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Abstract

This paper presents a systematic study on active flutter suppression of a high aspect-ratio wing with multiple control
surfaces distributed throughout the span. The dynamic characterization of the wing structure is done by the finite element
method. Doublet lattice method is used to model unsteady aerodynamic loads acting on the lifting surface with leading-
edge and trailing-edge control surfaces. The open-loop aeroelastic equations with input delays are established by the modal
transformation of the structural equations and the minimum state approximation of the aerodynamic influence coefficient
matrix. To suppress flutter of the time-delayed system, a dynamic controller is synthesized in H, control theory
framework. The delay-dependent stability of the closed-loop system is analyzed by tracing the rightmost eigenvalues of the
system. Numerical simulations are made to demonstrate the effectiveness of all the above approaches.
© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Flutter is a self-excited dynamic instability phenomenon in aeroelasticity. It is caused by the interactions
between motions of an aircraft structure and aerodynamic loads. Flutter instability may decrease aircraft
performance or even lead to the catastrophic failure of the structure [1]. The traditional passive means of
avoiding flutter, such as mass balancing and local stiffening, have continued to the present day. These
techniques are usually inefficient (because they add weight to the structure) as well as unsystematic, and they
do not always succeed. In order to overcome the inadequacy of passive techniques and to fly at a velocity
greater than the flutter velocity, a new technique, called active flutter suppression, was developed in early
1970s. In active flutter suppression, flutter is suppressed through the pitching motions of the control surfaces
actuated by an onboard automatic control system.

With the development of control theories, many advanced control strategies, such as optimal control [2],
robust control [3] and adaptive control [4], have been applied to the design of the flutter suppression system.
However, in most of the previous studies in aeroservoelasticity, time delays in control loops were not
considered in the mathematical model of the control system. In fact, some short time delays in control loops
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Nomenclature
a dimensionless distance of the elastic axis
from mid-chord, positive aft
Asic a_erodynanlqic influence coefficient matrix,
Aaic = D;C
Ay infinitesimal generator of the solution
operator
br reference semi-chord length, bz>0
- dimensionless distance between leading-
edge hinge line and mid-chord of the
wing, ¢*F <0
cTE dimensionless distance between trailing-
edge hinge line and mid-chord of the
wing, ¢TE>0
C_;(mt pressure coefficients of the aerodynamic
) boxes on the control surfaces
C_:mg pressure coefficients of the aerodynamic
boxes on the main wing
D, modal damping matrix
- global damping matrix of the wing
structure
Dj,,  structural damping matrix
D.ic aerodynamic influence coefficient matrix
EI bending stiffness of the wing
f, aerodynamic forces
f?om aerodynamic forces acting on the control
_ surfaces
fi}v " aerodynamic forces acting on the main
wing
fr flutter frequency
GJ torsional stiffness of the wing
Gai(s) transfer function of the actuator system
h vertical bending deflection of the elastic
axis, positive upward
k reduced frequency
K, modal stiffness matrix
Kcon(s) transfer function of the controller
Keon(s) transfer function of the reduced order
controller
K;,, global stiffness matrix of the wing
structure
K, structural stiffness matrix
L, length of nth finite element
M,,,, modal mass matrix
M,,.  coupling modal matrix
M,  global mass matrix
M;,,  structural mass matrix
M;,.  structural coupling mass matrix
Pyys(s) transfer function of the aeroelastic sys-

tem

qd

q
Q,,c(k)
QWW (k)

S[l(f(’

Ua(f(t)
Ustep ( )
v

VE

w

w

Wact

Wnoise
Woer

< wing
W3/4

dynamic pressure

modal displacement

aerodynamic matrix due to the motions
of the control surfaces

aerodynamic matrix due to the motion of
the main wing

position matrix reflecting the location of
sensors

time

deflection at the 3/4 chord point of each
box on the main wing

deflection at the 1/4 chord point of each
box on the main wing

deflection at the 3/4 chord point of each
box on control surfaces

deflection at the 1/4 chord point of each
box on control surfaces

actual input signal to the actuators
heavisides step function

flow speed

flutter speed

vertical displacement of the wing

global vector of nodal displacements
weighting function to limit the magni-
tude and frequency content of the actua-
tor inputs

weighting function of the noise
performance weighting function

dimensionless downwash at the 3/4 chord
of the aerodynamic elements on the main
wing

dimensionless downwash at the 3/4 chord
of the aerodynamic elements on control
surfaces

aerodynamic states

measurement signal

output signal of the actuators
performance signal

modal shape matrix

torsional angle of the elastic axis, positive
nose-up

twist angle at the mth node

control surfaces deflection

LEI control surface deflection

TEI control surface deflection

LEO control surface deflection

TEO control surface deflection
commanded signals of the LEI control
surface

commanded signals of the TEI control
surface
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]l;fo commanded signals of the LEO control W vibration frequency
surface Ou air density
ﬁ;fo commanded signals of the TEO control 1, T, time delay
surface

are inevitable because of the dynamics involved in the actuators, sensors, and controllers. The time delays are
prevalent when digital controllers, analogue anti-aliasing and reconstruction filters, and hydraulic actuators
are used [5]. These time delays become particularly significant when the control effort demands large control
forces or high frequencies. It is therefore crucial to understand the effect of time delays on control systems. On
the one hand, applications of unsynchronized control forces due to time delay may result in a degradation of
the control performance and it may even render the controlled structures to be unstable, but on the other
hand, an appropriate time delay may stabilize an unstable system [6].

