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Abstract

Classical plate theory (CLPT) and first-order shear deformation theory (FSDT) of plates are reformulated using the
nonlocal differential constitutive relations of Eringen. The equations of motion of the nonlocal theories are derived.
Navier’s approach has been used to solve the governing equations for simply supported boundary conditions. Analytical
solutions for vibration of the nanoplates such as graphene sheets are presented. Nonlocal theories are employed to bring
out the effect of the nonlocal parameter on natural frequencies of the nanoplates. The developed theory has been extended
to the analysis of double layered nanoplates. Effect of (i) nonlocal parameter, (ii) length, (iii) height, (iv) elastic modulus
and (v) stiffness of Winkler foundation of the plate on nondimensional vibration frequencies are investigated. The
theoretical development as well as numerical solutions presented herein should serve as reference for nonlocal theories of
nanoplates and nanoshells.
© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Nanostructured elements have attracted attention of scientific community due to their superior properties.
Conducting experiments with nanoscale size specimens is found to be difficult and expensive. Therefore,
development of appropriate mathematical models for nanostructures is an important issue concerning
application of nanostructures. Generally, three approaches have been developed to model nanostructures.
These approaches are (a) atomistic [1,2], (b) hybrid atomistic—continuum mechanics [3—6] and (c) continuum
mechanics. Both atomistic and hybrid atomistic-continuum mechanics are computationally expensive and are
not suitable for analyzing large scale systems. Continuum mechanics approach is less computationally
expensive than the former two approaches. It has been found that continuum mechanics results are in good
agreement with atomistic and hybrid approaches.

Vibration of nanostructures is of great importance in nanotechnology. Understanding vibration behavior of
nanostructures is the key step for many NEMS devices like oscillators, clocks and sensor devices. There are
already exploratory studies on the continuum models for vibration of carbon nanotubes (CNTs) or similar
micro or nanobeam like elements [7-12]. A review related to the importance and modeling of vibration
behavior of various nanostructures can be found in Gibson’s et al. [13]. In these works it has been suggested
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Nomenclature

a, b length and breadth of the plate

C Winkler foundation constant (represent-
ing van der Walls forces)

D bending rigidity of the plate

E Young’s modulus of the plate material

E, Young’s modulus of the beam material

G shear modulus of the plate material

h thickness of the plate

hy, thickness of the beam

L length (or breadth) of a square plate

L, length the beam

MY, MY, M}" moment resultants

Ny, Ny', Ny» in-plane force resultants

q transverse distributed load

q'(x),¢*(x) equivalent transverse distributed
load in the presence of van der Walls
forces on the upper and lower plate,
respectively

S(x)  fourth-order elasticity tensor

u, v displacement of the point (x, y, 0) of
plate along x and y-axis, respectively

V', Vi transverse force resultants

we, w deflections of the single layered plate at
point (x, y) calculated using CLPT and

- FSDT, respectively

we, W’I deflections of the upper plate in double
layered plate system calculated using
CLPT and FSDT, respectively

w5, w’; deflections of the lower plate in double
layered plate system calculated using
CLPT and FSDT, respectively

Exxs Eyys €225 Exys Eyzs Exz strain tensors

shear correction factor

nonlocal parameter

Poisson’s ratio of the plate material

density of the plate material

O density of the beam material

macroscopic local stress tensor

.o, o, o, i, o nonlocal stress ten-

sors
V., ¥, rotations of a transverse normal in the
" single layered plate with respect to x and

y-axis, respectively

Y1y, Y1, rotations of a transverse normal in the
upper plate of the double layered plate
system with respect to x and y-axis,
respectively

Y2y, Y2, rotations of a transverse normal in the

lower plate of the double layered plate

system with respect to x and y-axis,

T == A

Q

respectively

wp natural frequency of the beam

@p nondimensional natural frequency of the
beam

¢ . o/ = mnatural vibration frequencies of single

layered plate calculated using CLPT and
FSDT, respectively
s, 1, of 2 natural vibration frequencies of
double layered plate calculated using

CLPT

o/ 1, o/ 2 natural vibration frequencies of
double layered plate calculated using
FSDT

V2 Laplacian operator in 2D cartesian co-

ordinate system
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that nonlocal elasticity theory developed by Eringen [14,15] should be used in the continuum models for
accurate prediction of vibration behaviors. This is due to the scale effect of the nanostructures. Importance of
accurate prediction of nanostructures’ vibration characteristics have been discussed by Gibson et al. [13].
A relevant reference concerning nonlocal theories for bending, buckling and vibration analysis of beams is
reported by Reddy [16].

