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Abstract

The aim of this paper is to study the three-dimensional scattering of an oblique wave incident on a flanged circular
compact pore of finite depth. The multipole structure with the scattering is resolved by the method of matched asymptotic
expansion, where we assume smallness of ¢ = k*a*, the product of the incident wavenumber k* and the pore radius a*. Two
distinguished cases are solved: the rigid boundary condition and the pressure-release boundary condition. The study
presents by far the most complete solutions to these problems, with the outer solution up to O(¢’) and the inner solution up
to O(¢?). In particular, the sophisticated interplay between the pore depth and the incident angle is revealed in the different
orders of solution. It is shown that the leading order of the outer wave field for both cases is O(¢’). For the rigid
boundaries, there is one dipole dependent on the incident angle and one monopole. Interestingly, the monopole arises from
the second-order interaction of the pore volume and the small but non-negligible compressibility in the inner field. This is
one of the few examples analytically solvable to demonstrate this property. On the other hand, only one dipole is found for
the pressure-release boundary. The next order in the outer solutions for both types of the boundary conditions is of O(¢>)
and is shown to contain quadrupoles and octupoles. The multipole structures for both types of boundaries are tabulated,
explicitly with the effects of the incident angle and the pore depth.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

We investigate the scattering of acoustic waves incident on a small circular pore with a finite depth
in a semi-infinite flat surface. The radius and the depth of the pore are both assumed to be much smaller
than the wavelength of the incident waves. Under these circumstances, a multipole expansion is
appropriate for understanding the mechanisms because of its ability to illustrate the physics in different
orders of magnitude and to express the multipole moments, or strengths, explicitly in closed forms.
The compactness of the pore is measured by a small parameter e, which is defined by the product of the
incident wavenumber k£* and the radius of the pore a*. The pore depth £*, being compact, is, therefore,
comparable to a*.
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In the literature, only a few references are related to the present study. A very brief note was presented by
Sato and Shirai [1] on sound wave transmission through ducts in thick walls. The diffraction of a two-
dimensional flanged duct with external incident waves has been solved numerically by Shenderov [2]. He
formulated the scattering problem into an integral equation that is reduced to an infinite system of linear
algebraic equations. Directivities and spectra of the scattering waves and interactions with the pipe resonant
modes are addressed for a wide range of sound frequencies. Scharstein and Davis [3] studied the
electromagnetic wave scattering of a two-dimensional subwavelength semi-circular trough in a ground plane.
They also used the method of matched asymptotic expansion to solve the multipole structure of the scattering
wave. Although the multipole expansion can be derived from these studies, the two-dimensional wave is
different from the three-dimensional counterpart in that the colatitude variation does not exist in the former
configuration. This variation introduces asymmetry of the multipole structure and generates new multipoles
when the incident wave sheds obliquely on the pore and, to the authors’ knowledge, has not yet been
addressed.

A further motivation for the current study was that we noticed that recently, there has been renewed interest
in electromagnetic waves incident on flat surfaces with periodic structures of small poles. For example, Garcia-
Vidal et al. [4] have investigated the finite-difference time-domain (FDTD) calculation of the transmission of
the wave through a single rectangular hole in a perfect conductor plate, and Garcia de Abajo and Saenz [5]
have calculated the effective permittivity of a flat perfect conductor with such a pore structure to model
surface plasmon on metal surfaces. Further development of the present theory along this direction would
provide an alternative point of view on both the near field and the far field radiation mechanisms of these
emerging interests.

The significant difference between the present configuration and sound emission from a duct is that the fluid
mass near the pore exit resists greatly the penetration of the waves being propagated into the duct. The leading
order monopole, O(1), for sound emitted from the duct due to the mass flux crossing the pore exit, see Pierce
[6, Chap. 7], is degenerated into higher orders for the present situation. Hence, multipoles at higher orders
must be solved altogether. By using the method of matched asymptotic expansion, we can divide the flow into
two regions: the inner flow and outer wave regions. The method similar to Crighton [7] and Kuo and Dowling
[8] can be applied to obtain solutions up to O(¢?) and O(¢’) for the inner and outer regions, respectively.

We first demonstrate the solution for the rigid surface condition. For the inner solution, the leading order of
the scattering field is a dipole of O(¢) due to the incident angle. A monopole also exists in the solution but is
shown to appear at O(¢?) due to the small but non-negligible fluid compressibility. However, the monopole
and the dipole fields become comparable in the outer wave region and are combined into the leading order
solution in this region, which is of O(¢?). This is one of the few examples analytically solvable to demonstrate
this peculiar property of acoustic waves.

The same analytical method is also applicable to the same problem but with pressure-release surfaces. This
boundary condition occurs for acoustics when sound is shed on free-moving surfaces, such as liquid surfaces.
Though it is unlikely that any solid materials would reproduce this wave field acoustically, the derivation of
the solution for this condition is still worthwhile because it is extendible to cope with other wave systems, such
as electro-magnetic waves. The leading term in both inner and outer regions is a dipole perpendicular to the
flanged flat surface.

In what follows, we describe the geometry of the problem in Section 2 and solve for the rigid boundary
condition in Section 3. The details are provided as thoroughly as possible. In Sections 3.1 and 3.2, the first-
and second-order inner pressure fields are solved, and in Sections 3.3 and 3.4, the matching process to the
outer wave region is performed. In a parallel manner, the derivation for the pressure-release boundaries is
presented in Section 4. Numerical calculation results for both types of boundaries and the prospects of future
studies are provided in Sections 3.5, 4.3 and 5. The main results, the multipole structures, are tabulated in
Tables 1 and 2, explicitly with the effects of the incident angle and the pore depth.

2. Geometry and governing equations

The problem of interest and its coordinate definition are sketched in Fig. 1. There is a circular pore with a
finite depth drilled in a semi-infinite rigid domain. The pore has a radius ¢* and a finite depth ¢*. An incident
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Fig. 1. The coordinate system and the incident wave.

plan wave is directed to the pore with an incident angle . The coordinate is chosen such that k; =0,
i.e. symmetric with respect to the xz plane. The spherical coordinate (s*, ¢, 0) and the cylindrical coordinate
(p*, §,z*), with p*? = x*2 4+ »*2 and 52 = x*? + 3*> + z*2, are used on appropriate occasions.

The wave equation with a time harmonic proportional to exp(—iw*t*) is

(V*Z + k*2)p*(x*,w*) — 0’ (l)

where p* is the total sound pressure. Variables with an asterisk superscript * denote the dimensional physical
quantities. V*2 is the Laplace operator and k*? is w*? /c*2, where @* and ¢* are the sound frequency and the
speed, respectively. The incident wave is described by pi = I* exp(ikix* —ik’z*), where I* is the pressure
amplitude and &} = k*k, = k™ sin(y) and k7 = k*k. = k™ cos(y).