In the field of acroservoelasticity, the stability and stabilization of the aeroelastic system with time-delayed
feedback control have received much attention in recent years. In Ref. [7], for example, the chaotic motions of
a two-dimensional airfoil with cubic pitching stiffness and linear viscous damping were controlled by using the
time-delayed feedback in the form of Pyragas. Four control strategies were implemented with plunging
displacement, plunging velocity, pitching angle and pitching velocity as the feedback signals. The study
showed that the system could be stabilized to a periodic motion if the control was generated by either
measuring the plunging displacement, or pitching angle, or pitching velocity. The results demonstrated that
the feedback control signal derived from the measurement of the pitching variables is more effective in
controlling the chaotic motion of the airfoil. Yuan et al. [8] investigated the effect of the time-delayed feedback
control on the flutter instability boundary of a two-dimensional supersonic lifting surface. They demonstrated
that the time delay in the nonlinear feedback control could have a profound effect on the stability of the
bifurcation motions. For example, it could transform a subcritical Hopf bifurcation to a superciritical one. In
Ref. [9] the effects of time delay on the feedback control of two-dimensional lifting surfaces in an
incompressible flow-field was investigated. The stability behavior of aeroelastic systems with nonlinear time-
delayed feedback was analyzed via Pontryagin’s approach in conjunction with Stepan’s theorems and the
associated aeroelastic Volterra kernels. It was found that, with proper design, the time delay could be a more
efficient way to control instability than the conventional control strategies without time delay. In Ref. [10], the
flutter instability of actively controlled airfoils involving a time-delayed feedback control was investigated via
Stepan’s theorems. It was observed that any value of time delay could be detrimental from the point of view of
the aeroelastic response, but short time delays might be beneficial from the point of view of flutter instability.
In Ref. [11], the center manifold reduction and normal form theory were applied to investigate the stability of
an airfoil in the post-flutter flight speed regimes. Numerical simulations were carried out to determine the
implications of time delay in the considered controls.

One the other hand, flexible wings for high performance aircraft usually use multiple leading and trailing
edge control surfaces to gain multiple benefits [12,13], such as increased control power, reduced aerodynamic
drag, reduced aircraft structural weight, and so on. However, the wings of this configuration usually have
lower flutter speed due to their flexibility. Hence, flutter suppression of the wings with multiple control
surfaces should be studied to increase the flight envelope of the high performance aircraft. However, to the
best of our knowledge, the studies that deal with this subject are very limited in the published literature.

In this paper, some theoretical aspects encountered in the design of the active flutter suppression system for
a high aspect-ratio wing with multiple control surfaces are studied. We extend the previous studies in the
following five aspects: (1) multiple control surfaces configuration is considered in the present study. (2) In
Refs. [7,8,10,11], time delay effects on the stability of the controlled aeroelastic system are investigated.
However, no control surface and actuator dynamics are considered. As a result, the way by which the control
efforts act on the aeroelastic system is not clear. In this paper, time delays in the control loop are introduced
into the design procedure of the present flutter suppression system with multiple control surfaces driven by
actuators. (3) On the basis of the doublet lattice method (DLM), the unsteady aerodynamic forces model
suitable for the multiple control surfaces configuration is also developed. (4) The dynamic control law for the
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aeroelastic system with input time delay in control loop is designed by using H ., control theory. (5) The delay-
dependent stability of the closed-loop system is predicted through the computation of the rightmost
eigenvalues of the system.

2. Structural model

As shown in Fig. 1, the wing under analysis is a high aspect-ratio wing. Respectively two inner and outer
leading (LEI and LEO) and trailing-edge (TEI and TEO) control surfaces are installed at two different span-
wise sections, resulting in four total control surfaces. Each control surface is actuated by a discrete actuator.
A finite element representation is used to develop the dynamic structural model of the flexible wing. The flexible
wing structure is approximated by a cantilevered beam with a center of mass offset from its neutral axis. Along
with Euler—Bernoulli bending, the flexible model also incorporates torsion. Therefore, a beam-rod finite
element model of the structure is developed which acts like a beam in bending and a rod in torsion. The elastic
axis is chosen to be the neutral axis of the beam so that the bending and torsion of the straight wing structure
are structurally uncoupled statically. Fig. 1 shows a finite element mesh for the wing model consisting of
n, elements. Each beam-rod element has six degrees-of-freedom, three degrees-of-freedom at each node. These
include one translational degree degrees-of-freedom, bending displacement, and two rotational degrees of
freedom which describe the bending slope and the torsional motion about the elastic axis, respectively.

As shown in Fig. 2, the displacement of the lifting surface can be represented by a vertical bending deflection
h(y, t) (positive, upward) along the elastic axis and a twist angle a(y, ) (positive, nose-up) about that axis,
given by

W(X,y, [) = h(y7 t) - ()C —a- b)OC(y, l) - U;rom(x’ y)(ﬁ(t) + acont()’, t))a (1)

where Ucone, B(?) and ateon(y, ) are given in Appendix A.

For convenience, we introduce two finite element sets denoted by SETO and SETI, respectively.
SETOconsists of the elements located in the span of LEO (or TEO) control surface. SETI consists of the
elements located in the span of LEI (or TEI) control surface. The relative deflections of control surfaces can be
written as

Bokr.0) = B (1) + £ (0, ),
B0 = B0 + £ (. ),
BeEO(y, 1) = BEO(0) + g1 1),
Bima.1) = BT + g, 1),

ﬂ v
LEI
LEI actuator _>J9—| \i(y_ LEO actuator
n,

1 2 3 4 n,+ 1
p----0---0---@0---@---0---C---0---C------9 y

1 2 TEI actuator—»@ “—)«— TEO actuator
TEI TEO

a
lb
lc
1

Fig. 1. Structural model of the high aspect-ratio wing.
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Fig. 2. Cross-section of the wing.
where f(y, ?) and g(y, ) are defined as follows:
When 7, <y <l + lseTiqy
la—y
S0 = (asETI(1)+1(2) — asETI() (D)), (3)

IISETI(1)]
When

i

i1
la + Z IseTign <y <la + Z IseTigy, 1=2,3,...,np

Jj=1 j=1
(Lo + Y iz seTigy) — ¥
f, ) =— ]l (osETIG-)1(2) — asETIH () + 2sETIR (1) — osETI)(8), “4)
[SETI()]
When [, <y <l + lseToq1)
Iy + liseTO()) — ¥
g, ) = [—()](foETO(l)-H([) — aseTo(1)(?)) + ASETOM,)+1(f) — dseTO1)+1(8), ®)

IISETO(1)]
When

i—1 i
Iy + Z IiseTog <y <lp + Z IseTogy, i=2,3,...,1,
= =

(s + > liseTOg)) — ¥
lisETO()]

g, ) = (aseTO()+1(1) — 2sETOM) (1)) + ASETOM,)+1(2) — OsETO(M)+1(1), (6)
In Egs. (3), (4), (5) and (6), /, denotes the length of the nth element, «,,(¢) is the twist angle at the mth node.
SETI(j) and SETO()) denote the jth element in the sets of SETI and SETO, respectively. n, is the number of
elements located in the span of LEO (or TEO) control surface, n;is the number of elements located in the span
of LEI (or TEI) control surface.
Upon assembly of the element mass, damping and stiffness matrices, the equations of motion of the wing
can be written as
M, W+ DS w4 K ow=—M: B+1,, (7)

ww ww ww

. . P 5 . . . . . .
where M, D}, K} and M  are the mass, damping, stiffness and coupling mass matrices, respectively. W is

the global vector of nodal displacements. f, is the aerodynamic forces given in the next section.
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3. Unsteady aerodynamic model