Similar to CNTs, nanoplates possess superior mechanical properties [17,18]. But in contrast to one-
dimensional structures, limited work have been found on vibration analysis of two-dimensional nanoplates
[18-21]. In the continuum models used in Refs. [18-21] only classical plate theory (CLPT) has been considered
for modeling the nanoplates. These mathematical models do not take scale effect into account. It is
importance to incorporate nonlocal elasticity theories in the vibration analysis of nanoplates. In the present
paper attempt is made to study the vibration of the nanoplates using nonlocal elasticity theory. Both the
CLPT and first-order shear deformation theory (FSDT) have been incorporated in the analysis. The
developed theory has been extended to the analysis of multilayered nanoplates. Navier’s approach has been
used to solve the governing equations for simply supported boundary conditions. Effect of (i) nonlocal
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parameter, (ii) length, (iii) height, (iv) elastic modulus and (v) stiffness of Winkler foundation of the plates on
nondimensional vibration frequencies are investigated.

2. Formulation

The coordinate system used for the nanoplate is shown in Fig. 1a. Origin is chosen at one corner of the mid-
plane of the plate. The x, y coordinates of the axes are taken along the length and width of the plate.
z coordinate is taken along the thickness of the plate. Following stress resultants are used in the present
formulation

h/2 h/2 h/2
Nf)“x:/_ a;’cidz, Ngy:/ a;;dz, Ngyz/_ o dz

h)2 —h)2 w2 Y
h/2 h/2 h/2
. / oitdz, VY = / odz, MY = / zo't dz
—h —n/2 —h)2
h/2 h/2
My =/ za;’,i dz, My =/ za:’fy dz (1)
—h)2 —h)2

; | gnl o gnl onl ol 1
Here /1 denotes the height of the plate. o, o7, 07., 0%, 0} and o7,

s Oys Oozy Oy represent the nonlocal stress tensors. In
classical local elasticity theories, stress at a point depends only on the strain at that point. While in nonlocal
elasticity theories it is assumed that the stress at a point depends on the strains at all the points of the
continuum. In other words, according to this nonlocal theory strain at a point depends on both stress and
spatial derivatives of the stress at that point. According to Eringen [14] the nonlocal constitutive behavior of a

Hookean solid is represented by the following differential constitutive relation

1 —uVe" = ¢’ 2

Fig. 1. Schematic of: (a) single layered and (b) double layered nanoplates.
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Here p is the nonlocal parameter and o' the local stress tensor at a point which is related to strain by
generalized Hooke’s law

a'(x) = S(x) : &(x) (3)

where S is the fourth-order elasticity tensor and ‘> denotes the double dot product.

2.1. Classical plate theory (CLPT)

2.1.1. Single layered plate
A typical single layer plate is shown in Fig. 1la. CLPT for the single layered plate is based on the following
displacement field

%
aa ”yZU(xayal)_Zay

Here u, v and w* denote displacement of the point (x, y, 0) along x, y and z directions, respectively.
The strains are expressed as

uy = u(x,y,t) —z and u, = w(x, p,1) 4

& _a_u_z_ézwc e _@_Z_azwc & = & —l 6_u+@_2262w"
W ox ox2’ T ox o2’ =7 T a\gy  ox oxy )’
exx =0, Ey; = 0 (5)

It can be seen from Eq. (2) that nonlocal behavior enters into the problem through the constitutive relations.
Principal of virtual work is independent of constitutive relations. So this can be applied to derive the
equilibrium equations of the nonlocal plates. Using the principle of virtual displacements, following governing
equations can be obtained [22]:

ONY* 0Ny o’u

= my— 6.1

ox oy or (1
ONY Ny 0%v

= my— 6.2

y Tax Mo 6.2

62M'fx MY MY 0 owe 0 owe 0 , one
b 1 1 - XX = yy . Xy
dy + 0x0y + 0y? +Q+ax (NO @x) +6y (NO 6y> +6x (NO 6y>
0 p OWC o*we o*we o*we
o (N 0 &) = ME T <6x26t2 * aﬁaﬂ) (-
mg and m, are mass moments of inertia and are defined as follows:

h/2 h/2

my = / pdz, mp = / ph*dz (7)
—h/2 —h/2

Here p denotes the density of the material. In CLPT, transverse shear stresses are neglected. Using Eq. (2), the
plane stress constitutive relation for a nonlocal plate is written as

al, e E/(1—vY) vE/(1—v) 07 é&x
Ty b i T b= [ 0E/1 =) E[1—) 0 [{ e ®)
o, o 0 0 26 | | ew

E, G and v denote elastic modulus, shear modulus and Poisson’s ratio, respectively.Using strain
displacement relationship (Eq. (5)), stress—strain relationship (Eq. (8)) and stress resultants definition (Eq. (1)),
we can express stress resultants in terms of displacements as follows:
*we azw‘)

X0 2 A X
le—uV MTX:_D(W_%D@—))Z (91)
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*we *we
vy 2 Yy __
Ml —,LLV Ml —-D(a—J}zﬁ-UW) (92)
*we

MY — VMY = —D(1 —v) 9.3)

oxy

Here D = Eh3/l2(1 —v?) denotes the bending rigidity of the plate. Using Eqs. (6.3) and (9) we get the
following governing equations in terms of the displacements:

0 owe 0 5 OWe 0 owe 0 ,onwe *we

B 4. ¢ 20 XX _ - VY _ 2 Xy ) Xy -
bviw +“V[ 1 6x<N0 6x> ay(NO ay> ax(NO 6y> ay(NO 6x>+m0 o
atwe dtwe O (oW 0 [ 0w D[ 0w Q[ 0w

_m2<@x26t2 * ayzalz)} BN (NO GX> T <N° 6y> Tox <N° @y) T (N" ©X)

o azw"_m otwe n o*we (10)
— e T\ ax202 T oyt

It can be noted that governing equation for traditional local CLPT can be obtained by setting =0 in
Eq. (10).

