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Abstract

Vehicles generate moving dynamic loads on bridges. In most studies and current practice, the actions of vehicles are

modelled as moving static loads with a dynamic increase factor, which are obtained mainly from field measurements.

In this study, an evolutionary spectral method is presented to evaluate the dynamic vehicle loads on bridges due to the

passage of a vehicle along a rough bridge surface at a constant speed. The vehicle–bridge interaction problem is modelled

in two parts: the deterministic moving dynamic force induced by the vehicle weight, and the random interaction force

induced by the road pavement roughness. Each part is calculated separately using the Runge–Kutta method and the total

moving dynamic load is obtained by adding the forces from these two parts. Two different types of vehicle models are used

in the numerical analysis. The effects of the road surface roughness, bridge length, vehicle speed and axle space on the

dynamic vehicle loads on bridges are studied. The results show that the road surface roughness has a significant influence

on the dynamic vehicle–bridge interaction. The dynamic amplification factor (DAF) and dynamic load coefficient (DLC)

depend on the road surface roughness condition.

r 2009 Elsevier Ltd. All rights reserved.
1. Introduction

The bridges are dynamically loaded when vehicles travel on them. In practice, usually a moving static load is
used to model the vehicle force on bridges. The static vehicle loads are, however, increased by a dynamic
amplification factor (DAF) to account for the dynamic effects from the vehicle vibrations due to the
interaction between the vehicle and bridge. Some codes define the DAF as a value between 0 and 0.4 for
different vehicle type, such as the design code in Australia [5]. Other codes define it as a function of bridge
span length, such as the AASHTO code [1]. These approaches avoid dynamic response analysis of the vehicle
vibrations when moving along the bridge, and allow for a straightforward estimation of the vehicle loads in
the bridge design. However, in reality the dynamic load due to the interaction between the vehicle and bridge is
a complex problem and affected by many factors such as vehicle speed, road surface roughness, and dynamic
ee front matter r 2009 Elsevier Ltd. All rights reserved.
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properties of both the vehicle and bridge. Defining a DAF value based only on the vehicle type or the
bridge span length might not lead to a reliable prediction of the dynamic loads on the bridges. In fact values
of the DAF obtained from different references are quite different as discussed by Pesterev et al. [23] and
Ashebo et al. [3].

Since the available field test data is limited and the test is costly, numerous theoretical derivations and
numerical simulations have been carried out to calculate the bridge responses to vehicle loads. For example,
with the assumption that the mass of the vehicle is small as compared to the mass of the bridge so that the
interaction effect between the vehicle and bridge is insignificant, some researchers modelled the vehicle load as
a static force moving along the bridge at a constant speed [26,12,7,24]. Other researchers modelled the vehicle
as a moving mass when the inertia force of the vehicle mass cannot be ignored [2,6]. To account for the
dynamic effects of the vehicle vibration when travelling along the bridge, dynamic vehicle models with
different number of degrees-of-freedom (DOF) have also been developed to analyse the interaction between
the vehicle and bridge [27,14,18,19].

The vehicle dynamic response is induced when it travels along an uneven road surface. In most previous
studies [27,14,18,19], the road surface roughness history was simulated by inverse Fourier transform of the
roughness power spectral density (PSD) function. The dynamic behaviour of the vehicle–bridge interaction
was calculated using deterministic approaches. The limitation of these approaches is that the simulated
roughness profile is only one realization of the randomly varying road surface roughness, which is therefore
not sufficient to describe the possible road surface roughness effect on vehicle–bridge interaction. In the study
by Hwang and Nowak [17], Chatterjee et al. [8], and Au et al. [4], Monte Carlo simulation was used
to generate a set of road surface profiles to consider the randomness of the road surface roughness.
The simulation was also carried out by inverse Fourier transform of the roughness spectral density function,
and the vehicle–bridge interaction was solved in the time domain. Hwang and Nowak [17] used 2-D truck
models and a continuous Euler-Bernoulli beam model in their study, and also considered the uncertainties of
the truck type, total weight, axle distances, and speed. Chatterjee et al. [8] studied the coupled
vertical–torsional dynamic response of multi-span suspension bridges due to vehicular movement, and
considered 2D and 3D vehicle models. In the study by Chan et al. [9,10] the shell with eccentric beam element
was used to model the bridge, and a 3D vehicle model considering both pitching and twisting modes was used
to simulate the moving vehicle. The results were validated with field test. Comprehensive parametric
calculations were carried out. However, the vehicle–bridge interaction was also solved in the time domain with
the road surface roughness profiles simulated by inverse Fourier transform of the roughness spectral density
function.

The road surface roughness is essentially random in nature and is assumed to have properties of a stationary
process. Therefore, the vehicle–bridge interaction is also random. A few models have been proposed for
evaluating the dynamic force in random nature. Fryba [11] investigated the non-stationary random vibration
of a beam subjected to a moving random force. The statistical characteristics of the first and second order
moment of the deflection and bending moment of the beam were calculated by the correlation method. Zibdeh
[28] investigated the random vibration of a simply supported elastic beam subjected to random forces moving
with time-varying velocity. Li et al [20] developed an approach for analysing the evolutionary random
response of a coupled vehicle–bridge system. The vehicle is taken as a 2-DOF mass–spring system and the
bridge is taken as a simply supported uniform beam. Lin and Weng [21] presented a spectral approach to
evaluate the dynamic vehicle load due to the passage of a vehicle moving at a constant speed along the bridge.
A one-quarter vehicle model is used in the analysis. The effects of vehicle speed and pavement roughness on
the variation of dynamic vehicle load were investigated.

