
ARTICLE IN PRESS
JOURNAL OF
SOUND AND
VIBRATION
0022-460X/$ - s

doi:10.1016/j.js

�Correspond
E-mail addr

1Tel.: +82 2
Journal of Sound and Vibration 318 (2008) 1230–1249

www.elsevier.com/locate/jsvi
Vibration and sound radiation of viscoelastically
supported Mindlin plates

Junhong Parka,1, Luc Mongeaub,�

aSchool of Mechanical Engineering, Hanyang University, 17 Haengdang-dong, Seongdong-gu, Seoul 133-791, South Korea
bDepartment of Mechanical Engineering, McGill University, 817 Sherbrooke Street West, Montreal, Quebec, Canada H3A 2K6

Received 3 October 2006; received in revised form 23 April 2008; accepted 23 April 2008

Handling Editor: S. Bolton

Available online 11 June 2008
Abstract

Models based on the Mindlin plate theory were developed and used to investigate the vibro-acoustic characteristics of

sandwich panels with viscoelastic supports. The Rayleigh–Ritz method was used to predict the vibration response of the

plate subjected to distributed random forces with imposed spectral characteristics. Sound radiation efficiency was

calculated for each mode, which allowed the radiated sound power spectra to be determined. Timoshenko beam functions

were used as the trial functions. This approach ensured a fast convergence rate, which is advantageous for vibration and

sound radiation analysis of high-order modes. The optimal support properties for minimum vibration amplitude were

determined. Vibration energy dissipation at the edges was found, as expected, to regulate the vibration amplitude. The

effects of the plate mechanical properties on the vibration amplitude and sound radiation were investigated. Sound was

found to be predominantly radiated by bending deformation of the face materials at low frequencies, and shear

deformations of the honeycomb core at higher frequencies.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Sandwich panels consisting of thin, stiff face materials and a lightweight honeycomb core possess a flexural
rigidity that is much larger than that of homogeneous plates of equal mass. The use of composite sandwich
panels has expanded, especially in aerospace applications [1]. These structures have recently been used in
aircraft fuselages due to their increased stiffness and lower weight, leading to increased fuel efficiency. One
disadvantage of composite sandwich panels is their relatively poor sound barrier performance; stiffer and
lighter panel feature increased sound radiation efficiency as a result of larger structural wave propagation
speeds. This can contribute significantly to increased cabin noise [2–4].

To model the vibro-acoustic behavior of sandwich panels, the influence of shear deformations of the weak
core materials must be considered in addition to that of bending deformations typical of classical (Kirchhoff)
ee front matter r 2008 Elsevier Ltd. All rights reserved.
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Nomenclature

aw
mn, a

cx
mn, a

cy;q̂j
mn , amn generalized coordinates

Â; B̂; Ĉ complex amplitude of bending waves (m)
Am, Bm, Cm, Dm, Lm beam function coefficients
b frequency parameter
br, bt viscous rotational (N s/rad) and transla-

tional (Pa s) damping coefficients
ca speed of sound in air (m/s)
Dx, Dy, Dxy bending stiffnesses (Nm)
f frequency (Hz)
Gpp,Gww, Gcxcx

, Gcycy
cross-power spectral den-

sities
Ĥj frequency response function in terms of

generalized coordinates
Ib rotary inertia per unit area (kg)
½K̂ � modal stiffness matrix (N/m)
lx, ly plate dimensions in x- and y-direction

(m)
Ls system Lagrangian (J)
Mb mass per unit area of plate (kg/m2)
[M] modal mass matrix (kg)
P̂ acoustic pressure (Pa)
Ŝr; Ŝt complex stiffness of rotational (N/rad)

and translational spring (Pa)
Sx, Sy shear stiffnesses (N/m)
TK kinetic energy (J)

vav spatially averaged mean square velocity
(m2/s2/Hz)

VP potential energy (J)
v̂j jth eigenvector
Ŵ j ; Ĉ

x

j ; Ĉ
y

j modal shape functions
Wr radiated sound power (W/Hz)
Xm, Yn trial functions for displacements in x-

and y-direction
a, b, k1, k2, r, s parameters in Timoshenko beam

functions
Zj, Zrj, Ztj loss factors
x, z normalized spatial coordinates
nx, ny Poisson’s ratios
ra density of air (kg/m3)
sj radiation efficiency of jth mode
Fp wall pressure spectral density (Pa2/Hz)
cx, cy rotations in x- and y-direction
cx

m, c
y
m trial functions for rotations in x- and y-

direction
o circular frequency (rad/s)
ôj complex natural frequency of jth mode

(rad/s)

Indices

m, n, p, q, j integer
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plate theory [5,6]. Previous studies of the influence of support properties have been limited to bending
deformations, and are thus inappropriate for the case of honeycomb structures. Honeycomb materials have
highly anisotropic properties. Their elastic modulus is very large, such that the motion of the two face sheets in
sandwich constructions may be considered nearly in phase. Shear deformations within the core govern the
dynamic response of sandwich panels at high frequencies. Mindlin’s theory [7,8] considers the influence of
shear deformations and rotary inertia, in addition to bending deformations for plate structural vibration
analysis. This method is therefore well suited to investigate the vibration of sandwich panels. Nilsson and
Nilsson [9] investigated the dynamic properties of sandwich structures. Fluid loading effects were found to be
an important factor because of the lower specific weight of these structures. In situations where the dynamic
properties of composite laminates are anisotropic and not symmetric, the vibration analysis requires coupling
between bending and stretching deformations to be taken into account [10]. For this, numerical methods such
as the finite element method or the boundary element method are typically needed [11,12]. Mindlin’s theory is
applicable only for plates that are symmetrically laminated [1,13].