2.1.2. Double layered plate

Nanobeams or nanoplates are generally found in the form of multilayered structures where two or more
beam/plate layers are bonded by van der Walls (vdW) interaction. Modeling the vdW interaction is a key step
in the continuum modeling of nanobeams/nanoplates. For multi walled nanobeam, this modeling has been
discussed by various researchers [23-25]. Among these models most accepted one is the Winkler type
foundation model for vdW forces. Kitipornchai et al. [20] extended the model for vdW forces to study
vibration behavior of graphene sheets. They considered graphene sheets to be multilayered thin plates. In the
present work this idea has been extended to nonlocal elastic double layered plates. A typical double layered
plate is shown in Fig. 1b. Interaction between foundation parameter (the vdW force) and the nonlocal
parameter is investigated.

Assuming that the distributed load is directly applied to the plate corresponding to displacement wS (upper
plate) the new distributed forces on these plates becomes

q'(x) = q(x) — C(w§ — w5)
qz(x) =—C(w5 —w)) (11)

Here superscript 1 and 2 in g correspond to plates with displacement wS (upper plate) and w§ (lower plate),
respectively. C can be calculated for a graphene sheet using the following formula [20]:

c (43N 24k [ B\*30037 [~ (=) 5\ [/ x\* 1 35ni (—1)F 2\ 1 12
rarkene ="\ 9a ) 32 \aee) 256 | =2k +1\k ) \aec W8 2k + 1\ k) S
Here a,. is the carbon—carbon bond length. 7, is the height of individual plates. # and A are parameters that are

chosen to fit the physical properties of the material.
Substituting ¢ by ¢'(x) and ¢*(x) in Eq. (10) we get governing equations for double layered nanoplates

0 ows 0 ows§ 0 ows§

_ Dv4 ¢ V2 _ ¢ C e XX 1 e yy 1 -~ xy YW1
e [ R N (NO GX) Ty (NO 6y> Tox (NO @y>
0 xy OW] o ws otwe ot we . 0 o OWS
ty (N 0 6x> tmo=g mme Gaae T )| T4 Cm ) — o\ Vo 5

0 Jy OW§ 0 xp OW§ 0 LA o ws otwe ot we
o (NO o ) "\ gy ) T\ Mo By ) T e ™ 5aaa T ayen (13.1
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. 0 ows\ @ ows\ O [ ., ons
— DV*W§ 4 uv? {+C(w§ —wY) +3s <N;§x gj:) +@ (Ngy 6?) +ar <Noy g;z)

0 ows O*ws o*we o*we ) ows
—( N 2 2 2 2 _ C ol — — [ N 2
5 ( 0 ax) g T (6x26t2 Taae )|~ C ) — 5 (Vo 5y
0 y ong 0 S OWS§ 0 eI o ot ot
— ) Nx) 2 _ Nx} 2 — 2 2 2 1 2
o <N 02 ) T\ 5y ) T\ e ) T e~ "™\ avar T 500 (13.2)

First and second equations correspond to displacements of upper (w$) and lower (w$) nanoplates,
respectively.

2.2. First-order shear deformation plate theory (FSDT)

2.2.1. Single layered plate
According to FSDT the displacement field for single layered plate can be written as [22]
Uy = u(x,y,0) + 2 (5, 0,0, uy = v(x, 0,0+ 2y,(x, 0,0, w-=w(x,,1) (14)

Here u, v and w' denote displacement at the point (x, », 0) along x, y and z directions, respectively. i, and i,
are the rotations of a transverse normal in the single layered plate with respect to x- and y-axis, respectively.
The strains are calculated as follows:

_ou 0y, _y o, B CLfou . oo oy, O,
by = g IT Syy—&“‘zaa e: =0, by =5 @“ax“ay +3x )

1 /ow 1 /ow
Exx :E (a"f_l//x)a Eyz :E <$+lﬂ}) (15)

Using the principle of virtual displacements, following governing equations are obtained [22]

ONg*  ONy - ¥

Ox oy _mOW (6.1
azavygy agﬁ;}’ _ mo% (16.2)

T e (R () v (e ) v ()
_ moa;% (16.3)
a]gjx . agﬁy v —m, a;pzx (16.4)
Ny w2 (16.5)

