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Abstract

Dual-chamber pneumatic vibration isolators have a wide range of applications for vibration isolation of vibration-

sensitive equipment. Recent advances in precision machine tools and instruments such as medical devices and those related

to nano-technology require better isolation performance, which can be efficiently achieved by precise modeling- and

design- of the isolation system. This paper discusses an efficient transmissibility design method of a pneumatic vibration

isolator wherein a complex stiffness model of a dual-chamber pneumatic spring developed in our previous study is

employed.

Three design parameters, the volume ratio between the two pneumatic chambers, the geometry of the capillary tube

connecting the two pneumatic chambers, and, finally, the stiffness of the diaphragm employed for prevention of air

leakage, were found to be important factors in transmissibility design. Based on a design technique that maximizes

damping of the dual-chamber pneumatic spring, trade-offs among the resonance frequency of transmissibility, peak

transmissibility, and transmissibility in high frequency range were found, which were not ever stated in previous researches.

Furthermore, this paper discusses the negative role of the diaphragm in transmissibility design. The design method

proposed in this paper is illustrated through experimental measurements.

r 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Environmental vibrations from the ground, people’s movement, and equipment operation are becoming
important issues in the areas of precision engineering including nano-scale manufacturing and measurements.
The vibration frequency from the environment is distributed at mainly less than 100Hz, and the vibration level
ranges to several tens of micrometers. To guarantee proper operation of precision instruments, the vibration
regulations such as VC (vibration criteria) and those of NIST (National Institute of Standards and
Technology) [1,2] require the transmitted vibrations to be below a certain level. A dual-chamber pneumatic
ee front matter r 2009 Elsevier Ltd. All rights reserved.
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Nomenclature

A area (m2)
C(Xp,o) flow restriction coefficient (ms)�1

Ceq(Xp) equivalent flow restriction coefficient
(ms)�1

Dc capillary tube diameter (m)
fr friction coefficient for unidirectional

flow
g gravitational acceleration, 9.81 (m/s2)
j O�1
k stiffness (N/m)
K minor loss coefficient
Lc capillary tube length (m)
mp payload mass (kg)
N chamber volume ratio ( ¼ Vb0/Vt0)
p pressure (N/m2)
R the universal gas constant ( ¼ 286.9 J/

(kgK))
Re Reynolds number
s( ¼ jo) Laplace operator
T temperature (K)
u cross-sectional mean fluid velocity (m/s)
V volume (m3)
Vb0 bottom chamber volume (m3)
Vt0 top chamber volume (m3)
X dynamic amplitude (m)

Z loss factor
k the specific heat ratio ( ¼ 1.4)
m dynamic viscosity (Ns/m2)
r density (kg/m3)
o excitation frequency (rad/s)
oop resonance frequency of optimum trans-

missibility (rad/s)

Subscripts

0 static
atm atmosphere
b bottom chamber
c capillary tube
D diaphragm
eq equivalent
max maximum
p piston
t top chamber
s single chamber
op optimum

Superscripts

* complex variable
- cycle average
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vibration isolator consisting of a dual-chamber pneumatic spring, which plays a key role in it, and a payload,
as shown in Fig. 1, is generally accepted for this purpose. The dual-chamber pneumatic spring has two
pneumatic chambers connected by a capillary tube. A rigid piston supports the payload including an isolation
table and precision instruments. Additionally, a fiber-reinforced rubber diaphragm having a complicated
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Fig. 1. Schematics of dual-chamber pneumatic vibration isolator consisting of dual-chamber pneumatic spring and payload. (Leveling

valve is not shown in this figure.)
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shape and held by a clamp ring is installed for prevention of air leakage. The internal air pressure to satisfy
static-equilibrium with the payload can be automatically adjusted by a leveling valve (not shown in Fig. 1),
which makes the pneumatic spring attractive as a vibration isolation component. The pneumatic springs,
furthermore, can have a low stiffness due to the volumetric compressibility of air. This lends the pneumatic
isolation system a low resonant frequency ranging between 1 and 3Hz. In addition, the friction of air in the
capillary tube across the dual-chambers provides sufficient damping in the isolation system.

As the environmental vibration regulations [1,2] for precision instruments become increasingly stringent, it
is necessary to further improve the performance of pneumatic vibration isolation systems in a such way that
the isolator should be capable of having a low resonance frequency and low transmissibility values at, and far
above, the resonance frequency. Such improvements can be accomplished in a passive or active manner. In
either case, precise modeling of the isolation system is the most important prerequisite. Some studies related to
linear modeling of a pneumatic vibration isolator can be found in the literature [3–5]. However, the models of
these previous studies have limitations in representing the amplitude-dependent behavior of the dual-chamber
pneumatic spring investigated in our earlier research [6]. As detailed in Ref. [6], consideration of the nonlinear
air flow through the capillary tube and the amplitude-dependent complex stiffness of the diaphragm improved
the complex stiffness model of the dual-chamber pneumatic spring. This paper discusses a transmissibility
design method of a pneumatic vibration isolator wherein an improved complex stiffness model of the dual-
chamber pneumatic spring is employed.

As noted above, for better vibration isolation performance, the primary objective for the transmissibility
design of a dual-chamber pneumatic vibration isolator should be focused on minimization of the peak value of
transmissibility, i.e. the transmissibility at the resonance frequency, as well as the transmissibility in the high
frequency range far above the resonance frequency. Although time-consuming numerical techniques can be
employed to meet this design purpose, this paper attempted to exploit the frequency-dependent damping
characteristics of the dual-chamber pneumatic spring. Noting that the loss factor of a pneumatic spring, given
by the imaginary part divided by the real part of the complex stiffness and representing damping
characteristics, generally exhibits a bell-shaped curve in the frequency domain [6], the peak transmissibility
could be minimized by coinciding the frequency of the maximum loss factor with the resonance frequency of
the transmissibility due to maximum utilization of damping at the resonance frequency.

Section 2 briefly reviews the complex stiffness model of the dual-chamber pneumatic spring developed in
our previous research [6], and proposes a simple form of complex stiffness for transmissibility design. A clear
problem definition for transmissibility design, including objective, constraints, and design variables, is
provided in Section 3, which also covers the method for optimum transmissibility design. Section 4 then
presents some experimental illustrations for validation of the proposed design method. Finally, this paper
closes with conclusions in Section 5.

