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Abstract

An effective way to reduce noise from railway track is using a rail vibration absorber. A compound track—absorber
model is developed to study the effectiveness of the rail absorber and the influences of its bending modes. In the model the
rail absorber is represented by a damped beam—spring system attached to the rail. The calculation results show that the
decay rate of rail vibration along the track is significantly increased around the tuned frequency of the absorber and thus
the rail vibration energy is substantially reduced in the corresponding frequency region. In addition, the pinned—pinned
resonance of track vibration is suppressed by the rail absorber. The results also show that it is the rigid body motion of the
beams of the absorber that leads to energy dissipation of rail vibration, whereas the bending deformation of the beams is a
minor factor. Therefore, a simple mass—spring model is enough to represent the rail absorber instead of an advanced
beam—spring model.
© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Railway induced vibration and noise are a growing matter of environmental concern. The main source of
noise from the railway is rolling noise. The combined roughness on the wheel and rail tread causes vibration
and radiation of the wheel, rail and sleeper.

Calculation models have been developed for understanding the mechanism of railway vibration and noise
generation [1-5]. The vibration responses of the wheel, rail and sleeper contribute to the overall spectrum of
noise. Amongst them, the rail is a dominant source in the frequency region 500-2000 Hz when the running
speed of a train is medium, from 100 to 160 km/h.

Various measures have been taken to reduce railway rolling noise. A promising means reducing rail
radiation is using a rail damper/absorber to increase the decay rate of vibration along the rail. Field tests
showed that the rail radiated noise could be decreased by up to 6 dB using a tuned rail damping device, the
rail absorber [6]. A combined model of the railway track with the rail absorber, which is treated as a two-
degree-of-freedom mass—spring system, was developed by Wu [7] for the track dynamics with the absorber.

*Corresponding author. Tel.: +862134206332x 819; fax: + 8621 3420 5875.
E-mail address: txwu@sjtu.edu.cn (T.X. Wu).

0022-460X/$ - see front matter © 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.jsv.2009.01.036


www.elsevier.com/locate/jsvi
dx.doi.org/10.1016/j.jsv.2009.01.036
mailto:txwu@sjtu.edu.cn

H.P. Liu et al. | Journal of Sound and Vibration 323 (2009) 594-608 595

The mechanism of vibration energy dissipation by the rail absorber was studied in Ref. [7] and the optimal
parameters and installation position for the rail absorber were determined after extensive investigation of their
influences on the vibration decay rate along the track.

The models developed so far have treated the rail absorber as a mass—spring system. The simpler
mass—spring model is directly applicable for some types of rail damper available on the market. For beam-like
rail absorbers, however, the mass-bar in the absorber is actually a beam instead of a mass. It is not clear
whether or not the bending modes of the mass-bar affect the performance of the rail absorber. Therefore, an
advanced model for the rail absorber is needed, in which the bending modes of the mass-bar should be
considered in order to study their effects on the performance of the rail absorber.

The main purpose of this study is to investigate the influences of the bending modes of the rail absorber on
the track dynamics and performance of the absorber. First, a compound track—absorber model is developed,
in which the rail is modelled as an infinite Timoshenko beam and the absorber is represented by a damped
double-beam system attached to the rail via elastomeric materials. Then using this model the effects of the
bending modes on the performance of the rail absorber are investigated in terms of the receptance, decay rate
and energy of rail vibration, compared with those from the mass—spring model of the rail absorber. Further, as
the natural frequencies and bending modes of the absorber are associated with its length and cross-section
parameters, their influences are also studied.

To estimate the effectiveness of rail absorber on noise reduction, the radiation ratio of rail vibration with
the absorber applied must be known, but it is not available for the time being. Nevertheless, the effectiveness
can be estimated indirectly via the rail vibration energy reduced by the absorber, as the rail radiation is
proportional to the mean-squared velocity of rail vibration.