There are two characteristic length scales: the wave length 1/k* for the outer region, far away
from the pore, and the pore radius a* for the inner region, which contains the flow field in the pore and
around the pore exit region. We normalize Eq. (1) with respect to the characteristic scales for both inner and
outer regions:

(VP 4+e)p(x)=0 and (V2 + HP(X) =0, )

where x = x*/a*, X = k*x*. The sound pressure is normalized against 27*. Because the acoustic wave length is
much larger than the pore radius, we have a small parameter ¢ = k*a* such that X = ex.

Interactions between the incident wave and the pore take place in the inner region. We consider two perfect
conditions: the hard surface, or no penetration condition, i.e. 9p* /On* = 0, and the pressure-release condition,
p* = 0. The resultant inner flow, which acts as multipole acoustic sources with determinable strengths, is then
matched to the outer wave field. The wave field that sees the singularities at the origin, cf. Eq. (35), is simply
wave propagation over a flat surface with its boundary condition at the Z = 0 plane. The matching process
reveals the types of the multipole sources.

3. Rigid reflective surface

After normalizing the sound pressure by 27*, the external wave field, the incident wave and its reflection by
the rigid plane is p.y, = cos(k.Z)exp(ik,X). It satisfies Op/0z = 0 at z = 0. This leads to the approximation in
the inner flow region

2 2
Dot = (1 - %kfzz) (1 + igk,x — %kixz) + 0(e%). (3)
From Eqgs. (2); and (3), it is suggested that the inner expansion for the total pressure is in the form of

) =1+ epV(x) + &p?(x) + O@). (4)

The first term on the right-hand side is the leading term of the external field. It is a uniform field in the inner
region. The rest of the terms contain the induced scattering fields and higher orders of the external field.
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Substitution of Eq. (4) into Eq. (2); leads to the governing equations of the two orders
viph =0, VpP41=0, etc )

The equations also hold for the pressure in the pore region.

The inner region consists of two zones. They are one semi-infinite flow region, z>0, and the cylindrical pore
region, p = 1, and —¢<z<0. Let us define the total pressure in the semi-infinite zone and the pore region as
p(x) and pp,.(p, ¢, 2), respectively. The inner solution can be constructed by matching the solutions of the two
zones at the pore exit, z=0 and p<1. This is typically known as a mixed boundary value problem.
Mathematical theories and other applications of the relevant problems can be found in monographs, such as
Sneddon [9] and Fabrikant [10].

3.1. First-order inner solution

Taking the first order as an example, we can express the total pressure for the semi-infinite zone z>0

L7 (13pD (g, o, 20)| = podpydep
(1) —; _ 0> Po>20)|  Po9dPo APy
V4 (p» d)a Z) lkxx 27_[/0 /0 aZo S

=ik, x + pD(p, ¢, 2),

where the term ik,x is the spatial variation due to the external oblique incident wave. The second term,
denoted as p{V(p, ¢, z), is the near-field scattering, which is obtained by using the semi-infinite Green function
with a vanishing normal derivative at z = 0. We use the abbreviation s> = p} + p? + 22 — 2pp, cos(¢p — ¢,) for
the square of the distance between two points (p, ¢,z) and (py, ¢y,0) in the cylindrical coordinate. The
evaluation symbol |< indicates that the operand is evaluated in the region p<1 at z =0 or p,<1 at zo =0,
whichever is appropriate.

Because the surface source, (0p'!)/0zp)| <, is still an unknown, it needs to be solved by matching with the
pressure condition in the pore. For this purpose, we bring the observation point (p, ¢, z)” to the pore exit,
ie. p<l, z=0. At the exit, we have the pressure continuity, p{) |~ = p") =ik.x +p{)|<, and the
pressure derivative continuity, (apggre/azn = (op'V /oz)|<. With these conditions, we reach an integral
equation

2 rlgpl)
= =ik [ [

which uses the pore pressure as unknowns. This is a Fredholm equation of the first kind. We have omitted the
arguments (p, ¢, z) in pgo)re and Gppore /0z¢p and abbreviated s, = s|._, for simplicity.

The integral equation, Eq. (6), can be solved elegantly by the method proposed by Fabrikant [10]. He
reintroduced Poisson’s azimuthal operator, E(l) which allows the scattering term in Eq. (6) to be recast into

pI< = / / Po dpg < x? >appore -
sc \/p ) \/p _ 32 ppy) Oz

provided that (3p/dz)|< belongs to L'[0,27] as a function of ¢, for any fixed r>0. The details are
recapitulated in Appendix A.

The integrals in Eq. (7) are in the form of Abel transform [11]. The complexity of solving Eq. (6) with Eq. (7)
can be greatly reduced by applying their inverse operators,

_pdp
()m/ L) ®

1
g(z) rdr T (1) ©9)

<
po dpg deyg
S, ’

(6)

b (7)

and, subsequently,
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The details are relegated to Section B.1. The inversion procedures yield the unknown pressure derivative in
terms of the pressure at the pore exit,

<
7t 0P\ Dik 12 cos d ' ordr _pdp o
7 oz - m + g([)a . _ (1’2> dr/ g(p)ppore

with (¢, ¢) as the radial and azimuthal coordinate variables.
The pressure in the pore region can be written as a linear combination of the eigenfunctions
cosh[j),,(z + 0)]
cosh(f )

(10)

PP, b,z ZZA%J,,,(/:W;)) cos(me)

m=0 n= mn

where m is the azimuthal modal number and j;,, is the nth zero of the derivative of the mth order of the
Bessel function of the first kind, i.e. J/,(j,.)) = 0. The symmetry condition with respect to the y = 0 plane leads
to the sole dependence on the azimuthal factor cos(m¢). The pressure and its pressure derivative at the pore

exit are now

o0 o0
Pooel = =D > AT wlipp) cOs(mep), (11)
m=0 n=1
ap(l) ) )
p"fe Z Z 7AW (G p)cos(me) tanh(j,, £). (12)
m=0 n=

In view of Eq. (10), it can be seen straightforwardly from the orthogonality of the cosine function that the
non-vanishing components in the pore have a sole azimuthal mode m = 1. Substituting Egs. (11) and (12) and
the definition of £ (1) operator into the integral equation (10), we have

Tt & ; ,
EZ A tanh(j1, 0J1(7),0)

ik t? T, () b2dr ), . £ .
T Z\/ ”A{ T / Jg/zmnr)+w—_—t2h/z(/m)} (13)

after carrying out the mtegrals and omitting the azimuthal factor cos ¢.
Further taking operator fo dr J1(j;,;1)(-) in Eq. (13), we obtain an infinite system of algebraic equations for
the unknown coefficients 4,