2. Complex stiffness model of dual-chamber pneumatic for transmissibility design

2.1. Summary for complex stiffness modeling of dual-chamber pneumatic spring in Ref. [6]

Consider again dual-chamber pneumatic spring shown in Fig. 1 to derive its complex stiffness defined as the
force for unit displacement of the piston. Small piston movements caused by base vibrations will change mass,
pressure, volume, and temperature of the air in upper chamber, cause the air to flow through the capillary
tube, and consequently change mass, pressure, temperature in bottom chamber. Hence, complex stiffness of
pneumatic spring is related to rigid body dynamics of the piston, thermodynamics in the pneumatic chambers
and fluid dynamics across the capillary tube. Furthermore, as the diaphragm expands by the pressurized air, it
plays indeed the role of another complex stiffness element in the pneumatic spring. Existing linear models [3–5]
of dual-chamber pneumatic spring were not adequate for the characteristics of amplitude-dependent behavior
of actual pneumatic spring observed in our previous research [6]. Taking two major considerations made an
improvement for the complex stiffness model as follows. One is to consider the amplitude-dependent complex
stiffness of diaphragm. The other is to use a nonlinear air flow model in capillary tube by the inclusion of
minor pressure loss at the inlet- and outlet- of it. For convenience, the improved complex stiffness model of
dual-chamber pneumatic spring depending on dynamic amplitude of piston Xp as well as frequency o was
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adopted from Ref. [6], and can be re-written in the following form;

k�ðX p;oÞ ¼ k0

1þ
VtotalNCðX p;oÞ

RT0kðN þ 1Þ
jo

1þ
VtotalNCðX p;oÞ

RT0kðN þ 1Þ2
jo
þ k�DðX p;oÞ (1)

where

N ¼ V b0=Vt0 (2)

V total ¼ Vt0 þ V b0 (3)

k0 ¼ kp0A
2
p=V total (4)

denote volume ratio of the bottom- to top-chamber volume (Vb0, Vt0), the total chamber volume, and the
stiffness associated with the total chamber volume, respectively. In Eqs. (1) and (4), R ( ¼ 286.9 J/(kgK)) is the
universal gas constant, T0 temperature when the isolator reached to a static-equilibrium, k( ¼ 1.4) the specific
heat ratio of air, p0 the absolute chamber pressure, and Ap the equivalent piston area under the assumption
that the movement of the piston and diaphragm can be approximated by that of an artificial piston.
Amplitude- and frequency-dependent complex stiffness of diaphragm kn

D (Xp,o) can be indirectly estimated
simply by subtracting stiffness of the pressurized air ks( ¼ kp0Ap

2/Vt0) from measurement of the total complex
stiffness for a single chamber pneumatic spring, which is formed by blocking the capillary tube. C(Xp,o) in Eq.
(1) resulting from the consideration of nonlinear air flow in capillary tube is given as below,

CðX p;oÞ ¼
Lc

Dc

frðX p;oÞ þ K

� �
4ApX po

3pA2
c

ðmsÞ�1 (5)

where Lc, Dc and Ac, respectively, represent length-, diameter- and cross-sectional area- of the circular
capillary tube, K( ¼ 1.5) the minor pressure loss coefficient for the description of dramatic pressure loss at the
inlet- and outlet- of the capillary tube [7]. Finally, the unidirectional friction coefficient fr in Eq. (5) accounting
for a frictional loss within capillary tube is the function of Reynolds number Re and given by [8]

fr ¼
64

Re
for Rep2300 ðlaminar flowÞ

¼
0:3164

Re1=4
for 4000pRep105 ðturbulent flowÞ (6)

where Reynolds number is defined as follows:

Re ¼
rūDc

m
(7)

r and m denotes the density- and dynamic viscosity- of air, respectively, ū the cycle-averaged fluid velocity, i.e.
computed by

ū ¼
o
2p

Z 2p=o

0

jujdt ¼
2Ap

pAc

oX p (8)

In Ref. [6], assuming that flow in the capillary tube under harmonic piston movements is oscillating, the
frictional pressure loss was described by employing an oscillating friction coefficient [9,10] instead of
unidirectional one [8], and the significance of minor pressure loss was under-valued. Recently, after the Ref. [6]
was published, we have found that the so called minor pressure loss is not any more minor but as important as
the frictional loss. Further, it has been found that the flow in the capillary tube must be treated as a
unidirectional flow, not the oscillating one. These mistakes and corrections in adopting the flow type are stated
in Appendix A.

Because C(Xp,o) is inversely proportional to the mass flow rate in capillary tube, it will be designated as the
flow restriction coefficient throughout this paper. Rigorously, the flow restriction coefficient C(Xp,o) is not the
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Fig. 2. Comparison between complex stiffness (k*) by model and the one by measurements; real part: Re[k*]; loss factor: Im[k*]/Re[k*];

(model: —, experiment: �): (a) dynamic amplitude, Xp ¼ 10 mm and (b) dynamic amplitude, Xp ¼ 100mm.
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damping coefficient of capillary tube, which has the dimension of [N/(m/s)]. However, the damping
characteristics of capillary tube can still be represented or controlled by the flow restriction coefficient, since a
simple multiplying rAc

2 and C(Xp,o) together gives the damping coefficient of capillary tube. Hence C(Xp,o)
will be treated as a damping design parameter for transmissibility design.

By using Eqs. (1)–(8), the complex stiffness of dual-chamber pneumatic spring can be calculated for a given
dynamic amplitude Xp and frequency o. As shown in Fig. 2, the results in terms of real part representing
elastic stiffness and loss factor given by the imaginary part divided by real part of the complex stiffness and
representing damping characteristics are shown with experimental values for the dynamic amplitude cases of
10 and 100 mm, respectively. All parameter values used in the calculation are listed in Table 1 with physical
dimensions of the pneumatic spring. It can be known from Fig. 2 that amplitude- and frequency-dependent
behaviors of dual-chamber pneumatic spring are well predicted by our improved model. (Refer to Ref. [6] for
more detailed discussion.)

2.2. Concept for transmissibility design via observing the complex stiffness of dual-chamber pneumatic spring

The primary objective of transmissibility design is to minimize the peak value of transmissibility, i.e.
transmissibility at the resonance frequency, as well as the transmissibility in high frequency range far above the
resonance frequency. Even though numerical techniques found in classical optimization theory [11] can be
necessarily applied to satisfy such design objective, yet not only time-consuming numerical computations are
inevitable but also no physical meaning is attainable. If we examine the loss factor of dual-chamber pneumatic
spring, it generally exhibits a bell-shaped curve in frequency domain as schematically represented in Fig. 3.
This means that energy-dissipation of dual-chamber pneumatic spring is most important around the frequency
point of maximum loss factor oloss factor:max, but is not in other frequency ranges. Although damping (or loss
factor) varies with frequency, the role of damping would be significant around the resonance frequency [12].
Hence it is definitely desirable to maximize the loss factor of dual-chamber pneumatic spring at the resonance
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Table 1

Design specifications of employed pneumatic spring.