For calculation of subsonic, compressible unsteady aerodynamic forces on harmonically oscillating lifting
surfaces, the most generally used scheme is the DLM [14]. In DLM, the lifting surface is represented by a grid
of boxes of trapezoidal shape, as shown in Fig. 3. The DLM determines the pressure in each box as a function
of the downwash velocities at the %—chord locations of the different boxes, where

= ,wing =wing
3/4 - Cp
Wconl = Vaic Ccont > ®)
3/4 P

= . . . . < wing . . . ..
where D¢ is the aerodynamic influence coefficient matrix, W, /4g is the dimensionless downwash velocities at
3 . . . ~wing . . .
the § chord of aerodynamic boxes on the main wing, €~ is pressure coefficients of the boxes on the main
wing.
o 5,cont . ~cont .

Downwash velocities Wy, and pressure coefficients C; " for the acrodynamic boxes on control surfaces

can be expressed as

V—V];/lil C—II:EI
< TEI =TEI
wor=d o e ©)
Wi C,
Wg/lzo C—gEo
The DLM yields the pressures in each of the boxes in the form:
G\ o [WIE| A AW o
C-Eont - aic Wg(;zt l&cs A_cc W(;(;zt ’

N =1
where A,ic = D,

. . . . . . s £win, .
With harmonic motion assumption, the dimensionless downwash velocities W, /4g can be written as

< wing 0 wing+ ik wing (11)

34 = x4 5“3/4 )

where k = wbgr/V is the reduced frequency, by is the reference semi-chord length, w is the vibration frequency,

u‘;v/izg is the deflection at the % chord point of each box on the main wing. Note that the terms in the right hand

side of Eq. (11) are related to structural displacement w as follows:

0 in in v
au‘;’/f = Dg"/”4w, u;V/4g = Tg"/4w. (12)
Substituting Eq. (12) into Eq. (11), one obtains:
- wi ik
WA = (D 4T v = B (13

ﬂv

Fig. 3. Aerodynamic boxes on the lifting surface.
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. . s xscont .
The dimensionless downwash velocities Wy, can be written as

LEI LEI
Wi U3)4 Us/a
gy TEI TEI TEI
W . u . u
Wconl _ 3/4 _ iucont + iucont — 34 + K 3/4
3/4 — S LEO ( — 3/4 3/4 = LEO LEO (>
/ Wi ox 4 T hg Y T ox | uif br | uif;
- TEO TEO TEO
W; 4 U3)4 U3/4

where u_f,?ﬂt is the deflection at the % chord point of each box on control surfaces.
From Eq. (1), we have the following expressions:

LEIl _ pLEl _ pLEI JLEI _ pLEI ﬁLEI . ]jLEl fFLEI

Usia = N34 3/40%3/4 3/4p 3/4p13)/4 5
Wl = W DI T - DI
WD = BLED — DAEAED — DYER RO BlEftro.
WIED = WP — DITSLE? — DI - DYl

herein the matrices in Eq. (15) are given in Appendix B. Note that the following expressions hold true:

%ulg/E“I — _a3L/F11 _ I/I;EI BLE! _ f%/]?,
a%ug/al _ _ug/FZI _ IEEI BTEL f;l"/lil’
%“%/FZO _ —a%ﬁo _ I};EO BLEO _ g]g}?:‘o,
a%ug/]io _ _agﬁo _ I;’EO TEO g§}io,
where
1 1 1 1
I;;EI _ , IITfEI _ , I;;EO _ ’ I};EO _
L JRE L P 1] ro g L P

From Egs. (14), (15) and (16), the downwash velocities of control surfaces can be expressed as

b

< LEI ik <LEI ik
Wijs = —abf — 4+ i) - DLl — D - (1,%’51 + bRDg}i‘,}) g,
- ik - ik
Wiy = —alfl — 15 4 5 3 — DIl D3t TE) — (I}El + _bRDg/lilﬁ) T,
< LEO ik <LEO ik
Wi = _“,%/FZO - g%ﬁo + *bR(hsLﬁO - D%ﬁ?“?ﬁo - D3/4/5g§/€10) - <II/EEO + bRDgﬁ‘%) BT,

- TEO ik 1ro o <TEO o, 1k 1E0 \ TEO
W = _“g/FZO - gg/FZO + a(hgﬁ - D_?/’ia “;/FZO - D3/4ﬁg§/FZO) - (IEE + _RDg/FZl/)’ B

(14)

(15)

(16)

(17)
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Displacement of each box on control surfaces can be expressed by structural displacement w, given by

LEI ALEI LEI ALEI fLEI _ ALEI

a3 = AsjaW>  hyg = Azw, 3/4 = A3/4rWs
- ATIw W AT O AT
0 = ALfw. B = AlDw. g0 = AL, 1
1P = ATEDw. WIEP = ATEw, aIEP = AT

Substituting Eq. (18) into Eq. (17), one obtains:
Wi = DY (kw — DY, (k)B, (19)

where the matrices D§74(k) and Dg 4(k) are given in Appendix C.
Based on Egs. (10), (13) and (19), the aerodynamic forces acting on the main wing and the control surfaces
can be written as

f\fvmg Swmg[(A“ ““4(]() + ASCDQ’%(]{))W Ay 3/4(k)B]

t n aw (20)
i—.;on 4SO [(Ags 4(k) + A“D 4(k))w AL(D;/4(k)l3]
where diagonal matrices S*"¢ and S denote the area of aerodynamic boxes on the main wing and control
surfaces, respectively. ¢, = 0.5p,V?> is dynamic pressure, p, is air density. So the virtual work done by
aerodynamic forces can be written as

T gwing T-conl
W, = 5(u‘1”/12g fe ™ + o) £, 21
where uYV/iZg and uf%“ are deflections at the % chord point of the aerodynamic boxes on the main wing and

control surfaces, respectively.
Note that the deflections u‘lv/lzg and u{y' are related to the structural displacements w and the relative
deflections of control surfaces B, given by

ujv/‘gg T{w, ui%' =Djw— D/ 4B (22)
where
it - LA - Dl Dify 00 o
A1/4h 1/4o¢A1/4oc 1/4/3A1/4g 0 0 D1/4ﬁ 0
ATE) — DIFOATES — DIgATE 0 0 0 D
Substituting Eq. (20) and (22) into Eq. (21), we have:
oW, = ow't,, (23)
where
fo = 4,Q,,(F)w + ¢,Q;, (k) 24)
Q. (k) = (T} SV (AL ESL (k) + AD5 (k) + (D17,) TS (A4 (k) + Ao DY,y (), (25)

Q). (k) = —(T{/TS" A DL, (k) — (DY) S AcD) (k). (26)
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It can be seen from Eq. (24) that the total aerodynamic forces acting on the wing include two parts. The first
part is the aerodynamic force induced by structural displacements and the second part represents the
aerodynamic force due to the deflections of control surfaces.