~ Jicos/) (14)

(1) 4(1)
ZMn/Al/ -
ln

with the help of formulas (5.54) and (6.567) of Ref. [12]. The matrix M) is a symmetric array

{’ (12 ) = TG Go) + T3 oG /zvqn)}
1 .
Milll) = +g]/1ﬂ tanh(j,lnf) (1 _]/_2> J%(]lln) ifn=1,
1n
i) , S . o
2]-/1"2]” = 320 2G0) = i TG 3 G)Y i nlL
1n ll

Eq. (14) can be solved easily without the need for any special numerical algorithms.
For the sake of further discussion, we denote the solution of the column vector of A(ly by

AV =ik AL, (15)

In*

Numerical calculation will be presented in Section 3.5.
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3.2. Second-order inner solution

The solution process of the second-order inner flow is similar to that discussed above. The total pressure for
z>=0 of this order is

PP, b,2) = —3kx + k22 + pQ(p. ¢, 2). (16)

The first term on the right-hand side is the external incident and reflected waves. Noting that its Laplacian
automatically satisfies the source term of the Poisson equation (5), the scattering field, p’ in z>0, follows the
Laplace equation, such that

2n (2) do.d
@ op Po Po ¢0
Wiba=— [ [L (7
This leads to the integral equation for the sound pressure at the pore exit
<
PORE an / : apfgre Podpydey (18)
pore S, .

Applying the inverse operators and following the similar procedures in Section B.1, we inverse Eq. (18) to

2 2
_ Kt (— L 2tcos(2d))>

<
7t OPre

2 0z J1 =7 2 3
<
d ' rdr pdp @
— 1
vrog [ A () g | s 2k, (19)
Pressure in the pore region, satisfying Eq. (5)3, is
, cosh[j, (z+ €)]
péz(:?re(py ([)5 Z) = AE)Z) (Z + 5) + Z Z Amn m(]:‘nnp) COS(m(p)W (20)
m=0 n= mn

The second term on the right-hand side is the particular solution to satisfy the source term due to the
compressibility effect from the zeroth order and the rest are the homogeneous eigensolutions. Apparently, the
non-zero components only exist for azimuthal modes m = 0 and m = 2. Substitution of Eq. (20) into Eq. (19)
results in the respective equations for these two modes.

For m = 0, the unknown coefficients can be solved by taking fo d#(-) and fo dtJo(o,)(-) in Eq. (19). This
leads to the system of equations

2) t.r 1
1 VT A, _¢ 2 4 2l s e
VoM AP y \no )
2
Symbols AY”, V and N® are column vectors:
@ 2 sin(fp,,)
AO) A(()n)’ V = Vn — : 0 ,
]On
) .y . .
NO® = NO — (o,~ — 2)sinji, + 2jg, €08 jg,
=N? = on
2]/071

and VT is the transpose of V. The square submatrix, (M, is

1 sin(2j;,,) T .
§<1 + 2].6’10" ) + 40”‘[ nh(jy, 0I5, if n=1,

() 50+
2 ]6}1 _]61 ]6}1 +]/Ol

M= =
if n#1.




628 C.Y. Kuo et al. | Journal of Sound and Vibration 319 (2009) 622-645

In view of Eq. (21), we can briefly express the solution of the coefficients
(22)

where the first term contains the effect of the pore volume and the second accounts for the effect of the
incident angle.

Similarly, taking the operator fo deJo2(j5,1)() in Eq. (19) with Eq. (20), we obtain the system of algebraic
equations for m = 2,

- 2) 42 2k
Do MG = == 5 50m) (23)

and its solutions are
2 =(2)
AS) = i Ay, (24)

The matrix ,M®, equivalently, , M @)

MER

{]zn(f 1205) = J3202,)97/2075,)) + J3/2(j/2n)‘]5/2(j/2n)}

4
- —2> J3(5,) ifn=1,

,M® = +g/’2n tanh(j5,¢) (1
2n

T (/2n/21)_
2 b,

e L2 2 T s G 32Gng) = Fanio T 32G) s 2 (Ga)} i L
21/

Both matrices M® and ,M® are symmetric.

3.3. Far field of inner solution

We present in this section only the principal procedures of the matching without emphasizing the rigorous
details. One may verify the correctness of the results by following the routines, such as introducing an
intermediate overlapping scale as in van Dyke [13], or using a simplified version by alternating expressions
using the inner and outer variables as in Crighton [7].

The key point to match with the outer field is to express the far-field inner solution using the outer
coordinate variables. The inner solution of the scattering pressure obtained in the previous section is,

see Egs. (6) and (17),

b . o\ —1/2
<(1- %mgcos(qb o0 +2) e3)

where s> = p? + 22 is the distance from the origin to the observer at (p,,z), and 0 is the colatitude angle
between the position of the observer and the z axis such that p = ssin 6.
For large s, the distance factor, the term in the second line of Eq. (25), can be expanded approximately

a p2)

“#’pore

oz

2ns

2n 0 (1)
& Ppore
Puclpn.2) = —5— d>o/ podpo< =

Sy 2 (S Sz )

0 .
Z’;’ (S“; (50520 — 1)cos(¢h — o) — Esm* 0.cos(3(¢) - ¢o>)>, (26)
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using Taylor series with an accuracy up to O((p,/ 5)*). Maintaining this accuracy ensures that the match to the
outer wave region is accurate up to 0(9 ).

Because the leading pressure field ppore, Eq. (11), has only one azimuthal mode, m = 1, with approximation
(26), the only non-vanishing far-field terms from it are

3

)
€ op
—ﬁ d%/ dPoPo

V“mosw d0)

- 388;’)30 sin 0(5c0s 0 — 1) cos(¢p — ¢0)}, 7)

where we have expressed s in terms of the outer variable S = |X| = es. The first integral is proportional
to the first x-moment of the mass flux crossing the pore exit and the second term is one of the third moments
of the flux, with the spherical mode (3, 1), cf. Section 3.4. With Eqgs. (12) and (15), Eq. (27) can be inte-
grated explicitly

3 o0
! ng sin 0 cos ¢ Z /_l(lln) tanh(f},,)J>(/},)

3ik.&>sin 0

—~ g (5cos> 0 — 1) cosd)ZA(])tanh(]lnt’)(b(]ln)—

-?hm») (28)

In

where unique directivity patterns associated with each term are found.
The second-order inner solution has two azimuthal components, m = 0 and m = 2 of Eq. (20). For the
m = 0 mode, the far-field approximation is

83 ! - - ?2) ./ . 82p% 1 3
A dpopo f—;]()nAOn tanh(jy, £)J0(y,P0) 1~|—2—S2 E_ECOS 0

with the coefficients A&) given by Eq. (22). The expression can be evaluated to

Sl E (L300 +Z m%mwwya) (29)
XS 2S3 272 On On 2YVon/ |-

The first term is physically the net total mass flux into the pore volume, and the other is the second moment

(2,0), cf. Section 3.4. It is worth noting that the leading term of Eq. (29) is O(¢®), and it is at the same order of

that in Eq. (28). This term will be matched to the leading term of the scattering wave in the radiation field.
Finally, the far-field approximation for m = 2 mode reads

8— k2 sin2 0 cos(2¢) Z A% tanh(j,, 00J3(j,). (30)

n=1

Egs. (28)—(30) are to be matched with the outer wave region in the next subsection.