The modal parameters of Mindlin plates may be obtained analytically for simply supported boundary
conditions. Numerical methods are required for complex boundary conditions. Dawe and Roufaeil [14] used
the Rayleigh–Ritz method to calculate the modal parameters of Mindlin plates with free, clamped or simply
supported boundaries (geometric boundary conditions). Timoshenko beam functions were used as trial
functions. More recent studies have examined the vibration response of compliantly supported Mindlin plates
[15–19]. The consideration of more general boundary conditions allows the analysis of structures that are
more realistic, and similar to actual installations. The vibro-acoustic properties of sandwitch panels with
viscoelastic supports are significantly different from those with idealized, lossless supports [11,12].
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In the present study, models for the vibration response and the sound radiation of sandwich panels were
developed. The shear deformation and the rotary inertia of the panels were taken into account analytically
using Mindlin plate theory. Rectangular plates supported by viscoelastic springs at the four edges were
considered. The Rayleigh–Ritz method was used for the vibration analysis using Timoshenko beam functions
as the trial functions. The Rayleigh–Ritz method has advantages over finite element or boundary element
methods when analyzing structures with a simple geometry. It is less expensive, requires less computational
effort, and thus it is more convenient for design optimization and parametric studies. The effects of the
support stiffness on the modal properties of the plate were investigated. The forced vibration response and the
radiated sound power induced by distributed random excitations were calculated. Parametric studies were
performed to investigate the effects of support and plate mechanical properties. The results provide a better
understanding of the vibro-acoustic properties of composite sandwich panels. The resulting model may be
useful in the design of sandwich panels with better sound barrier properties.

2. Rayleigh–Ritz method for Mindlin plates

Fig. 1 shows a sketch of the sandwich panels considered in this study. Outer and inner face sheets are made
of composite materials of large stiffness, separated by a lightweight honeycomb core. The transverse rigidity of
the honeycomb core causes the two face sheets to vibrate in phase. Park [20] measured the dynamic properties
of such constructions using the beam transfer function method for several different sandwich beams. The
results are shown in Table 1. The bending and shear stiffnesses were measured, and found to vary with
frequency. The measured wave propagation speeds, shown in Fig. 2, exhibited characteristics typical of
Timoshenko beams. The wave speeds smoothly increased with frequency. At low frequencies, the wave speeds
were similar to those calculated assuming ‘‘classical’’ beams. At high frequencies, the wave speeds were almost
constant due to the shear deformation of the core. In between these two limiting cases, the beam vibrations
were influenced by both the bending and the shear vibrations. The wave speed at high frequencies was
supersonic for beams made of Nomex honeycomb. The associated critical frequencies, Table 1, were low and
consequently sound radiation was significant over a wide frequency range.

Fig. 3 shows a schematic of the viscoelastically supported rectangular plate. A Cartesian coordinate system
is used. The normalized spatial coordinates, x ¼ x/lx and z ¼ y/ly, vary between 0 and 1. The motion of the
four edges is restrained by translational and rotational springs. The panel is supported by translational springs
with stiffnesses st1, st2, st3, and st4 along the boundaries at y ¼ 0, y ¼ ly, x ¼ 0, and x ¼ lx, respectively.
hi

hc

ho

Outer face sheet

Inner face sheet

Honeycomb core

Fig. 1. Schematic of a sandwich honeycomb panel.

Table 1

Mechanical properties of sandwich beams constructed using different core materials

Beam no. Mass per unit

length (kg/m)

Rotary inertia per

unit length

(10�6 kgm)

Bending stiffness

(Nm2)

Shear stiffness

(kN)

Critical

frequency (Hz)

1 (Nomex honeycomb core) 0.33 38 750 105 454

2 (Nomex honeycomb core) 0.27 19 422 39 910

3 (Foam core) 0.37 45 946 10.2 –
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Fig. 2. Flexural wave speeds of the beams and their loss factors:’, beam 1;K, beam 2; ., beam 3. The dashed lines are calculated values

using properties in Table 1.

Fig. 3. Geometry of the rectangular Mindlin plate (top view) and its supports (in elevation).

J. Park, L. Mongeau / Journal of Sound and Vibration 318 (2008) 1230–1249 1233
Rotational springs with stiffness, sr1, sr2, sr3, and sr4 are arranged in a similar fashion. These springs have
stiffness uniformly distributed along each edge.
2.1. Variational formulation—free vibration analysis

Analytical procedures for Mindlin plates are similar to those for homogeneous thin plates [5,6]. The kinetic
and potential energy of the Mindlin plate are given as [15]

TK ¼
1

2

Z lx

0

Z ly

0

Ib

qcx

qt

� �2

þ
qcy

qt

� �2
( )

þMb

qw

qt

� �2

dydx, (1a)

V P ¼
1

2

Z lx

0

Z ly

0

Dx

qcx

qx

� �2

þDy

qcy

qy

� �2

þ ðnyDx þ nxDyÞ
qcx

qx

qcy

qy

þDxy
qcx

qy
þ

qcy

qx

� �2

þ Sx
qw

qx
� cx

� �2

þ Sy
qw

qy
� cy

� �2

dydx
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þ
1

2

Z lx

0

st1wðx; 0; tÞ
2
þ st2wðx; ly; tÞ

2
þ sr1cyðx; 0; tÞ

2
þ sr2cyðx; ly; tÞ

2 dx

�

þ

Z ly

0

st3wð0; y; tÞ
2
þ st4wðlx; y; tÞ

2
þ sr3cxð0; y; tÞ

2
þ sr4cxðlx; y; tÞ

2 dy

�
, (1b)

where w is the vertical displacement, cx and cy are the angular displacements in the x- and y-direction, Mb is
the mass and Ib is the moment of inertia per unit area, Dx, Dy, Dxy and Sx, Sy are the bending and shear
stiffnesses, nx and ny are Poisson’s ratios. The material properties of the sandwich panel were assumed to be
orthotropic. The plate bending and shear stiffness are obtained using as the relations Dx ¼ Exh2