In this study, an evolutionary spectral approach for evaluating the dynamic deformation of the bridge and
vehicle axle loads due to the passage of a vehicle moving along a rough bridge surface is developed. The input
force to the bridge is divided into a deterministic part from the gravity of the vehicle and a random part related
to the pavement roughness of the bridge. The road surface roughness is simulated by the displacement PSD
provided by ISO 8608 [16]. Each part is calculated separately using the Runge–Kutta method. Results from a
2-DOF vehicle model moving on a simply supported uniform beam with a smooth surface [13] are used to
calibrate the algorithm. The random response calculated with this model illustrates the influence of the road
surface roughness on vehicle bridge interaction analysis. Then a more realistic 4-DOF vehicle model is
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employed to study the dynamic response of the system. The results from the two vehicle models are compared
and the reliability of each model in simulating vehicle–bridge interaction is discussed. The DAF and DLC are
calculated to estimate the magnitude of the dynamic displacement of the bridge and the dynamic axle force.
The effects of the vehicle speed, road surface roughness, vehicle axle spacing and bridge fundamental
frequency on vehicle–bridge interaction are studied.

2. Formulation of the vehicle and the bridge model

In this study, the response of the bridge and vehicle are described by two separate sets of equations, which
are coupled by the interaction force at the location of their contact point. The equations are then combined to
form a fully coupled system. The system varies with time due to the vehicle moving along the bridge and
vibrating in the vertical direction. The system equations are solved step by step in the time domain.

2.1. Vehicle model

The equation of motion of the vehicle system with respect to the vertical DOF Y ¼ ½y1 y2 y3 . . . yn� derived
using Lagrange formulation can be expressed as follows:

Mv
€Yþ Cv

_Yþ KvY ¼ �F
int
v (1)

where Fint
v is the interaction force vector applied to the vehicle; Mv; Cv; Kv are the mass, damping and

stiffness matrices of the vehicle, respectively. For the 4-DOF vehicle model shown in Fig. 1, the vertical
displacement vector Y contains the DOF attached to the suspension ya and the rigid vehicle body yb.
Correspondingly, Eq. (1) can be expressed as
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Fig. 1. Model of a coupled vehicle–bridge system.
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in which mv is the mass of the vehicle body; Iv is the moment of inertia of the vehicle body; S is the axle
spacing; m1 and m2 are the masses of the two tyres; a1 and a2 are the position parameters; ks1 and ks2 are the
stiffness of the suspension system; cs1 and cs2 are the damping of the suspension system; p1(t) and p2(t) are the
interaction force between the vehicle and bridge. In this study, the simple vehicle model could be the interleaf
spring system, but the effect of the interleaf friction is not considered.
2.2. Bridge model

The equations of motion for a bridge in the modal space can be expressed as

€qþ v_qþXq ¼MnU
Tðfg þ pÞ (3)

where

q ¼ ½q1ðtÞ q2ðtÞ . . . qNðtÞ�
T; v ¼ diagf2xioig; X ¼ diagfo2

i g; Mn ¼
2

mbL

U ¼
f1ðx̂1ðtÞÞ f2ðx̂1ðtÞÞ � � � fN ðx̂1ðtÞÞ

f1ðx̂2ðtÞÞ f2ðx̂2ðtÞÞ � � � fN ðx̂2ðtÞÞ

" #T
; fg ¼ ½ðmva2 þm1Þg ðmva1 þm2Þg�

T

and where mb is the mass per unit bridge length; L is the bridge length; qi(t) is the ith modal coordinate of the
bridge; N is the number of the modes; xi is the ith modal damping; oi is the undamped circular frequency;
fiðx̂jðtÞÞ is the ith mode shape at x̂jðtÞ, the contact points between the wheels and bridge.
2.3. Vehicle– bridge interaction force

The interaction forces between the vehicle and the bridge are given by

p1ðtÞ ¼ kt1ðy3 � z1Þ þ ct1ð _y3 � _z1Þ (4a)

p2ðtÞ ¼ kt2ðy4 � z2Þ þ ct2ð _y4 � _z2Þ (4b)

where

zl ¼ wðx̂lðtÞ; tÞ þ rðx̂lðtÞÞ ðl ¼ 1; 2Þ (5)

in which zl is the vertical displacement of the wheel; wðx̂lðtÞ; tÞ and rðx̂lðtÞÞ are the displacement and the road
surface roughness of the bridge at the interaction point. Correspondingly, the derivative of z1 and z2 with
respect to time is

_zl ¼ _wðx̂lðtÞ; tÞ þ w0ðx̂lðtÞ; tÞ _̂xlðtÞ þ r0ðx̂lðtÞÞ _̂xlðtÞ (6)

where
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dt
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Substituting the above equations into Eqs. (4) and (5) results in

p ¼ Ktyb þ Ct _yb � Ktz� Ct _z (7)

z ¼ Uqþ r (8)
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with

Ct ¼
ct1 0

0 ct2

" #
; Kt ¼

kt1 0

0 kt2

" #
; z ¼ ½z1 z2�
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rðx̂1ðtÞÞ
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( )

where kt1 and kt2 are stiffness of the tyres; ct1 and ct2 are damping of the tyres. Noting that for the vehicle
travelling with a constant speed v, _U ¼ vU0, and substituting Eq. (8) into Eq. (7) yields

p ¼ Ktyb þ Ct _yb � ðKtUþ vCtU
0Þq� CtU_q� Ktr� vCtr

0 (9)
2.4. Road surface roughness

In this study, the unevenness of the pavement is described by a roughness PSD as shown in Fig. 2, which is
given by [16]