3.4. Outer wave region

The scattering wave in the outer region satisfies the governing equation (2),, the outgoing wave condition at
infinity and the rigid wall at Z = 0. From the expansions, (28)—(30), it is suggested that the scattering wave can
be written in the form of

P(S,$,0) = £ PY(S, ¢,0) + £ PY(S, §,0) + o(e), (31

where (S, ¢, 0) is the spherical coordinate position variables for Z>0. From their directivity patterns, we
conclude that P® and P contain two and three multipoles, respectively. They are

(S, ¢, 0) = BS) Yool 1 (S) + B Y 11(, M (S), (32)
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PO, §,0) = BS) Yao(, 0V15(S) + B ¥ na(ch, OV (S)
+ B Y31(9, 0)h0(S), 53

where Bﬁg;f) are the strengths of the multipoles yet to be determined. We use the combination (2, 1) to indicate
the spherical modes and to distinguish the different types of multipoles. For example, (0, 0) is a monopole and
(1,0) and (1, 1) are the dipoles orienting in z and x directions. Y,,,(¢,0) are the real part of the spherical
harmonic functions whose definitions are:

1 I /15 .,
Yoo = —— Yo =—1/— 0 2
00 \/E’ 2 2 2nsm cos(2¢),

Yllz—wisinGCosqS, Y31=—lwﬂsin0(500520—1)cos¢
8n 4Van
/503 , 1
Y = E(ECOS 9—§>’ (34)

and hﬁ,i)(S) is the spherical Hankel function of the first kind such that

H(S) = \f s12(S) +1Y 1 /2(S)).

To match with the inner field of the wave components, we need the approximation of the spherical Hankel
function for S — 0:

i i 3i
h(S) = —§+ 1 +§S +0s%, HS) = —5 - 2S+ o),
i S 151 3i
(1) 2 (1) _ _
(S) = 52 3 i O, IS = -5 -5+ 0, (35)

Apart from the leading terms of each function in Eq. (35), the higher order terms only induce the flow field in
the inner region of order higher than &, which can be omitted in the present study. This can be seen by
expressing Eq. (31) with Eq. (32), Egs. (33) and (35) in terms of the inner variable s and following the
arguments in Ref. [7].

Therefore, the amplitude of the leading order multipoles of the scattering wave, Eq. (32), can be
found by matching the coefficients of the leading terms of Eqs. (28) and (29) with the directivity (34); 3.
This yields

BY) = i/nt (36)

and

27r 1 : . =3
B = -3k ZAE,J tanh(j,0J2(7;,) = —k.BY. (37)

Eq. (36) represents that the strength of the monopole is linearly proportional to the depth of the pore and
Eq. (37) is a dipole of (1, 1) induced by the oblique incident angle.

We further match the coefficients for the multipoles of O(&’). The first term on the right-hand side of
Eq. (33), matched with Eq. (29), is the quadrupole (2,0). It contains the effects of both the pore volume and
the incident wave,

2 2
B(Zi)) - 3 \/: <_ + Z e (KOA ) - ‘C%A(()n)) tdnhOOnf)J2(]0n)>

0n

] —f—zﬁf_woégzwik@% o
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with the coefficients qu)» Eq. (22), expanded. The second term, with Eq. (24), is the quadrupole (2, 2), which is
purely induced by the oblique incident wave

Bé?——\/ Z A5) tanh(jy, 0J3(5,) = ik2B5). (39)

The last term is then the octupole (3, 1):

By = \f > Ay ta hmnf)(bom) ]2 J_suan>)=kxéé?. (40)

1n

Equations from (36) to (40) are the effective moments of the multipoles in the present scattering problem.
Their dependence on the pore depth and incident wave angle is explicitly shown in the expressions. The

moment coefficients, Bg)), B(]31), B(zso), (5) and B(S) are defined to simplify the following discussion, and they are

dependent only on the pore depth.

3.5. Calculation and discussion

We solve the multipoles of the scattering wave in the last section and obtain three infinite systems of
algebraic equations, (14), (21) and (23), for the inner flows. For numerical illustration, we truncate the systems
into finite sizes provided that a good match at the pore exit is ensured. The convergence with the number of
terms, N, is plotted in Fig. 2(a). The representative error for each N is the maximum error in the total pressure,
taken from x = 0 to 0.97. The error occurs near the exit corner because it is a geometric singular point. We use
N = 150 for the monopole and 120 for the others. They are verified to produce an absolute error less than

about 0.015 and a relative error less than 3% at the exit. Fig. 2(b) shows /_l(lln) for £ = 1.5, a typical serial of the
unknowns of the equation sets. It converges to zero with alternating signs.

The three equation sets are associated with three different inner flow fields, as sketched in Figs. 3-5. The
first-order inner flow is an incompressible field with an external uniform flow parallel to the flanged surface,
Eq. (6). The normalized total pressure, —ip'" /k,, gives a base flow field shown in Fig. 3(a). This flow vanishes
when the wave is normally incident on the pore and reaches the maximum when the incident angle approaches
90°. The modification due to the pore on the mean flow, Fig. 3(b), is an incompressible dipole, or doublet, with
a strength proportional to the x-moment of the mass flux entering/leaving the pore, seen from the first term of
Eq. (27). It has a directivity pattern of a two-lobed structure. We omit the duct field because of discontinuity in
pressure after subtracting the external flow.