In FSDT, transverse shear stresses are taken into account. Using Eq. (2), the plane stress constitutive relation
of a nonlocal plate with FSDT are expressed as in Eq. (8) and

Gnl Gnl G 0 .

yz 2 yz Yz
— v = 17
{aﬁé} ' {of@é} k GH} w0
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Using strain displacement relationship (Eq. (15)), stress—strain relationship (Eqs. (8) and (17)) and stress
resultants definitions (Eq. (1)), one can express stress resultants in terms of displacements as follows:

. " oy v,

XX _ 2 XX X Ty
M uv-M, D(a +v 6y> (18.1)
MY — VMY =D Wy 4y (18.2)

oy 6x

) 0
MY — uViMY = D(l — )( Vs +v ‘/’> (18.3)
qy Ox

XX 2 17xx aw
Vol —uvry =« 2Gh v, + o (18.4)

vy 219y ow
Vo —uVvVry =« 2Gh Y, + (18.5)

oy

In the above equations, x” denote the shear correction factor. Using Eqs. (16) and (18) we get the following

governing equations in terms of displacements:
0 oo 0 o/
= (0 5) w5 (05

2Gh( x// o, ot/ azwf)
0 o oW o/ ) ow' 0 oW/
) o (VS el () v ()

ox Ty T T2

ow' 0 ow/ *w %
Xy -~ _ )
Tox (NO ay) Ty (N axﬂ (aﬂ rV —@,2) (19.1)
azl/& oy, azw T ) o/ Py, Lo
D a += (1 ) a 2 — K Gh(lp\c‘Fa) = Wl2< 6[2 —'uV 612 > (192)
W}f lpy azlﬂ | 5 awf azl//y 262l//y
Plar 2 ( —V3 —K G”(‘/fﬁg) =m| 55— iV 53 (19.3)

2.2.2. Double layered plate
Making use of the same argument as in CLPT (Section 2.1.2) and substituting ¢ by ¢'(x) and ¢*(x) in
Eq. (19) we get governing equations for double layered nanoplates

, o (owl, oyl @fw ot O]
KGh< - + ayy+6x2l+621 —C(w{ W[)+ N; A

) L ow! ) oW 9 L ow) S
+@<N6ya_yl>+a< 0 a}y>+a< 0 ax>} —C(W’I—w’;)

0 Nxxaw{ 0 6w/ 0 6w/ 0 OWI
N\ M ) e (N0 5 ) a0 5 ) T | Y e

2 2
- (a v uv2%> (20.1)

ot or?



S.C. Pradhan, J.K. Phadikar | Journal of Sound and Vibration 325 (2009) 206-223 213

2 2
D aa‘pzl += (1— )a Vs += (1 ‘/’ ]—KZG/ (wl +a$—“/>
%Yy 62 1,
:n’Z2< alﬁz —,lez al/:2 ) (202)
RN a%m 1 Myl owl
D 32 —(1— v) +a( 4050 o ]—szh<lp1y+a_yl
GRAN
= my ( e az2 ) (20.3)
K> Gh 6|ﬁ2x+atﬁ2 vy vvf)+ N”an
Ox oy = ox? O dx
,owh 0
+ay< 0 éy) x( 3 > ( 0 6x2>}_MV2 = Clvy =)
owh\ 0 ow/ o ( owh\ o[ . ow
A () S () e (v 5) ¢ (w5
2 2
- (66_‘:2 v %) (20.4)
%2, Y2, 1 o%y2, 2 ow,
Daz—i—(l )6y2 50 U@x@y] Gh1p2+a—
%2, 022,
=m2< 6‘62“ —uv? a‘/:?) (20.5)
%2, azlpz Y2, ow,
D W —(1— v) + = (1 )axﬁyl —K2Gh<¢2y+a—y2
Y2, azwz
= m ( 5 — uv? ar/) (20.6)

In the above equations, W/I, Y1, and ¥1, denote deflection, rotation of the normal with respect to x-axis and
rotation of the normal with respect to y-axis, respectively for the upper plate. Similarly, w’;, Y2, and Y2,
denote deflection, rotation of the normal with respect to x-axis and rotation of the normal with respect to
y-axis, respectively for the lower plate.