2. Track model with rail absorber

Fig. 1 shows the cross-section of the rail with the absorber, which consists of the steel mass-bars and the
elastomeric material layers between the mass-bars and rail. The rail absorber can be modelled as a two-degree-
of-freedom mass—spring system when the mass-bar is short [7], but a beam—spring model is more appropriate
if the mass-bar is long.

Only half a track is considered in the model due to symmetry as shown in Fig. 2. The track—absorber model
is divided into two parts: the upper parts represent the rail absorbers and the lower parts represent the rail and
its supports. The rail is modelled as an infinite Timoshenko beam, and the rail supports are discrete and
composed of the rail pad, sleeper and ballast. The absorber model includes two finite Euler—Bernoulli beams
with free—free boundaries, and the beams are connected by discrete springs K, K, and K3. They are complex
stiffness with loss factor #, and at the same place along the rail with span distance d. K;, K, and Kj; are treated
to be discrete so that they are easily dealt with in the modelling and calculation. For the track model K, m;
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Fig. 1. Cross-section of the rail with absorber [6].
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Fig. 2. Compound track—absorber model.

and K, represent the pad stiffness, sleeper mass and ballast stiffness, respectively. K, and K, are also complex
stiffness with loss factor #,, and n,, respectively. D is the sleeper span length.

The material properties of the model are represented by G, the shear modulus, E, Young’s modulus, and p,
the density. The geometric properties of the beams are characterized by A4, the cross-sectional area, I, the areca
moment of inertia and k, the shear coefficient. The equations of motion for the rail are

o*u, o*u,
pAr—5 — GA,x ( 32 —Z) + Z K (ty — 45,)0(2 — Zpn)

or?
M
+ Z[Kl(ur - ulh) + K3(ur - “2/1)]5(2 - Zm) Zf(t)é(z), (1)
m=1
0% %o Ouy _
plimy — El 55 — GAx <az—(p>_0, )

where u, is the vertical displacement and z is the longitudinal coordinates of the rail, ¢ is the rotation angle of
the cross-section. u, represents the vertical displacement of the nth sleeper, and u;,, u», are the displacement of
the bottom and upper beam of the ith absorber, respectively. K (u,—uy,) is the restoring force of the nth rail
pad, zp, represents its position, and ¢ is the Dirac delta function. K,;(u,—u;;) and K3(u.—us;) are the restoring
forces between the rail and bottom mass-bar and between the rail and upper mass-bar, respectively, and z,,
represents their position. N is the number of the rail pads considered in the model and, M = M, x M,,, where
M, is the number of the absorber considered in the model and M, is the number of the spring between the rail
and mass-bar for each absorber.
The equation of motion of the bottom mass-bar of the 4th absorber is given by

o%uy, o*u M,
pA =, Ut Bl azih + 3 K i — )+ Ko — w0z — z47) = 0
h j=1
Ji=12. My, h=1,2,...,M,, 3)

where z;, is the local coordinates of the ith absorber, K;(u;,—u,) and K,(u,,—u»,;) are the restoring forces to the
bottom mass-bar, and z,; represents their longitudinal position in the local coordinates.
The equation of motion for the upper mass-bar of the ith absorber is given by

Q’u o*u My
pAy 6122]1 + EI, azjh + Z[Kz(uzh — 1) + K3(uop — ur)o(z; — zi) = 0,
j=1727 Mp: h_l 2 d7 (4)

where K>(uy,—uyy,) and Kz(up,—u,) are restoring forces to the upper mass-bar of the ith absorber.
The equation of motion for the nth sleeper is given by

d?ug,
mg dlzs + Kp[usn — ur(an)] + Kbus,, = O, n= ]’2’ . ’N. (5)
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Assuming that the excitation and response are harmonic, then the sleeper displacement amplitude, Us,, can
be represented by the rail displacement amplitude, Uy(zp,), according to Eq. (5), given as

Ky

Uﬂz—
s Kp—msa)2+Kb

Uizpn), n=12,...,N. (6)