chi=2 and
Sx ¼ Gchc, respectively. The two face sheets are assumed to be identical, with elastic moduli are Ex. Gc is the
shear modulus of the honeycomb core. The dynamic properties of actual composite honeycomb panels depend
on several factors such as the composite laminates, the number of layers, the curing process, and the kinds of
bonding agents (epoxies) used in their construction. Consequently, their dynamic properties are usually a

priori unknown and need to be measured using dynamic testing methods [20].
In previous studies [15–19], vertical and angular displacements have been expanded separately, i.e. using

expressions of the form

fwðx; y; tÞ;cxðx; y; tÞ;cyðx; y; tÞg ¼
XN

m¼1

XN

n¼1

fX mðxÞY nðyÞa
w
mnðtÞ;c

x
mðxÞY nðyÞa

cx
mnðtÞ;X mðxÞc

y
mðyÞa

cy
mnðtÞg, (2)

where Xm, Yn, c
x
m, and cy

n are the trial functions. Distinct generalized coordinates, aw
mnðtÞ, a

cx
mnðtÞ, a

cy
mnðtÞ, were

defined separately for each degree of freedom. In the present study, the vertical and angular displacements
were expressed in terms of the same generalized coordinates, amn, using

fwðx; y; tÞ;cxðx; y; tÞ;cyðx; y; tÞg ¼
XN

m¼1

XN

n¼1

fX mðxÞY nðyÞ;c
x
mðxÞY nðyÞ;X mðxÞc

y
nðyÞgamnðtÞ. (3)

This is required for the estimation of the radiated sound, as shown in a later section. After replacing Eq. (3)
into Eq. (1), Lagrange’s equation of motion

d

dt

qLs

q _amn

� �
�

qLs

qamn

¼ 0 (4)

is applied, where Ls ¼ TK�VP is the system Lagrangian. This yields a set of equations of motion

M €aþ K̂ a ¼ 0, (5)

where M and K are the mass and stiffness matrices, respectively. Following usual normal mode analysis
procedures to calculate the mode shapes and the natural frequencies, the solution of Eq. (5) is assumed to be

amnðtÞ ¼ Refâmne
iotg, (6)

where âmn is the complex amplitude of amn. The following eigenvalue problem is obtained:

ð�o2Mþ K̂Þâ ¼ 0. (7)

A common approach to model the dissipation of vibration energy was used. The stiffnesses of the supports
(Fig. 3) were defined as complex quantities, i.e.Ŝtj ¼ Stjð1þ iZtjÞ and Ŝrj ¼ Srjð1þ iZrjÞ, j ¼ 1,y,4. After
solving the eigenvalue problem in Eq. (7), the natural frequencies of the plate, ôj, and the associated
eigenvectors, v̂j, were calculated. Note that the eigenvectors are orthogonal because the mass and stiffness
matrices are symmetric. The damped natural frequencies, fj, and the system loss factors, Zj, are related to the
complex eigenvalues through

ôj ¼ oj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ iZj

q
¼ ð2pf jÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ iZj

q
. (8)
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2.2. Trial functions

Timoshenko beam functions were used as the trial functions. The solution of the Timoshenko beam is well
known [21]. The normalized coordinates, x and z, are used in the calculation of the trial functions. The
Timoshenko beam functions in x-direction are

X mðxÞ ¼ Am sin bmbxþ Bm cos bmbxþ Cme
bmaðx�1Þ þDme

�bmax, (9a)

cx
mðxÞ ¼ Amk1 cos bmbx� Bmk1 sin bmbxþ Cmk2e

bmaðx�1Þ �Dmk2e
�bmax. (9b)

In normalized coordinates, the parameters of the Timoshenko beam functions are given by

a

b

 !
¼

1ffiffiffi
2
p �½r2 þ s2� þ ðr2 � s2Þ2 þ

4

b2

� �1=2( )1=2

,

r2 ¼
Ib

Mbl2x
; s2 ¼

Dx

Sxl2x
; k1 ¼

bðb2 � s2Þ

blx

; k2 ¼
bða2 þ s2Þ

alx

. (10)

The notation follows closely that used by Huang [21]. The frequency parameter, b, is related to the circular
frequency through b2

¼ o2Mb=Dx. Four boundary conditions at x ¼ 0 and 1 were applied:

qX mð0Þ

lxqx
� cx

mð0Þ

� �
¼ T1X mð0Þ;

qcx
mð0Þ

qx

� �
¼ R1c

x
mð0Þ (11a,b)

qX mð1Þ

lxqx
� cx

mð1Þ

� �
¼ �T2X mð1Þ;

qcx
mð1Þ

qx

� �
¼ �R2c

x
mð1Þ, (11c,d)

where

T1 ¼
St1

Sx

; T2 ¼
St2

Sx

R1 ¼
lxSr1

Dx

; R2 ¼
lxSr2

Dx

.