The second-order inner flow is under the influence of both the fluid compressibility and the incident angle.
The small but non-negligible compressibility allows the flow to be compressed slightly during the compressing
phase. This causes extra mass to be stored in/near the pore volume. When the external pressure releases, the

(a) (b)

T
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r dipole (1,1)- = - -
E- quad (2,0) --=----- 1 0.6
)y 0.03 ¢ quad (2,2) ------- 1 ~(1)
C » AY)
5
s 0.2
XXXXx Xy Xy Xy Xy Xy Xy Xx X x X x X4
X
0.2 X . L L L L
0 10 20 30
N n

Fig. 2. (a) Absolute errors at the exit versus N and (b) Am for £ =1.5.
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Fig. 5. Incident angle-induced pressure contour, k *p®|,_y + x2/4 for z=0, of the inner quadrulet field for ¢ = 1.5: (a) quadrulet (2,0)
and (b) quadrulet (2,2).

mass is discharged from the pore and becomes a monopole source. This is seen from the first two terms of the
duct solution, (20). The monopole flow is shown in Fig. 4. The strength of the monopole is linearly
proportional to the storage capability of the pore, i.e. the depth see the first term of Eq. (29). On the
other hand, there are two flow fields in this order caused by the incident angle. They have azimuthal
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modes m = 0 and m = 2, which are induced from the incident pressure, —kip2 cos? ¢p/2, at the pore exit,
Eq. (16). The induced flows have two quadrupoles, or quadrulets, (2,0) and (2,2), shown in Fig. 5(a,b). The
quadrupole flows in the figure are normalized by ki.

The far-field scattering fields are given by the matching procedures and the results are tabulated in Table 1.
The leading terms, Eq. (32), are of O(¢’) and contain one monopole and one dipole. The monopole arises from
the second-order inner field and becomes the leading order of the wave field because of its slower spatial decay
rate, as pointed out in Ref. [7]. The dipole is induced from the incident angle of the external wave. After
extracting the angle dependence, its moment coefficient, B11 , is a function which depends only on the depth, as
shown in Fig. 6(a). The dipole has an accompanying higher order term, which is the octupole (3, 1) of O(¢®)
resulting from the second term of Eq. (28). The moment coefficient B31) is calculated and plotted in Fig. 6(b).
Both of the moment coefficients vanish when £ — 0 and saturate around ¢ ~ 1.

The next order of magnitude of the scattering wave is O(¢’). In addition to the mentioned octupole, it
further consists of two quadrupoles: (2,0) and (2, 2). The quadrupole (2, 0) has the most complicated structure

Table 1
Multipole structures for the rigid surface

Multipole o(e%) o(&%)
Monopole ityn

i 5(3)
Dipole (1, 1) ;s

uadrupole (2,0 i
Quadrupole (2,0) LR =it BS) + K 3BY)

12V5
Quadrupole (2,2) i ki B(252)
(5)
Octupole (3,1) k. BS;
(a) (b)
0.009
04 1 F
03 1 0.006 |
Bl r 1 56 r
By 02 | Bs H
F 1 0.003 |
0.1 1 F
0 : : : : 0 : : : :
0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5
l 4

Fig. 6. The effective multipole moment coefficient versus pore depth of (a) dipole (2, 1), Eq. (37) and (b) octupole (3,1), Eq. (40).
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Fig. 7. The effective moment coefficient of quadrupole (2,0), 03(2%) of Eq. (38).
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Fig. 8. The effective multipole moment coefficient versus pore depth of (a) quadrupole (2,0), 21?(2%) of Eq. (38) and (b) quadrupole (2,2),
Eq. (39).

and is under the influence of both the fluid compressibility and the incident angle, Eq. (38). The term scaling
linearly with € is due to the non-vanishing second moment of the compressed mass flowing into the volume.
Its moment coefficient, 0350» is sketched in Fig. 7. The non- zero 1nc1dent angle raises the remaining terms of
the quadrupoles (2,0) and (2,2). Their moment coefficients, 2820 and Bzz, are shown in Figs. 8(a) and (b),
respectively.

4. Pressure-release surface
4.1. Inner flow

As argued in the introduction, the solution for the pressure-release condition is valuable when extending the
current solution to systems such as electro-magnetic waves, regardless of whether there are any real materials
providing such a condition acoustically. The pressure-release condition gives p(x) = 0 on the boundary
surface.

As in Section 3, we carry out the inner flow up to a second-order accuracy. The external incident and
reflected waves over a pressure-release surface at z = 0 are:

Pext = —iek.z + gzkxkzxz + 0(83)

after normalizing by 27I*. We denote pg()t = —ik,z and pg)t = kyk.xz in the following derivation. Their

derivatives with respect to z are —ik; and k,k.x = k,k.p cos ¢, respectively. This expansion indicates that the
total pressure expansion of the inner region is p(x) = gpV(x) + 2p®(x) and, subsequently, the pressures,
PV and p?, satisfy the Laplace equations: see Eq. (2);.

The non-dimensionalized total pressures in the inner flow region can be written down straightforwardly

using the same Green function in Section 3.1:
Podpo d¢0 /zn /OO Py 217
S 2

2 el
PP = pld(x) - / / Ll
The evaluation symbol, |~, indicates that the operand is evaluated in the region p>1 at z=0 or p,>1
at zp = 0, whichever is appropriate. This is a summation of the external wave field, pext2 )(x) and the
scattering waves due to the pore. The superscript () corresponds to the physical quantities of the first or
second order.
Both (dp{-? /dz)| =+~ are unknowns at the moment. For the pressure-release condition, the pressure vanishes
on the flanged surface. Utilizing this condition, we bring the observation point x in Eq. (41) to the flanged

surface. This gives an integral equation
Po dPo dd)o /27: / ople 21

/27‘[ /OO ap(l 2)

Po dl';o doy i (42)
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for p=1 at z = 0. Applying the azimuthal operator .#(-), with details in Section B.2, we recast Eq. (42) into

Po dPo (ppo) pL2|”
X

| m=l
/ / Po dPo (ppo)@p“ b
V- x2 — p? \/ 2 — x2/ oz
which is ready to be inverted.