Using the concept of the structure receptance and the superposition principle, the displacement of the rail
and the absorber can be written as

N M
Ur(Z) = FO((Z, 0) — Z FpnOC(Z, an) - Z(Flm + Fap)olz, Zm), (7)
n=1 m=1
Mp
Uip(zp) = — Z(Flhj — Fyp)Bi(zpzn), h=1,2,...,M,, (8)
=
Ml"
Un(zp) = — Z(FZhj + F3ip)Ba(zn, zny), h=1,2,...,M,, ©)

j=1
where o(z, z;) is the rail receptance defined as the displacement response at z caused by a unit harmonic force
at z;. f1(z, z1) and fB»(z, z;) are the receptance of the bottom and upper mass-bar of the absorber, respectively,
and they are similarly defined as the rail receptance. The rail receptance is calculated using the infinite
Timoshenko beam model, and the receptance of the mass-bars is calculated using the finite Euler beam model
with free—free boundary conditions. Calculation details are referred to Ref. [7] for the infinite Timoshenko
beam and to Appendix for the free—free Euler beam.
F,, in Eq. (7) represents the restoring force in the nth pad, given by

pn
Kp(Kb - mswz)

P = Kol Orlepn) = Vol =3 o+ K,
P S

Uizpn), n=12,...,N. (10)

Both Fy,, and Fy;;in Eqgs. (7) and (8), respectively, represent the restoring force between the rail and bottom
mass-bar of the 4th absorber, but the former is in the global coordinates of the rail, and the latter is in the local
coordinates of the hth absorber. When m = (h—1) x M, +j, z,, and z;; indicate the same position, and thus F,,
and F;; are a pair of action and reaction force and given by

Flm:Kl[Ur(Zm)_Ulh(Zhj)]:_Flhja //l:1,2,...,Ma, j:1525"'5Mp' (11)

Similar situation happens to F3,, and F3;;in Egs. (7) and (9), which represent the restoring force between the

rail and upper mass-bar of the ith absorber. F3,, and Fj3, are the action and reaction force pair when
m = (h—1) x M,,+j, given as

F3Wl=K3[U1'(Zm)_ U2/1(Zhj)]=_F3hja h= 1727°"9M'd7 ]= 1929"'9Mp' (12)

F>; in Egs. (8) and (9) represent the jth restoring force between upper and bottom mass-bars in the Ath
absorber, given as

F2hj = Kz[Uzh(Z}y') - U]h(lej)], h= 1,2,...,Ma, ] = 1,2,...,Mp. (13)

From Eq. (7) the rail displacement at the specific point zp; and z;, the pad position and the connecting point
to the absorber, respectively, can be represented by

N M
Ur(Zpi) = FOC(Zp,‘, 0) - Z Fpn“(zpia an) - Z(Flm + F3m)O((Zp,‘, Zm), I=1,2,...,N, (14)

n=1 m=1

N M
Ur(zl) = FO‘(Z/, 0) - ZFpn“(Zl, an) - Z(Flm + F3m)OC(ZIa Zm): I = 1,2,... , M. (15)

n=1 m=1
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From Egs. (8) and (9) the displacement of the bottom and upper mass-bar of the ith absorber at zj, the
connecting position to the rail in the local coordinates, can be given by

M,

Ulh(zhk):_Z(Flhj_F2hj)ﬂl(zhkyzhj)a hzlaza-"aMaa k= 132a"'sMpa (16)
j=1
MP

Uni(zn) = = > _(Fanj + Fa)BaCaenz)s  h=1,2,... . My, k=12,.... M, (17)
j=1

Substituting Eqgs. (14)—(17) for the rail and absorber displacement in Egs. (10)—(13) leads to