Substituting Eq. (24) into Eq. (7), one obtains:

M, W+ D W+ K, w = =M, B+ ,Q),, ()W + 4,Q},.(k)B. (27)

ww ww ww

After taking the boundary conditions of the wing into consideration, we obtain the equations of motion for
the wing in physical space:

Mﬁnvwa + Dﬁwwu + K?vwwa = _1\/13‘51i + quauw(k)wu + quﬁ,((k)ﬁ (28)

4. Open-loop aeroelastic equations in the time domain

Introducing modal transformation w¢ = ®q, where ® is modal shape matrix, q is modal displacement, then
Eq. (28) can be written as
Mwwq + waq + waq = _1\/[wci3 + quww(k)q + quwc(k)Ba (29)

where

M, = ®'M’ ® D,,=® D’ ® K, =@ K ® M, =0 M

ww ww ww we?

wa(k) = (DTQ;avw(k)(Ds ch(k) = (DTQ\avc(k)'

For the design of the flutter suppression system, it is necessary to transform the equations of motion into the
state-space form. Here, the minimum state method is used for the rational function approximation. It is
known that in minimum state method, the increase in the size of the augmented aerodynamic states is much
smaller than any other methods. For this purpose, we write Eq. (29) into the following form:

®
M s® + Do + K J) = ~MoesB5) + 441Qu(6) ch<s>]{ 5o } (30)

where s is the Laplace variable, shg/V = ik.
Minimum state method approximates the aerodynamic force matrices by:

b b? o\
[wa(s) ch’(s)] =Ao+ VAIS + WA2S2 + Dy (IS - ERS> E,s, (31)
where
E; =[E,, Eyl, Aj = [Aww/- ch‘j]a Jj=0,1,2 (32)

Introducing the following aerodynamic states:

-1
Xa(s) = (IS - %Rs) (Ewwq(s) + Ewcﬁ(s))s- (33)

Now we can obtain the state-space open-loop aeroelastic equation of motion, given by
Xae([) = Aaexae([) + Bancze(Z): (34)

where the matrices in Eq. (34) are given in Appendix D.
The outputs of the aeroelastic plant are taken as acceleration signals, so the output equation used in the
design of the control law can be written as

Yae(t) = Caexae(l) + Danae(t)v (35)
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b
- (wa - Qd;Awm) q([Ds:l s

b2
- (ch - QdﬁAw02>:| 5

S.cc 18 the matrix whose elements are related to the locations of sensors.
The dynamic models of the actuators driving the control surfaces are specified by transfer functions having
the form:

where

Cae = Sacc(DMww |: (wa - QdAwwo)

» (36)
Dae = Sacc(DM;w |:(1dch0

b
qd?chl

B) Kae (@)’ as®
Buc'(s) (s +abENs + 20 ol + (o) 8 4 al s+ gl + @yt
ﬁTEI (S) kTEI E1)2 FTEI
a3
) o 0+ 2w+ @) S T + s T G37)
LEO, LEO\2 sLEO
BEOs) _ kae (@ _ a
ﬁLEO(s) (s + aLEO)(s2 + 2CLEOw;;EOS + (coI';EO)z) 534 al0s2 4 gbFOg 4 gLEO?
/);TEO( ) k};LEO((UTEO) B dgEO
Bac () (5 +alEO)s? + 20,005 + (@f0)) 8 +al"O0s + a] s + it

where the parameters in Eq. (37) are given in Appendix E.

In the design of the controller, in fact, we can specify a two-output controller to reduce the number of
output signals of the controller For this purpose, we use output signal (t) to drive the LEI and TEI
actuator and output signal ﬂ O(t) to drive the LEO and TEO actuator. Hence we have the following

relationships:
ﬁl;fl kLElﬁE{l’ ﬁ;l;fl kTElﬁscl, ﬁLEO kLEOﬂ ﬁTEO kTEOﬂ ) (38)

where k“FT kTET KLEO and k“F° are proportional coefficients. From Eq. (37) and Eq. (38), a state-space
realization of the actuator dynamics can be written as

{ Xar,‘(t) = Aachc([) + B(I(,‘Uu('([)a

ac

Yac(t) = X)) = Ua()(l‘). (39)

where the matrices in Eq. (39) are given in Appendix F.

5. Control law design

The modern approach to characterizing closed-loop performance objectives is to measure the size of certain
closed-loop transfer function matrices using various matrix norms. Matrix norms provide a measure of how
large output signals can get for certain classes of input signals. Optimizing these types of performance
objectives over the set of stabilizing controllers is the main thrust of recent optimal control theory, such as
H, and H,, control.