Sd ðOÞ ¼ Sd ðO0Þ � ðO=O0Þ
�a (10)

where O is the spatial frequency in rad/m; O0 is the reference angular spatial frequency equal to 1 (rad/m);
and a is the parameter of the spectral shape taken as 2; Sd ðO0Þ is the roughness coefficient in m2/rad/m.
The road surface condition is classified into eight classes according to SdðO0Þ. The Classes A to D describe the
paved roadway condition and Classes E to H describe the unpaved roadway. Similar to the ISO classification
for the normal road conditions, Honda et al. [15] tested 56 bridges and classified the bridge surface condition
as very good, good, average and poor corresponding to the ISO specification Class A to C. Most of the bridge
surfaces are in good to average condition. Table 1 gives the bridge surface roughness coefficient used in this
study.
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Fig. 2. Classification of the road.
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Table 1

Road classification.

Road class ISO (1995) [16] A B C

Honda et al. [15] Very good Good Average Poor

Sd ðO0Þ (10
�6m3/rad) Lower limit – 0.5 2 8

Upper limit 0.5 2 8 32
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3. Analysis of the dynamic interaction of the coupled vehicle–bridge system

3.1. Differential equations for the coupled vehicle– bridge system

With Eq. (9), Eqs. (2) and (3) can be combined together and written in a matrix form as follows:

M€uþ C_uþ Ku ¼ f (11)

where
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The excitation f includes two parts, a deterministic excitation fd due to the moving vehicle weight and a
random excitation fr due to vehicle vibration caused by the road surface roughness. They are expressed as

fd ¼
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By introducing the state vector z ¼ ½uT _uT�T, Eq. (11) can be rewritten as

_zðtÞ ¼ AðtÞzðtÞ þ bdðtÞ þ brðtÞ

where
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0 I
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Because the inputs fd and fr are independent of each other and the system is linear, the responses
corresponding to these excitations can be calculated separately.
3.2. Analysis of the response of the deterministic component

Consider the deterministic excitation due to the vehicle weight and let br equal 0, the coupled system
equations are

_zdðtÞ ¼ AðtÞzd ðtÞ þ bd ðtÞ (13)

Eq. (13) is a first order linear ordinary differential equation. It can be easily solved by numerical integration.
The Runge–Kutta method is used in this study.
3.3. Analysis of the responses of the random component

The response equation for the random force is

_zrðtÞ ¼ AðtÞzrðtÞ þ brðtÞ (14)

Considering the random component, the particular solution to Eq. (14) is expressed as

zrðtÞ ¼

Z t

0

Hðt; tÞbrðtÞdt (15)

Hence, the covariance matrix of zrðtÞ can be expressed as

E½zrðtÞz
T
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0

Z t

0

Hðt; tÞE½brðtÞbTr ðxÞ�H
Tðt; xÞdt dx (16)

where the covariance matrix of random excitation is

E½brðtÞbTr ðxÞ� ¼ SkðtÞE½rðtÞrTðxÞ�SkðxÞ þ SkðtÞE½rðtÞr0TðxÞ�ScðxÞ

þ ScðtÞE½r0ðtÞrTðxÞ�SkðxÞ þ ScðtÞE½r0ðtÞr0TðxÞ�ScðxÞ (17)
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With the derivation presented in Appendix A, Eq. (17) can be written as

E½brðtÞbTr ðxÞ� ¼
Z þ1
�1

½SkðtÞST
k ðxÞ þ ivOSkðtÞScðxÞ � ivOScðtÞSkðxÞ

þ v2O2ScðtÞScðxÞ�SdðOÞ exp½iOðx̂1ðxÞ � x̂1ðtÞÞ� dO (18)

Substituting Eq. (18) into Eq. (16) and changing the order of integration, Eq. (16) can be rewritten as

E½zrðtÞzrðtÞ
T
� ¼

Z þ1
�1

SdðOÞQ1ðt;OÞQ̄
T

1 ðt;OÞ dOþ iv
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�1
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T
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T

2 ðt;OÞ dO (19)

where

Q1ðt;OÞ ¼
Z t

0

Hðt; tÞSkðtÞe�iOx̂1ðtÞ dt
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Q̄1ðt;OÞ ¼
Z t

0

Hðt; tÞSkðtÞeiOx̂1ðtÞ dt

Q2ðt;OÞ ¼
Z t

0

Hðt; tÞScðtÞe�iOx̂1ðtÞ dt

Q̄2ðt;OÞ ¼
Z t

0

Hðt; tÞScðtÞeiOx̂1ðtÞ dt

Comparing the expression of Q1ðt;OÞ with Eq. (15), Q1ðt;OÞ for each constant O can be obtained by the
Runge–Kutta method. Then the covariance matrix of system response can be calculate with Eq. (19) by
integration with respect to O.