Ky —m? + Ky & M
Fpim + ;Fpna(zpiszn) + n;(Flm + F3)0Zpis zm) = Fouzp;, 0),
i=12,...,N, (18)
Fy u
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m=1 Jj=1
I=1,2,.... M, h=12,....M,, k=12,....M, for I=(h—-1)x M,+k, (19)
F
[(?3] + ZFpnfx(Zla Zn) + Z(Flm + Fgm)OC(Z], Zm) Z(FZh/ + F3h/)ﬁ2(zhk> Zh/) = F“(Zla O)
n=1 m=1 j=1
I=1,2,....M, h=12,....M,, k=12,.... M, for I=(Mh—-1)xM,+k, (20)
M,

Fopr
<t Z(Fyy + Fa)Ba(Zie 21y) — E_;(Flh, — FaupBiGue ) =0, h=1,2,... .My, k=12,...,M,.

21
Combine Egs. (18)—(21) to form a matrix equation as

AF = B, (22)

where A is a square matrix with its elements composed by the rail and absorber receptance, «, ; and f3,, and
other receptance terms, (Kp—msa)2+Kb)/[Kp(Kb—mswz)], 1/K;, 1/K, and 1/K3, F is the unknown force vector
that consists of the restoring forces in the rail pads and absorbers, and B is a vector composed of Fo(z;, 0) and
zero elements.

By solving Eq. (22), the restoring forces in the pad and absorber are obtained. Substituting the forces into
Eqgs. (7)—(9), the amplitude of vibration of the rail and absorber are known.

3. Parameters of rail absorber and basic results

The effectiveness of the rail absorber is related to the tuned frequency, active mass and damping parameters
of the absorber. In Ref. [7] the first and second resonance frequency of rigid body motion of the absorber is
designed to be 250 and 700 Hz, respectively. At the second resonance, the bottom mass-bar of the absorber
oscillates with large amplitude and out of phase with the upper mass-bar, whereas the vibration amplitude
of the upper mass-bar is small, even smaller than the rail. The rail vibration energy dissipates through
the deformation of the elastomeric layers of the absorber, which is mainly caused by the vibrating motion of
the bottom mass-bar. Therefore, the absorber’s second resonance frequency of rigid body motion should be
designed to be close to that at which the rail vibration and radiation are maximum. Predictions of rolling noise
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from the TWINS models (Track—Wheel Interaction Noise Software) showed that the main component of
rolling noise is from rail radiation, with its peak being at about 650-850 Hz for a train speed 100 km/h and a
roughness spectrum corresponding to tread-braked wheels on a smooth rail [8].
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Fig. 3. Vibration receptance, decay rate and energy due to a unit excitation at mid-span (quarter of absorber): — rail with absorber, —-—
rail without absorber, —— upper mass-bar of absorber, - - - - - - bottom mass-bar of absorber.
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Fig. 4. Vibration receptance, decay rate and energy due to a unit excitation above a sleeper (middle of absorber), keys as for Fig. 3.
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Table 1
Natural frequency of 1.2m long absorber.

Mode 1 2 3 4 5 6 7

Frequency, Hz 247 342 472 656 697 734 881
Mode 8 9 10 11 12 13 14
Frequency, Hz 887 1155 1166 1507 1580 1859 2106

1166 Hz 1580 Hz 1859 Hz

Fig. 5. Selected vibration mode-shapes of 1.2m long absorber.

The resonance frequency of the absorber is determined by both the mass and the stiffness of the elastomeric
layers of the absorber. Large active mass is helpful to enhance the effectiveness of the absorber, but confined
by the size of the rail cross-section. The absorber damping is important for rail vibration attenuation. Both
over high and over low loss factor of the damping material used in the absorber may degrade its effectiveness.

In Ref. [7] the optimal parameters were obtained for the rail absorber after extensive parametric studies.
They are transformed and used here for the double-beam model of the absorber and given as

EIL =28 x 10°Nm?, EI, =2.1x10°Nm?, pd4, =14kg/m, pAd,=6kg/m,
K;=39MN/m, K;=18MN/m, K;=K,/4, #n,=025 L,=12m, d=0.15m,
where L, is the length of rail absorber.