Symbol Name Value

r Density 5.97 (kg/m3)

mp Payload mass 100 (kg)

m Dynamic viscosity 1.79� 10�5 (Ns/m2)

R Gas constant 286.9 (J/(kgK))

k Specific heat ratio 1.4

T0 Temperature 288.1 (K)

p0 Supplied pressure 4.93� 105 (Pa)

K Minor pressure loss coefficient 1.5

Vt0 Top chamber volume 8.1� 10�4 (m3)

Vb0 Bottom chamber volume 1.5� 10�3 (m3)

N Volume ratio, Vb0/Vt0 1.9

Lc Capillary tube length 1.2� 10�2 (m)

Dc Capillary tube diameter 0.9� 10�3 (m)

Ap Effective piston area 5.3� 10�3 (m2)

Note: Complex stiffness of diaphragm k*
D (Xp,o) cannot be expressed with single value due to its dependence on the frequency as well as

the dynamic amplitude. It can be found in Fig. 8 of Ref. [6], which was adopted in the present study.
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Fig. 3. Typical frequency-dependent behavior of loss factor of dual-chamber pneumatic spring.
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frequency of pneumatic vibration isolator. In other words, once the frequency of maximum loss factor is
adjusted to coincide with the resonance frequency of transmissibility, then we can exploit the damping of dual-
chamber pneumatic spring as much as possible, i.e. minimization of the peak transmissibility is achievable.

In a single-degree of freedom vibration isolation system consisting of lumped mass (m) and Voigt element
with the linear spring (k) and viscous damper (d) in parallel, the damping ratio zð¼ d=ð2

ffiffiffiffiffiffiffi
mk
p
ÞÞ can adjust the

peak value of transmissibility as shown in Figs. 4(a) and (b). However the effect of damping force appears in
frequency ranges far higher than resonance frequency, because the loss factor of Voigt element ( ¼ do/k)
increases with frequency as represented in Fig. 5. Hence the change of z (or d) would result in the variation of
transmissibility slope representing the isolation efficiency in the high frequency range. In case of dual-chamber
pneumatic spring, loss factor of which approaches to ‘0’ in the high frequency range, the transmissibility slope
of pneumatic vibration isolator does not change greatly as the previous case even if the peak transmissibility is
minimized. Such a merit of pneumatic vibration isolator can be found also in the dynamic systems with the
standard linear solid element [13,14] consisting of a linear spring and Maxwell element in parallel as shown in
Fig. 6. Consequently, while avoiding the conventional optimization technique, the basic strategy for optimum
design can be established as making the frequency of maximum loss factor to coincide with the resonance
frequency.

However deriving those two frequencies needs a differentiation of loss factor with respect to frequency. This
cannot be done, since C(Xp,o) is an implicit function of frequency. To avoid such a cumbrance in treating with
C(Xp,o), in the following section, equivalent flow restriction coefficient Ceq(Xp) will be proposed by
approximating C(Xp,o) with oCeq(Xp). An explicit relation between Ceq(Xp) and geometry of capillary tube
will also be given throughout a parametric analysis.
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2.3. Approximation of flow restriction coefficient C(Xp,o) by oCeq(Xp)

Fig. 7 shows a calculation example of flow restriction coefficient C(Xp,o) nearly exhibiting a linear increase
with frequency. Hence if we approximate C(Xp,o) by the product of frequency o and the equivalent flow
restriction coefficient Ceq(Xp) through the least-square curve fitting, instead of leaving it as an implicit function
of frequency, then complex stiffness model of dual-chamber pneumatic spring can be simply expressed as
follows:

k�ðX p;oÞ ¼ k0

1þ
VtotalNCeqðX pÞ

RT0kðN þ 1Þ
jo2

1þ
VtotalNCeqðX pÞ

RT0kðN þ 1Þ2
jo2

þ k�DðX p;oÞ (9)

Dotted-line in Fig. 8 shows a complex stiffness calculation example with oCeq(Xp) for a specific dynamic
amplitude of 50 mm. Even though the loss factor calculated with oCeq(Xp) exhibits some discrepancies to the
one with C(Xp,o), overall characteristics of complex stiffness are well matched between those two models.
Hence it can be emphasized that the simple complex stiffness model with oCeq(Xp) can describe the stiffness-
and damping-characteristics of dual-chamber pneumatic spring as faithfully as the one with C(Xp,o).

Although computational loads in the calculation of complex stiffness are significantly decreased by
introducing oCeq(Xp) instead of C(Xp,o), bottleneck is missing the explicit relation between geometric design
variables of capillary tube and Ceq(Xp), which would be extremely desirable at the stage of capillary tube
design. In order to obtain such a quantitative relation, following parametric studies were conducted.
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By referring to Eq. (5), diameter Dc and length Lc of capillary tube and equivalent piston area Ap were
selected as parameters for Ceq(Xp). Then, for a given dynamic amplitude Xp, i.e. 50 mm, variations of Ceq(Xp)
were evaluated while varying each parameter from �20 percent to +20 percent by increment of a percent. The
results are shown in Fig. 9, where Ceq:0( ¼ 5.87� 105m�1) is the constant obtained for a set of reference values
of parameters, i.e. Dc:0 ¼ 0.9mm, Lc:0 ¼ 12mm, Ap:0 ¼ 5.3� 10�3m2, Xp:0 ¼ 50 mm and Ceq:a denotes the one
when the variation of a was made for each parameter. Repeating above parametric study with respect to
dynamic amplitude Xp gives the result in Fig. 10. By combining the simulation results in Figs. 9 and 10
through curve-fitting, one can obtain the quantitative relation between Ceq(Xp) and the geometry variables of
capillary tube as the following non-dimensional form,

CeqðX pÞ

Ceq:0
¼

Dc

Dc:0

� ��4:14
Lc

Lc:0

� �0:18
Ap

Ap:0

� �0:95
X p

X p:0

� �0:95

(10)

The rms errors between the original Ceq and the approximated one for each design parameter (Dc, Lc, Ap) and
dynamic amplitude (Xp) are far less than 1 percent as presented in Table 2. However, the parametric
representation of Ceq(Xp) should be validated through an experiment. To this end, complex stiffness
measurements of dual-chamber pneumatic spring having a modified geometry of capillary tube (Dc ¼ 0.8mm,
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Table 2

The rms-errorsa between the original Ceq and the approximated one for each design parameter (Dc, Lc, Ap) and dynamic amplitude (Xp).