In this paper, the control law for flutter suppression is designed using H .. synthesis. Fig. 4 shows a block
diagram of the H,, control design interconnection for the present problem. In Fig. 4, Ko, (s) is the dynamic
controller to be determined, Psys(s) defines the aeroelastic plant of the wing, Ga(s) the actuator system, Yper(?)
the performance signal, Y,(f) the measurement signal. In the design of the control system, performance
requirements on the closed-loop system are transformed into the H,, framework with the help of weighting or
scaling functions. Weights are selected to account for the relative magnitude of signals, their frequency
dependence, and their relative importance. The weighting function W, is used to limit the magnitude and
frequency content of the actuator inputs because the actuator usually works well only in the limited frequency
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Yper (1)
Y(zc (6] — Wper €
> G (s > Py (s)
> G, (5) > sys
Y, ®
~ Uy 7777777 Y, 0 +
GPade (5) | - : Kcon(‘) I \_/l WﬂOiSG D dl
U, (t-7) R ! +
Y
Wt

Fig. 4. Block diagram of the H,, control.

band and can only provide limited power to actuate the control surface. In a word, W, is used to shape the
penalty on control signal to be used. Wy represents frequency domain models of sensor noise. Each sensor
measurement feedback to the controller has some noise, which is often higher in one frequency range than
another. The Wi Weight tries to capture this information, derived from laboratory experiments or based on
manufacturer measurements, in the control problem. For example, medium grade accelerometers have
substantial noise at low frequency and high frequency. Therefore the corresponding Wi,ise weight would be
larger at low and high frequency and have a smaller magnitude in the mid-frequency range. Wy, is the
performance weighting function, which can be designed as a low-pass transfer function in order to give a good
disturbance rejection performance in the low-frequency region. U,.(¢) is the actual input signal to the
actuators.

Since time delay effects play a important role in the stability of the closed-loop system, they are included in
the present study. In the frequency domain, time delays can be modeled by the following second order Padé
approximation:

= GPade(S) 0
Gpade(s) = , 40
Pade( ) 0 GPade(S) ( )
where
2
1 - %s + ;—2s2
Gpage(s) = ¢ " ~ —=——5—. (41)
145+
2012
and 7 denotes time delay. Now the delayed output signal of the controller can be written as
Ut —1)= GPadeUac(t)- (42)

The state—space representations for system Psys(s) are:
Xae(t) = Aanae(t) + Banae(t):
Y er C er 43
(30} = [E] X + [ Vet *3)

e

where Cper = Spe@[I 0 0], matrix Sy, is used to select displacements and twist angle signals at the
performance points from displacement vector W™. Ype(7) is a set of virtual signals used for performance
computation.
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disturbance ——————— performance e
“ s
| Py €2
Um: ae
K., (s <
control con (5) output

Fig. 5. Block diagram of generalized plant with feedback controller.

The state and output equations of the actuator system G,.(s) are given by

Xac(t) = Aacxac(t) + BacUac(t - T),
{ Yac(l) = Xac(t) = Uae(t)~ (44)

The open-loop system is obtained by augmentation of the acroelastic model Eq. (43) with the state—space
model of the actuator system Eq. (44), given by

X,(t) = Ay X, (1) + B, U (t — 1), )
Yp(l) = Yae(t) = Cpxp(t)a
where
A A[lé' Bae B 0 C C D X X(l(f
p = 0 Aac ’ » — Bac 5 D —[ ae ae]a p = Xac .
The dynamic H, controller K.,,(s) can be written as
XCOH(I) = ACOllXCOH(t) + BconYae(t)’ (46)
Ycon(t) = Uac(t) = Ccoanon(Z) + DconYae(t)~
Thus, the equations of motion for the closed-loop system are given by
{ Xp(l) } . AP 0 { Xp(l) }+ |:BpDconCpl B]JCcon:| { Xp(l —1) } 47)
Xcon(l) - BconCp Acon Xcon(l) 0 | 0 Xcon(l — ‘E) .

On the basis of the H, interconnection model, an equivalent transfer function of the whole system can be
constructed and is denoted by Pgy(s), as shown in Fig. 5. The H, control of the present aeroelastic system can
be stated as: find a dynamic controller Kqon(s) such that the closed-loop system is stable and the performance
[|Tea(s)||loo <7 1s achieved, where y>0 is the prescribed constant, and ||Teq(s)||, defines the H,, norm of the
closed-loop system transfer function from the disturbance d to the performance signal e.

6. The rightmost eigenvalues of the controlled system with time delays

From Eq. (47), we see that the closed-loop system is described by a set of linear delay differential equations.
Therefore, to investigate the performance of the designed control system, an efficient algorithm for the
computation of the stability of this time delay system should be developed. Here we focus on the computation
of the critical time delay of the closed-loop system.

In theoretical aspects of the time delay systems, it is well known that a controlled system is asymptotically
stable if all the roots of the corresponding characteristic equation have negative real parts. For a linear time-
invariant system with time delays, however, the characteristic equation becomes transcendental due to the
exponential functions associated with time delays. The transcendentality brings an infinite number of
characteristic roots, which are cumbersome to handle. Due to the high dimensional nature of the present
system, the generalized Sturm method described in Ref. [6] is hardly to use. Besides, the perturbation approach
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[5] to trace the evolution of the eigenvalues usually gives the wrong result because we can not trace the
eigenvalues emerging form infinity.

Delay equations always lead to an infinite number of characteristic roots. However, only a finite number
have real parts greater than a given constant. Therefore, stability of the time-delayed system can be
determined by computing the rightmost eigenvalues of the DDEs. In this section, the rightmost roots of the
controlled aeroelastic system with time delays are computed through the infinitesimal generator
approximation. In this section we consider the following linear time-invariant, retarded multiple time-delayed
system:

X(Z) = kX::OAkX(t — ‘Ck), t>0, (48)
X(1) = o(), 1 €[-1,0],

where 0 = o<1 < ... <7, Ap € R
The characteristic equation of the system in Eq. (48) is:

det(T(4)) = det <—)J + Z Ake—fk’~> =0. (49)
k=0

For the purpose of stability analysis, a numerical method that automatically computes the rightmost roots
of Eq. (49) would be of interest. We briefly recall that the solution operator S(¢), t=0,associated to Eq. (48) is
defined by

S(Oe(0) = X,(0), ¢ €Dy, (50)

where, Dy = Cg([—71s,0], R"), Cp is Banach space, and X,(0) = X(¢ + 60), 0 € [—71,,,0]. The meaning of the
solution operator S(¢) is shown in Fig. 6. Note that the solution operator S(z) maps @(—1,), @(0) into
X(t — 1,,,) and X(?), respectively. The infinitesimal generator A of the solution operator S(¢) is given by

Ad(0) = @(0), @ € Dy(A),

. . m 51
D,(A) = {(p € Dyf¢ € D, and ¢(0) = > Akcp(—rk)}. G
k=0
So, Eq. (48) can be restated as the abstract Cauchy problem of the form:
dX,
— = AX =0,
dr v 120 (52)
XO = Q.