UICG60 rail is chosen for calculation and the parameters are

E=21x10"N/m?>, G=0.77x10"N/m? 5 =001, k=04,
p=7850kg/m’, A, =7.69x107m? I, =30.55x10"°m?,

where 7, is the loss factor of the rail.
The parameters for the discrete supports are

Ky =350MN/m, 5, =02, K,=350MN/m, 5,=10, m,=162kg, D=0.6m.

The dynamic behaviour of the rail with the 1.2 m long absorber is shown in Figs. 3 and 4 for a unit harmonic
force applied at mid-span and above a sleeper, respectively, in terms of the point receptance and decay
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Fig. 6. Vibration displacement of 1.2m long absorber at 697 Hz due to a unit excitation above a sleeper and at mid-span: —o— bending
deformation, —— rigid body motion; (a) and (b) for upper mass-bar, (c) and (d) for bottom mass-bar.

rate of rail vibration and the vibration energy level of the rail, bottom and upper mass-bar of the absorber.
The decay rate is estimated through attenuation in the rail vibration amplitude between the forcing point and
another point over five sleeper spans apart divided by the distance between them. The vibration energy is
evaluated by sum \v|?dz, where v is the amplitude of vibration velocity and dz is the length of a small track
section.

It can be seen from Figs. 3 and 4 that three resonances in the receptance are at about 80, 500 and 1100 Hz,
corresponding to the whole track bounces on the ballast, the rail vibrates on the pad and the ‘pinned—pinned’
resonance of track vibration, respectively. The pinned—pinned resonance peak can be seen to be suppressed by
the rail absorber.

The decay rate of rail vibration with and without the absorber can be seen to reach a peak about
20dB/m at 300Hz. When the rail absorber is used, the decay rate of rail vibration is significantly
increased in the frequency region 600-1100 Hz, and thus the rail vibration energy is substantially
reduced in this frequency region. As the pinned—pinned resonance is suppressed by the absorber, so is
the peak in the rail vibration energy at the corresponding frequency for the force applied at mid-span of a
sleeper bay.

From Figs. 3 and 4 the energy level of the upper mass-bar of the absorber can be seen to be higher than that
of the rail up to about 300 Hz, but lower at higher frequencies. Around the second resonance frequency of the
absorber it can be seen that the vibration energy of the bottom mass-bar is much higher than that of the rail.
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mass—spring absorber model, —-— 0.6 m long absorber, —— 1.2m long absorber, — 2.4m long absorber.

This indicates large amplitude of vibration of the bottom mass-bar, which leads to large deformation of the
elastomeric layers of the absorber and dissipation of the rail vibration energy. At high frequencies a couple of
peaks in the vibration energy of the absorber can be observed. They are associated with the bending modes of
the mass-bars of the absorber. This will be further discussed in the next section.
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4. Parametric study of effectiveness of rail absorber

In this section parametric studies are conducted to investigate the influences of the bending modes of the rail
absorber on its effectiveness. Apart from the material parameters, the bending modes of the rail absorber are
determined by its geometric parameters, i.e. the length and the cross-sectional area moment of inertia,
provided that the mass per unit length keeps unchanged for the absorber.
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Table 2

Cross-sectional parameters of rail absorber on one side of the rail web.

Case A, = width x height, m? I, 108 m* A> = width x height, m? L, 107 %m*
1 0.033 x 0.027 5.4 0.03 x 0.0127 0.5

2 0.03 x 0.03 6.7 0.03 x 0.0127 0.5

3 0.0225 x 0.04 12 0.03 x 0.0127 0.5

4 0.03 x 0.03 6.7 0.033x0.012 0.4

5 0.03 x 0.03 6.7 0.03 x 0.0127 0.5

6 0.03 x 0.03 6.7 0.017 x 0.023 1.7

4.1. Vibration modes of absorber

The vibration modes of the absorber are calculated using ANSYS codes. The absorber is modelled as a
double beam—spring system attached to the rail with free—free boundary conditions applied to the beams, and
the rail is fixed when calculating the vibration modes of the absorber. The natural frequencies of the 1.2 m long
absorber are listed in Table 1, and six selected vibration modes of the absorber are shown in Fig. 5. The first
and fifth modes at 247 and 697 Hz, respectively, are rigid body motion of the absorber. In the first mode of
rigid body motion the upper mass-bar oscillates up and down, while in the second one the bottom mass-bar
oscillates. The other modes are bending modes of the absorber.