Dc Lc Ap Xp

rms error (percent) 0.13 0.08 0.11 0.31

arms error ¼
Pn

i¼1
ðApproximated CeqÞi�ðOriginal CeqÞi

ðOriginal CeqÞi
� 100 ð%Þ; n ¼ number of data point.
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Lc ¼ 30mm) were compared to the simple model calculated with Eqs. (9) and (10). As shown in Fig. 11, the
measurement data are quite well predicted by the simple model. Similarly to the case of Fig. 8, prediction for
loss factor shows some discrepancies with the experimental measurements in the low- and high-frequency
ranges, but the values of maximum loss factor and stiffness characteristic in the low- and high-ranges are well
matched between model and experiment. Besides the simple complex stiffness model predicts well the
amplitude dependency of dual-chamber pneumatic spring. The average values of root mean square errors
between model and measurement for various input levels are 3 percent for real part and 6 percent for loss
factor, respectively, both which are satisfactory. Hence the simple complex stiffness model (Eq. (9)) together
with Eq. (10) can be efficiently adopted for transmissibility design of dual-chamber pneumatic vibration
isolator in the following section.
3. Method of transmissibility design

3.1. Problem definition for transmissibility design

For a design minimizing the peak transmissibility and the transmissibility in high frequency range, two
design constraints in the following should be firstly provided. One is the payload mass mp determined by the
specification of the precision machine tools on the table. Often, pneumatic springs are equipped with precision
instruments which have several supporting machines (for example, cooling-pump, fan, and etc.) for its proper
operation. So there would not be enough space for air springs, because such vibration-generating equipments
together with air springs should be placed underneath the table. The other constraint, hence, can be the
installation space of isolator, i.e. the total chamber volume Vtotal of pneumatic spring formed by the height
from floor to payload and the size of payload.

By referring to Eq. (9), the stiffness of total chamber volume k0, the chamber volume ratio N and the flow
restriction coefficient C(Xp,o) relating damping characteristics of capillary tube can be considered as the
design variables of dual-chamber pneumatic spring together with the complex stiffness of diaphragm kn

D.
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For the cases of supplied air pressure p0 and equivalent piston area Ap related together to the stiffness of total
chamber by Eq. (4), they are both determined from the condition of static-equilibrium with the payload as
follows (in actual operations, leveling valves automatically adjust the air pressure to maintain a static-
equilibrium):

mpg ¼ Apðp0 � patmÞ (11)

where g( ¼ 9.81m/s2) denotes the gravitational acceleration, patm( ¼ 101.325 kPa) the atmospheric pressure.
Given the payload mass, infinite number of combinations between p0 and Ap satisfying static-equilibrium
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would be possible. However, modification of Ap would basically accompany change of the diaphragm, making
the design modification of pneumatic spring to be complex. In the present study, Ap was not changed from the
current design specification, which consequently determines p0. Hence, both p0 and Ap were not considered as
design variables in the present study. If one considers further that the total chamber volume Vtotal is given as a
constraint, the stiffness of total chamber volume k0 can be regarded as a constant. Accordingly, the chamber
volume ratio N can only be considered as design variable for air stiffness, while excluding k0.

Then the transmissibility design problem for pneumatic vibration isolator can be briefly summarized in the
following way:
�
 Design objective: minimize the transmissibility at resonance frequency as well as in higher frequency range.

�
 Constraints: the total chamber volume of pneumatic spring Vtotal( ¼ Vb0+Vt0) and the payload mass mp are

given.

�
 Design variables: chamber volume ratio N, flow restriction coefficient C(Xp,o), complex stiffness of

diaphragm kn

D(Xp,o).

3.2. Optimum transmissibility of dual-chamber pneumatic vibration isolator without diaphragm

3.2.1. Transmissibility model without diaphragm

Since the complex stiffness model of dual-chamber pneumatic spring has dependencies on not only
frequency but also amplitude, the transmissibility model of pneumatic vibration isolator is basically
amplitude-dependent. Hence, at each frequency point, the dynamic amplitude of piston Xp representing the
relative displacement between the table and the base should be determined beforehand by means of an
iterative calculation such as Newton–Raphson method. Furthermore nonlinear analysis technique of
harmonic balance method might be required to obtain transmissibility of a system with amplitude- and
frequency-dependent parameters [15], which is far beyond our research scope. Our primary concern is to
develop a simple strategy for transmissibility design rather than to compute rigorously via the time-consuming
nonlinear analysis technique. For this purpose, we will assume that dynamic amplitude is constant with
frequency, given by X̄ p, to eliminate the amplitude-dependency in complex stiffness model K*(Xp,o). This
assumption seems to be cruel, because the floor vibration amplitude for typical floor falls off dramatically with
increased frequency, and the payload motion far above the resonance frequency decreases as frequency
increases. However, considering that narrow frequency band around the resonance is of interest, and
amplitude-dependency of complex stiffness of pneumatic spring is not significant in the high frequency range,
the assumption of constant target amplitude X̄ p was adhered.

Regarding the dynamic amplitude of piston Xp as constant, the assumption of quasi-linear system [16] for
the dual-chamber pneumatic vibration isolator shown in Fig. 1 gives the following transmissibility model:

X tðoÞ
X bðoÞ

¼
k�ðoÞ

�mpo2 þ k�ðoÞ

¼

j½k0ðN þ 1Þ þ k�D�o
2 þ ðk0 þ k�DÞ

ðN þ 1Þ2

aN

�jmpo4 þ j½k0ðN þ 1Þ þ k�D� �
mpðN þ 1Þ2

aN

 !
o2 þ ðk0 þ k�DÞ

ðN þ 1Þ2

aN

(12)

where Xt and Xb are the displacement- of payload and floor, respectively, and a given by the following:

a ¼
V totalCeqðX̄ pÞ

RT0k
(13)

We have rather a complicated form of transmissibility higher than fourth order due to the frequency-
dependent behavior of diaphragm complex stiffness. However, method of transmissibility design can be
proposed by neglecting the complex stiffness of diaphragm in Eq. (12), since the frequency dependence of
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diaphragm complex stiffness is relatively simple than that of air. This allows Eq. (12) to be in a simpler form as

X tðoÞ
X bðoÞ

¼

jk0ðN þ 1Þo2 þ k0
ðN þ 1Þ2

aN

�jmpo4 þ jk0ðN þ 1Þ �
mpðN þ 1Þ2

aN

 !
o2 þ k0

ðN þ 1Þ2

aN

(14)
3.2.2. Proposal for optimum transmissibility

Recalling that our basic strategy for transmissibility design is to coincide the frequency of maximum loss
factor with the resonance frequency of transmissibility for maximum utilization of damping, such a condition
for matching those two frequencies can be found as follows.

