Available online at www.sciencedirect.com
. . ]OURNAL OF
ScienceDirect SOUND AND

VIBRATION

ELSEVIER Journal of Sound and Vibration 319 (2009) 795-806

www.elsevier.com/locate/jsvi

Damping parameter design optimization in structural systems
using an explicit H, norm bound ™

Yuangiang Bai**, Karolos M. Grigoriadis®'

4Technip USA Inc., Riser Technology and Well Systems, 11700 Old Katy Road, Suite 150, Houston, TX 77079, USA
®Department of Mechanical Engineering, University of Houston, 4800 Calhoun Road, Houston, TX 77204, USA

Received 5 June 2007; received in revised form 16 May 2008; accepted 20 June 2008
Handling Editor: S. Bolton
Available online 8 August 2008

Abstract

This paper examines the damping parameter design optimization problem for structural systems with collocated
measurements and inputs so that H,, norm bound constraints are satisfied. We utilize a particular solution of the Bounded
Real Lemma that provides an explicit upper bound on the H., norm of a collocated structural system. Using this upper
bound result the damping design is formulated as a linear matrix inequality (LMI) optimization problem with respect to
the damping coefficients of the structural system. The formulation is particularly useful for large-scale structural systems
where existing methods are computationally prohibitive. Numerical examples demonstrate the benefits and computational
advantages of the proposed damping parameter design method.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

As an important component of passive structural systems design, the problem of damping parameters
design has been studied for over a century [1]. The use of dashpots and tuned mass dampers (TMD) is two
widely used methods of passive vibration attenuation. These simple devices have been proven very effective for
reducing severe vibrations of machinery, buildings, bridges and many other mechanical and civil engineering
systems with relatively low cost [2,3]. Such passive vibration control devices are often favored compared to
active and semi-active controllers in many practical applications because of their reduced complexity including
the absence of external driving power [4].

There are numerous optimization-based methods that have been examined for optimal placement and
optimal value assignment of damping devices. To this end, optimality conditions have been derived and
various parametric studies and gradient or steepest-descent algorithms have been proposed to minimize
resonant amplitude, critical excitation response or system energy dissipation requirements [5-9]. However,
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these methods suffer from increased complexity and computational cost that could easily become prohibitive,
especially for large-scale structural systems.

Recently, structural parameter design techniques have been proposed that consider the structural parameter
selection and optimization of passive mechanical components as a control design problem. This approach allows
the use of rigorous system theoretic and system gain mathematical tools to quantify system performance and to
provide a connection to closed-loop response in controlled structural systems. Thus, optimal and robust control
techniques, such as the H,/LQR (linear quadratic regulator) and H., optimization approaches, have been
proposed for structural parameter design. The H, optimal dynamic output feedback control synthesis problems
is connected to the solution of the standard LQG (linear quadratic Gaussian) problem, which is a combination
of state estimation and state feedback control that can be solved using the corresponding Riccati equations. The
state-space H,, norm control method based on the Riccati equation approach or the linear matrix inequality
(LMI) formulation are now well-developed control synthesis tools. The optimal static state feedback and full-
order dynamic output feedback H,, control synthesis problems can be solved using iterations on the
corresponding Riccati solutions or via the computational solution of a convex LMI optimization problem
[10-13]. On the other hand, the static output feedback and the fixed-order dynamic output feedback control
synthesis problems are difficult computational problems since they require the solution of (nonconvex) bilinear
matrix inequalities or linear matrix inequalities with coupling rank constraints [14,15]. Unfortunately, the use of
such control-oriented methods for structural parameter design leads to a static output feedback formulation
resulting in complex numerically cumbersome optimization problems [16-21].

Having strain or displacement information as the system output, feedback of the measured output rate has
been proven to be very effective in adding local damping to the structure. The control of structural systems
with collocated sensors and actuators has been shown to provide great advantages from a stability, passivity,
robustness and an implementation viewpoint [22]. For example, collocated control can easily be achieved in a
space structure when an attitude rate sensor is placed at the same location as a torque actuator [22,23].
Collocation of sensors and actuators leads to symmetric transfer functions. Several other classes of
engineering systems, such as circuit systems, chemical reactors and power networks, can be modelled as
systems with symmetric transfer functions. Stabilization, robustness, model reduction and control of such
systems have been examined recently [24,25].

