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Abstract

The almost-sure asymptotic stability of elastic systems subjected to parametric excitation is studied. The excitation
consists of a harmonic function on which a stochastic term is superposed. The effect of the parametric action on the
stability of a coupled system of differential equations is studied. By means of stochastic transformations of state norm
process, the stability boundaries are determined using the stochastic averaging method and a technique due to
Khasminskii. As an application, the problem of coupled flexural-torsional instability of a deep rectangular beam in the
presence of fluctuating axial loads and end moments is considered.
© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Vibrations caused by a variation in the parameters of a system are called parametrically excited or simply
parametric vibrations. From the mathematical point of view, the feature common to all parametric vibrations
is that they are described by differential equations with coefficients depending explicitly on time. Parametric
vibrations in deterministic systems have been investigated in great detail (see for example Refs. [1,2]).
Extension of the theory to stochastic systems, whose behavior is described by means of differential equations
with coefficients varying stochastically in time, is of interest. Again, there arises the problem of stability of the
trivial solutions of these equations. Stability is understood in the stochastic sense, i.e. as stability with respect
to probability, to mathematical expectations, to a set of moments of functions, etc.

Parametric resonances arises when certain relations between the frequency of parametric action, v, and the
natural frequencies of a system, wy, are satisfied, which include v = 2wy /p, referred to simple resonances,
v = (wj + wy)/p, referred to combination sum resonances and v = (Jw; — wy|)/p, referred to combination
differences resonances (j,k,p = 1,2, ...). If the parametric action is a random process with a latent periodicity,
analogous resonance phenomena can be expected to occur in the stochastic system [3,4].

The theory of stochastic stability first came into existence mainly in connection with problems of
control theory. Extending the classical theory of stability of motion to stochastic systems became necessary.
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The mathematical aspects of the theory are treated in Refs. [5,6]. Among numerous applied problems,
we cite the problem about the stability of linear stochastic dynamical systems, driven by parametric excitation.
A large amount of research has been done in this area. In the case of stationary stochastic excitation,
stochastic stability conditions were obtained by, among others, Stratonovich and Romanovskii [7],
Weidenhammer [8], and Graefe [9], who showed that, to a first approximation, stability depends only on
the excitation spectrum in the neighborhood of the sum of the natural frequencies. Ariaratnam and Tam [10]
investigated the effect of parametric action on the moment stability of a damped Mathieu oscillator. The
stability in mean square of an oscillator of the same kind, describing the vibration of a propeller blade of a
helicopter, has been studied in Ref. [11]. It is found that the turbulent fluctuation of the air speed lead to an
additional parametric random action, which according to Ref. [11], may have a stabilizing or a destabilizing
effect. The moment stability of a two-dimensional coupled system, driven by parametric excitation was
investigated in Ref. [12], using the Stratonovich—Khasminskii theory (SKT) [13]. Here, the variation of the
parametric excitation intensity with time is described by the sum of a harmonic function and a stationary
random process.

A combination of the stochastic averaging (built on the assumption of light damping and weak excitation of
wide-band process) and the Khasminskii’s procedure becomes an effective approach to obtain the asymptotic
expressions for the largest Lyapunov exponent (as an almost-sure stability indicator). This approach was used
by Ariaratnam et al. [14,15] to investigate the stochastic stability of coupled linear systems. The approach was
also used by Ariaratnam et al. [16] to analyze the stability of non-gyroscopic viscoelastic systems, in which the
integral term arising from the viscoelastic effect was averaged by employing the Larianov’s method [17]. The
stochastic averaging method, proposed by Zhu et al. in Refs. [18,19], combined with the technique of
Khasminskii, has been applied to quasilinear gyroscopic systems under real noise excitation to derive sufficient
conditions for the almost-sure asymptotic stability [20].

In this study, the obtained results in Ref. [12] are used in this paper to extend the study further
to obtain explicit asymptotic expressions for the largest Lyapunov exponent, using an alternative proba-
bilistic approach to the stability problem [5]. As an application, the problem of coupled flexural-torsional
instability of a deep rectangular beam in the presence of fluctuating axial loads and end moments is
considered.

2. Formulation

The systems considered are described by differential equations of the form
2 2 2
Gi+2e Y Bydy+ o | Y hygesin2vi+f(E' 2 " eyg| =0 (i=1,2) (1)
j=1 j=1 J=1

where ¢, are the generalized displacements and w; are the natural frequencies of the two subsystems,
respectively. Symbol ; denotes the damping coefficients, /; the amplitudes of the harmonic excitation, ¢;
normalization constants and ¢ is a small parameter to ensure light system damping and weak excitation.

The dynamic stability of systems described by Eq. (1) under deterministic parametric load has been
investigated in detail in Refs. [1,2]. There exist situations in which the exciting loads cannot be described
adequately in the form of deterministic functions alone, and random fluctuating terms are superimposed.
When the excitation, f(#), is taken to be a stationary random process, a probabilistic approach is needed.

The effect of the random parametric excitation on the stability of trivial solutions of system (1) is
investigated when the frequency of the harmonic component falls within the region of combination parametric
resonance, i.e. 2v & w; + ws.