3. Solution using Navier’s approach

The developed governing differential equations of Section 2 have been solved by Navier’s approach for
simply supported boundary conditions. The simply supported boundary conditions for CLPT and FSDT are
written as

CLPT FSDT
At x=0and x =« Atx=0and x=a
u=0,v=0 u=0,v=0,¢y,=0

=0, Mi"=0 No* =0, M* =0
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Aty=0and y=5 Aty=0and y=5>
u=0,v=0 u=0,v=0,¢y,=0
NY =0, M =0 N =0, M =0

The following expressions of various generalized displacements have been assumed:

w' = Z Z we  sin(ax) sin(By)e!“im’ (21.1)
m=1n=

w o= Z Z fon SIN(0x) sin(ﬁy)ei‘“fm"’ (21.2)
m=1 n=

wé = Z Z W, sin(ox) sin(By)e'”” (21.3)
m=1 n=

W = Z Z w5, sin(ax) sin(fy)el”"! (21.4)
m=1 n=

wl = i i W sin(ax) sin(By)e’” (21.5)
m=1n=1

wh = i i W sin(ax) sin(By)e ! (21.6)
m=1 n=1

v, = f: i X o €08(0) sin(By)eim! 21.7)
m=1 n=1

lpy = i i Y, sin(ox) cos(ﬁy)e“’"'" (21.8)

3
i
N
i

X 1 cos(ax) sin(By)el®’! (21.9)

i
[M]e
[M]e

3
Il
—_
3
Il
—_

Y2 =D > X2, cos(ax)sin(By)e ! (21.10)
m=1 n=1

Ul =33 Yl sin(ox) cos(By)e’” @21.11)
m=1 n=1

V2, = Z Z Y2, sin(ax) cos(By)e® ! (21.12)
m=1 n=1

In the above expressions, o = mn/a and § = nn/b.
3.1. Classical plate theory (CLPT)

It is assumed that the plate is free from any in-plane or transverse loadings. So we have

Ny =NP =NP =¢q=0
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Substituting Eq. (21.1) into Eq. (10) we get,
_D(az + ﬂ2)2 W,c;m = _animnw,c,m2 ann

Here Aym = 1 + u(oe® + B%). Using Eq. (22) following natural frequencies are obtained

252
o = [P+ B
e MWIH;L'WI}’I

215

(22)

(23)

Here M,,, = mg + my(a® + f%). It can be seen from Eq. (23) that increase in nonlocal parameter would

decrease the natural vibration frequencies.
Substituting Eq. (21.3) and Eq. (21.4) into Eq. (13) we get

— D@ + WS, — Choa(WS, — WS, ) = =M o> W€

Llmn Llmn

— D2 4 BV WS,, = Clun(WS,, — WE,) = =My o> WS

2mn 2mn
Natural frequencies are obtained from following expression:

_D(‘/xz + ﬁz)z - Cil‘”n + MI‘H}’I}"I‘H}’I(’UZ C;an

det
© Ciumn D2+ B = Clum + Mm@

=0

Solving for w we get

. D(2 + B)’
w:nn 1 = M i
mn’tmn
ot 2= ¢ DG + ) +2C
o Mm"l)"ﬂ’l”

24)

(25)

(26)

It can be seen that one set of the frequencies are independent of vdW forces but other set of frequencies are

dependent on the vdW forces.

3.2. First-order shear deformation theory (FSDT)
Substituting Eqgs. (21.2), (21.7) and (21.8) into Eq. (19) we get

(= + BHCGh + 2 ) W, — 0k GhX iy — PP GRY yy = 0

Duf
2

(1 + 0) X — [D{B* + X1 — 0)o?} + K2 Gh — ]2 m2 2] Yy = O

mn

— o> GhW,, — [D{o* + 31 — v)B*} + k> Gh — @] 2,m2 2] X yun — A+0)Ym=0

mn mn
D
— PEGhW!, — —;‘ﬁ
One can rewrite Eq. (27) as
[S.]+ &) Znal GS1[Ds] = [0 0 0]

[S,], [G,] and [D;] are defined in Appendix A.
Natural frequencies are obtained from Eq. (28)

27)

(28)

Neglecting rotary inertia and solving Eq. (28) we get the following closed form solution for natural

vibration frequency of nonlocal plates.

of  — 110476 = 73) = 120276 — 7375) + 731275 = 737)
m moimn(y% - V4y6)

(29)
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Substituting Egs. (21.5), (21.6) and (21.9)—(21.12) into Eq. (19) we get

(=2 + PYCGCh + & hy — Chmny W, — k> GhX 1y — PP GRY Loy + Clo W =0
: D
— ak>GhW/,,, — [D{e? + Y1 = 0)*) + K2 Gh — @ 22y ) X L — “ﬁ “ 21 +40)Y1,, =0
D
— pPGhW, %ﬁ(l + V)X Ly — [DI* +3(1 — v)o?} + K> Gh — wﬂmz)v,,mm,,m =0
(=@ + PYPGh + & hy = Chomny W, — kP GhX 2 — PP GRY 2y + Clo W =0
— > GhW?,, — [Die? + X1 — 0)B*} + K2 Gh — &2 Sy ) X 2 — TB(I +0) Y2 =0
D .
ﬁ ZGh Wmen - %ﬁ(l + U)len - [D{ﬁz + %(l - U)az} + KZGh - a/szJVmH]Ylmn =0 (30)
Eq. (30) is rewritten as
[S4] + &l GallDa] = 00000 0] (31

[S4], [G4] and [D4] are defined in Appendix A. Neglecting rotary inertia and using Eq. (31) following
expressions for natural frequencies are obtained.

of 1= [0 =79 = 720276 = 7375) + 130275 = 7374) + VaV677 = 773
©mn moﬂvmn(“/% — 74%6)

of? — « 110476 = 73) = 120276 = 7375) + 73(a¥s = 7374) = Va7 + 7775 (32)
" Mo Jonn (13 = V476)

As observed in CLPT case (Section 3.1) here in FSDT case one finds that one set of frequencies is independent
of vdW forces. While other set is dependent on vdW forces.