By replacing Eq. (9) into Eq. (11) the characteristic equation is obtained as

K1 �T1 ðK2 � T1Þe
�bma �K2 � T1

�R1k1 �k1bmb k2e
�bmaðbma� R1Þ k2ðbmaþ R1Þ

cos bmbK1 þ T2 sin bmb � sin bmbK1 þ T2 cos bmb K2 þ T2 ð�K2 þ T2Þe
�bma

k1ðR2 cos bmb� bmb sin bmbÞ �k1ðbmb cos bmbþ R2 sin bmbÞ k2ðbmaþ R2Þ k2e
�baðbma� R2Þ

2
666664

3
777775

�

Am

Bm

Cm

Dm

2
666664

3
777775 ¼ 0, (12)

where K1 ¼ bmb=lx � k1, K2 ¼ bma=lx � k2. Eq. (12) is an eigenvalue problem. This eigenvalue problem was
solved numerically to obtain the coefficients, Am, Bm, Cm, Dm. The resulting beam functions were normalized
to satisfy the following orthogonality conditions [21],Z 1

0

X mX p þ ðIb=MbÞc
x
mc

x
pdx ¼ dmp, (13)

where dmp is the Kronecker delta function. Similar numerical procedures were repeated to calculate the trial
functions along the z-direction—Yn and cn

y. Finally, with the trial functions calculated in this section, the



ARTICLE IN PRESS
J. Park, L. Mongeau / Journal of Sound and Vibration 318 (2008) 1230–12491236
mass and stiffness matrices are obtained as

Mmnpq ¼ lxly Mb

Z 1

0

X mX p dx
Z 1

0

Y nY q dzþ Ib

Z 1

0

cx
mc

x
p dx

Z 1

0

Y nY q dzþ Ib

Z 1

0

X mX p dx
Z 1

0

cy
nc

y
q dz

� �
,

(14a)

Kmnpq ¼
lySx

lx

Z 1

0

qX m

qx
qX p

qx
dx
Z 1

0

Y nY qdzþ
lxSy

ly

Z 1

0

X mX pdx
Z 1

0

qY n

qz
qY q

qz
dzþ

lyDx

lx

Z 1

0

qcx
m

qx

qcx
p

qx
dx
Z 1

0

Y nY qdz

þ
lxDxy

ly

Z 1

0

cx
mc

x
p dx

Z 1

0

qY n

qz
qY q

qz
dzþ lxlySx

Z 1

0

cx
mc

x
p dx

Z 1

0

Y nY q dzþ
lxDy

ly

Z 1

0

X mX p dx
Z 1

0

qcy
n

qz

qcy
q

qz
dz

þ
lyDxy

lx

Z 1

0

qX m

qx
qX p

qx
dx
Z 1

0

cy
nc

y
q dzþ lxlySy

Z 1

0

X mX p dx
Z 1

0

cy
nc

y
q dz� lySx

Z 1

0

qX m

qx
cx

p dx
Z 1

0

Y nY q dz

� lySx

Z 1

0

cx
m

qX p

qx
dx
Z 1

0

Y nY q dz� lxSy

Z 1

0

X mX p dx
Z 1

0

qY n

qz
cy

q dz� lxSy

Z 1

0

X mX p dx
Z 1

0

cy
n

qY q

qz
dz

þ
nxDx þ nyDy

2

Z 1

0

qcx
m

qx
X pdx

Z 1

0

Y n

qcy
q

qz
dzþDxy

Z 1

0

cx
m

qX p

qx
dx
Z 1

0

qY n

qz
cy

qdz

þ
nxDx þ nyDy

2

Z 1

0

X m

qcx
p

qx
dx
Z 1

0

qcy
n

qz
Y q dzþDxy

Z 1

0

qX m

qx
cx

p dx
Z 1

0

cy
n

qY q

qz
dz

þ lx

Z 1

0

X mX p dx Ŝt1Y nð0ÞY qð0Þ þ Ŝt2Y nð1ÞY qð1Þ þ Ŝr1c
y
nð0Þc

y
qð0Þ þ Ŝr2c

y
nð1Þc

y
qð1Þ

h i

þ ly

Z 1

0

Y nY q dz Ŝt3X mð0ÞX pð0Þ þ Ŝt4X mð1ÞX pð1Þ þ Ŝr3c
x
mð0Þc

x
pð0Þ þ Ŝr4c

x
mð1Þc

x
pð1Þ

h i
. (14b)

3. Vibro-acoustic response to random excitation

3.1. Forced vibration

In Eq. (14), the stiffness matrix is symmetric, and the mass matrix has only diagonal terms. The resulting
eigenvectors are orthogonal, such that

v̂
T�

j Mv̂m ¼ djm, (15)

where v̂
�
j is the complex conjugate of v̂j.

After solving the eigenvalue problem, the plate vertical and angular displacements were re-defined as

ŵðx; y;oÞ ¼
XN2

j¼1

Ŵ jðx; yÞq̂jðoÞ; ĉxðx; y;oÞ ¼
XN2

j¼1

Ĉ
x

j ðx; yÞq̂jðoÞ; ĉyðx; y;oÞ ¼
XN2

j¼1

Ĉ
y

j ðx; yÞq̂jðoÞ, (16)

where the Ŵ j ; Ĉ
x

j ; and Ĉ
y

j are the modal shape functions given as

fŴ jðx; yÞ; Ĉ
x

j ðx; yÞ; Ĉ
y

j ðx; yÞg ¼
XN

m¼1

XN

n¼1

fv̂jðmnÞX mðxÞY nðyÞ; v̂jðmnÞcx
mðxÞY nðyÞ; v̂jðmnÞX mðxÞc

y
nðyÞg. (17)

For these modal shape functions, the following orthogonality condition is inferred from the orthogonality
conditions (Eq. (15)) for the eigenvectors:

Mb

Z lx

0

Z ly

0

Ŵ
�

j Ŵ k dxdyþ Ib

Z lx

0

Z ly

0

Ĉ
x�

j Ĉ
x

k þ Ĉ
y�

j Ĉ
y

k dxdy

� �� �
¼ v̂

T�

j Mv̂K ¼ djk. (18)

When the shape functions defined in Eq. (17) are used as trial functions, the mass and stiffness matrices are
diagonal, and the eigenvalue problem is simplified as

ð €qj þ o2
j qjÞ ¼ F j ; j ¼ 1; . . . ;N2, (19)
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where

F j ¼

Z lx

0

Z ly

0

pðx; y; tÞŴ
�

j ðx; yÞdxdy. (20)

After solving for the transfer function of the generalized coordinates, the forced vibration response is
calculated. When the relationship between neighboring excitations are specified as cross-power spectral
densities, the displacement response is calculated as