From the above equations, one can obtain the following result:
det(T(1)) = 0<= 1 € a(A), (53)

where o( - ) is the spectrum operator. Since the spectrum of the solution generator consists of the characteristic
roots, such roots can be computed as the eigenvalues of suitable matrices approximating this infinitesimal

generator.
S(1) X
Xl
/—) ;
I
/-‘ I

>

T 0 =1y t

Fig. 6. The solution operator S(7).
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To make a matrix approximation to the infinitesimal generator A, let us consider the following Chebyshev
division points in [—1,,, 0]:

0N7,-=%(cos(i%)—l), i=0,1,...,N, (54)

where —1,, = Oy v <Oy n-1<--- <Oy1<0xo=0. Let @y be an approximation of ¢, and can be written as

N

ox(0) = [1(0) ® L]}, (55)

J=0

where ® denotes Kronecker products, /;(-) is the Lagrange interpolating polynomial, and f; = @(0y ).
On the basis of splicing condition and Eq. (51), one obtains:

(A)(0) = ¢(0) ~ kzzjo Acory(—10) = (A, 6

(AQ)(On,) = ¢(On,;) =~ @y(On,) = (ANT),, i=1,2,...,N,

where Ay denotes the discrete form of A, and f = [f,f], ... ,f%]T. Obviously, Eq. (56) can be recast as

m
fo € e - ey fo > Aoy (—T1)
k=0
f 2o &u - &iv f, du(On 1)
Ay . o= . . . L= NN . (57)
f f -
N gnvo 8w gnN N oy(Ony)

The elements in matrix A, can be obtained as
m .
e =Y Adli(-t)®LL g;=l0y)®L, i=1,...,N, j=0,1...,N. (58)
k=0

Thus, the rightmost eigenvalues of the above system can be obtained by solving the corresponding
eigenvalue problem for matrix Ay. The time delays at which the rightmost eigenvalues become purely
imaginary are called critical time delays, they generate potential points for a stability switch of the system.

7. Numerical simulations
7.1. Aerodynamic forces induced by harmonic motions of control surfaces

The wing employed in simulations has a rectangular planform, with a 0.2 m chord and a 1.2m span. The
wing has 20 chord-wise boxes consisting of the lifting surfaces of the main wing (8 boxes), the leading-edge
control surface (6 boxes), and the trailing-edge control surface (6 boxes). The wing has 96 span-wise boxes, so
a total of 192 aerodynamic boxes are used in simulations.

To validate the developed aerodynamic module for this multiple control surfaces configuration, we attempt
to compute the unsteady aerodynamic forces induced by the harmonic pitching motion of control surfaces.
For this purpose, we introduce the following four pitching modes of control surfaces:

+1° +1°
+1° iot +1° iot
Model-1: B(zr) = T e'”, Model-2: B(r) = e e, (59a)
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-1° —1°
+1° 1 . +1° | .

Model-3: B(r) = e e’ Model-4: B(r) = 10 et (59b)
+1° +1°

For this simulation, the reduced frequency k is taken as 0.3, and the mach number M, is taken as 0
(incompressible flow). Figs. 7, 8, 9 and 10 illustrate the distribution of the unsteady pressure coefficients
induced by the above four pitching modes of control surfaces are computed by using the developed technique
in Section 3. It can be seen that due to the complexity of the downwash velocity field, the aerodynamic forces
induced by multiple control surfaces are more complex than those by single control surface. Multiple control
surfaces can be used to suppress the complex flutter modes due to their different locations in span. Besides, the

0
0 01

Fig. 7. Distribution of pressure coefficients (Mode-1): (a) real part of the pressure coefficients and (b) imaginary part of the pressure
coefficients.

0
0 01 &

Fig. 8. Distribution of pressure coefficients (Mode-2): (a) real part of the pressure coefficients and (b) imaginary part of the pressure
coefficients.
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Fig. 9. Distribution of pressure coefficients (Mode-3): (a) real part of the pressure coefficients and (b) imaginary part of the pressure
coefficients.
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Fig. 10. Distribution of pressure coefficients (Mode-4): (a) real part of the pressure coefficients and (b) imaginary part of the pressure
coefficients.

leading-edge control surface may be used to counteract the tendency of a trailing-edge control surface to
undergo aeroelastic reversal [13].

7.2. Open-loop stability analysis

Fig. 11 shows a finite element mesh for the wing model consisting of 12 beam-rod elements. The first six
natural frequencies of the wing are 1.76, 8.71, 11.2, 25.03, 31.57 and 43.78 Hz, respectively. The transfer
function of the discrete actuator is given in Appendix G.

Since the open-loop aeroelastic equation is expressed in the time domain form, flutter analysis can be
performed by tracing the eigenvalues of the system matrix at various flow speeds. Here, Mach number is taken
as 0.0. Sixteen generalized aerodynamic force matrices at reduced frequency values between k& = 0.0 and
k = 1.0 are computed, and the six aerodynamic poles are used in the minimum state approximation. The first
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Fig. 11. Finite element model of the wing.
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Fig. 12. Open-loop root-locus plot at M, = 0.0.

Table 1
Parameters used for controller design.

Controller Design speed Output node Performance node Design time delay

Keon(s) Vy=23ms"" node 7 and node 12 node 11 74=0.014s

six modes of the wing structure are retained in order to obtain a set of reduced order equations of motion in
modal space. So the resulting open-loop aeroelastic model includes 12 structural states, representing 6 low-
frequency modes, 6 aerodynamic states, 12 actuator states, leading to a total of 36 states. The root-locus plot
for the open-loop flutter analysis is shown in Fig. 12. Obviously, the wing flutters at approximately
Vp=19.2ms™" with frequency of fz= 5.0 Hz.

7.3. Stability of the closed-loop aeroelastic system with time delay

The parameters used in synthesizing control law are shown in Table 1. The H, controller is synthesized at
the design speed ¥, =23 ms~". The acceleration signals taken from node 7 and node 12 in the present finite
element model are used as the feedback signals to H,, controller. Node 11 is used as a performance node to
account for the performance requirement of the closed-loop system. The time delay in control loop is taken as
174=0.014s.

Since the complexity of the control law is not explicitly constrained, the order of the resultant controller is
likely to be considerably greater than is truly needed. Therefore, a reduction algorithm applied to the control
law can be used to reduce control law complexity with little change in control system performance. In control
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theory, eigenvalues define the system stability, whereas Hankel singular values define the “energy’ of each
state in the system. Keeping larger energy states of a system preserves most of its characteristics in terms of
stability, frequency, and time responses. Model reduction technique presented here is based on the Hankel
singular values of a system [15]. It can achieve a reduced-order model that preserves the majority of the system
characteristics. In this paper, the model reduction technique reduce the original 44-state controller Ko, (s) to a
5-state model, denoted by Kcon(s). The state space form of this reduced order controller Keon(s) is given in
Appendix H.