Similarly, the covariance matrix of input and output is obtained as

E½zrðtÞb
T
r ðtÞ� ¼

Z þ1
�1

Sd ðOÞeiOvtðQ1ðt;OÞS
T
k ðtÞ þ jvOQ1ðt;OÞS

T
c ðtÞ

� jvOQ2ðt;OÞS
T
k ðtÞ þ v2O2Q2ðt;OÞS

T
c ðtÞÞ dO (20)

The covariance matrix of _zrðtÞ can be expressed as

E½_zrðtÞ_z
T
r ðtÞ� ¼ AðtÞE½zrðtÞz

T
r ðtÞ�A

T
ðtÞ þ AðtÞE½zrðtÞb

T
r ðtÞ� þ E½brðtÞz

T
r ðtÞ�A

T
ðtÞ

þ E½brðtÞb
T
r ðtÞ� (21)

3.4. Dynamic interaction force

For the deterministic part, the dynamic axle forces can be calculated with the following equations:

p1ðtÞ ¼ �A1 €y1 � A2 €y2 �m1 €y3 � ðMva2 þm1Þg (22a)

p2ðtÞ ¼ �A2 €y1 � A3 €y2 �m2 €y4 � ðMva1 þm2Þg (22b)

where

A1 ¼ mva2
2 þ

Iv

S2

� �
; A2 ¼ mva1a2 �

Iv

S2

� �
; A3 ¼ mva2

1 þ
Iv

S2

� �

For the random part, the covariance of axle loads is related with the vehicle acceleration covariance with the
following equations.

E½p2
1ðtÞ� ¼ A2

1E½ €y2
1ðtÞ� þ A2

2E½ €y
2
2ðtÞ� þm2

1E½ €y
2
3ðtÞ� þ 2A1A2E½ €y1ðtÞ €y2ðtÞ�

þ 2A1m1E½ €y1ðtÞ €y3ðtÞ� þ 2A2m1E½ €y2ðtÞ €y3ðtÞ� (23a)

E½p22ðtÞ� ¼ A2
2E½ €y2

1ðtÞ� þ A2
3E½ €y

2
2ðtÞ� þm2

2E½ €y
2
4ðtÞ� þ 2A2A3E½ €y1ðtÞ €y2ðtÞ�

þ 2A2m2E½ €y1ðtÞ €y4ðtÞ� þ 2A3m2E½ €y2ðtÞ €y4ðtÞ� (23b)

3.5. Procedure of implementation

The responses of the coupled vehicle–bridge system consist of two components, deterministic part from
gravity of the vehicle and random part generated from vertical vibrations of the vehicle owing to the road
surface roughness. These two parts are calculated separately. The detailed procedure of implementation is:
Step 1:
 Calculate the frequencies and mode shapes of the bridge.

Step 2:
 Determine the mass, stiffness and damping matrices of both the vehicle and bridge and construct the

coefficient matrix A according to Eqs. (11) and (12).
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Step 3:
Table 2

Vehicle an

Data of t

L ¼ 40m

mb ¼ 12 0

EI ¼ 127
Calculate the deterministic part by:
(i) Eq. (13) with Runge–Kutta method to obtain the displacement and velocity of the system and then

substitute the results of zdðtÞ back into Eq. (13) for accelerations of the system; and
(ii) Eq. (22) for the dynamic interaction forces.
d br

he br

00 kg

500M
Step 4:
 Calculate the random responses:
(i) Q1ðt;OÞ; Q̄1ðt;OÞ; Q2ðt;OÞ and Q̄2ðt;OÞ at each O with Runge–Kutta method;
(ii) the covariance of zrðtÞ by integration over the frequency interval [0.06 18] as shown in Eq. (19);
(iii) the covariance of brðtÞ and brðtÞ zrðtÞ by Eqs. (18) and (20); and
(iv) the covariance of axle forces by Eq. (23).
i

i

/

4. Numerical simulations

4.1. Example 1: quarter vehicle model

To verify the proposed method, a dynamic analysis is performed first for a vehicle–bridge system available
in the literature [13] as shown in Fig. 3, which is a 1-axle 2-DOF vehicle model moving at a constant speed
along a simply supported beam. The parameters of the vehicle and beam are given in Table 2.

4.1.1. Deterministic response of the vehicle– bridge system

The road surface roughness is not considered in the latter study. Therefore, for comparison purpose, in this
calculation, the smooth road surface condition is assumed. In Fig. 4(a), the time history of the mid-span
displacement of the bridge by the proposed algorithm is compared with that from Green and Cebon [13] when
the vehicle speed is 25m/s. It shows that the results agree very well and therefore the proposed method is
reliable to analyse the dynamic response of the coupled vehicle–bridge system.

Fig. 4(a) also shows the time history of the normalized mid-span displacement of the bridge when the vehicle
speed is 15 and 35m/s, in which d is the mid-span displacement of the bridge and dst is the maximum static
y

x

m1

y
2

y1

ks

kt

cs

ct

m2

Fig. 3. A quarter car model moving on a simply supported bridge.

dge parameters.