4. Results and discussions

The governing equations for vibration of nonlocal plates are written in Eqgs. (10) and (19). It can be seen that
putting u =0 in these equations traditional local elastic plate vibration equations are obtained. These
governing equations for local elasticity theory are same as expressed in Reddy [22]. Further using nonlocal
elasticity theory one could derive the governing equation Eq. (13) for vibration of multilayered plates. It can
be noted that by setting u = 0, this equation can obtain the corresponding local elasticity equation. This
derived local elasticity equation matches with that of Kitipornchai’s et al. [20]. Further, putting D = ETI and
b= oo in Egs. (24) and (30) nonlocal solutions for free vibration of beam are obtained. These derived
equations do match with the nonlocal solutions for free vibration of beam (Reddy [16]). A beam with
following material properties and geometrical dimensions are considered: elastic modulus E, = 30 GPa, length
L, = 10m, height %, = varied, density p, = 1 kg/m>. Natural frequencies are nondimensionalized as

- [ pph
cu;,:w;,xLi %

Nondimensional natural frequencies using Eqs. (24) and (30) are calculated for the above mentioned beam.
These results are listed in Table 1. From this table one could find that present results for the beam exactly
match with those reported by Reddy [16].

It can be seen from Eqgs. (24) and (30) that for single layered nanoplates, the percentage difference in free
vibration frequencies calculated using local and nonlocal elasticity theory will depend on (i) size (length or
breadth) of the plate, (i) mode of vibration and (iii) nonlocal parameter. This is true for both CLPT and
FSDT. In the present work the plate is considered to be a square plate. Frequency ratio is defined as the ratio
of the frequency obtained using nonlocal elasticity theory to frequency obtained using local elasticity theory

(1 =0).
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Table 1
Nondimensional natural frequencies for EBT and TBT of beams.

L/h i Nondimensional Nondimensional Nondimensional Nondimensional
natural frequency from natural frequency from natural frequency from natural frequency from
EBT [16] EBT (present) TBT [16] TBT (present)
100 0.0 9.8696 9.8696 9.8683 9.8683
0.5 9.6347 9.6347 9.6335 9.6335
1.0 9.4159 9.4159 9.4147 9.4147
1.5 9.2113 9.2113 9.2101 9.2101
2.0 9.0195 9.0195 9.0183 9.0183
20 0.0 9.8696 9.8696 9.8381 9.8381
0.5 9.6347 9.6347 9.6040 9.6040
1.0 9.4159 9.4159 9.3858 9.3858
1.5 9.2113 9.2113 9.1819 9.1819
2.0 9.0195 9.0195 8.9907 8.9907
1.1 -
1
0.9 -
R
<
> 081
(8]
c
g
= 0.7
o
T
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0.5 1 i [L = 3 NMA2
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length (nm)

Fig. 2. Variation of natural frequencies ratio ¢ with the length of a square nanoplate for various nonlocal parameter.

For various nonlocal parameters and lengths of the plates the frequency ratios are plotted in Fig. 2. This
figure shows the profound scale effect for smaller size plate and higher values of nonlocal parameter. From
this figure it can also be observed that lower frequency ratio is obtained at higher values of nonlocal
parameter. Further it can be observed that as length increases, frequency ratio increases. This observation is
attributed to the fact that nonlocal effect is more profound in the case of small nano lengths. Frequency ratio
for various lengths of the plate and various modes of vibration are plotted in Fig. 3. The value of nonlocal
parameter (u) is assumed to be 2nm?”. It can be seen that the frequency ratios decrease with increase in
vibration modes. This reveals that nonlocal parameter is more prominent in higher vibration modes. From
Egs. (27) and (33) it can be seen that, two sets of natural frequencies are obtained for double layered plates.
One set of frequencies are independent of vdW forces and are exactly same as those of single layered plate.
Further it can be observed that for double layered plate, frequency ratio associated with second set depends on
(1) size (length or breadth) of the plate, (ii) mode of vibration, (iii) nonlocal parameter, (iv) elastic modulus (E),
(v) Poisson’s ratio (v), (vi) height (%) and (vii) shear correction factor (k7). This dependency of frequency ratio
on these parameters is attributed to the fact that to illustrate this nonlocal effect on double layered plate,
a square shaped graphene sheet with following properties [19] is considered. FSDT has been employed in this
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Fig. 3. Variation of natural frequencies ratio with length of a square plate for various modes of vibration: (a) m = n and (b) m! = n.