In practical situations, the delay-independently stable region is usually a very small part in the parameter
space of system. If the system parameters do not fall into the delay-independent stable region, the real part of
at least one characteristic root changes its sign when the time delay varies. That is, the stability of the
controlled system cannot keep unchanged with an increase of time delay. Such a change of stability with time
delay is referred to as the stability switch. For the aeroelastic system, the delay-independently stable region
only exists in the range of the flow speed which is less than the flutter speed of the open-loop system. Hence,
from the practical point of view, this paper only deals with the delay-dependent stability of the system.

With the computation of the rightmost roots of the time-delayed system, the critical time delay of the system
at different flow speeds is obtained. As shown in Fig. 13, with the increase of flow speed, the maximum

(a) (b)

6
4 L
7.=0.0261 s
2+
S
o)
x
0.00 0.02 0.04 0.06 0.08
T, S
(c) (d)
< S
o) o)
x a4
0.00 0.02 0.04 0.06 0.08 0.00 0.02 0.04 0.06 0.08
7, S 7, S

Fig. 13. The rightmost eigenvalues of the closed-loop system with time delay: (a) ¥ =20ms™ !, (b) ¥ =2Ims !, (c) ¥=22ms™!

(d) V=23ms™".

, and
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Fig. 14. Time histories of the system at t = 0.014s, oy = 0.5s, V' =20ms™": (a) responses of node 10 and (b) pitching motions of the
control surfaces.

allowable time delay that makes the closed-loop system stable becomes small. The reason is that, with the
increase of flow speed, the needed pitching frequency to suppress flutter increases so that the pitching motion
is very sensitive to the time delay of system. For flow speed ¥ = 20ms ™', the closed-loop system is stable when
time delay 1<0.0315s, unstable when 7> 0.0315s. That is, the maximum allowable time delay of the system is
7= 0.0315s. In other words, the critical time delay of the closed-loop system at ¥ = 20ms~'is t = 0.0315s, at
which the system undergoes a stability switch.

To validate the result presented in Fig. 13(a), we select a time delay value T = 0.014 s in the stable interval
[0, 0.0315 5] of system, the responses of the system are shown in Fig. 14, where the control activity is initiated
at t.p = 0.55s. It can be seen from Fig. 14 that flutter is successfully suppressed through the pitching motions
of control surfaces.

To illustrate the correctness of the obtained critical time delay values, we increase time delay gradually to
see the variations of the stability of system at ¥ = 20ms™'. For this purpose, we take time delay 7 as 0.02, 0.03
and 0.0325s, respectively. As shown in Fig. 15, the closed-loop system is stable for both 1 =0.02s and
7=0.03s whereas unstable for 7 =0.0325s. This demonstrates that using the infinitesimal generator
approximation of the solution operator, we get the correct critical time delay 7. = 0.0315s, at which the
system undergoes a stability switch.
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Fig. 15. Time histories of the system at different time delays at ¥ = 20ms™", #.,y = 0.5s: (a) vertical bending deflection of node 10 and
(b) twist angle of node 10.

8. Conclusions

A systematic approach for suppressing flutter of the high aspect-ratio wing with multiple control surfaces is
presented. The proposed approach includes unsteady aerodynamic modeling, controller design and stability of
the time-delayed aeroelastic system. A computational method suitable for predicting the unsteady
aerodynamic forces on the wing with multiple control surfaces is developed, and is validated by numerical
simulation. In the controller design, we can see that with the help of the second order Padé approximation of
time delay, a dynamic H ., controller can be successfully synthesized. Numerical simulations demonstrate that
time delays in control system have strong effects on the stability of system. So the non-neglectable time delay
effects should be given much attention in the design of the aeroelastic control system for advanced aircraft.
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Appendix A. Matrices in Eq. (1)
Ucont = [(x = &FD) UM (x,y) (x = DU (x,p) (x = EFH)UMO(x, ) (x = DU, 0], (A1)

ULEl(xay) = [Ustep(x +b) — Ustcp(x - ELEb)] : [Ustep(y — 1) — Ustep(y — )], (A.2)

ULEO(x,y) = [Ustep(x +b) — Ustep(x - C_LEb)] : [Ustep(y —1) - Ustep(y —1y)], (A.3)
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UTEI(X,J/) = [Uslep(x - C-TEb) -
UTEO(X, y) —

[Ustep(x - C_TEb) -

B(r) =

U step()C -
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(B0 BT B0 BT,

acont(y’ Z‘) = [f(y9 l) f(ys Z) g(ya t) g(y9 l)]T'

Appendix B. Matrices in Eq. (15)

hyj3 = [hOs5aa) hO%jae) -

B = [hOAED) MR - O oo 1T, BIE = RO ) AGTER) - h 3 ommo T,
Ot%/E“l - [a(ylf/al(l)) O‘(ylf/FZl(z))' o “(Vg“/Eztl(nLEI))]T, dgﬁf =[x (V3T/FZI(1)) O‘(yg/Ezll(z)) T a(yg}ff(nm))]T,
“%/FZO = [“(J’]a“/%(()l)) “(Yliﬁt?z)) o O‘(Ylf/]:l((),,LEO))]Ta ot3/4 = [o ?}fﬁ) (y?ﬁ?z)) e oc(ygﬁ(()nTEo))]T,
DYy, = diaglxyjzq) — ab xyji) — b X3y — abl',
D34, = diag[x3 /) — ab X33, — ab-- ~x§/F;‘I(nTEI) — abl,
D3/4oc = diag[xlg/':ﬁ) —ab xg/ﬁ?z) —ab--- xfﬁ?,,m;) — ab],
D10 = diag[x1[0)) — ab x3 /30 — @b+ X3/ reo, — abl,
D3/4ﬁ [xg“/lal(l) — Z“Ep xlg/EA‘I(Z) — GLEp.. .xg/lil(nm) _ FEpT,
DI, = 415, 7% T8y — - B — AT
D3jip = [¥3ja) — €D x37aty — b X300y — EF0]T,
DIEG = (58, — %5 <35, — 7% 080y — T
ﬁ;“/alﬁ = diag[x%ﬁf(l) ) x%ﬁl(z) _Ep. .. x%ﬁfmm) _FEp),
lj;/a[ﬁ = diaglx3 )3 — &0 X3j30) = € b X5 ey — €1 VD,
N T S L
Dy = diaglx1f0) — &b 10 — b xIFO0 o) — ETEB),
%/thl = [f(yg/lil(l)a )] f(V3L/%I(2)a f(y3/4(nLE1), v,
f3T/F?¢I =[r g/FZl(l)a ) f()gﬁtl(z), f(.]/3/4(nTF')’ 1",
glf/lio lg %/FZ(()])J) g()’%ﬁ;?z)at)‘ . 'Q(V%/FZ%LEO)J)]T»
g$/FZO [9@3/4(()1)7 ) g(yg/':z%), 0 ~g@§ﬁ%TE<>),t)]T,

