion stops and the velocity is zero.

4.1. Examples

To prove the accuracy of the suggested procedure, some numerical examples are given.

1. The parameters of the system are: w =1, 20 = 0.1, ¢ = 0.05 and the initial conditions x(0) = 0.5 and
X(0) = 0. Using the relations (104) and the formula for the limits of motion (111), the approximate time
history diagram x4 — ¢ is plotted (Fig. 3). The solution is compared with xy — ¢ obtained numerically by
Runge—Kutta procedure. It is evident that the difference between the curves is negligible.

2. In Fig. 4, the time-history diagrams for various values of the parameter ¢ are plotted. Forw =1, 26 = 0.1
and the initial values x(0) = 0.5 and x(0) = 0, the time history diagrams for m/q = 0, m/q = 0.05and ¢ = 1 are
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shown. The curve x, — 7, for m/q = 0.05, is between two curves: dry friction x; — ¢ (when m/q = 0), and
viscous damping x, — ¢ (when m/q = 1), but very close to the curve of dry friction.

5. Conclusion

The following can be concluded:

1. The oscillations of the system with fraction order damping are between two limits: the motion of the system
with dry friction and the motion of the system with linear viscous damping.

2. The vibrations depend on the fraction order of the damping force: for smaller values the motion is closer to
dry friction and for higher values to the motion of the system with linear viscous damping.

3. The frequency of vibration and also the quasi-period of vibrations depend on the initial amplitude and
fraction order of the damping force. For the case of a small damping coefficient, the influence of the
fraction order of the damping force can be omitted.

4. The amplitude decrease decrement depends on the initial amplitude and the fraction order of the damping
force. For a small coefficient of the damping force, the amplitude decrease is in arithmetic progression.

5. For the case of a small damping coefficient when 4w = 1.6971, the vibration decrease is independent on
the fraction order.

6. The asymptotic results obtained give the possibility of using simple analytical expressions for the vibrations
of the system with fraction order damping regardless of the values of the parameter m/q. More specifically:
e the asymptotic (39) can be used for 0<m/g<1 and 26>0,

e the asymptotic (104) is valid for 0<m/g<0.1 and 26 >0,
e the asymptotic (76) can be used for 0<m/g<1 and 0<20<0.1.
Note that there are overlapping domains of asymptotic validity.

All the approximations given in the paper are valid for the time interval for which the length is given by two
consecutive zeros of Xx. At the end of the interval the displacement x is calculated and it represents the initial
condition for the next time interval.
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