The sequence of the inverse operators is

pdp
L(1)— / g(p) and g( ) i / \/_y(t) (44)

as proposed in Ref. [10]. After takmg the inverse operators, we obtain the pressure derivative on the flanged

surface in terms of that at the pore exit, e.g.
L s ooy
p

n\/p2—l/ P = P 0z

In order to match the pressure condition with the pore solution, it is more convenient to recast (ap(1 2 /9z)|>
terms of (Op{!?/0z)| <. For this purpose, we again take x in Eq. (41) to the pore exit area and substitute with
Eq. (45). We also have the continuity of the pressure and the pressure derivative at the pore exit:
P21 =pUD)<, and (@pl?/02)|< = —(@pl /02)|= + (@p2/02)| <, respectively. With the details in
Section B. 3 we have

) (43)

>
ople”
oz

(45)

<
PEE po dpo (ppo) 2" o 46)
Pore \/xz — ,0 x2 Oz Oz :

Eq. (46) is the equivalent integral equation for the pressure-release condition, but now uses the pore pressure
as the unknown.
Pressure field in the pore region can be expanded by the eigensolutions

A2 i
(1,2) mn Slnh[]mn(z + Z)]
Ppire(Ps §,2) = Im(np) COS(Mp) ——=-——=,
b0 =35 S c0sh (i)

where the constant j,, satisfies J,,(j,,,) = 0. This form is chosen particularly so that symmetric algebraic
systems are achieved later. At z = 0, the pressure and its derivative are:

(1,2)

Phoml 2)21 =2 a0t O ) cOS(m) (47)
m=yU n=

apd =

pporc Z Z AE;nZ)Jm(imnp) cos(md)). (48)
m=0 n=

Substituting Eqgs. (47) and (48) into Eq. (46), we have

NEWE podpy
3 Z L (a0h (7, 0] ) COSNE) = / /
m=0 n= mn \/Xz—p \/xz_p

0 0
x& (%> ( pe;t + Z Z Ai’I’IIHZ)Jm(jmnpO) COS(WZ¢)> . (49)

m=0 n=1
From the orthogonality of the cosine functions, the only non-vanishing azimuthal modes for the first- and
second-order inner flow are m = 0 and 1, respectively. Taking fol dp pJo(op)(-) and fol dp pJ1(j;p)(-), we can
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rewrite Eq. (49) into two infinite algebraic equation systems:
MOAD = —ike.ND, MPAP = k kN,
for the two orders of the inner flow. Their solutions are abbreviated as
AV = —ik. MDY INO = —ik_ (),
AD = k. (MP)"IN® = ke k. a2, (50)

The matrices and vectors in Eq. (50) are explicitly

2. .
NO = \/;]o,?/zf,%/z(lw),

1 . . .
—5—tanh(jy,,0)J ~1Go,)J 10on)
On
1 . . . .
MO = & A5 00n) = T-1/20G00)372000)) if n=1,
)~ .
%U01J1/20011)J1/2001) Jond =12Go) 1200} if n#l
On 0/

and

2 2.3p
N® 23\/7]1,, Is2Gn)s

_ ! tanh(j;,,0)Jo(1,)2( 1)

In

1 . . . .
M® = +2-—{J§/2(]1n) = J1201) 5201} if n=1,
012”]”) V13201912010 = J1nd 12G10)9 3201} if n#L.

1n 11

Matrices M are confirmed symmetric.

4.2. Outer wave region

In Section 4.1, the inner pressure fields for the leading two orders of magnitude are solved. Following the
same principle of the method of the matched asymptotic expansion, the outer wave field is to be determined
from the far-field behavior of the inner pressure, i.e. by letting s — oo in Eq. (41). However, since the
integration domain of the second integral of Eq. (41) extends to infinity, this introduces unnecessary
complications in the calculation while taking the limit of s at small z. This can be avoided if we reformulate the
scattering pressure in an alternative expression,

P02(p, ,2) = / /((12) <0G(p, 9,z py, Py, Z0)

aZ()

)Po dpoog (1)

20:0

with the semi-infinite Green function G(p, ¢, z; py, ¢, z0) satisfying G|, _o = 0 at z = 0. The derivative of G at
zop = 0 1s, therefore,

oG
620 2

z

=_- 2
_o 2ms? (52)
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by the method of image after taking zo — 0. The far-field approximation of (52), as s = /p? + z2 — o0, is

5 3

;?;29 {1 +— 3P0 %sin 0 cos(¢p — b0) — 5> (5 cos? 0 — 5) + 145 5 sin® 0 cos(2(¢p — qSO))}

where 0 has the same definition as that in Section 3.3, i.e. p = ssinf. Following the process outlined in
Sections 3.3 and 3.4, we have the outer wave field in the same form of Eq. (31), but with a different multipole
expansion structure,

PO(S, ¢,0) = B Yio(¢, ORV(S),
PONS, §,0) = BS) Yau(, )15 (S) + BY) Yo, 0K (S).

The directivities are given by the spherical harmonics

1 /3 [ 7
Yio(p, ¢) = 5\/;003 0, Y3o(p, $) = E(S cos® 0 — 3cos0).

Yo (p, ¢) = —UgsinﬂcosOcosq’),

The moments B%), B(ZSI) and Bg%) are simply proportional to the integrals [p.|<d4, [xp,|<dA4 and
i p3ps| ~dA with the area element d4 of the pore exit. Contrary to the case of the rigid boundary condition,
these integrals are the total force, the first and second force moments, respectively. By the same matching
process as in Section 4.2, we find the multipole moments,

(1)
3
By = 2\f Z " tanh(o, 01 Gon) = kB, (53)
(5) A(li =(5)
B = k k. Z tanh(j,,0)J2(j,,) = —ik.k.B5), (54)
ln
00 (1) .
275 (jon)
By = f Z onl) (JI(IOn) - ;T(]O>
: n
= —k.BY), (55)

where coefficients A( ) and A(ln) are solved in Eq. (50). The multipole structure of the scattering waves contains

the leading dipole (1 0), of O(&%), and is followed by the quadrupole (2, 1) and the octupole (3,0) of O(&’).
Similar to their rigid boundary counterparts, the moment coefficients B(l*?)), B(S) and B(o are functions that
depend on the pore depth.

4.3. Calculation and discussion

We solve the inner flow for the leading two orders similar to Section 3 and investigate the leading multipole
structure of the scattering wave. The coefficient set of each equation systems has the same characteristics as
those in Fig. 2(b). We choose N = 120 for calculations in this section, which produces an absolute error no
greater than approximately 0.01.

The total pressure contour of the first-order-inner flow is sketched in Fig. 9(a). The pressure is normalized
by the wavenumber factor k.. Subtracting the external incident and reflected wave field, we visualize the inner
doublet in Fig. 9(b). It is a dipole aligned vertically to the flanged surface. It has no azimuthal dependence, i.e.
m = 0, and its strength is proportional to the total pressure force exerted on the pore exit plane. The second-
order inner flow, normalized by the factors —ik,k., is plotted in Fig. 10. The flow is a quadrulet of (2, 1). The
flow is induced by the non-zero factor k.k., and its strength is related to the x-moment of the force at the exit.

The outer field region is the resultant field of the multipole scattering waves. The solution leads by the dipole
(1,0) of O(&%). It is followed by the quadrupole (2, 1) and the octupole (3,0) of O(¢’). They are summarized in
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Fig. 9. Pressure contour of (a) total inner pressure, ip) /k. and (b) inner doublet (1,0), ip" /k. and ip"V /k, — z for z<0 and z=0.
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Fig. 10. Pressure contour of inner quadrulet (2, 1), p® /(kk.) and p? /(k.k.) — xz for z<0 and z=0.