Gwwðr1; r2;oÞ ¼
XN2

j¼1

XN2

k¼1

H�j ðoÞHkðoÞŴ
�

j ðr1ÞŴ kðr2Þ

Z
L

Z
L

Ŵ jðs1ÞŴ
�

kðs2ÞGppðs1; s2;oÞds1 ds2, (21)

where L is the plate area, Gpp and Gww are the cross-spectral densities of the distributed excitations and the
displacements, respectively, and Ĥj are the frequency response functions for the generalized coordinates, given
as ĤjðoÞ ¼ �ð�o2 þ ô2

j Þ
�1 from Eq. (19). Similarly, the rotational responses to random excitations are

calculated as

Gcxcx
ðr1; r2;oÞ ¼

XN2

j¼1

XN2

k¼1

H�j ðoÞHkðoÞĈ
x�

j ðr1ÞĈ
x

kðr2Þ

Z
L

Z
L

Ŵ jðs1ÞŴ
�

kðs2ÞGppðs1; s2;oÞds1 ds2, (22a)

Gcycy
ðr1; r2;oÞ ¼

XN2

j¼1

XN2

k¼1

H�j ðoÞHkðoÞĈ
y�

j ðr1ÞĈ
y

kðr2Þ

Z
L

Z
L

Ŵ jðs1ÞŴ
�

kðs2ÞGppðs1; s2;oÞds1 ds2. (22b)

To obtain the vibration responses without neglecting the inter-modal terms, the orthogonality of the normal
modes simplifies the calculation of the sound radiation and the spatially averaged response. The orthogonality
conditions for the normal modes, shown in Eq. (18), allows only the calculation of the sum of the responses,
Gww þ Gcxcx

þ Gcycy
. For this summation, the contribution from the rotational inertia of the plate,

Gcxcx
þ Gcycy

, is negligibly small compared with that of the vertical vibration, Gww. Consequently, the
orthogonality conditions shown in Eq. (18) can be approximated as

Mb

Z lx

0

Z ly

0

Ŵ
�

j Ŵ k dxdy ¼ djk. (23)

The simpler, approximate orthogonality conditions shown in Eq. (23) yield the following spatially averaged
displacement response:

Z
L

Gwwðr1; r1;oÞdr1 ¼
XN2

j¼1

HjðoÞ
�� ��2 Z

L

Z
L

Ŵ jðs1ÞŴ
�

j ðs2ÞGppðs1; s2;oÞds1 ds2. (24)

Eq. (24) was applied to calculate the forced vibration response for a distributed loading over the plate
specified using cross-power spectral densities. One example of such excitation is the Corcos turbulent wall
pressure model [5].
3.2. Sound radiation

Assuming a baffled plate mounted within an infinite rigid planar surface, the far-field complex acoustic
pressure is calculated using the Rayleigh integral [22]

p̂ðr; y;fÞ ¼ �rao
2 e
�ikar

2pr

Z lx

0

Z ly

0

ŵðx; yÞeikaðx sin y cos fþy sin y sin fÞ dxdy, (25)

where ka is the wavenumber (ka ¼ o/ca) and ca the speed of sound in air. The far-field assumption requires r to
be much larger than the plate dimensions, lx and ly. Accordingly, the radiated sound power, Wr, is calculated
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as the integral of the far-field acoustic intensity over a hemisphere surrounding the plate, as follows:

W r ¼
rao

4

8p2ca

Z 2p

0

Z p=2

0

Z
L

Z
L

Ĝwwðr1; r2;oÞeikaðr2�r1Þ�ðsin y cos f;sin y sin fÞ dr1 dr2 sin ydydf. (26)

When the Corcos model is used for the input pressure cross-spectral density, the radiated sound power is
calculated, neglecting inter-modal terms, using

W r ¼
racalxly

2

XN2

j¼1

sjðoÞjwĤjðwÞj
2

Z
L

Z
L

Ŵ jðs1ÞŴ
�

j ðs2ÞĜppðs1; s2;oÞds1 ds2; (27)

where sj is the radiation efficiency of the jth mode and ra the density of air. For the shape function defined in
Eq. (17), the radiation efficiency of the jth mode, sj, is calculated as

sj ¼
k2

aMb

4p2

Z 2p

0

Z p=2

0

Z
L

Ŵ jðr1Þe
ikaðr1Þ�ðsin y cos f; sin y sin fÞdr1

����
����
2

sin ydy df. (28)

To calculate the radiation efficiency, the integration with respect to y and f was performed using Simpson’s
3/8 rule with the integral domain (y, f) sub-divided into 40� 40 equally spaced elements.

For the simulation performed in this study, the excitation over the plate was assumed to be perfectly
incoherent, homogeneous, and stationary. In this case, the cross-power spectral densities of the distributed
excitation pressures between two locations, s1 and s2, is given by

Gppðs1; s2;oÞ ¼ FpðoÞdðs1 � s2Þ, (29)

where Fp is the pressure spectral density. With the loading specified as Eq. (29), the spatially averaged
vibration response and radiated sound power is obtained as

vav ¼
1

lxly

Z
L
o2Gwwðr1; r1;oÞdr1 ¼

FpðoÞ
lxlyM2

b

XN2

j¼1

o

ð�o2 þ ô2
j Þ

�����
�����
2

, (30)

W r ¼
racaFpðoÞ

2M2
b

XN2

j¼1

sj
o

ð�o2 þ ô2
j Þ

�����
�����
2

. (31)

Assuming that the wall pressure spectral density (Fp) is unity over the entire frequency range of interest, the
spatially averaged mean-square velocity in octave bands with center, lower, and upper frequency limits of oo,
o1, and o2, respectively, is calculated analytically using

vo0
¼

Z o2

o1

vav do ¼
1

2lxlyM2
b

XN2

j¼1

1

o2
j Zj

Im ôj ln
ðôj � o1Þðôj þ o2Þ

ðôj þ o1Þðôj � o2Þ

� 	
. (32)