h(y%ﬁll(nLEl))]T,

Ustep(x —b)]- [Ustep(y — 1) — Uslep(y — Iyl
b)] ' [Ustep(y - ZL‘) - Ustep(y - ld)]7
- [h(yg/Ezlll)) h()’g/]?(z)) e h()gﬁf(nm))]T,

TEI
h3/4

(A.4)
(A.5)
(A.6)

(A7)

(B.1)
(B.2)
(B.3)
(B.4)
(B.5)
(B.6)
(B.7)
(B.8)
(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)
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where nLEI’ nTEI’ nLE

control surfaces, respectively.

Appendix C. Matrices in Eq. (19)

[ LEI LEI LEI LEI S LEI ALEL
_A3/4o: - A3/4f ‘|‘ (A3/4h %/%IaA?/M — Vs/4p z/4f)
TEI TEI TEI TEI STEL | TEI
_A3/4a - A%/4f + (A3/4h gﬁt&Ay% D%/4ﬁA3/4/)
D13174(k) - LEO Leo | ik, 1Eo LEO A\LEO _ 3LEO ,LEO, |~
—A3jay — Asjay T E(A3 Jah — D33y A3, — D, 1434y
TEO TEO ik TEO TEO STEO | TEO
_A3/4oc - A3/4g + E (A3/4/1 - DgﬁgAy% D3/4/1A3/4g
[LEr K
| EDS Jap 0 0 0
ik
ﬁ 0 5+ DI 0 0
D; (k) =
3/4 LEO | ik 1 ro
0 0 1 b —D; J2v; 0
0 0 0 1o 4 Kpyreo
I B br 3/4/f_
Appendix D. Matrices in Eq. (34)
0 I 0
p— —-—1
Am) = “ W (Kn W qu"'Wo) _MmrDW“' —4q %A“""l quun D s
0 EM'H' % RS
0 0 0
h a1 2
B[,(, = qun w A‘H() qd . MlvuAWl _Mww (MW(f — 44 %A‘W'z) N
0 E,. 0
- a(0) B()
Mww = Mww - quAWWz’ Xae(t) = q(t) 5 Uae(t) = B(t)
X (1) B(»)
Appendix E. Parameters in Eq. (37)
algEl _ kIa_CEI LEI)2’ dgEl _ kTCEl TEI)Z’ dliEO _ k{;CEO( o EO)2 d;Eo _ kanO( wﬂEO)Z
all_EI — LEI +2 CLEI LEI’ alTEI TEI +2 CTEI TEI’
alLEo _ LEO + 2€LEO LEO’ TEO TEO + 2CTEO TEOy

511

O and n™© are the number of the aerodynamic boxes on LEI, TEI, LEO and TEO

(C.1)

(C.2)

(D.1)

(D.2)

(D.3)

(E.1)
(E.2)

(E.3)
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AF = (o LEI) + 24LBIfLEL, IIEEI’ T = (o TEI) + 24TEITEL, }"EI, (E.4)

aLE0 = (o LEO) + 24LEOLEO IﬁEo T = (o TEO) + 24O TEO, }EO, (E.5)

a5t = (ol 2, agEl — aF (wf®! 2, GLEO = LEO(wLEO) alE0 = TEO(wTEO ’ (E.6)

where L1 KEFL (MEL and a)ﬁ I'are the servo-commanded rotation angle, steady-state gain, damping ratio

and uncoupled natural frequency of the LEI actuator, respectively.

Appendix F. Matrices in Eq. (39)

AFEE
0454 Taxa 044 0.0 d;FEIkTEI 0
X —
Ay = [Osxa Ossq Luxa |, By = B.. ], a3 = 0 ZLEO}LEO |5 (F.1)
Aac3 Aac2 Aacl —”31"EO TEO
0 a; "k
a¢3 — dlag[ LEI ;I"EI %EO o agEO], (Fz)
A = diagl-a;™ — g™ — a5 —a3"], (F.3)
acl — dlag[ LEI a"leI a%EO a'leO], (F4)
) (1)
Uac(l) = { ﬁEo(l) } Xac(l) = Uae(t) = B(l) . (FS)
B(®)

Appendix G. The transfer function of the discrete actuator

The third order transfer function of the actuator driving the control surface is defined as

ﬂLEI(S) ﬂTEI(S) B ﬁLEO(S) ﬂTEO(S) B 3.2¢6

= = G.1
BEEs)  BIEN(s)  BLEO(s)  BIEO(s) 57 + 42057 + 1.68e5s + 3.2¢6” G-
where %{E L ,335 ! ﬁLEO and ,BTEO are input signals of the actuators.
Appendix H. The state space form (see Eq. (46)) of the reduced-order controller Keon(s)
—1.0359  1.1497 1.6354  —0.4187 24177
—1.1498 —0.2577 —0.4941  0.3689 —1.6363
Acon = | —1.6352 —0.4947 —0.9685  0.8668 —3.5518 |, (H.1)

—0.3752 —-0.3399 —-0.7980 —1.2143  69.7664
—2.4070 —1.6272 —=3.5395 —68.9785 —32.4435

—0.1798  —0.5905
—0.0628 —0.1891
Beon = | —0.1055 —0.3173 |, (H.2)
0.0461  —0.1370
—0.3056  —0.6260
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—0.3992 0.1336 0.2197 —-0.0358 0.5133

Ceon = , H.3

—0.4708 0.1478 0.2521 —0.1400 0.4710 (H.3)
0 0

Do, = 0 ol (H.4)
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