Table 2
Multipole structures for the pressure-release surface
Multipole o(ed) o(&)
. =(3)
Dipole (1,0) k-Bj,
. (5
Quadrupole (2, 1) flkxk_.B(ZI)
(5)
Octupole (3,0) —k-By,

Table 2. The effective moment coefficients are plotted in Figs. 11 and 12, respectively. They all vanish when
the pore depth approaches zero and well asymptote to their saturated constants when the depth is larger than
about one pore radius.

The effect of the incident angle is extracted as multiplier factors k. and —ik,k. to the effective moment
coefficients. They are both zero when the incident wave is parallel to the surface. This is realizable because the
external wave vanishes on the plane surface and, as a result, induces no scattering field at the two solved
magnitudes of order. The scattering field in this case degenerates further into higher orders and is not a
concern of the present investigation. The quadrupole (2, 1) depends on the factor k. k.. Therefore, it does
not appear when the wave is normally incident on the pore and reaches its maximum when the incident
angle is at 45°.
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Fig. 11. The effective multipole moment coefficient versus pore depth of (a) dipole (1,0), Eq. (53) and (b) octupole (3,0), Eq. (55).
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Fig. 12. The effective moment coefficient versus pore depth of quadrupole (2, 1), Eq. (54).

5. Conclusion

The scattering wave field of acoustic waves incident obliquely on a compact pore in a semi-infinite domain is
solved analytically using the method of matched asymptotic expansion. The acoustic wave length is assumed
to be much larger than the radius of the pore. The scattering field is, therefore, divided into an inner flow field
and an outer wave field. The inner field, described by the Laplace or Poisson equation, is solved by the method
developed by Fabrikant, while the outer scattering field is described by the wave equation. By the matching
procedures, we obtained uniformly valid multipole expansion solutions for both rigid and pressure-release
boundaries. They are summarized in Tables 1 and 2. The only geometric effect of the pore after normalization
with respect to the pore radius is the depth. It modifies the wave scattering through its influence on the
effective moment coefficients, Bﬁnn). The coefficients are shown to vanish altogether when ¢ =0 and to
asymptote to constant values when ¢ exceeds about 1. The dependence of the incident angle is extracted as
multiplier factors of the multipole moment coefficients.

For the rigid condition, there is a monopole which originates from the second-order inner flow due to the
small but non-negligible compressibility. Its strength is linearly proportional to the storage capability of the
pore, the depth, owing to the extra compressed mass being stored in the pore, as discussed in Section 3.5.
The pore volume also raises two accompanying components of the quadrupole (2,0), whose strengths scale
linearly with the pore depth. The other multipoles are all induced by the incident angle and reach maxima
when the incident wave is parallel to the surface. They include the dipole (1, 0), the quadrupoles (2,0) and (2, 2)
and the octupole (3, 1). The multipole strengths are related to the moments of the mass flux entering the pore.

On the other hand, the multipole structure is changed accordingly for the pressure-release condition. The
leading field is a dipole perpendicular to the pore exit and is followed by the quadrupole (2, 1) and the octupole
(3,0). The strength of the dipole is proportional to the total pressure force exerted on the pore exit plane, and
those of the quadrupole and the octupole are proportional to the x-moment and the second radial moment of

B
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the force on the exit plane, respectively. These waves all have a common incident angle dependence of k. and
disappear from the investigated orders of magnitude when the incident wave is parallel to the flanged surface,
Section 4.3. The quadrupole (2, 1) scales on k,k. and exhibits a maximum when the incident angle is at 45°.
There are no compressibility terms arising in this case, as it did in the rigid boundary one.

Although only a scalar equation is considered in the present study, the current theory can be applied to
more sophisticated problems. A broad family of scattering problems are currently under investigation, notable
examples being electromagnetic wave scattering and the anisotropic effect of elliptical pores. In the future, the
expansion enables us to treat the pore as an individual scatterer and, thus, to investigate the wave fields from
surfaces with various pore structures by formulating the mutual interactions as multiple scattering processes:
see Ishimaru [14].

Appendix A. Fundamentals of potential theory of mixed boundary value problems

We provide brief explanations of the two major prerequisites of Fabrikant’s potential theory of mixed
boundary value problems. They are the Poisson operator £ (/) and the integral representations of the inverse
of a spatial distance. Derivation of the double integral of Eq. (7) is also shown in this section as a concluding
application demonstration of the two ingredients.

Consider a function f(r,¢) with a periodic 2z. This function can be associated with Fourier
coefficient f, (r), where

m

g 1 o ime ¢
ful) =55 [ €mr ) ds.
TJo
Define the Poisson operator £ (/) for a complex A such that

L (1) = 2" (). (A1)

Consequently, we have the operator properties £ (1)L (1;) = L(A14;) and L(1) = 1.
Now, look at

LON ¢y =Y A", (e

m=—00
1 2n 00 )
— 5 doo f(r, do) Z Jlml gim(d—gy)
0 m=—0o0

The series in the integral can be evaluated analytically for [1]<1 to
1=2%

A g — d) = 14+22-22 cos(¢y — @)

and the whole equation is recast into

2n
LN =5 [ 4C.0 = o) 00 (A2)

This equation defines the analytical form of the operator £ (/) for |A|<1.
On the other hand, the square of the distance between two points (p, ¢,z) and (p, ¢, 0) using the polar
coordinate defined in Fig. 1. is

s* = p* + py — 2ppo cos(¢p — dy) + 2.
We define the new variables /; and /, such that the distance can be represented as
s =1+ 15— 211, cos(¢p — ).
This leads to the two equations

E+5 =p*+pi+2* and 1L = pp,
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with the solution

1
h=h(py,p,2) =7 <\/(;0+;00)2+z2 - \/(p - po)’ +zz),

b= .2 = 5 (Vo4 o + 24 o= +2). (A3)

Variable /; is the arithmetic average of the difference between the longest and the shortest possible distances of
the two points and /, is the average of the sum of the two extreme distances when p, is kept constant and ¢,
varies within [0, 27].

Starting with the identity, e.g. formula (3.249) of Ref. [12]

1 2 [* dp
—=— - A4
s =@ /0 s? +p? (A4)
and making the change of variable
n=/1} —x\/5 — x/x, (A.5)
we have
X2 xn dpy
Al —, b — = - — A.6
(ppo ’ 4)0) 2+ dx’ (A0

where A(4, ¢ — ¢,) is defined in Eq. (A.2). Substituting Eqgs. (A.5) and (A.6) into the identity (A.4), we obtain
the first integral representation of the inverse of the distance

1_2/1l /1(362/,0,00:(15 — ¢p)dx
S_TC 0

E

where we notice that x in the above expression is the dummy integration variable.