4. Results and discussions

4.1. Modal analysis

For verification purposes, the natural frequencies of a homogeneous square plate of side length l, with
Dx ¼ Dy ¼ D ¼ Eh3/12(1�n2), Sx ¼ Sy ¼ k2Gh, and Dxy ¼ D(1�n)/2, nx ¼ ny ¼ n ¼ 0.3 where h is the plate
thickness and k2 ¼ 0.8601 were calculated. To simulate clamped boundary conditions, the support stiffness
was assumed to be St ¼ 1025 Pa and Sr ¼ 1025N/rad. The results from the Rayleigh–Ritz method using the
trial functions defined in Eq. (3), shown in Table 2, are in agreement with results from previous studies [14]
both for thin (h/l ¼ 0.01) and thick (h/l ¼ 0.1) plates, thereby verifying the accuracy of the Rayleigh–Ritz
method used in this study.

In the following cases, the dimensions of the honeycomb panel were assumed to be lx ¼ 1.57m, ly ¼ 1.39m,
the specific mass was Mb ¼ 3.97 kg/m2, and the moment of inertia was Ib ¼ 0.00035 kg. Differences between
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Table 2

Frequency parameters O ¼ o
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1þ nð Þrl2=E

q
for plate clamped on all four edges

Mode

1,1 2,1 1,2 2,2 3,1 1,3

h/l ¼ 0.01 Present work 0.1754 0.3575 0.3575 0.5267 0.6401 0.6432

Ref. [14] 0.1754 0.3576 0.3576 0.5274 0.6402 0.6432

h/l ¼ 0.1 Present work 1.600 3.060 3.060 4.322 5.054 5.103

Ref. [14] 1.594 3.046 3.046 4.285 5.035 5.078

Fig. 4. Effects of translational support stiffness (St–Pa) on normalized trial functions of the displacement for (a) m ¼ 1, (b) m ¼ 2, and the

rotation for (c) m ¼ 1, (d) m ¼ 2.
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the dynamic stiffnesses in the x- and y-direction were assumed to be negligible (Dx ¼ Dy ¼ 8770Nm,
Sx ¼ Sy ¼ 513 kN/m), and Dxy ¼ 3012Nm, nx ¼ ny ¼ 0.31. Fig. 4 shows the variation of the four trial
functions along the x-direction as a function of translational support stiffness. The first and second trial
functions (m ¼ 1, 2) are shown. Trial functions for displacement and rotation are shown for both m values.
The trial function shapes are similar to the mode shapes of simply supported beams when the translational
stiffness is large (�1010 Pa). As the translational stiffness is decreased, the trial function shapes approach the
mode shapes of free–free beams. In particular, the first (m ¼ 1) and second (m ¼ 2) trial function shapes
approach the mode shapes of translational and rocking rigid-body modes. In between these two extreme cases,
the trial function shapes gradually change from the mode shapes of a simply supported beam to those of a
free–free beam as the translational stiffness is decreased, as for the classical plate [5].

Dissipation of vibration energy is expected to occur at the edges due to the presence of the viscoelastic
supports. The support properties were found to have significant effects on the modal properties and also on
the magnitude of the forced response. Fig. 5 shows the change of selected natural frequencies of the plate with
support stiffness for Sr ¼ 0. The square symbols in the figure show the value where the change rate of the
natural frequency with respect to log(St) is maximum. The natural frequencies change from those of a freely
supported plate to those of a simply supported plate as St is increased. This transition occurs over a limited
range of stiffness values in the vicinity of the square symbols. For example, the transition for the fourth
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natural frequency occurs between St ¼ 104 and 107 Pa. This transition zone between free and simply supported
behavior occurs at larger values of the support stiffness for higher order modes.

4.2. Radiation efficiencies

Fig. 6 shows radiation efficiencies calculated for various modes of free, simply supported, and clamped
plates. The (1,1) and (2,1) modes of the free plate corresponds to the piston and rotational rigid-body motion,
respectively. The calculated results are compared with those obtained for the simply supported classical plate
[23]. Since the mode shapes of the simply supported classical and Mindlin plates both consist of sinusoidal
functions and are identical, the predictions are same for all modes when simply supported. For other
boundary conditions, the calculated radiation efficiencies varied with type of structure. In the model, the
odd–odd modes radiate sound more effectively than the even–even or even–odd modes at low frequencies.
This is because most sound is radiated from the edge following cancelling interferences between adjacent
antinodal regions as discussed by Fahy [22].

There are significant differences between the values calculated for the free and the simply supported plates,
revealing a significant influence of the translational spring stiffness. In contrast, the calculated values are
similar for the simply supported and clamped plates. This implies that the effects of constraining the rotation
at the edge are much less significant than those of translational stiffness, as for the classical plate [24].
However, the radiation efficiency of clamped plate was not always larger (for high-order modes) than that of
the simply supported plate, which is different compared to those of the classical plate [24]. Fig. 6(b) shows that
the clamped plate radiates more effectively than the simply supported one. For higher order modes, as shown
in Fig. 6(c), the radiation efficiencies of the clamped plate were smaller than those of the simply supported
plate, in contrast to the case in Fig. 6(b).

