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Abstract

The potential of chaotifying vibration isolation systems to reduce line spectra of underwater vehicle and improve

its capability of concealment have recently reported. Notice that for an isolation system, the amplitude of chaotifying

vibration is, in general, larger than that of its specified periodic motion subject to the inherent characteristic of chaotic

behavior. Therefore, there exists a conflict between the line spectra reduction based on chaotifying vibration responses

and the capability of vibration isolation. In this paper, a method based on the modified projective synchronization

(MPS) is developed to improve vibration isolation while the chaotifying vibration signals with broad band frequency

are utilized to achieve line spectra reduction. The key to this solution is the scaling factors of MPS which enable

us to proportionally diminish the vibration amplitudes of the isolated equipment. The feasibility of the methodology in

practical engineering is illustrated with the application to acoustic stealth of submarines.

r 2009 Elsevier Ltd. All rights reserved.
1. Introduction

The past decade has witnessed a surge in the potential application of chaos synchronization in secure
communication, liquid mixing, biological systems (see Refs. [1–5] and the references therein). For example,
with the application of chaos synchronization in secure communication [3–5], the information masked
with chaotic signals can be recovered through a synchronization process. However, the positive value of
chaos synchronization has not been convincingly accepted in mechanical engineering field. In mechanical
engineers’ view, the inherent features of chaos have been considered as certain source of destructivity
for structure [6].

The seminal work [7–9] on the method of chaotic vibration isolation for reduction of line spectra in the
water-born noise of marine vessels is very interesting. Line spectra reduction is of great significance for
ee front matter r 2009 Elsevier Ltd. All rights reserved.
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improving the acoustic stealth of submarines [7,9]. The periodic line spectrum contained in the radiated
noise of submarines is mainly produced by periodic excitation of machines such as diesel engine. An onboard
vibration isolation system working in a chaotic state can effectively reduce the intensity of line spectra at the
primary harmonic frequencies due to the spectrum of chaotic vibration with broad band frequency. It should
be mentioned that there exist two aspects of difficulties in the application of the method to practical
engineering. The one is how to sustain the persistent chaotic motion of a vibration isolation system; the other
is how to preserve the performance of vibration isolation as the system becomes chaotic. It is well known that
according to the traditional mechanical design theory, it is difficult to design a vibration isolation system with
enough large chaotic parameter range for the robustness of chaotic motion. Liu et al. [8] presented the
feedback control for chaotifying vibration isolation systems based on the calculation of the Lyapunov
exponent. Unfortunately, the classical chaos criteria such as calculation of the Lyapunov exponent and
Melnikov method are infeasible in real time control of chaos under complex submarine circumstances. Yu
et al. [9] proposed the chaos synchronization method to make the chaotic signal to drive a vibration isolation
system. The intensities of line spectra at the primary harmonic frequencies are effectively reduced. However,
although the improvement of vibration isolation at a particular case of parameters is displayed by numerical
simulation, there is no guarantee in theory for the synchronization scheme to improve the isolation
performance of vibration while the chaotifying motion is used to reduce line spectra. This problem gives the
remarkable limitation of the method in practical engineering. After all, the vibration isolation quality is a
matter of importance for isolated equipment in submarines. It is a well-known fact that there are numerous
unstable periodic trajectories embedded in a chaotic attractor and the amplitude of a particular period
solution is not necessarily less than the one of chaos attractor. This characteristic can be seen from the
bifurcation plots of period-doubling bifurcation cascades [10] or torus-doubling bifurcations [11,12]. In
theory, neither the traditional mechanical design theory nor the chaos synchronization in a general sense
[9,13] is capable of solving the conflict of isolation performance in applications of chaos to reduce line spectra
due to the inherent characteristic of chaotic behavior.

In this paper, we propose a control method for modified projective synchronization (MPS) [14,15] as a
complete solution to realize the optimum objectives of both line spectra reduction and vibration isolation.
Different from complete synchronization or identific synchronization [13] where two coupled chaotic systems
exhibit identical oscillations, the scaling factors [16–18] of MPS is capable of proportionally reducing the
driven vibration amplitude and improving isolation performance as our desired design objective. Many
techniques for handling chaos synchronization such as nonlinear observer control [18], OGY method [19],
time-delay feedback approach [20], PID control [21] and adaptive control [22] have been reported. Notice that
the control scheme proposed in this paper is easily generalized to the vibration systems with uncertain
parameters by utilizing the adaptive control in Refs. [14,23], or the function MPS with time-varying scaling
factors [24]. The objective of this paper is to propose the methodology on the application of MPS to vibration
isolation and address the problem about the positive value of chaos synchronization in mechanical engineering
field. In addition, some implementation problems of the proposed methodology in practical engineering are
discussed in brief.

2. MPS of vibration isolation system

A vibration isolation system in submarines consists of the isolated equipment and the base. The model of
the type of vibration isolation systems can be considered as a two-degree-of-freedom mass–spring system
[9]. The control scheme based on MPS for line spectra reduction in the water-born noise and vibration
isolation is illustrated in Fig. 1.