dge Data of the 1-axle vehicle Data of the 2-axle vehicle

m1 ¼ 36 000 kg mv ¼ 36 000 kg

m m2 ¼ 4000kg m1 ¼ m2 ¼ 2000 kg

Nm2 ks ¼ 1.8� 107N/m Iv ¼ 144� 103 kgm2

kt ¼ 7.2� 107N/m S ¼ 2m

cs ¼ 14.4� 104N s/m a1 ¼ a2 ¼ 0.5

ct ¼ 14.4� 104N s/m ks1 ¼ ks2 ¼ 0.9� 107N/m

kt1 ¼ kt2 ¼ 3.6� 107N/m

cs1 ¼ cs2 ¼ 7.2� 104N s/m

ct1 ¼ ct2 ¼ 7.2� 104N s/m
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displacement at the mid-span of the bridge under the same vehicle load. The static mid span displacement can
be calculated from Eq. (24)

dc ¼
pb

6EIL

L

b

L

2
� a

� �3

� a3 þ ðL2 � b2
Þ

L

2

" #
ao

L

2
(24a)

dc ¼
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(24b)
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As shown in Fig. 5, p is the axle load; a and b are the distances from the loading point to the ends of the bridge.
From Eq. (24), the maximum static displacement of the bridge occurs when b equals L/2, and is 4.14mm for
this case.

From Fig. 4(a), the time histories of the bridge displacement corresponding to different vehicle speeds
are close to each other. The maximum displacements of the bridge are 1.01, 1.00 and 1.03 times
dst for the three cases. The vehicle speed has no obvious effect on the bridge response for the smooth
surface condition. Fig. 4(b) shows the vertical acceleration of the vehicle body when the vehicle is moving
along the bridge. The maximum acceleration is 0.0015 g when the vehicle speed is 15m/s, 0.0035 g
when the speed is 25m/s and 0.0053 g when the speed is 35m/s. The results show that the acceleration
of the vehicle body increases with the vehicle speed. The normalized time histories of axle loads are plotted in
Fig. 4(c). In the figure, the interaction force oscillates around the static axle load faxle or the vehicle weight.
The peak–peak value of the oscillation increases with the vehicle speed. It should be noted that although the
vehicle speed affects its vertical dynamic response, its effect is insignificant as compared to the static
vehicle load or the weight of the vehicle on bridge responses. As shown in Fig. 4(b), the absolute
maximum acceleration difference is only 0.014 g. This implies the total variation of the dynamic vehicle load is
about 1.4 percent of its static load. Therefore, the displacement response shown in Fig. 4(a) is insensitive to the
vehicle speed.

4.1.2. Random response analysis of the vehicle– bridge system

According to Honda et al. [15], the road roughness coefficient is taken as 2� 10�6m2/rad/m for the
upper limit of good road surface condition. Considering the random excitation due to the road surface
roughness, the dynamic response of the vehicle–bridge system can be obtained by Eq. (14). The root-mean-
square (RMS) response is used to describe the random response. The computation starts 40m before the
entrance of the bridge to obtain the stable vibration of vehicle. Using Eqs. (19) and (21), the RMS matrix of
the response and the covariance matrix between the excitation and response can be obtained. To simplify the
analysis, only the random response of the vehicle–bridge system due to the road surface roughness is studied in
this section.

Fig. 6(a) shows the displacement at the mid span of the bridge when the vehicle is moving along
the bridge at different speeds, namely 15, 25 and 35m/s, respectively. The vertical axis is the
normalized RMS value of the mid-span displacement of bridge. Fig. 6(b) shows the normalized
RMS values of the vehicle body acceleration. Fig. 6(c) shows the normalized RMS value of the axle load,
where faxle is 392 kN. It is seen that the RMS values of all the response quantities in Fig. 6 increase
with the vehicle speed. As shown in Fig. 6(a), the RMS value of the displacement at the mid-span of
the bridge is 0:57dst when the vehicle speed is 35m/s, which is 1.5 times of the result when the speed
is 15m/s. This is because of the increase of the vertical acceleration response induced by the road surface
roughness, which in turn results in a significant increase in the dynamic load. As shown in Fig. 6(b) and (c), the
RMS values of the acceleration of the vehicle body increases from 0.18 to 0.28 g when the vehicle speed
increases from 15 to 35m/s, and the corresponding interaction force increases from 0.16 to 0.31 faxle. These
results show that the road surface roughness has a significant effect on the dynamic response of the
vehicle–bridge system.
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4.2. Example 2: half vehicle model

In order to study the effect of the vehicle model on the numerical results, the vehicle in Example 1 is
modelled as a 2-axle vehicle model with 4 DOF (as shown in Fig. 1). The parameters of the vehicle system are
given in Table 2.
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4.2.1. Deterministic response of the vehicle– bridge system

Fig. 7(a) shows the displacement response at the mid-span of the bridge for different vehicle speeds, the
corresponding front and rear axle loads are shown in Fig. 7(b) and (c). The vehicle position in Fig. 7(a) is
described by the position of the front axle of the vehicle. The bridge surface is assumed to be smooth. dst for
the half vehicle model is calculated with Eq. (24) by superposing the deflections from two concentrated loads.
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The maximum static displacement usually occurs when the heavier axle is located at the mid-span of the
bridge. In this example, both axles are assumed to carry the same weight, which induce a maximum bridge
displacement of 4.10mm. As shown again the normalized displacement time histories for different vehicle
speeds are close to each other. The variance of the maximum displacements is less than 3 percent. In Fig. 7(b)
and (c), the front and rear axle loads oscillate around the static axle load faxle, which is 196 kN for both axles.
The maximum axle load is 1.0.35 faxle when the rear axle passes the 0.52 of the bridge length with a speed of
35m/s. The dynamic effect causes the axle load to increase by 3.5 percent. These observations indicate again
that the dynamic effect is insignificant when the bridge surface is smooth. Both vehicle models yield similar
predictions when the road surface roughness is ignored.