4.3. Effects of support properties on vibration and sound radiation

The effects of support properties on the forced vibration response were analyzed. Fig. 7 shows the spatially
averaged mean square velocity and the radiated sound power as a function of the translational stiffnesses, St,
for Zt ¼ 0.15 and Sr ¼ 0. For St ¼ 102 Pa, the plate response is analogous to that of a free plate. In this case,
sound is radiated mostly by the ‘‘piston mode’’ of vibration as was discussed for classical plates in Refs. [6,24].
The resonance frequencies are readily identified as peaks in the vibration frequency response and the radiated
sound power spectra. These resonance frequencies change from those of a freely supported plate to those of a
simply supported plate as St is increased. A minimum in the spatially averaged velocity and radiated sound
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power spectra, for fixed excitation amplitude, may be identified for intermediate stiffness values. Fig. 8 shows
the spatially averaged mean square velocity and the radiated sound power as a function of the rotational
stiffnesses. The resonance frequencies change from those of freely supported plates to those of guided plates as
Sr is increased. A rigid-body mode that radiate sound like a piston occurs when St ¼ 0, irrespectively, of the
rotational stiffness. In both Figs. 7 and 8, the velocity response was found to be minimal for intermediate
values of the complex stiffnesses.

To identify the optimal stiffness values for minimal velocity response, the effects of the support stiffness on
the spatially averaged velocity level, calculated using Eq. (32), is shown in octave bands, Figs. 9(a) and (b)
which show effects of translational and rotational stiffness, respectively. For each octave band, there is an
absolute minimum in the calculated vibration level. The support stiffness that results in this absolute minimum
is the optimal value. For verification purposes, the results obtained neglecting shear deformation are also
plotted. The results are similar, but the vibration response is greater for the Mindlin plate due to shear
deformation, which is neglected in classical plate theory. Fig. 10 shows the predicted vibration response of the
plate supported by both translational and rotational springs. The optimal stiffness value for minimal vibration
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Fig. 7. Dependence of (a) the spatially averaged mean square velocity (vav–m
2/s2/Hz) and (b) the sound power (Wr–W/Hz) radiated from

the plate on the frequency and the support stiffness. Ŝt ¼ ðStð1þ 0:15iÞ Pa and Ŝr ¼ 0.
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response was close to the value calculated for either translational or rotational supports alone. The effects of
translational and rotational springs were almost independent from each other. The vibration reduction was
more significant when the support translational stiffness was close to the optimal value, especially at high
frequencies. These trends are analyzed using simple wave propagation arguments in the following section.

4.4. Wave propagation analysis

One method to investigate the interaction between the plate and the support is to consider wave reflection at
boundaries. To determine the wave propagation characteristics analytically, the transverse displacements are
assumed to vary only with distance along the direction normal to the edge. In this case, the equation of motion
of the flexural vibration is that of the Timoshenko beam, i.e. the one-dimensional equivalent of the Mindlin
plate. Fig. 11 illustrates the concept of incident and reflected waves at the edge. To calculate the reflection
ratio, normally incident harmonic bending waves with complex amplitude B̂ are assumed to propagate toward
the edge from x ¼N. For the wave propagation shown in Fig. 11, the displacement and rotation are given as

wðxÞ ¼ Âe�ibbx þ B̂e�ibbx þ Ĉe�bax;cxðxÞ ¼ �ik1Âe�ibbx þ ik1B̂e
ibbx � k2Ĉe�bax, (33a,b)
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Fig. 8. Same as Fig. 7. Ŝr ¼ ðSxð1þ 0:15iÞ N/rad and Ŝt ¼ 0.
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where Â and Ĉ are the complex amplitudes of the reflected harmonic wave and the exponentially decaying
wave, respectively. After applying the boundary conditions, Eq. (33), the complex reflection ratios or transfer
functions are obtained as

Â

B̂
¼

b2abðik2 � k1Þ � bk1k2ðia� bÞ � bT̂ðak2 þ bk1Þ � ibR̂ðak1 � bk2Þ � T̂R̂ðik1 þ k2Þ

b2abðik2 þ k1Þ � bk1k2ðiaþ bÞ þ bT̂ðak2 þ bk1Þ � ibR̂ðak1 � bk2Þ � T̂R̂ðik1 � k2Þ
, (34a)

Ĉ

B̂
¼

2ik1ðb
2b2 � bbk1 þ R̂T̂Þ

b2abðik2 þ k1Þ � bk1k2ðiaþ bÞ þ bT̂ðak2 þ bk1Þ � ibR̂ðak1 � bk2Þ � T̂R̂ðik1 � k2Þ
. (34b)

There is no reflection from boundaries ðÂ ¼ 0 and Ĉ ¼ 0Þ when the boundary is supported by viscous
elements as in Fig. 11(a), and the damping coefficients are

bt ¼
Sxðbb� k1Þ

o
¼

Dxb

bo
; br ¼

Dxbb
o

. (35a,b)
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These damping coefficients are the characteristic impedances of the transverse and rotational
vibrations. From the characteristic mechanical impedance of transverse vibrations, the flexural wave speed,
c, is derived as

c ¼
bt

Mb

¼
Dxb

Mbbo
. (36)

Fig. 12 shows the calculated wave speed for the sandwich panel along with predictions from the method by
Kurtze and Watters [25]. The calculated value approaches the shear wave speed, cs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sx=Mb

p
, at high

frequencies, and the bending wave speed, cb ¼ ðDx=MbÞ
1=4 ffiffiffiffi

o
p

, at low frequencies. For the Timoshenko beam,
the independent face bending of the face sheets in Kurtze and Watters [25] was not considered. As shown in
Fig. 2, the measured wave speeds in honeycomb beams are consistent with values predicted using Eq. (36).