In this work, we use recently developed control-oriented algebraic tools to formulate the damping
parameter design problem in collocated structural systems as an efficient convex LMI optimization problem
[26]. By exploiting the particular structure of collocated structural systems, explicit upper bounds for the H .,
norm of the system can be obtained. To this end, particular solutions of the Bounded Real Lemma (BRL) are
used and an explicit expression for an upper bound of the H,, norm of such external symmetric system are
obtained that require only the computation of the maximum eigenvalue of a symmetric matrix. Subsequently,
the damping parameter design problem is formulated as a LMI optimization problem of minimizing the H
norm bound with respect to the unknown damping coefficients.

LMI optimization problems have received increased attention recently in systems, controls and structural
design applications. They constitute convex optimization problems that can be solved efficiently in polynomial
time using interior point methods. Hence, global optimality of the corresponding solution is guaranteed.
A collection of system analysis and control design problems that can be formulated in a LMI form can be
found in Refs. [13,26].

The standard notation > (<) is used in this paper to denote the positive (negative) definite ordering of
symmetric matrices. The ith eigenvalue of a real symmetric matrix N will be denoted by 4;(N) where the
ordering of the eigenvalues is defined as Amax(N) = 41(N) = 1L(N) > - - - = 1,(N). The maximum singular value
of a (not necessarily square) matrix N will be denoted by o,,x(N), which is also its spectral norm ||N]|.

2. Analytical H ,,-norm bound for collocated systems

Consider the following vector second-order representation of a structural system with collocated velocity
measurements and inputs:

M{+Dq+Kq=Fu, y=F'q, (1)
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where q(7) € R" is the generalized coordinate vector, u(f) € R™ is the input or disturbance vector and y(z) € R*
is the measured output vector. The matrices M, D and K are symmetric positive-definite matrices that
represent the structural system mass, damping and stiffness distribution, respectively.

The system has a state-space realization as follows:

X = Ax + Bu, y=Cx (2)
with state-space matrices
0 I 0
A - —1 —1 ) B = —1 )
-M~K -M"'D M™'F
C=1[0 F'], (€)

where the state vector is x = [q" q"]'. The transfer function G(s) of the system in Egs. (2) and (3) is obtained
as

G(s) = sF'(Ms* + Ds + K)'F.

Notice that this transfer function is symmetric, i.e., G(s) = G'(s). Hence, the system in Eqgs. (2) and (3) is an
externally symmetric state-space realization, that is, there exists a nonsingular matrix T such that

ATT = TA, CT = TB. 4)

This class of systems is more general than the class of internally or state-space symmetric systems that they
satisfy the symmetry conditions (Eq. (4)) with a positive-definite transformation matrix T [27]. Obviously,
state-space symmetry implies external symmetry, but the converse is not true, that is, there exist symmetric
transfer matrices for which there is no internally symmetric realization. An analytical solution of the H
control problem for internally symmetric systems has been presented in Ref. [28].

The Hy norm of a system is the peak magnitude of its frequency response function (FRF). In a time-
domain interpretation, the H,, norm corresponds to the energy (or L, norm) gain of the system from the input
u to the output y [13]. Hence, in this setting the H,, norm defines a disturbance rejection property of the
system.

Recall that the H,, norm of the system in Eq. (2) is given by

[Gllc = SUp Omax{G(jw)}, (5)
weR
where G(s) = C(sI — A)"'B is the transfer function of the system and omax denotes the maximum singular
value of a matrix. It is well known that for a stable linear time-invariant system, its H,, norm can be
approximated iteratively, for example using a bisection method [29]. The following result shows that for a
vector second-order realization described in Eqgs. (2) and (3), an upped bound on its H, norm can be
computed using a simple explicit formula [30].

Theorem 1. Consider the vector second-order system realization in Egs. (2) and (3). The system has an H o, norm y
that satisfies

y<y= ;vmax(FTD_lF)- (6)

To prove this result recall the BRL characterization of the H.,, norm of a system.

Lemma 1 (Skelton et al. [13]). A stable system as in Eq. (2) has an H o, norm less than or equal to v if and only
if there exists a matrix P >0 satisfying

ATP+PA PB (T
B'P -y 0 |<0. (7)
C 0 —yI

Recall also the following Schur complement formula [31].
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S Sit S
T[Sk Saf

where Sy and Sy, are symmetric, is positive definite if and only if

Lemma 2. The block matrix

S11>0 and Sy —SL,S; !S>0
or
S»>0 and Sn—SuSz‘z'SlT2>0.