4.2.2. Random response analysis of the vehicle– bridge system

The bridge road surface is assumed in good condition. The RMS values of bridge mid-span displacement
and vehicle axle forces are plotted in Fig. 8. For comparison, the corresponding results of bridge displacement
and vehicle axle load from the 2-DOF vehicle model are also shown in Fig. 8. It is seen that the effect of the
road surface roughness on the bridge displacement and vehicle axle forces increase with vehicle speed for both
vehicle model. Fig. 8(a) shows that the maximum dynamic RMS displacements of the bridge corresponding to
the three vehicle speeds are 0:25dst, 0:33dst and 0:39dst, respectively, for the 4-DOF vehicle model, indicating
the maximum dynamic effect due to the road surface roughness results in 25, 33 and 39 percent increases in the
bridge displacement for different speeds. Compared with the results from the 2-DOF vehicle model, which
are 0:34dst, 0:47dst and 0:57dst for corresponding speeds, the normalized RMS displacement of the bridge
decreases more than 35 percent.

In Fig. 8(b) and (c), the RMS dynamic axle loads for the front and rear axles are quite similar at each
speed. The maximum normalized RMS dynamic axle loads acting on the bridge are 0.12, 0.16 and 0.19 when the
vehicle speeds are 15, 25 and 35m/s, respectively, which are more than 20 percent bigger than the corresponding
axle forces from the 2-DOF model. The increment of axle forces and decrease of bridge displacements occur
simultaneously, which can be explained with results in the frequency domain shown in Fig. 9.

As shown in Fig. 8(a), when the vehicle speed is 15m/s, the maximum displacement of the bridge occurs
when the vehicle locates at 0.36L for the 2-DOF vehicle model and 0.38L for the 4-DOF vehicle model.
Fig. 9(a) shows the corresponding spectral density of the normalized maximum mid-span displacement of the
bridge when the vehicle speed is 15m/s. As shown there is only one peak value at 20 rad/s in displacement
spectrum, occurring at the fundamental frequency of the bridge. Fig. 9(b) shows the spectral density
of the normalized axle force. It is seen that spectral densities of the both vehicle models have peaks at 20 and
150 rad/s, which correspond to the vehicle bouncing mode and wheel hopping mode as shown in Fig. 10.
In addition to these two peaks, there is another peak at 10 rad/s for the 4-DOF model which is the pitching
mode of the vehicle. As shown the vehicle pitching mode at frequency 10 rad/s generates a larger axle force on
the bridge, but the bridge response in this case is mainly induced by the axle force corresponding to the vehicle
bouncing model at frequency 20 rad/s because of the resonance. Because of this, although the 4-DOF vehicle
model gives a larger axle force than the 2-DOF vehicle model, larger bridge response is induced by the 2-DOF
vehicle model.

The above observations indicate that the two vehicle models may give different numerical simulations of the
vehicle–bridge interaction. Since the 2-axle 4-DOF vehicle model is more realistic, it is used in the subsequent
analysis in this study.

5. Parametric study

The effect of the road surface roughness, vehicle speed, vehicle and bridge vibration frequencies and vehicle
axle spacing on the vehicle–bridge interaction, and hence on the dynamic bridge responses are analysed in this
section through two commonly used parameters in bridge design, i.e., the DAF and the dynamic load
coefficient (DLC). The DLC is used to study the magnitude of the dynamic axle loads, which is defined as

DLC ¼
Pdyn

Pst
(25)
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Pdyn is the maximum value of the axle load, including the static axle load and the maximum RMS value of the
dynamic axle load; Pst is the static axle load. The DAF is defined in terms of the dynamic response of the
bridge, as the ratio of the maximum bridge deflection ddyn to the maximum static deflection dst under static
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vehicle load

DAF ¼
ddyn
dst

(26)

5.1. Effect of road surface roughness

The parameters of the vehicle and bridge models are the same as Example 2 in Section 4. Five different road
surface conditions, namely smooth, very good, good, average and poor road surface conditions are used in the
calculation to study the effect of the road surface roughness on DAF and DLC. Five different vehicle speeds in
the range of 15–35m/s are considered in the analysis. Figs. 11 and 12, respectively, show the DAF and DLC
when the vehicle travels through the bridge of different surface conditions with different speeds. DLC for rear
axle has about the same value as the front axle in this example and therefore only the DLC for front axle is
plotted in Fig. 12. The results show that both of the DAF and DLC are close to unity for a smooth road
surface condition. The maximum DAF and DLC are 1.02 and 1.03 when the vehicle speed is 35m/s, indicating
the dynamic effect is small when the bridge surface is smooth. At the same vehicle speed, the DAF and
DLC values increase when the road surface condition changes from smooth to poor. When the vehicle speed is
35m/s, the DAF is 1.02 for smooth surface condition, 1.21, 1.40, 1.78 and 2.56 for very good, good, average



ARTICLE IN PRESS

Fig. 10. Frequencies and mode shapes of the 4-DOF vehicle.
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and poor surface condition, respectively. These observations indicate the dynamic effects caused by road
surface roughness increase the bridge displacement by 19, 38, 76 and 154 percent of dst. Similarly, DCL is 1.03
for smooth surface condition, but is 1.21, 1.39, 1.75 and 2.49 for very good, good, average and poor surface
condition, when the vehicle speed is 35m/s, indicating the dynamic effects by road surface roughness cause an
increase in the vehicle axle loads by 18, 36, 72 and 146 percent of Pst. This is because, as given in Table 1, that
the road roughness coefficient increases by four times when the road surface condition decreases to the next
class. The change of DAF and DLC are proportional to the squared value of the change of the roughness
coefficient. The same conclusion can be drawn from Eqs. (19)–(21). In Eq. (19), the covariance of the bridge
displacement is proportional to the road surface roughness coefficient. According to the definition of DAF in
Eq. (26), the increment of DAF is proportional to the squared value of SdðOÞ.