First, real part Re[k*]- and loss factor Z[k*]- of dual-chamber pneumatic spring without diaphragm can be
expressed as Eqs. (15) and (16), respectively:

Re½k�ðX̄ p;oÞ� ¼ k0
1þ ðaNÞ2o4=ðN þ 1Þ3

1þ ðaNÞ2o4=ðN þ 1Þ4
(15)

Z½k�ðX̄ p;oÞ� ¼
Re½k�ðX p;oÞ�
Im½k�ðX p;oÞ�

¼
aN2o2=ðN þ 1Þ2

1þ ðaNÞ2o4=ðN þ 1Þ3
(16)

By letting that the first derivative of Eq. (16) with respect to frequency is equal to ‘0’, the frequency of
maximum loss factor oloss factor:max can be obtained as follows:

qZ½k�ðX̄ p;oÞ�
qo

¼ 0! oloss factor:max ¼
ðN þ 1Þ3=4ffiffiffiffiffiffiffi

Na
p ¼

ðN þ 1Þ3=4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NCV total=RT0k

p (17)

Then, the resonance frequency of transmissibility oop can be derived by using the stiffness value at the
frequency of maximum loss factor and payload mass mp. That is

oop ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Re½k�ðX̄ p;oloss factor:maxÞ�

mp

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k0ðN þ 1Þ

mpðN þ 2Þ

s
(18)

Equalizing above two equations yields the value CeqðX̄ pÞ that gives maximum damping design, say Ceq;opðX̄ pÞ,

Ceq;opðX̄ pÞ ¼
RT0k

2k0Vtotal

mpð1þ 2=NÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þN
p

(19)

Hence, with the value of CeqðX̄ pÞ satisfying Ceq;opðX̄ pÞ, the peak transmissibility will be minimized for any
value of chamber volume ratio N without degrading the transmissibility slope in the high frequency range.
That is why subscripts ‘op’, meaning of which is optimum, were used in Eqs. (18) and (19). In addition, we will
designate the Eq. (19) as the optimum damping tuning condition.

However, it needs to confirm whether the optimum damping condition Ceq;opðX̄ pÞ can minimize the peak
transmissibility without any great change of transmissibility slope as we have expected. To this purpose, a set
of transmissibility curves obtained by varying CeqðX̄ pÞ from zero to infinite are shown in Fig. 12, where the
target dynamic amplitude X̄ p was assumed to be 50 mm and the chamber volume ratio N 1.9. Significant
changes of peak transmissibility together with resonance frequency can be observed from the figure. Zero
value of CeqðX̄ pÞ, implying no flow restriction of the capillary tube, corresponds to the configuration with no
capillary tube, e.g. single-chamber pneumatic spring with the effective volume of both top- and bottom-
chamber. Thus we have an undamped single degree of freedom vibration isolation system with resonance
frequency in Eq. (20), while peak transmissibility approaches to infinite at this frequency.

onjCeqðX̄ pÞ¼0
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k0=mp

q
(20)
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On the contrary, if CeqðX̄ pÞ becomes an infinite, corresponding to blocked capillary tube, we again have an
undamped single degree of freedom vibration isolation system but with effective volume of top chamber only.
Owing to decreased effective chamber volume, the resonance frequency shown in Eq. (21) becomes higher than
the case when CeqðX̄ pÞ ¼ 0.

onjCeqðX̄ pÞ¼1
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0ðN þ 1Þ=mp

q
4onjCeqðX̄ pÞ¼0

(21)

When CeqðX̄ pÞ satisfies the optimum condition Ceq;opðX̄ pÞ, we can convince that minimization of peak
transmissibility was achieved, and that transmissibility slope does not exhibit any significant change after
minimization as illustrated with thick line in Fig. 12. Therefore, the optimum condition Ceq;opðX̄ pÞ in Eq. (19)
can be proved to be very valid. For reference, the peak value of optimum transmissibility given in Eq. (22) is
expressed by the function of N only,

X t

X b

����
����
oop

¼ 1þ
2

N
ð41 for any value of N less than infinityÞ (22)

Meanwhile, it is interesting to note that all curves in Fig. 12 pass through a common point P regardless of
CeqðX̄ pÞ. Exploiting this feature can derive the same optimum condition with Eq. (19). That is, once the
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frequency point of P is given, imposing the condition that the slope of transmissibility at that frequency point
is set to zero will result in the optimum condition of CeqðX̄ pÞ. The frequency point of P, which can be obtained
by equating the equations of |Xt/Xb| for CeqðX̄ pÞ ¼ 0 and 1, becomes to be identical to oop in Eq. (18).
Substitution oop into the frequency derivative of |Xt/Xb| equated to zero is made, then the result will be also
identical to CeqðX̄ pÞ in Eq. (19). Since two ways of different approach yield the same results, the optimum
condition Ceq;opðX̄ pÞ can be validated once again.

The derivation procedure for optimum damping tuning condition mentioned above quite resembles with the
one of Den Hartog’s dynamic vibration absorber [17] and Lanchester vibration damper [18], both which have
unique solution for their absorber- and damper-value, respectively. On the other hand, the solution for the case
of dual-chamber pneumatic vibration isolator is not unique, because we have only one design objective that
minimizes the peak transmissibility under two design variables N and CeqðX̄ pÞ. We have just obtained an
optimum relation between them. This naturally leads to the observations for variation of optimum
transmissibility with respect to N.
3.2.3. Optimum transmissibility variation with respect to the chamber volume ratio N

To begin with, considering the constraint of total chamber volume Vtotal, transmissibility curves shown as
solid lines in Fig. 13 were obtained by varying N while the capillary tube is blocked. Solid line (1) is especially
the transmissibility by excluding the capillary tube, representing the behavior of undamped single degree of
freedom vibration isolation system with the effective volume of given total chamber one. Varying N, i.e.
dividing the total chamber volume as well as blocking the capillary tube gives again undamped single degree of
freedom vibration isolation system due to the excluded damping of capillary tube. The resonance frequency
increases with the increase of N, since the stiffness of single-chamber pneumatic spring is inversely
proportional to its chamber volume. This is illustrated as solid lines (2) and (3) in Fig. 13, showing intersection
with line (1) at P1 and P2, respectively. By referring to Fig. 12, all the transmissibility curves for a given N have
a common intersection point regardless of CeqðX̄ pÞ. Such an intersection will travel on line (1) for any value of
N, like P1 and P2. Hence we can obtain the optimum transmissibility as dotted lines (4) or (5) by using
optimum damping tuning condition Ceq;opðX̄ pÞ for a given N or in such way that the slopes of transmissibility
at the intersections P1 and P2, respectively, are equated to zero.