Theorem 1 follows from the BRL condition and the following algebraic result [32].

Lemma 3. Consider matrices T' and Q such that T has full column rank and Q is symmetric positive definite. Then
Q=TT if and only if

Imax(CTQ™'T) <1,
Proof of Theorem 1 (Sketch). The result follows from the BRL 1 by utilizing the following Lyapunov matrix:

p=|t 0 8
o ®

Application of the Schur complement formula in Lemma 2 results in the following condition:
1
—-D+-FF'<0. 9)
s

Then, application of the Lemma 3 provides the bound in Eq. (6). O

Numerical examples in Ref. [30] demonstrate the validity and computational efficiency of the above
analytical bound.

3. Damping design using the analytical bound approach

The analytical H,, norm upper bound of the collocated structural system in Eq. (1) given in Theorem 1 is
solely dependent on the damping distribution matrix D and the input/output distribution matrix F. For
lumped parameter systems, the damping metric D can be expressed in terms of the elemental damping
coefficients as follows:

D= ic,‘T[, (10)
i=1

where ¢; denotes the viscous damping constant of the ith damper and T; represents the distribution matrix of
the corresponding damper in the structural system. The T;’s are given symmetric matrices with elements 0, 1
and —1 that define the structural connectivity of the damping elements in the structure. Then, using the Schur
complement formula, the H., norm upper bound condition in Eq. (6) can be re-written as

[Zlm_lciTi F

>
FT o =0. (11)

Practical structural system design specifications impose upper bound constraints on the values of the damping
coefficients, that is

0< ¢ <emax- (12)
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Also, often an upper bound on the total available damping resources is imposed, that is
m
Zcigclotal- (13)
i=1

Based on the above discussion the damping design problem can be formulated as follows.

4. Damping design optimization problem

Consider the collocated structural system given in Eq. (1) with the damping distribution defined in Eq. (10).
For a given positive scalar y, the H,, norm of the system is less than v if the following conditions with respect
to the damping coefficients ¢; are feasible:

>ineiTi F
>
0<¢i < Cmaxs (15)
m
Zcigctota]- (16)
i=1

The above conditions constitute an LMI feasibility problem with respect to the damping coefficients ¢;. Then,
the optimization of damping coefficients can be achieved by solving the LMI optimization problem

mcin Y (17
subject to the constraints defined in Eqs. (14)—(16). Recall that LMI optimization problems constitute convex
optimization problems that can be solved effectively using recently developed interior point optimization
algorithms [13,26].

Hence, the upper bound approach in the above LMI formulation provides a computationally efficient
method to compute the damping coefficients of collocated structural systems. Since the assigned upper bound
y is always greater than or equal to the exact H, norm of the system, the design result is conservative.
However, our computational examples and experience with the proposed bound indicate that it indeed
provides a good approximation of the exact H,, norm.

Remark. The significance and benefit of the proposed H, norm upper bound damping parameter
optimization approach is evident in the design of very large-scale structural systems where standard methods
based on nonlinear optimization approaches are computationally prohibitive. The proposed LMI-based
convex optimization formulation can address the design of structural systems with a large number of states
and design variables.

5. Numerical examples
5.1. Single degree of freedom (1-dof) case

To demonstrate and motivate the above results consider the 1-dof case (n = 1) where q(¢), u(z) and y(¢) are
scalar quantities in Eq. (1). For this scalar case, the magnitude of the FRF of the system in Eq. (1) is

Fo|

|G(w)| = (18)

\/(K — Mw?) 4+ D*w?

where M, D and K represent the scalar mass, damping and stiffness coefficients of the system. It can be easily
observed that the magnitude of the FRF reaches its maximum at the natural frequency of this dynamic system,
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1.e., when

K
n . 19
w=w,= 1% (19)

Thus, the above FRF magnitude satisfies the following bound at all frequencies:

Fllo| F?

|G(jw)| = |G(w,)| < m =

(20)
that is, || G|l < F> /D. This bound is precisely the one provided in Theorem 1 for the system. In fact, in this
scalar case the above bound provides the exact Ho, norm of the system, that is |G|, = F> /D. Therefore, the
H, norm bound ||G||,, <y is achieved if and only if the damping coefficient D is selected to satisfy the bound

D>F?/y. (21)

Notice that this result coincides with the bound obtained from Eq. (14).