In this control scheme, the vibration isolation system with adjustable damper and spring stands for the
response system and the Duffing system is selected as the driving chaotic system. In practical engineering,
the chaotic driving signals of Duffing system can be generated by a simple analog circuit instead of a
cumbersome mechanical driving system.

The closed-loop system for synchronization can be formulated as follows:

_x1 ¼ x2, (1)
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Fig. 1. Control scheme for line spectra reduction and vibration isolation.
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_x2 ¼ f 2ðx1;x2;x3;x4Þ þ u1, (2)

_x3 ¼ x4, (3)

_x4 ¼ f 4ðx1;x2;x3;x4Þ þ u2, (4)

_x5 ¼ x6, (5)

_x6 ¼ f 6ðx5;x6Þ, (6)

where fi, i ¼ 2; 4; 6, are nonlinear functions. The motions of the original isolation system are described by the
following Eqs. (1)–(2) and (3)–(4) with u1 ¼ 0 and u2 ¼ 0, respectively. The Duffing system as the driving
chaotic system is described by Eqs. (5)–(6). The control inputs u1 and u2 are selected as the sense of forces in
order to meet with the requirement of control implementation in mechanical engineering. The feedback
control scheme is expressed by,

u1 ¼ �f 2 þ a1f 6 � l1e1 � l2e2; u2 ¼ �f 4 þ a2f 6 � l1e3 � l2e4, (7)

where the ai, i ¼ 1; 2, denote the scaling factors for MPS [14–18]. The gains li41, i ¼ 1; 2,
are positive real constants and are available for speeding up the convergence of the synchronization.
Notice that our attempt in this paper is to show the positive value of chaos synchronization in
mechanical engineering field, not to develop new control methods. With loss of generality, we
set l2 ¼ l1+1 in Eq. (7) for simplifying the design of control. The synchronization error system is
expressed by

_e ¼ GðeÞ, (8)

where e ¼ ðe1; e2; e3; e4Þ
T, and the synchronization errors e1 ¼ x1�a1x5, e2 ¼ x2�a1x6, e3 ¼ x3�a2x5 and

e4 ¼ x4�a2x6. It is followed from Eqs. (1), (3) and (5) that _e1 ¼ e2 and _e3 ¼ e4.
For system (8), consider the following Lyapunov function:

V ðtÞ ¼ ðe1 þ e2Þ
2=2þ l1e21 þ ðe3 þ e4Þ

2=2þ l1e23, (9)
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By calculating the derivative of V(t) along with the system (8) and utilizing _e1 ¼ e2, _e3 ¼ e4, and l2 ¼ l1+1,
we can obtain,

_V ðtÞ ¼ ðe1 þ e2Þð _e1 þ _e2Þ þ 2l1e1 _e1 þ ðe3 þ e4Þð_e3 þ _e4Þ þ 2l1e3 _e3

¼ ð1þ 2l1Þe1 _e1 þ e1 _e2 þ e2 _e1 þ e2 _e2 þ ð1þ 2l1Þe3 _e3 þ e3 _e4 þ e4 _e3 þ e4 _e4

¼ ð1þ 2l1Þe1 _e1 þ e1ð _x2 � a1 _x6Þ þ e2 _e1 þ e2ð _x2 � a1 _x6Þ

þ ð1þ 2l1Þe3 _e3 þ e3ð _x4 � a2 _x6Þ þ e4 _e3 þ e4ð _x4 � a2 _x6Þ

¼ ð1þ 2l1Þe1 _e1 þ e1e1ðf 2 þ u1 � a1f 6Þ þ e2 _e1 þ e2ðf 2 þ u1 � a1f 6Þ

þ ð1þ 2l1Þe3 _e3 þ e3ðf 4 þ u4 � a2f 6Þ þ e4 _e3 þ e4ðf 4 þ u4 � a2f 6Þ

¼ � l1e21 � l1e22 � l1e23 � l1e24. (10)

It follows from Eqs. (9) and (10) that the equilibrium solution e ¼ 0 of the synchronization error system (8) is
Lyapunov stable [25], i.e., ei-0, i ¼ 1; 2; 3; 4, as t-N. In other words, the motions of the isolated equipment
and the base are proportionally synchronized as the motion of Duffing chaotic system according to the scaling
factors a1 and a2. Similar to the detailed analysis presented in Refs. [7–9], one can show that the chaotification
based on the projective synchronization is used to reduce line spectra of the isolation system. It follows from
Eq. (8) that with proper choice of the scaling factors a1 and a2, MPS can make the vibration amplitudes of the
isolated equipment synchronize to the proportionally diminished or enlarged driving signals. The scaling
factors a1 and a2 are capable of improvement of isolation performance by suppressing the vibration of the
isolated equipment as degree as we desire in engineering. It should be mentioned that besides the signal-
diminished function of a1 and a2, their signal-enlarged function sometimes is helpful for the synchronization.
For example, if the amplitudes of the chosen driving system are too small to match with the requirement
of a mechanical system with persistent chaotic motion, the scaling factors a1 and a2 may properly enlarge the
driving signals.