5.2. Effect of the vehicle to bridge frequency ratio

The vehicle and bridge model parameters in Example 2 are used to study the effect of the bridge
fundamental frequency on DAF and DLC. The change of bridge fundamental frequency is achieved by
changing the bridge length. The body bouncing frequency of the vehicle is 3.18Hz. The fundamental
frequency of the bridge is 3.18Hz for 40m long bridge, 5.66Hz for 30m long bridge and 12.72Hz for 20m
long bridge. Consequently, the vehicle to bridge frequency ratio, a is 1.0, 0.56 and 0.25. The DAF and DLC
for different frequency ratios are plotted in Figs. 13 and 14. It is seen that the maximum value of DAF for each
vehicle speed occurs when the frequency ratio is 1.0. The maximum value of DAF is 1.40 when the vehicle
passes through a bridge with a good surface condition at 35m/s. The maximum DAF is 1.22 for frequency
ratio 0.25. This observation indicates that resonance between vehicle and bridge causes larger bridge responses
as expected. However, the change of the fundamental frequency of the bridge has insignificant influence on
vehicle responses, therefore the maximum magnitude of the vehicle axle load as shown in Fig. 14 is almost
independent of the bridge vibration frequency.

5.3. Effect of the length ratio between the vehicle and bridge

To study the effect of the length ratio between the vehicle and bridge, the vehicle axle spacing is varied from
2 to 6m while the bridge length remains unchanged as 40m to avoid changing the bridge fundamental
frequency. The vehicle and bridge parameters in Example 2 are used in the analysis. The vehicle axle spacing is
taken as 2, 4 and 6m. Corresponding to different axle spacing, Iv is taken as 144� 103, 576� 103 and
1293� 103 kgm2 to keep the frequencies of the vehicle unchanged. The vehicle bridge length ratio is 0.05, 0.1
and 0.15. Road surface condition is assumed as good. The DAF and DLC are plotted in Figs. 15 and 16.
It is seen that the vehicle axle spacing has insignificant influence on the DLC, while the DAF increases with the
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axle spacing because of the normalization although the maximum bridge displacement decreases with the axle
spacing. For example, when the vehicle speed is 35m/s, the DAF is 1.40, 1.42 and 1.44 when the axle spacing is
2, 4 and 6m. The maximum static mid-span displacement of the bridge from Eq. (24a) is 4.1, 4.0 and 3.8mm
for different axle spacing. The maximum dynamic displacement of the bridge is 5.74, 5.68 and 5.47mm. It is
noted that the influence of different length ratios caused by various axle spacing on the DAF and DLC are less
than 3 percent.

5.4. Effect of the vehicle speed

As shown in Figs. 11–16, the DAF and DLC increase with the vehicle speed for all the cases considered in
the analyses irrespective of the bridge fundamental frequency and vehicle axle spacing, indicating the
significant effect of vehicle speed on dynamic vehicle–bridge interaction. This is straightforwardly explained by
substituting Eq. (10) into Eq. (19), with the relationship of O ¼ o=v, the covariance matrix of response
becomes

E½zrðtÞzrðtÞ
T
� ¼

Z þ1
�1

vSdðO0Þ
o
O0

� ��2
Gðt;oÞ do (27)
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where

Gðt;oÞ ¼ Q1ðt;oÞQ̄
T

1 ðt;oÞ þ ioQ1ðt;oÞQ̄
T

2 ðt;oÞ � ioQ2ðt;oÞQ̄
T

1 ðt;oÞ þ o2Q2ðt;oÞQ̄
T

2 ðt;oÞ

Q1ðt;oÞ ¼
Z t

0

Hðt; tÞSkðtÞe�iot dt; Q̄1ðt;oÞ ¼
Z t

0

Hðt; tÞSkðtÞeiot dt

Q2ðt;oÞ ¼
Z t

0

Hðt; tÞScðtÞe�iot dt; Q̄2ðt;oÞ ¼
Z t

0

Hðt; tÞScðtÞeiot dt

Eq. (27) clearly indicates that the DAF and DLC increase with the vehicle speed.

6. Comparison of DAF with code values

Fig. 17 shows different DAF values versus bridge fundamental frequencies provided by AASHTO [1,5] and
SIA 160E [25]. The AASHTO load and resistance factor design specifications recommend a DAF of 1.33 for
dynamic increment. The Australian Standard [5] provides a uniform value of 1.4 for increment of static wheel
and axle load. The DAF value in Switzerland standard [25] is 1.8 in the frequency range of 2–4Hz and 1.4
when the fundamental frequency of the bridge is greater than 5Hz.