As an example consider the case where F = 10, M = 30kg and K = 500 N/m. Then, for a desired H, norm
bound y = 0.5 the designed value of the damping coefficient D = 10>/0.5 =200Ns/m. This result is
confirmed from the Bode diagram of the system shown in Fig. 1 that obtains a maximum of 201log;,(0.5) =
—6.02dB at w = \/K/M = 4.08rad/s.

5.2. Two-story shear building model

Now, let us consider a two-story shear building model with added viscous dampers as shown in Fig. 2. This
model is considered in Ref. [5]. The two-degree-of-freedom system has masses m; = nm; = 100 kg and stiffness
ki1 = ky = 200 N/m relative to the base. The system is subject to the disturbance inputs #; and u;, (such as wind
gust disturbance on the structure). Our objective is to design the damping coefficients ¢; and ¢, that attenuate
the velocities of the masses m; and m; caused by the disturbance forces u; and u,. Specifically, we want to
design the dampers ¢; and ¢, so that the system satisfies a given H,, norm performance constraint y<0.5 from
the disturbance forces to the velocities vy, v, of the masses m; and m,.

The system has the collocated vector second-order form in Eq. (1) with structural matrices

M= |™ O D
- 0 I’}’IQ’ o

cp+e —o
- o |

Magnitude (dB)

0.1 1 10 100
Frequency (rad/sec)

Fig. 1. Bode diagram of the one-degree-of-freedom example (magnitude in m/s).
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Fig. 2. Two-story shear building model with added viscous dampers.

ki+ky —ko ind F— 1 0 -
ke k| o1 (22)

The design parameters are ¢; and ¢, and the damping distribution matrices T; and T, of the damping
distribution matrix D are obtained from the expansion

cite —o 1 0 1 -1
= =] +
—C c 0 0 -1 1
=T+ T, (23)

In addition, the damping coefficients are subject to the constraints
¢;<10Ns/m, i=1,2. (24)

Using the above parameters we solve the corresponding LMI feasibility problem described in Section 4. The
corresponding damping coefficients are obtained as

¢1 =504, ¢ =649Ns/m, 25)

and the exact H norm of the damped system is 0.481 which is slightly less than the desired bound 0.5. The
frequency responses from the disturbance u; to output vy, from u, to v,, from u; to v, and from u, to v; are
shown in Figs. 3 and 4. It can be seen that the designed system reduced the effect of the disturbances
significantly and our design goal is achieved.

5.3. Five spring—mass—damper system example

Next, consider the five-degree-of-freedom mass, spring and damper interconnected system shown in Fig. 5.
This example is borrowed and revised from Refs. [16,19].

Our design objective is to optimize the values of the damping coefficients ¢;, i = 1,...,5 so that the H
norm of the collocated system from the disturbance forces u; and u; to the velocities of masses m, and my is
minimized. The physical parameters of this system are selected as m; = 1kg, k; = 1 N/m and the damping
coefficients ¢;, i = 1,...,5 are the unknown design parameters.

The damping distribution matrix D of this system is given by

c1+ o —C 0 0 0
—C ¢+ c3 —C3 0 0 s
D= 0 —c3 3+ ¢y —c4 0 | = Z ¢iT;. (26)
0 0 —cs  cat+ces —cs i=1
0 0 0 —cs Cs

For comparison and design trade-off purposes we consider a family of optimal damper designs using the
results of the damping design optimization problem defined in Section 4. The obtained designs correspond to
different values of the total damping capacity ciora ranging from 0.5 to 20 N's/m. The results of the optimal
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Fig. 3. Frequency responses of the undamped and damped system: (a) from u1 (N) to v1 (m/s) and (b) from u2 (N) to v2 (m/s)
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Frequency (rad/s)
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101

.-+ -, Before

Fig. 4. Frequency responses of the undamped and damped system: (a) from u1 (N) to v2 (m/s) and (b) from 2 (N) to vl (m/s). - - -, Before
damping design; —, after damping design.
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Fig. 5. Five mass—spring—damper system.
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Fig. 6. Comparison of the H,, norm upper bound optimization result and the exact H, norm of the designed systems: x, H, norm upper

bound optimization; x, exact H,, norm.

Damping coefficient (Ns/m)

Fig. 7. Optimized damping coefficients using the H, upper bound approach: *, ¢i; &, ¢2; +, ¢33 O, ¢a; *, cs.