With increase of N, we can observe that the resonance frequency of optimum transmissibility oop increases,
while the peak transmissibility decreases. Although the magnitude of transmissibility in higher frequency
range, where the vibration isolation actually occurs, is enlarged with increase of N, the slope of optimum
transmissibility does not change. Besides one should note that the resonance frequency of optimum
transmissibility oop cannot be below on,min unless the given total chamber volume increases, where on,min in
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Fig. 13. Change of transmissibility according to chamber volume ratio N.
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the following is the resonance frequency of transmissibility by excluding the capillary tube.

on;minð¼ onjCeqðX̄ pÞ¼0
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k0=mp

q
(23)

Fig. 14 exhibits a set of optimum transmissibilities obtained by varying N under the given total chamber
volume. We can easily recognize previously mentioned trade-offs among the resonance frequency, peak
transmissibility and transmissibility in high frequency range, which are also summarized in Table 3. That is,
both oop and the transmissibility in high frequency range should be dealt with the peak transmissibility.
Ideally, it would be desirable to reduce all of the resonance frequency, peak transmissibility, and
transmissibility in high frequency range for vibration isolation purpose, but which cannot be met under the
given total chamber volume. Therefore practical transmissibility design for pneumatic vibration isolator
should be negotiated with consideration of the above trade-off relationship and of the required isolation
performance, simultaneously. Small N, for example, would be advantageous for reducing the resonance
frequency. Meanwhile a faster settling time of transient response induced by impulsive load on the payload
requires rather a large N, since damping will be increased by the decrement of peak transmissibility. To
compromise such a conflict requirement for N, a determination of N or its tolerable range should be preceded
from the negotiation between the resonance frequency and the settling time, followed by the design of
optimum transmissibility using the optimum damping tuning condition in Eq. (19). Hence designer’s decision
with consideration of trade-off relationship mentioned above is inevitable for the selection of optimum
transmissibility satisfying the requirement of isolation performance.

3.3. Negative effects of diaphragm stiffness on transmissibility design

Up to now, an optimum transmissibility design method for pneumatic vibration isolator was discussed
without considering the complex stiffness of diaphragm, the effect of which will be detailed in this section.
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Fig. 14. Variation of optimum transmissibilities with respect to chamber volume ratio N under the given total chamber volume Vtotal.

Table 3

Trade-off among the resonance frequency-, peak transmissibility- and transmissibility in high frequency range- of optimum

transmissibility with respect to chamber volume ratio N.

Nm Nk

Resonance frequency m k
Peak transmissibility k m
Transmissibility in high frequency range m k
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Although the damping of diaphragm needs to be carefully treated with the stiffness of diaphragm, it is
extremely difficult to realize the damping modification of diaphragm. On the other hand, the diaphragm
stiffness can be rather easily done by shape design of diaphragm or by replacing with a different material.
Besides we have found that stiffness of diaphragm greatly affects to the performance of pneumatic vibration
isolator. Hence only the effect of diaphragm stiffness will be treated in the present study.

For our case [6], frequency-averaged stiffness of diaphragm is about 1.2 times higher than the one of air in
pneumatic chamber. This ratio is quite similar to the one in Ref. [5]. The stiffness of diaphragm hence results
in a rather higher resonance frequency than the theoretically calculated one without the diaphragm stiffness.
Then such a high stiffness of diaphragm can be an obstacle in decreasing the resonance frequency of
pneumatic vibration isolator.

It was previously mentioned that reducing the resonance frequency of optimum transmissibility was limited
by the given total chamber volume. However, by neglecting the given constraint, i.e. by assuming that the total
chamber volume can be increased, change of resonance frequency was calculated with- and without- the
diaphragm stiffness as solid- and dashed-lines, respectively, shown in Fig. 15. According as the total
volume increases, the resonance frequency in both cases decreases monotonically, but the case without
diaphragm stiffness shows a more dramatic decrement than the one with diaphragm. For example, if
the total volume is increased by three times of the current design, the resonance frequency without the
diaphragm can be decreased by 0.52Hz from 1.39 to 0.87Hz. But the diaphragm stiffness diminishes such an
improvement by only 0.26Hz from 2.40 to 2.14Hz. Although the zero resonance frequency is theoretically
possible with an infinite total chamber volume provided that the stiffness of diaphragm is neglected, the
resonance frequency with inclusion of diaphragm stiffness cannot be below 2.0Hz. From these
results originated by the larger stiffness of diaphragm than the one of air, one can see how the stiffness of
diaphragm plays a negative role in decreasing the resonance frequency. Thus, decreasing the stiffness of
diaphragm would be definitely beneficial for the decrement of resonance frequency and for reflecting the effect
of increasing total chamber volume as well. For this purpose, calculation technique of diaphragm stiffness
with FE code [19] can be helpfully employed for the shape design of diaphragm, but which will not be treated
in this study.
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3.4. Summary of step-by-step transmissibility design strategies

For the transmissibility design problem of dual-chamber pneumatic vibration isolator discussed so far,
design strategies can be summarized as the following steps, experimental illustration of which will be given in
the following section:
(i)
 Determine Ap by considering payload mass mp and supply air pressure p0. Determine also total chamber
volume Vtotal by considering allowable space under the pneumatic table: Eq. (11).
(ii)
 Determine chamber volume ratio N by trading off between allowable peak transmissibility value (1+2/N)
at resonance frequency and value of transmissibility required at operating frequencies.
(iii)
 Determine optimum equivalent flow restriction constant Ceq;opðX̄ pÞ based on optimum damping tuning
condition: Eq. (19).
(iv)
 Identify the ground or piston excitation level X̄ p and determine geometry of capillary tube based on Eq.
(10) which yield the above Ceq;opðX̄ pÞ.
(v)
 Decrease the diaphragm stiffness.
4. Experimental illustrations of proposed design method

4.1. Experimental procedure

Fig. 16 shows apparatus for an illustration of the proposed transmissibility design method. When the
vibration exciter (Model: B&K 4826) is directly connected to the pneumatic vibration isolator, large level of
floor vibration more than hundreds of micrometer are applied to the isolator. Hence an additional pneumatic
bench-top with the payload mass of 400 kg, on which the pneumatic vibration isolator of interest was
mounted, was employed to exploit its large inertia. To prevent unstable tilting motion of payload, its mass
center was positioned lower than the connection point with dual-chamber pneumatic spring.