When the honeycomb panel is supported by viscoelastic elements, Fig. 11(b), the restraints from the
supports may be idealized by a combination of complex translational and rotational springs. In this case, the
boundary stiffness parameters are given by

T̂ ¼ Tð1þ iZtÞ ¼
St

Sx

ð1þ iZtÞ; R̂ ¼ Rð1þ iZrÞ ¼
Sr

Dx

ð1þ iZrÞ. (37)

Fig. 13 shows the calculated dissipation ratio ( ¼ 1�jÂ=B̂j2) vs. support stiffness for f ¼ 100Hz. A fixed loss
factor value was imposed, i.e. Zt ¼ Zr ¼ 0.15. The minimal vibration response amplitude is generally obtained
when the boundary stiffness minimizes the reflection ratio, and consequently a maximum of energy is
dissipated by the support. From the results shown in Fig. 13, the effects of the rotational and the translational
support stiffnesses were more or less independent from each other similar to the effects on the vibration
response. When a plate supported by translational springs only (R ¼ 0) is considered, the optimal support
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Fig. 13. Effects of support stiffness, St (Pa) and Sr (N/rad), on the dissipation ratio of the structural waves when reflected at the edge of the

sandwich panel.
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stiffness for maximum dissipation ratio is obtained as (for constant loss factor)

St;opt ¼ Sx

b3s4 b2r4 � b2r2s2 þ 1

 �

ð1� b2r2s2Þ b2
ðr2 � s2Þ2 þ 4

� 
1=2
ðZ2t þ 1Þ

8<
:

9=
;

1=2

. (38)

These stiffness values are very similar to the values for largest rate of change of natural frequencies with
respect to logarithm of the support stiffness shown in Fig. 5. This suggests that the maximum dissipation of
vibration energy occurs approximately for the same stiffness values as those indicated by squares in Fig. 5.
A parallel may be made with the case of the temperature and frequency dependence of the loss factor of typical
polymeric material. When plotted as a function of the logarithm of either the frequency or the temperature,
the loss factor reaches a maximum value during the transition between the so-called ‘‘glassy’’ state,
characterized by a high stiffness, and the so-called ‘‘rubbery’’ state, with a low stiffness [26]. For plates
supported by viscoelastic materials, maximum dissipation of vibrational energy occurs during the transition
between free and simply supported boundary conditions.

When the plate is supported by rotational springs only (T ¼ 0) and the loss factor of the rotational element
is fixed, the optimal rotational stiffness for minimum wave reflection is

Sr;opt ¼ Dx

bðb2r4 � b2r2s2 þ 1Þ

½b2
ðr2 � s2Þ2 þ 4�1=2ðZ2r þ 1Þ

( )1=2

. (39)

The optimal support stiffness that minimized the velocity response was determined from the simulation
results for each octave band (Figs. 9(a) and (b)), and is shown in Figs. 14(a) and (b) together with the
translational and rotational stiffnesses calculated from Eqs. (38) and (39). The finite size of the plate and the
modal response caused slight differences between the two predictions at low frequencies. The agreement is
excellent for higher frequency bands which include a larger number of modes.

In many applications, it may be far more convenient to vary the dynamic stiffness, St and Sr, by changing
the geometry of the support, the material thickness, the contact area, and/or the curvature than to change the
loss factor which depends mostly on the support material. Eqs. (38) and (39) should then be used to
approximately calculate the optimal support stiffness of the Mindlin plate.

4.5. Effects of plate properties

Figs. 15 and 16 show the spatially averaged mean square velocity and the radiated sound power,
respectively, as functions of frequency for three bending and three shear stiffness values. To minimize the
effects from the boundary, the boundary translational stiffness was assumed to be very rigid, St ¼ 2� 1020 Pa,
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with Sr ¼ 0. A material loss factor of 2% was imposed. At low frequencies, the effects of bending stiffness are
significant. As the bending stiffness is increased, the resonance frequencies increase and the velocity response
decreases. At higher frequencies, the effects of bending stiffness are minimal, and the effects of the shear
stiffness are prominent. An increase in both the shear and bending stiffnesses resulted in a reduced velocity
response. In comparison with classical plate models that neglect shear deformation, this resulted in a larger
vibration response and increased sound radiation at high frequencies, where shear deformation was dominant.
This clearly shows that the shear deformation of the sandwich panel at high frequencies degrades its sound
barrier performance.

The effects of the shear stiffness on sound radiation are more complex due to the effects of the radiating
wavenumber components. For the case under consideration, the radiated sound power was larger for
Sx ¼ 513 kN/m than for increased or decreased shear stiffness values, Sx ¼ 1026 or 307 kN/m, respectively.
When the shear stiffness was initially decreased from Sx ¼ 1026 to 513 kN/m, the radiated sound was
increased due to the increase in the velocity response. Upon further decrease in the shear stiffness, the resulting
decrease in the radiating wavenumber components offsets the increase in velocity response. Consequently, the
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radiated sound power is reduced. This analysis suggests that shear stiffness values near Sx ¼ 513 kN/m would
result in the worst possible noise barrier performance for the panel, provided the assumptions of the numerical
model are met.

5. Conclusions

The Rayleigh–Ritz method was used to analyze the vibro-acoustic properties of the viscoelastically
supported Mindlin plates. Timoshenko beam functions were used as the trial functions. The numerical
procedures to calculate modal properties and sound radiation efficiencies were presented, and the effects of
support stiffness were investigated. The forced vibration response and the associated free field radiated sound
were calculated for randomly distributed excitations. The excitation was assumed to be characterized by its
cross-spectral characteristics. The effects of shear deformation within the plate were considered. The optimal
support stiffness values for minimal forced vibration response and radiated sound power were found to be in
agreement with stiffness values for minimal wave reflection from the edge. Near this optimal stiffness value,
the dependence of the natural frequency of the plate on the support stiffness was most pronounced. The effects
of the plate mechanical properties on the sound radiation characteristics were also investigated. The radiating
wavenumber components increased with increasing plate stiffness, causing increased sound radiation. The
inclusion of the shear deformations was shown to be needed in the analysis for sandwich structure models. The
results provided insights on the sound generating mechanism, and a better understanding of the factors that
may degrade the sound barrier performance of sandwich panel enclosures.
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