Alternatively, if we redefine 1 to be
n=1/x*—B\/x2 - B/x

and follow similar procedures for the change of variable, we acquire the second integral represen-
tation of 1/s as

(A.7)

12 [*Appo/x*,$ — o) dx
<= E/zz (A8)

JoieE

The benefit of adopting these representations, or decompositions, Egs. (A.7) and (A.8), is that the interwoven
variable ¢ — ¢, is absorbed in function A. This makes many multiple integrations analytically possible. These
decompositions also have other good mathematical properties which are discussed in Ref. [10].

We often need to bring a field point to the z = 0 plane in formulating our integral equations. In the limiting
case, the variables /; and /, reduce to

l_l = lg}})ll(po:psz) = min(posp)a
L= lim />(pg, p, 2) = max(po, p). (A.9)

Having these prerequisites, the derivation of the scattering term of Eq. (6) to that of Eq. (7) is straightforward.
Using the first representation (A.7) and combining the ¢,-integral with function A, we have

2/1 I 1 X2 ap
2 [ ()
T.Jo 0 l_f ) 1‘3 _ 2 \ppo/ 0z

<

1
P =
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Fig. A.1. Integration domain.

The integration domain is the lower shaded area in Fig. A.lI(a). Changing the order of integration,
we obtain Eq. (7).

Appendix B. Miscellaneous details
B.1. Derivation of Eq. (10)

First of all, we recall the right-hand side of Eq. (6), after substituting Eq. (7) for the scattering wave, and
applying the first inverse operator (8)

1 pdp
$<;) dr 0 /12 —ng(p)

_ Po dpg op |~
x| b cosd / \/p — x? / 52 (PPO) 0z9

With Eq. (A.1), we have #(p)cos ¢ = pcos ¢. Therefore, the first term of Eq. (B.1) becomes
r 3 dp

m

(B.1)

iky cosqS—

which can be evaluated by parts

. d . g
ik, cosqﬁm (—p2\/r2 =P + 2/0 P\ 12— p? dp).

Carrying out the integral, we have the field, 2ik,rcos ¢, after the first inversion. Application of the
second inverse operator, Eq. (9), is similar, and after a few elementary integration steps, we have the inversed
external field,

—2ik 21 — 12" cos ¢. (B.2)
The same procedures are applied on other external fields with azimuthal modes m = 0 and 2, such as those in

Eqgs. (19) and (49).
The second term of Eq. (B.1) reads

_gg(1>g " opdp  ([? / o dpy (2>@p(po,¢>,20)<
no \r)drjo \/r2 —p2 \/p —x2 \/p 2 \Po 0zo

F(x,p)
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Provided that Z(x, ¢) belongs to L', which holds for physics, the first two integrals can change the order
of operation,

2 . (1\d 7 pdp
L oo [ et

with the inner integral trivial. Resuming the definition of % (x, ¢) and using the ’'Hopital rule, we have

/ Podpo (r)a_p< (B 3)
rz Po/ 920
Next, applying the second inverse operator on Eq. (B.3)
f,ﬁ(z) Lordr / podpo < 1 ) op|=
¢ N =1 _ 2 \Po/0z
and changing the order of integration, we have the resultant integrals integrable which yield
m Op(t, §. 20)|~
B.4
2 aZO ( )

Expressions (B.2) and (B.4) are the inversed terms in Eq. (10).
B.2. Inversion of Eq. (42)

As described in Appendix A, there are two alternative ways to represent the integrals of Eq. (42).
The most convenient choice is to make the final form of the outermost integrals on both sides of the
equation over the same interval, such that the inversion can be done simultaneously. For this purpose, we
recast Eq. (42) into

ap(l 2|~

[Ty e —
! h \/xz—lf\/xz—lg 0

ppo) opL2|~

1 00 dx
__/O dpopoé \/ﬁm (xz 0zo

where /; and /, are given in Eq. (A.9). The integral domains for the left- and right-hand sides are, respectively,
the lower and upper shaded regions in Figs. A.1(a). Changingg the order of the integration, we obtain Eq. (43)
straightforwardly.

Since both sides of the above equation are in the same form, we only demonstrate the application of the first
inverse operator, Eq. (44),, on the left-hand side term. It reads

g *  pdp Oo Podpy Po 617(12)
Y0%) Tz, \/xz_p/ Ny (xZ) o

T (x.0)

and following

d
;ﬁ(r)d/ dx 7 (x, qs)/ \/ffz\;m

The inner integration is again integrable and the full equation after the first inversion becomes
Po / _PodpPo dpg a,4’7(1 2|7 —_ Po / _Po9po dpg P(l 2|*

\/72 0z \/72 0zp
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Next, applying the second inverse operator (44), and changing the order of integration, we have

Q) ] [
Po Po-ZL Py /
0o p2_l2 12_p%
(12) d
= ()/ dpypyZ (Po) Psc

The inner integrals are elementary and, therefore, we reach Eq. (45).

’ tdt
dp/1 Vet

B.3. Derivation of Eq. (46)

We start from the total pressure at the pore exit. The last term of Eq. (41) on the right-hand side with
Eq. (A.8) and the definition (A.2) can be recast into

/ / Po dPo (pp0>6p(1 2|~
\/X2 — p 620

Substituting the solved pressure derivative on the ﬂanged surface, Eq. (45), this term becomes

podpo /y\/l— ¥ dy (py>@p“ 2=

X2 aZO

=) ) s

The inner two integrals are mter-changeable, and SO

opld|<
dyy/T= 72 gpy P

X2 aZ()

i/oo dx / Podpg
S /X2 =p2)o

/ VX2 = Py PG — 10 — )
Carrying out the innermost integration, we have

2 /°° dx ' ydy p\ P2

- (%)

nJi xr—prJo /X2 -2 0z¢
On the other hand, the first term on the right-hand side of Eq. (41) can be recast into

2 ppo) p2|~

dx
TC/ dep()/ g( 2 o
0 L\ /x 2 /y2 — X 20

with the integration domain in Fig. A.1(b). It follows straightforwardly the change of integration order

(B.5)

_podpy (ppo> ap?|~

min(x,1)
/ \/fp / \/7 x2/ 0z

which is ready to be combined with Eq. (B.5). Finally, we have Eq. (46) after substituting the continuity
conditions of the pressure at the pore exit.

>
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