Ciotal (Ns/m)

designs using the H,, upper bound optimization approach are shown in Figs. 6 and 7. Fig. 6 shows the values
of the H, norm bound obtained using our upper bound optimization approach, as well as, the exact H
norm that corresponds to each design as the total damping capacity ¢y, changes. Indeed, we observe that in
each design the guaranteed H,, norm bound of the designed system and its actual H,, norm are very close.
This result demonstrates that our upper bound optimization approach provides a good upper bound estimate
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of the actual H,, norm of the system. The values of the optimized damping parameters that correspond to
each design are shown in Fig. 7. We observe that for each design ¢; = ¢, and ¢3 = ¢4 although ¢s is close to
zero. This result is justified due to the location of the disturbance forces u; and u,.

5.4. Application to a large-scale structural system

As a last example, we apply the proposed design method for the damping parameter design of a large-scale
collocated structural system. We consider the finite element structural model for the assembly phase 8A-OBS
of the International Space Station (ISS) shown in Fig. 8 with collocated measurements and inputs. This
example follows the state-space model in Eq. (1) with 216 degrees-of-freedom [33]. We assume Rayleigh
damping and we consider a damping parameter optimization (possibly implemented through active control
means) to satisfy H,, norm specifications. Fig. 9 shows the H,, norm bound obtained by solving the
optimization problem presented in Section 4 for different values of the total damping capacity ¢y, and the
actual H., norm of the structural system for each design. It is observed that the value of the H,, norm bound
and the achievable H ., norm are extremely close. It should be noted that the use of traditional optimization
methods for damping parameter design for this system could easily become prohibitive due to the high
dimensionality of the system.

102 |

101 |

H.. norm and bound

100 ¢

1074 1073 1072 1071 100 101
Ctotal (NS/m)

Fig. 9. Comparison of the H., upper bound optimization result and the exact H, norm of the ISS model: [J, H, norm upper bound
optimization; *, exact H., norm.
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6. Conclusion

We have considered the damping parameter design optimization in structural systems with collocated
measurements and inputs. By utilizing an explicit H,, norm bound, a computationally efficient linear matrix
inequality formulation is proposed to design the damping parameters that guarantee a desired Ho, norm of
such structural systems. The approach takes into consideration constrains on the values of the damping
parameters and the total available damping resources. Computational examples demonstrate the validity and
effectiveness of the proposed H., upper bound damping design approach. The design methods are applicable
to multi-degree-of-freedom systems and are particularly useful for very large-scale systems where the existing
damping coefficient design methods are computationally prohibitive.