With the sampling frequency of 256Hz, random signals having the frequency components between 0.5 and
30Hz were produced by signal generator included in the computer-controlled dynamic signal analyzer (Model:
B&K PULSE system), and passed to the vibration exciter through the power amplifier (Model: B&K 2721).
Two signals from the high-sensitivity seismic accelerometers (Model: PCB 393B05, Sensitivity: 10V/g)
installed at the top- and bottom- of pneumatic vibration isolator passed through signal conditioner (Model:
PCB 441A42) and post-processed to attain the transmissibility in the following,

Transmissibility ¼
GX bX t

GX bX b

(24)

where Xt and Xb denote the acceleration signals from top- and bottom- of isolator, respectively, GXbXt and
GXbXb the cross- and auto-PSD (power spectral density) [20] for the measured signals. Transmissibility was
estimated by applying Hanning window under ensemble average of 50 times, and observed with the frequency
resolution of 3.125� 10�2Hz.

Because the four pneumatic legs are connected by a tie-bar in H-shape for easy-movement and quick-
installation purpose, but which is not shown in Fig. 16, the vibration exciter could not be precisely installed at
the center of additional pneumatic bench-top, but slightly off the center. Although it may be claimed about the
excitation of horizontal direction, the input power for horizontal direction is much lower than the one for
vertical direction as shown in Fig. 17. The rms value of vertical input is approximately 100 times larger than
the one of horizontal input. Hence the influence of horizontal input can be neglected although it dwells in the
interested frequency ranges. Further one may not need to concern about the quality of experimental data due
to the evanescent input power in low frequency range lower than 4Hz, since coherence between Xt and Xb

shown in Fig. 18 reaches almost one over the entire frequency range.
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4.2. Experimental result

Fig. 19 represents a set of measured transmissibilities for various configurations of pneumatic vibration
isolator without the capillary tube. Thin solid line shows the result of prototype(reference) with design
specifications in Table 1. Although it should resemble a response of undamped single degree of freedom
vibration isolation system since damping of capillary tube was eliminated, damping of diaphragm seems to
cause a finite peak transmissibility 5.6 at resonance frequency 2.3Hz. Two illustrations of proposed design
method will be attempted for this prototype. One is to show the negative role of diaphragm stiffness. The other
is to show an example of optimum transmissibility for a specific volume ratio N. It needs to be reminded that
both the supplied pressure p0 and the equivalent piston area Ap have been already determined by the condition
of static-equilibrium with payload mass.
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Dotted line in Fig. 19 shows the measurement with decreased stiffness of diaphragm. By reducing the fiber
density of diaphragm shown in Fig. 20, the stiffness of diaphragm could be decreased by approximately 50
percent of the current. This let the resonance frequency be decreased from 2.3 to 1.9Hz by 0.4Hz, and the
peak transmissibility from 5.6 to 3.25 by 42 percent. This result was compared to transmissibility measurement
represented with dash-line in Fig. 19, which was obtained after increasing the total chamber volume by 3.6
times of the prototype’s one. The resonance frequency for this case reduces to 2.16Hz from 2.3Hz due to the
decreased stiffness of air, but this is not satisfactory than the case of decreasing diaphragm stiffness. When the
diaphragm with soft stiffness was applied to the configuration of increased chamber volume, the resonance
frequency could be reduced from 1.9 to 1.65Hz by 0.25Hz as thick solid line shown in Fig. 19. That is, the
effect of increasing chamber volume, i.e. decrement of resonance frequency is enlarged by replacing with a soft
diaphragm. But it was only by 0.14Hz before the replacement. From the above results, one can see the
negative role of diaphragm stiffness in decreasing the resonance frequency of dual-chamber pneumatic
vibration isolator. Thus, stiffness of diaphragm needs to be decreased as much as possible for preventing the
negative effect of diaphragm. Efforts such as shape design of diaphragm by using FE code, which is highly
recommended for future woks, can further decrease the diaphragm stiffness.

Next step for the isolator having both an increased chamber volume and a soft diaphragm as well is to show
an example of optimum transmissibility. Since the optimum transmissibility varies with N, it is definitely right
to determine the volume ratio N with the consideration of criteria for isolation performance. But, an example
of optimum transmissibility for a specific N will be experimentally illustrated in this paper. To this end, the
increased total chamber volume was divided in such way N has the value of ‘5’. In this case, the Ceq,op(Xp) can
be easily found to be 10.2� 105m�1 with Eq. (19). Besides the dynamic amplitude Xp was estimated as 50 mm
from the measurement of base acceleration. If we refer to Eq. (10), infinite combinations of the capillary tube
geometry (Lc, Dc) satisfying the Ceq;opðX̄ pÞ would be possible. In this study, the values of Lc and Dc were
determined as 8 and 0.77mm, respectively, by considering the manufacturing limitation of capillary tube.
Measurement result by newly designed capillary tube is shown with solid line in Fig. 21. For an identification
weather it exhibits optimum transmissibility or not, two extreme cases of excluding- and blocking- the
capillary tube were also measured and represented with dotted- and dashed-lines, respectively, in Fig. 21. It
can be verified that three measurements nearly intersect at the frequency point 1.75Hz, and that
transmissibility by optimally designed capillary tube shows an almost zero slope at the frequency of
intersection, i.e. minimization of peak transmissibility. Therefore, based on the above illustrations, the
proposed method for optimum transmissibility design of pneumatic vibration isolator can be considered as
very valid.
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Fig. 21. Realization of optimum transmissibility; Hanning windowed, number of averages: 50, frequency resolution: 3.125� 10�2Hz

(without capillary tube: ......, optimally designed capillary tube: ——, capillary tube blocked: - - -).
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5. Concluding remarks

So far we have discussed a transmissibility design method for a dual-chamber pneumatic vibration isolator
wherein a complex stiffness model developed in our previous research is adopted. A basic strategy for
optimum design was established by making the frequency of the maximum loss factor coincide with the
resonance frequency of transmissibility. An equivalent flow restriction coefficient Ceq(Xp), obtained by
approximating C(Xp,o) to oCeq(Xp), was hereby proposed to derive the optimum damping tuning condition
Ceq;opðX̄ pÞ, which determines the optimum relation between CeqðX̄ pÞ and the chamber volume ratio N for
minimization of the peak transmissibility. Then, by varying N under the given total chamber volume, we could
observe the trade-off among the resonance frequency of the optimum transmissibility, the peak value of
transmissibility, and the transmissibility in the high frequency range. For the method of transmissibility design
it was therefore suggested that N be pre-determined from negotiation of the required isolation performance,
followed by design of the optimum transmissibility using Ceq;opðX̄ pÞ in Eq. (19). It is also critical to decrease
the diaphragm stiffness in order to reduce the resonance frequency of optimum transmissibility.