numerical example. The elastic modulus £ = 1.02 TPa, length or breadth L = 10 nm, thickness of each plate
h = 0.34nm, the Poisson’s ratio v = 0.3, Winkler foundation modulus C = 108 GPa/nm are assumed. First
few modes of vibrations are considered and vibration frequency ratios have been plotted against percentage
change of each variable, one at a time. These numerical results are shown in Figs. 4 and 5. Present nonlocal
elasticity solutions show frequency ratio decreases with increase in height and Young’s modulus and increases
with length (or breadth) and Winkler modulus. This is more prominent for higher modes of vibrations (Fig. 5).
To explain these trends we rewrite local and nonlocal CLPT results for double layered plates (Eq. (2), second
equation) as follows:

, _ DE+pY+2c D@ + ) +2C

local = M ’ non-local — M
mn mn

AS Jyn> 1 for p#0, increase in D(? + 2)* will cause increase in w2, ;.. at  slower rate than for i, and
vice-versa. Thus from definition of D, o and f, increase in E and £ will make the ratio (wnon-local/@local)
decrease and increase in L will make this ratio increase. To explain the effect of C, consider the numerator of
@2 oca Which is less than the numerator of w7 . This implies increase in C will make the ratio
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Fig. 4. Frequency ratio for double layered plate versus percentage variation of individual parameters for vibration modes: (a) m =n =1
and (b)y m=n=23.

(Wnon-local / @iocal) increase and vice-versa. Similar procedure can be adopted to explain the trends using FSDT
results.

The percentage difference of frequencies in using CLPT and FSDT in single layered plate has been defined
as follows:

C
wmn mn

Whn
While the percentage difference of frequencies in using CLPT and FSDT in double layered plate has been
defined as follows:

x 100

Percentage difference = ‘

CUfnn2 — (’Ol;nnz
D2

The percentage differences of the frequencies (employing CLPT and FSDT) for single layered and double
layered plates are plotted in Fig. 6(a) and (b), respectively. It is interesting to note that the difference is
significantly smaller for double layered plate than that for single layered plate. This is attributed to the fact

Percentage difference = x 100
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that in the formulation of double layered plate three layers of materials are employed viz. top layer, Winkler
foundation and bottom layer. This takes into account the shear forces in the double layered plate. Thus in
double layered plates there is less difference between CLPT and FSDT results.

5. Conclusions

Equations of motion of Classical plate theory and first-order shear deformation theory of the plates are
derived based on Eringen’s differential constitutive equations of nonlocal elasticity. The equations of motion
are then analytically solved to obtain closed form solution for natural vibration of simply supported single
layered and double layered plates. Effect of (i) nonlocal parameter, (ii) length, (iii) height, (iv) elastic modulus
and (v) stiffness of Winkler foundation, of the plate on nondimensional vibration frequencies based on the
nonlocal elasticity theory are investigated. Nondimensional natural frequencies decrease with increase in mode
number. As the size of the plate decreases the effect of nonlocal theory becomes more significant and predicts
smaller nondimensional natural frequencies.
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Fig. 6. Percentage difference in vibration frequency using CLPT and FSDT versus L/A ratio for: (a) single layered and (b) double layered
nanoplates.

Present nonlocal elasticity solutions show nondimensional natural frequencies ratio decrease with increase
in height and Young’s modulus of the nanoplate and increase with length (or breadth of the plate) and
Winkler modulus of the medium. This is more prominent for higher modes of vibrations. While insignificant
changes are observed for nonlocal parameter.

Effect of first-order shear deformation theory with the nonlocal elasticity on nondimensional natural
frequencies is found to be significant for thicker plates. Classical plate theory over predicts the natural
frequency. CLPT and FSDT are employed and the frequency predicted for single layered and double layered
plates. The difference in the frequencies predicted by CLPT and FSDT is significantly smaller for double
layered plate than that for single layered plate.
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ViV V3]
[SI= |72 74 Vs
V3 Vs Ve |

Wm n

mn

Ymn

S
|
b

$ Y2 vz 77 0 0
2 7% s 00 0
307 % 0 0 0

[Sal = 70 0 95 7 73
0 0 92 74 s
I 00 5 75 7]
(my 0 0 0 0 0]
0 m 0 0 0 0
; 0 0 m 0 0 0
Gad=10 0 0 m 0 o0
0 0 0 0 m O
0 0 0 0 0 m
e
X1
] Yl
[D4] = W,
X2
L Y2 ]

7 = —(2 + pHK>Gh

v, = —or> Gh

73 = —pr*Gh

74 = —D{oe? + X1 — v)B*} — K> Gh



S.C. Pradhan, J.K. Phadikar | Journal of Sound and Vibration 325 (2009) 206-223 223