References

[1] C.D. Johnson, Design of passive damping systems, Transactions of the ASME 117 (1995) 171-176.
[2] J.Q. Sun, M.R. Jolly, M.A. Norris, Passive, adaptive and active tuned vibration absorbers—a survey, Transactions of the ASME 117
(1995) 234-242.
[3] D.E. Newland, Pedestrian excitation of bridges—recent results, Proceedings of the 10th International Congress on Sound and
Vibration, Stockholm, Sweden, July 2003, pp. 7-10.
[4] S.M. Joshi, Control of Large Flexible Space Structures, Lecture Notes in Control and Information Sciences, Springer, Berlin, 1989.
[5] 1. Takewaki, Optimal damper placement for minimum transfer functions, Earthquake Engineering and Structural Dynamics 26 (1997)
1113-1124.
[6] I. Takewaki, Optimal damper placement for critical excitation, Probabilistic Engineering Mechanics 15 (2000) 317-325.
[7] I. Takewaki, Optimal damper placement for planar building frames using transfer functions, Structural and Multidisciplinary
Optimization 20 (2000) 280-287.
[8] A. Mezyk, The use of optimization procedures in tuning vibration dampers, Engineering Optimization 34 (5) (2002) 503-521.
[9] A.K. Agrawal, J.N. Yang, Optimal placement of passive damper on seismic and wind-excited building using combinatorial
optimization, Journal of Intelligent Material Systems and Structures 10 (1999) 997-1014.
[10] J.C. Doyle, K. Glover, P.P. Khargonekar, B.A. Francis, State-space solution to standard H, and H,, control problems, /[EEE
Transactions on Automatic Control 34 (1989) 831-847.
[11] P. Gahinet, P. Apkarian, A linear matrix inequality approach to H, control, International Journal of Robust and Nonlinear Control 4
(1994) 421-448.
[12] T. Iwasaki, R.E. Skelton, All controllers for the general H,, control problem: LMI existence conditions and state space formulas,
Automatica 30 (1994) 1307-1317.
[13] R.E. Skelton, T. Iwasaki, K. Grigoriadis, 4 Unified Algebraic Approach to Linear Control Design, Taylor & Francis, London, 1998.
[14] J.C. Geromel, P.L.D. Peres, S.R. de Souza, Convex analysis of output feedback control problems, IEEE Transactions on Automatic
Control 41 (1996) 997-1003.
[15] K.M. Grigoriadis, R.E. Skelton, Low-order control design for LMI problems using alternating projection methods, Automatica 32
(1996) 1117-1125.
[16] J.D. Sipila, R. M’Closkey, A. Packard, Optimal structure design using branch and bound, Proceedings of the 1999 American Control
Conference, San Diego, CA, June 1999, pp. 1861-1865.
[17] X. Qi, M. Khammash, M. Salapaka, Integrated parameter and control design, Proceedings of the 2002 American Control Conference,
Anchorage, AL, May 2002, pp. 4888-4893.
[18] K.M. Grigoriadis, F. Wu, Integrated H, plant/control design via linear matrix inequalities, Proceedings of the 36th IEEE Conference
on Decision and Control, San Diego, CA, December 1997, pp. 789-790.
[19] L. Zuo, S.A. Nayfeh, Design of passive mechanical systems via decentralized control techniques, Proceedings of the 43rd AIAA/
ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference, Denver, CO, April 2002.
[20] L. Zuo, S.A. Nayfeh, Minimax optimization of multi-degree-of-freedom tuned-mass dampers, Journal of Sound and Vibration 272
(2004) 893-908.
[21] L. Zuo, S.A. Nayfeh, Optimization of the individual stiffness and damping parameters in multiple-tuned-mass—-damper systems,
Journal of Vibration and Acoustics, Transactions of ASME 127 (2005) 77-83.
[22] J.L. Junkins, Y. Kim, Introduction to Dynamics and Control of Flexible Structures, AIAA, Washington, DC, 1993.
[23] A.V. Balakrishnan, Compensator design for stability enhancement with collocated controllers, IEEE Transactions on Automatic
Control 36 (1991) 994-1007.
[24] B.D.O. Anderson, S. Vongpanitlerd, Network Analysis and Synthesis: A Modern Systems Theory Approach, Prentice-Hall, Englewood
Cliffs, NJ, 1973.
[25] W.Q. Liu, V. Sreeram, K.L. Teo, Model reduction for state-space symmetric systems, Systems and Control Letters 34 (1998) 209-215.
[26] S. Boyd, L. El Ghaoui, E. Feron, V. Balakrishnan, Linear Matrix Inequalities in Systems and Control Theory, SIAM Studies in
Applied Mathematics, SIAM, Philadelphia, 1994.



806 Y. Bai, K M. Grigoriadis | Journal of Sound and Vibration 319 (2009) 795-806

[27] J.C. Willems, Realization of system with internal passivity and symmetry constraints, Journal of the Franklin Institute 301 (1976)
605-621.

[28] K. Tan, K.M. Grigoriadis, Stabilization and H, control of symmetric systems: an explicit solution, Systems and Control Letters 44
(2001) 57-72.

[29] S. Boyd, V. Balakrishnan, P. Kabamba, A bisection method for computing the H,, norm of a transfer function and related problems,
Mathematics of Control, Signals, and Systems 2 (1989) 207-219.

[30] Y. Bai, K.M. Grigoriadis, H, collocated control of structural systems: an analytical bound approach, Journal of Guidance, Control
and Dynamics 28 (2005) 850-853.

[31] A. Albert, Conditions for positive and nonnegative definiteness in terms of pseudoinverses, SIAM Journal of Applied Mathematics 17
(1969) 434-440.

[32] R.A. Horn, C.R. Johnson, Matrix Analysis, Cambridge University Press, Cambridge, UK, 1985.

[33] S. Sidi-Ali-Cherif, K.M. Grigoriadis, M. Subramaniam, Model reduction of large pace structures using approximate component cost
analysis, Journal of Guidance, Control and Dynamics 22 (1999) 551-558.



	Damping parameter design optimization in structural systems using an explicit H  norm bound
	Introduction
	Analytical H -norm bound for collocated systems
	Damping design using the analytical bound approach
	Damping design optimization problem
	Numerical examples
	Single degree of freedom (1-dof) case
	Two-story shear building model
	Five spring-mass-damper system example
	Application to a large-scale structural system

	Conclusion
	References