Finally, it is considered that the proposed method of transmissibility design, validated from an experimental
illustration, can be efficiently employed for the design of a dual-chamber pneumatic vibration isolator.
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Appendix A. Air flow modeling in the capillary tube

Fig. A1 shows typical velocity profiles in a circular capillary tube for the case of a steady flow [8]. At the
entrance, the air flow cannot be smooth due to sharp corner, resulting in a rapid pressure drop known as
Vena-contracta effect. As the air flows further into the capillary tube, viscosity of the air along the tube wall
starts to govern the velocity profile, making parabolic at the end of entrance region. This is so called a fully
developed flow, where the pressure is lost by the friction between air and the wall of the capillary tube. When
the air reaches the exit, the velocity decreases once again causing an additional pressure loss. The total
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Fig. A1. Typical velocity profiles of steady air flow in capillary tube.

Fig. A2. Values of minor loss coefficient K according to inlet shape of capillary tube: (a) reentrant, K ¼ 0.8, (b) sharp edge, K ¼ 0.5, (c)

rounded, K ¼ 0.2 and (d) well rounded, K ¼ 0.04.

J.-H. Lee, K.-J. Kim / Journal of Sound and Vibration 323 (2009) 67–92 89
pressure difference across the capillary tube Dp for dynamic flow can be expressed by the following equation:

Dp ¼
Lc

Dc

frðX p;oÞ þ K

� �
4r
3p

ApX po
Ac

� �
u (A.1)

which was quoted from Ref. [6] for convenience, where Lc and Dc(Ac) denotes, respectively, the length and
diameter(cross-sectional area) of the circular capillary tube, r the density of air, Ap the piston area, Xp and o
the input dynamic amplitude- and frequency- at the piston, respectively, u the velocity of lumped fluid element,
and finally fr and K the coefficients for frictional- and minor-pressure loss, respectively. The friction coefficient
fr, which will be explained in more detail later, varies from 0.01 to 1 with the fluid velocity u depending on
whether the dynamic flow is unidirectional or oscillating. The minor loss coefficient K varies with location and
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Fig. A3. Values of minor loss coefficient K according to outlet shape of capillary tube (a) reentrant, K ¼ 1.0, (b) sharp edge, K ¼ 1.0, (c)

rounded, K ¼ 1.0 and (d) well rounded, K ¼ 1.0. Note: At the outlet of capillary tube, the entire kinetic energy of the existing fluid is

dissipated as the stream of fluid mixes with the fluid in chamber and eventually comes to zero. The pressure loss from points (1)–(2) is

therefore, Dp ¼ r(V1
2
�V2

2)/2 ¼ rV1
2/2( ¼ KrV1

2/2). Thus the K value at the outlet of capillary tube does not vary with the outlet shape, but

equals to one.
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shape of capillary tube as shown in Figs. A2 and A3 [7]. Since shape of the capillary tube employed in this
research is close to Figs. A2(b) and A3(a), K was accordingly taken as sum of 0.5 and 1.0, i.e. 1.5.

One can see from Eq. (A.1) that the total pressure difference across the capillary tube is composed of the
frictional pressure loss in the tube wall and the minor pressure loss at the inlet- and outlet- of capillary tube.
That is, the term (Lc/Dc)fr in Eq. (A.1) represents the frictional pressure loss within the capillary tube, and
K the dramatic pressure loss at the inlet- and outlet- of capillary tube. Contribution of minor pressure loss to
the total pressure loss, often ignored in pipe flow problems where the pipe length would be far greater than its
diameter, increases as the length-to-diameter ratio of capillary tube decreases and/or fluid velocity increases
[7,8]. By taking the mean values of fr and K, we can infer that the frictional pressure loss can be significant
compared with the minor one only provided that the length-to-diameter ratio is greater than 100. However,
the length-to-diameter ratio of real capillary tubes typically ranges from 5 to 40, and, hence, the ratio of
minor- to frictional-loss, i.e. K/[(Lc/Dc)fr] was found to be about 0.3–5 in the frequency range of 2–5Hz, where
the damping of the capillary tube becomes very influential in pneumatic spring. These values increase with the
increase of vibration amplitudes. The quantitative analysis so far shows the importance of not only the
frictional pressure loss but also the minor one. Even though the additional pressure loss at the inlet- and
outlet- of capillary tube is termed as the minor loss in the classical fluid dynamic theory, its contribution to the
total pressure loss in this study is no more minor at all. Therefore the air flow in the capillary tube in dual-
chamber pneumatic spring definitely needs careful consideration of the minor pressure loss as well as the
frictional one, which was missed in Ref. [6].

The second issue concerning the friction coefficient fr is now to be discussed. As mentioned earlier, the
friction coefficient takes different form according to the assumption of air flow, i.e. oscillating- or
unidirectional-flow. Due to the reciprocating movement of piston, one may presume easily the governing air
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Fig. A4. Distinction between oscillating flow and unidirectional flow: (a) oscillating flow (XcoLc) and (b) unidirectional flow (XcoLc).
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flow as oscillating one, as we have done in Ref. [6]. But the relation between amplitude of fluid displacement
and length of capillary tube should be examined beforehand. As represented in Fig. A4(a), if the displacement
amplitude of lumped fluid element Xc does not exceed the capillary length Lc, then the assumption of
oscillating flow would be desirable. Otherwise, as shown in Fig. A4(b), the flow must be regarded as
unidirectional one. It is easily calculated with the following continuity relation between the piston and
capillary tube that the amplitude of fluid displacement Xc ranges several tens of centimeters corresponding to
the case of Fig. A4(b).

Acumax ¼ ApoX p ðumax ¼ oX cÞ (A.2)

This means that the flow characteristic in capillary tube is quite close to the unidirectional flow, not oscillating
one. Hence it is more desirable to describe the frictional pressure loss with the unidirectional friction
coefficient.
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