In Figs. 13 and 15, the maximum DAF is 1.44 when the vehicle and bridge frequency ratio is 1.0 and the
vehicle speed is 35m/s. Based on the relationship between DAF and road surface condition in Fig. 11,
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the maximum DAF for average road surface condition is 1.85. According to test by Honda et al. [15], most
bridge surfaces are in good to average condition. Therefore, the DAF recommended by AASHTO may
underestimate the dynamic increment of the bridge response induced by the road surface roughness, especially
when vehicle resonates with bridge. It is well known that the majority of the highway bridges have
fundamental frequency in the range of 2–5Hz, corresponding to the resonant frequencies of commercial
vehicles [22]. Therefore, resonance between vehicle and bridge is not unlikely. DAF recommended by
AS 5100.2 [5] covers the good road surface condition but may underestimate DAF for bridges with average to
poor road surface condition. SIA 160E [25] provides a good estimation of the DAF for most bridges.
7. Conclusions

An evolutionary spectral method has been developed to analyse the dynamic response of the vehicle–bridge
system. The deterministic response induced by the vehicle weight and the random response induced by the
road surface roughness are calculated separately. The effects of the vehicle speed, bridge fundamental
frequency, road surface roughness and axle spacing on the dynamic load are discussed. The results show
that the bridge surface roughness is the main factor that causes the dynamic vehicle load on the bridge.
The increment of DAF and DLC is proportional to the grade of road surface roughness coefficient. Smooth
road surface assumption may lead to substantial underestimation of the DAF and DLC. Bridge fundamental
frequency has significant effect on the DAF, and vehicle axle spacing has insignificant effect on both DAF and
DLC. The DAF and DLC normally increase with the vehicle speed. It should be noted that the effect of
vehicle to bridge mass ratio is not considered in the current study. Vehicle to bridge mass ratio may also affect
the vehicle–bridge interaction, which will be a topic of further study.
Acknowledgement

The first author would like to thank the IPRS scholarship to pursue a Ph.D. study in UWA.
Appendix A

E½rðtÞrTðxÞ� ¼ E
rðx̂1ðtÞÞrðx̂1ðxÞÞ rðx̂1ðtÞÞrðx̂2ðxÞÞ

rðx̂2ðtÞÞrðx̂1ðxÞÞ rðx̂2ðtÞÞrðx̂2ðxÞÞ

" #
(A.1)

x̂1ðtÞ is the distance from the end of the bridge to the front axle and x̂2ðtÞ is the distance from the end of the
bridge to the rear axle at t. Assume the rðx̂1ðtÞÞ is statistically independent of rðx̂2ðtÞÞ, it has

E½rðx̂1ðtÞÞrðx̂2ðxÞÞ� ¼ E½rðx̂2ðtÞÞrðx̂1ðxÞÞ� ¼ 0 (A.2)

E½rðx̂1ðtÞÞrðx̂1ðxÞÞ� ¼
Z 1
�1

SðoÞ exp½ioðx̂1ðxÞ � x̂1ðtÞÞ� do (A.3)

Since x2ðtÞ ¼ x1ðtÞ � S

E½rðx̂2ðtÞÞrðx̂2ðxÞÞ� ¼
Z 1
�1

SðoÞ exp½ioðx̂2ðxÞ � x̂2ðtÞÞ� do ¼ E½rðx̂1ðtÞÞrðx̂1ðxÞÞ� (A.4)

E½rðtÞrTðxÞ� ¼ K
Z 1
�1

SðoÞ exp½ioðx̂1ðxÞ � x̂1ðtÞÞ� do (A.5)

where

L ¼
1 0

0 1

� �
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E½rðtÞr0TðxÞ� ¼ E
rðx̂1ðtÞÞr0ðx̂1ðxÞÞ rðx̂1ðtÞÞr0ðx̂2ðxÞÞ

rðx̂2ðtÞÞr0ðx̂1ðxÞÞ rðx̂2ðtÞÞr0ðx̂2ðxÞÞ

" #
(A.6)

E½rðx̂1ðtÞÞr0ðx̂1ðxÞÞ� ¼
@E½rðx̂1ðtÞÞrðx̂1ðxÞÞ�

@x̂1ðxÞ
¼

Z þ1
�1

ioSðoÞ exp½ioðx̂1ðxÞ � x̂1ðtÞÞ� do (A.7)

E½rðx̂1ðtÞÞr0ðx̂2ðxÞÞ� ¼
@E½rðx̂1ðtÞÞrðx̂2ðxÞÞ�

@x̂2ðxÞ
¼ 0 (A.8)

E½rðx̂2ðtÞÞr0ðx̂1ðxÞÞ� ¼
@E½rðx̂2ðtÞÞrðx̂1ðxÞÞ�

@x̂1ðxÞ
¼ 0 (A.9)

E½rðx̂2ðtÞÞr0ðx̂2ðxÞÞ� ¼ E½rðZ1Þr
0ðZ2Þ� (A.10)

E½rðtÞr0TðxÞ� ¼ K
Z þ1
�1

ioSðoÞ exp½ioðx̂1ðxÞ � x̂1ðtÞ�do (A.11)

E½r0ðtÞrTðxÞ� ¼ �K
Z þ1
�1

ioSðoÞ exp½joðx̂2ðxÞ � x̂2ðtÞÞ� do (A.12)

E½r0ðtÞr0TðxÞ� ¼ K
Z þ1
�1

o2SðoÞ exp½joðx̂2ðxÞ � x̂2ðtÞÞ�do (A.13)
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