The vibration response of the absorber attached to the rail includes rigid body motion and bending
deformation. Fig. 6 shows the motion and deformation components of the 1.2m long absorber when a
harmonic excitation is applied to the rail above a sleeper and at mid-span of a sleeper bay. The two forcing
places are relatively in the middle and quarter of the absorber. It can be observed that the rigid body motion is
dominant in the vibration response of the absorber. This implies that the decay of rail vibration and
dissipation of the vibration energy are mainly associated with the rigid body motion of the absorber. In other
words, the influences of the bending modes are expected to be a secondary matter on the effectiveness of the
rail absorber. The following parametric studies will validate the above inference.

4.2. Influences of absorber length

The vibration modes of the rail absorber are associated with its length. A long beam shows lower natural
frequencies and more vibration modes within a certain frequency range, compared with a short beam. Figs. 7
and 8 show the calculation results from the absorber with different lengths 0.6, 1.2, and 2.4m for a unit
excitation applied at mid-span and above a sleeper, respectively, in terms of the decay rate of rail vibration and
vibration energy of the rail and absorber. Also shown in Figs. 7 and 8§ are the results from the mass—spring
model of the absorber for comparison.

The decay rate of rail vibration can be seen from Figs. 7 and 8 to be very similar among the different absorbers.
The rail vibration energy is almost the same for the absorbers with different lengths. However, differences can be
found in the vibration energy of the absorbers. For the mass—spring absorber model the vibration energy of the
absorber varies smoothly, whereas for the beam model many peaks in the vibration energy can be observed due to
the bending modes of beam vibration. For instance, the vibration energy peaks pointed with 1 and 2 in Figs. 7
and 8 are associated with the bending modes of the absorber at 1580 and 1859 Hz, respectively. Anyway, the
energy peaks due to the bending modes will not degrade the performance of the absorber, because the vibration
level of the upper mass-bar of the absorber is much lower than that of the rail, and large amplitude of vibration of
the bottom mass-bar is helpful to the energy dissipation of rail vibration.

4.3. Influences of inertia moment of cross-sectional area

Provided the cross-sectional area keeps unchanged, the area moment of inertia can be adjusted by altering the
width and height of the cross-section of the rail absorber, and thus the bending modes of the absorber is also
adjusted. To investigate the influences on the effectiveness of the rail absorber due to change of the area moment of
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inertia, six cases are considered in the calculations, in which the cross-sectional area keeps unchanged but the area
moment of inertia is adjusted for the absorber. The cross-section parameters of the absorber used for the six
calculation cases are listed in Table 2. In the first three cases the cross-sectional area moment keeps unchanged for the
upper mass-bar, whereas in the last three cases it keeps unchanged for the bottom mass-bar. The calculation results of
the six cases for the 1.2 m long absorber are shown in Figs. 9 and 10 due to a unit excitation applied at mid-span.



606 H.P. Liu et al. / Journal of Sound and Vibration 323 (2009) 594-608

—
[
-

25 - ———
E
m
°
(0]
©
>
[
(6]
[
a
(b)
10°° . T
&S
[ .
«E 10710 L energy of rail
1S
a
N 101
©
N
>
10—12
(c)
10°° T T
%
& 10™M o
E F ]
1S
3 10713 i N
N L energy of upper mass-bar )
N K
>
10715 W
o
| I P
10? 10°
(d)
10°° . .
%
«E 10710 | energy of bottom mass-bar
IS
=
2]
S 10 L
P
1012 TR . . S S
10 103
Frequency (Hz)

Fig. 10. Vibration decay rate and energy of rail with absorber due to a unit excitation at mid-span for different cross-sectional parameters
of upper mass-bar: - - - - - - case 4, —-— case 5, — case 0.