3. Numerical example

To demonstrate the effectiveness of line spectra reduction and improvement of vibration isolation, we take
the following functions fj, j ¼ 2; 4; 6, in the close-loop system (1)–(6) as an example,

f 2 ¼ �0:2ðx2 � x4Þ � ðx1 � x3Þ þ ðx1 � x3Þ
2
� ðx1 � x3Þ

3
þ 20 cosð3:9311tÞ, (11)

f 4 ¼ 0:04ðx2 � x4Þ � 0:04x4 � 0:4x3 þ 0:2ðx1 � x3Þ � 0:2ðx1 � x3Þ
2
þ 0:2ðx1 � x3Þ

3, (12)

f 6 ¼ �x5 � x3
5 � 0:1x6 þ 9 cosð3:9311tÞ þ 2. (13)

For the sake of comparability, the system parameters are taken from Ref. [9]. For the synchronization control,
we take a1 ¼ 1/10, a2 ¼ 1/30, l1 ¼ 30 and l2 ¼ 31 in Eq. (7) and already show that the equilibrium solution
e ¼ 0 of the synchronization error system (8) is Lyapunov stable. The numerical simulations of the close-loop
system is implemented with the initial state: x1(0) ¼ x2(0) ¼ 0.1, x3(0) ¼ x4(0) ¼ �0.1 and xj(0) ¼ 0, j ¼ 5; 6.
The total time and step of the fourth-order Runge–Kutta integration method are 800 and 0.01, respectively.
In Fig. 2, the time histories of the errors ei, i ¼ 1; 2; 3; 4, show the fact that the synchronization is achieved
quickly.

The typical chaotic response of the isolated equipment under control is shown in Fig. 3(a) in comparison
with the periodic response of the original isolation system illustrated in Fig. 3(b). The phase portraits of the
isolated equipment are shown in Fig. (4). It is obvious that the vibration amplitudes in the controlled case are
much less than those in the uncontrolled case. Notice that the method in Ref. [9] has no theory for determining
the appropriate selection of the driving parameter to suppress vibration amplitudes. However, for the method
herein, the scaling factors of MPS enable us to proportionally diminish the vibration amplitudes as degree as
we desire. The inherent characteristic of MPS is the key of this perfect solution to achieve both the reduction
of line spectra and the improvement of vibration isolation.
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Fig. 3. The velocity responses of the isolated equipment: (a) chaotic under control and (b) periodic without control.

Fig. 2. The time histories of the errors.
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Fig. 5 illustrates the power spectrum of velocity of the isolated equipment in the controlled case as well as
the uncontrolled case. It can be seen that both the intensity of line spectra at the primary harmonic frequencies
and the whole spectrum of the isolated equipment in the controlled case are much less than those of the
periodic motion in the uncontrolled case. The notable reduction of the whole power spectrum implies that the
capability of vibration isolation under control has been improved considerably as well.
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Fig. 4. The phase portrait of the isolated equipment: (a) with control and (b) without control.

Fig. 5. The power spectrum of velocity of the isolated equipment: (a) with control and (b) without control.
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As mentioned above, the gains l1 and l2 play a role in speeding up the speed of synchronization and the
scaling factors a1 and a2 are used to proportionally diminish the vibration amplitudes. We next numerically
show the effects of controller parameters on the dynamic performance. The relation of gain l1 and
synchronization error e1 is given in Fig. 6. It can be seen that the synchronization error e1 reaches zero faster
as the parameter l1 increases, but there is a saturation phenomenon in the change trend when the parameter l1
is bigger than 30. Fig. 7 shows the relationship between scaling factor a1 and the rms of state x2. The rms
of x2 increases with the increasing of scaling factor a1, and the correlation is direct proportion nearly.
The amplitude’s rms of synchronization signal identically matches with the ones of driven signal when a1 ¼ 1.
Thus, we can adjust the scaling factors to achieve the desired chaotic motion of vibration isolation system
via MPS.
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Fig. 6. The relationship of synchronization error e1 and controller parameters l1.

Fig. 7. The relationship of the rms of x2 with controller parameters a1.
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4. Conclusion

The methodology of vibration control based on MPE to achieve both the reduction of line spectra and the
improvement of vibration isolation has been presented in this paper. The chaotifying vibration signals with
broad band frequency are utilized to reduce line spectra and the scaling factors of modified projective chaos
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synchronization enable us to proportionally diminish the vibration amplitudes. The application to the acoustic
stealth of submarines has been discussed numerically. The method may be developed into a newly reduction
technique of noise and vibration different from the conventional mechanical field as well as civil structure
field. The testing experiment to verify the feasibility in practical engineering is our further work in future.
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