Do
rs= =221 1)
Ve = —D{p* +%(1 —v)a?} — k*Gh
77 = Chmn

—( + PP Gh — Chyy

78

References

[1] P. Ball, Roll up for the revolution, Nature ( London) 414 (2001) 142-144.
[2] R.H. Baughman, A.A. Zakhidov, W.A. de Heer, Carbon nanotubes—the route toward applications, Science 297 (2002) 787-792.
[3] B.H. Bodily, C.T. Sun, Structural and equivalent continuum properties of single-walled carbon nanotubes, International Journal of
Materials and Product Technology 18 (4-6) (2003) 381-397.
[4] C. Li, T.W. Chou, A structural mechanics approach for the analysis of carbon nanotubes, International Journal of Solids and
Structures 40 (2003) 2487-2499.
[5] C. Li, T.W. Chou, Single-walled nanotubes as ultrahigh frequency nanomechanical oscillators, Physical Review B 68 (2003) art no:
073405.
[6] S.C. Pradhan,, J.K. Phadikar, Nonlinear analysis of carbon nano tubes, Proceedings of Fifth International Conference on Smart
Materials, Structures and Systems, Indian Institute of Science, Bangalore, 24-26 July 2008, paper ID 19.
[7] C.M. Wang, V.B.C. Tan, Y.Y. Zhang, Timoshenko beam model for vibration analysis of multi-walled carbon nanotubes, Journal of
Sound and Vibration 294 (2006) 1060—1072.
[8] Q. Wang, V.K. Vardan, Wave characteristics of carbon nanotubes, International Journal of Solids and Structures 43 (2005) 254-265.
[9] Y.M. Fu, J.W. Hong, X.Q. Wang, Analysis of nonlinear vibration for embedded carbon nanotubes, Journal of Sound and Vibration
296 (2006) 746-756.
[10] Q. Wang, G.Y. Zhou, K.C. Lin, Scale effect on wave propagation of double walled carbon nanotubes, International Journal of Solids
and Structures 43 (2006) 6071-6084.
[11] Q. Wang, V.K. Varadan, Vibration of carbon nanotubes studied using nonlocal continuum mechanics, Smart Materials and
Structures 15 (2006) 659-666.
[12] P. Lu, H.P. Lee, C. Lu, P.Q. Zhang, Application of nonlocal beam models for carbon nanotubes, International Journal of Solids and
Structures 44 (2007) 5289-5300.
[13] R.F. Gibson, O.E. Ayorinde, Y.-F. Wen, Vibration of carbon nanotubes and there composites: a review, Composites Science and
Technology 67 (2007) 1-28.
[14] A.C. Eringen, On differential equations of nonlocal elasticity and solutions of screw dislocation and surface waves, Journal of Applied
Physics 54 (1983) 4703-4710.
[15] A.C. Eringen, Nonlocal Continuum Field Theories, Springer, NewYork, 2002.
[16] J.N. Reddy, Nonlocal theories for bending, buckling and vibration of beams, International Journal of Engineering Science 45 (2007)
288-307.
[17] X. Luo, D.D.L. Chung, Vibration damping using flexible graphite, Carbon 38 (2000) 1510-1512.
[18] L. Zhang, H. Huang, Young’s moduli of ZnO nanoplates: Ab initio determinations, Applied Physics Letters 89 (2006) id. 183111
(3 pages).
[19] X.Q. He, S. Kitipornchai, K.M. Liew, Resonance analysis of multi-layered graphene sheets used as nanoscale resonators,
Nanotechnology 16 (2005) 2086-2091.
[20] S. Kitipornchai, X.Q. He, K.M. Liew, Continuum model for the vibration of multilayered graphene sheets, Physical Review B
72 (2005) 075443.
[21] K. Behfar, R. Naghdabadi, Nanoscale vibrational analysis of a muti-layered grapheme sheet embedded in an elastic medium,
Composites Science and Technology 7-8 (2005) 1159-1164.
[22] J.N. Reddy, Mechanics of Laminated Composite Plates, Theory and Analysis, Chemical Rubber Company, Boca Raton, FL, 1997.
[23] J. Yoon, C.Q. Ru, A. Mioduchowski, Vibration of embedded multiwall carbon nanotubes, Composites Science and Technology
63 (2003) 1533-1542.
[24] C.Q. Ru, Column buckling of multiwalled carbon nanotubes with interlayer radial displacements, Physical Review B 62 (2000)
16962-16967.
[25] C. Li, T.W. Chou, Elastic moduli of multi-walled carbon nanotubes and the effect of van der Waals forces, Composites Science and
Technology 11 (2003) 1517-1524.



	Nonlocal elasticity theory for vibration of nanoplates
	Introduction
	Formulation
	Classical plate theory (CLPT)
	Single layered plate
	Double layered plate

	First-order shear deformation plate theory (FSDT)
	Single layered plate
	Double layered plate


	Solution using Navier’s approach
	Classical plate theory (CLPT)
	First-order shear deformation theory (FSDT)


	Results and discussions
	Conclusions
	Acknowledgment
	References