In Figs. 9 and 10 the decay rate and energy level of rail vibration are shown to be almost the same for
the six cases when changing the cross-sectional area moment of the absorber, although the vibration energy
level of the absorber varies with the area moment of inertia. This means that the performance the rail absorber
will not be affected by its cross-section size, provided that the mass per unit length keeps unchanged for the

absorber.
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5. Conclusions

A compound track model with the rail absorber is developed, in which the rail is represented by an infinite
Timoshenko beam and the absorber is modelled as a damped beam—spring system attached to the rail. Using
this model the dynamic behaviour of the track and the effectiveness of the absorber are studied and compared
with those from an untreated track. The influences of the bending modes of the rail absorber on its
performance are investigated.

The calculation results show that the decay rate of rail vibration is significantly increased in the frequency
region of 600-1100 Hz and the pinned—pinned resonance of track vibration is suppressed by use of the rail
absorber. The rail vibration energy is therefore substantially reduced in the corresponding frequency region,
and thus the rail radiated noise can effectively be reduced. As the rigid body motion is dominant in the
vibration response of the absorber, it is the main cause that leads to energy dissipation of rail vibration, whilst
the effects of the bending deformation of the absorber are secondary and slight. Therefore it can be concluded
that a simple mass—spring model is enough to represent the rail absorber instead of an advanced beam—spring
model.
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Appendix A

The equation of motion for the finite Euler—Bernoulli beam with a unit harmonic load applied at z = z; is
given by
o%u NG 7R
pA¥+EI(1 +117)@—e oz — z1). (A.1)

The steady response of the beam can be given in the form of modes superposition

N
uz,0) = UEE = Wi2)g,(0), (A.2)
n=1

where W,(z) is the nth normalized mode-shape function, ¢,(¢) is the nth modal coordinate, and N is the
number of the modes considered. For the free—free beam W, (z) is given by

1
Wi(z) = ﬁ,

1
Wo(z) = ﬁﬁ(l —2z/L), 0<:z<L, (A.3)
W,(z) = \/p_lﬂ[(cosh kuz + cos k,z) + c,(sinh k,z + sin k,z)], n=3,

where parameters k, and ¢, are listed in Table 3. The first and second mode-shape functions are for the rigid
body motion, and the third and subsequent ones are for the bending modes. The orthogonal integrals for

Table 3

Parameters of the mode-shape function of free—free beam.

Mode n 1 2 3 4 5 =6

[ - - 0.9825 1.0008 1.0000 1.0000

knL 0 0 4.7300 7.8532 10.996 (2n—=3)n/2
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W,(z) are given as follows [9]:

L e q 1, m=n, A4
| rawaow,oa=3 (A4)
Substituting Eq. (A.2) into Eq. (A.1) gives
N N
pAS " W@ (0 + EI(L+im) S W(2)g,(1) = 6”5z — 2)). (A.5)

n=1 n=1

Multiplying Eq. (A.5) by W,(z) and performing integration on both side from z = 0 to z = L yields

. EI(1 +1 io
0+ kg 0 = W e (A6)
Solving Eq. (A.6) for ¢,(¢) results in
Wn(zl) iot
_ A.

where w, = kix/(EI /pA) is the natural frequency of the nth vibration mode of the free—free beam.
Substituting Eq. (A.7) into Eq. (A.2), the displacement amplitude of the free—free beam due to the unit
harmonic force is obtained as

N
Wa(2)W,(z1)
v@ = Zl w2 — w? +inw?’ (A-8)

Setting z = z, in Eq. (A.8), the transfer receptance of the free—free beam is given by

YW ()W,
B(z2,21) = ;% (A.9)
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