Considering the case of parametric resonance, i.e. when p; ~ w; and p, & w,, and setting

o] = pi +ed)

03 =3+ ey @)
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where ¢4; (i = 1,2) denotes the amount of detuning. Eq. (1) can be rewritten as

iy + iy = — 281141 + Biadn) + (41 + o7y sin 2v)g,
+ wihiag sin 2v1] — Ve - oi(ci1q, + c2g,)f (1)
Gy +p3gr = — e2(Ba1dy + Praga) + (A2 + w3hy sin 2vi)g,
+ w3ha1q, sin 2v1] — V& - w3(ca1qy + €224,)f (1) 3)

In this study, ¢ is assumed to be a small parameter, thus the solution of Eq. (3) will approach a harmonic
one; consequently, it is convenient to seek the solution in the form of

q(t) = zicosp;t + y;sinp;t,  q(t) = p;[—zisinp;t + y;cos p;i] 4)
thus,
gi +P?q1‘ = pl—zZisinp;t + y;cosp;r], i=1,2 ®)
and
. . ... sinp;t .
(1) = —ysinp;t],  zi(f) = =yt , i=1,2 6
40 = ool = yisnpil 20 =50 ©)

Substitution of Eq. (6) into Eq. (5) gives the well-known relations [13]
. 1. . . L.
zi= _;(Qi +P?ql‘) smp;t, y; = ;(%‘ +l’?ql‘) cosp;t (7)
1 1

We consider that the frequencies of resonance oscillations satisfy the relation p; + p, = 2v. The system
equations expressed in Eq. (3) may be replaced by the following two pairs of first-order equations.

1= —¢ {2&1 (21 sin® py 1 — %sin Zpll) —i—&ﬁlz(—zz cos 2vt — y, sin 2v¢
Py

o 4 . . .
+ 2, cos Opt — y, sin opt) — (1 + w1hy; sin 2vt> . (22—1 sin2pt+ y, smzplt)
P

— %hu sin 2v#(z, sin 2vt — y, cos 2vt + z; sin dpt + y, cos 5pt)]
— Ve oi(cr1dr + cnd)f (1)

= - 8|:2B11 (—Z—zlsianlt - coszplt) +%B12(—22 sin 2vt 4 y, cos 2vt
1
: Ay : 2 V2
+ zp sin opt + y, cos opt) + | — + w1 hy; sin 2ve -(zl cos pll—i-? sin plt)
P

+ %hlz sin 2v#(z; cos 2vt + y, sin 2vt + z; cos dpt — y, sin 5pt)}
— Ve wi(ci1 B + caB)f (1)

Zh= —¢ {pl Bai(—z1 cos 2vi — y, sin 2vt + z; cos Spt + y; sin pt) + 2B (22 sin® p,t
P>
—%sin 2p2t) + %hzl sin 2vt - (—z; sin 2vt + y, cos 2vt + z; sin dpt — y; cos opt)

4 . ‘ .
+ (p—2 + w2y sin 2vt) : (— 2—22 sin2p,t — y, smzpzt)]
2

— Ve (21 Cr + e C)f (1)
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J= —¢ &[321(—21 sin 2vt + y, cos 2vt — z; sin opt + y; cos opt) + 25, (— %Zsin 2p,t
2

+¥, coszpzt) + %hzl sin 2vt - (z; cos 2vt + y, sin 2vt + z; cos dpt + y, sin opt)

2
>
— Ve wa(c1 Dy + cnDy)f (1) ®)

A . .
+ (2 + wrhy; sin 2vt) . <22 coszpzt + 22 sin 2p, t)]
p

where

A= —(%sianﬂ—i—yl sinzplt)

Ay = %(—Zz sin 2vt + y, cos 2vt — z, sin opt — ¥, cos Opt)
B = 2 Y1
1 = Z1 €08 plt+?sm2plt
By = (2508 2vt + y, sin 2vt 4 z; cos dpt — y, sin opt)
Ci = {(—z1 sin2vt + p; cos 2v + z; sin pt — y; cos Spt)
C, = —%sin 2pyt — y, sin? pyt
Dy = X(zy cos 2vt + y, sin 2vt + z; cos dpt + y, sin dpt)

D; = z5c08% pot + %sin 2p,t

We assume, that the oscillation frequencies of the two-degrees-of-freedom systems are commensurable, i.e.
ny - p, = m - p,, where n; and n, are integers. We can easily show that the fluctuations in two different degrees
of freedom have a common period 7' = n; - T» + ny - T, where T; = 2n/p;, and it is possible to directly apply
the SKT to standard systems of equations in view of the periodicity of the deterministic functions.

Applying on system (8) the averaging principle of Krylov—Bogolyubov and the SKT [13] leads to the
following homogenous It6 equations:

4 h .
dzy = 8{(—/311 +d)z + (j— d2>y1 +w171222] di4 &) oi(z)dw;
! =1

A h 4
dy, = g[— (21)1 - d2>21 + (=B +d)y, — o fyz} di 44/ o2(z) dwy
1 Jj=1

h 4 4
dzy =¢ {(uz %zl + (=B +di)z+ (ﬁ - d4)y2] dr + «/?Z 03(z) dw;
2 j=1
ha A; 2
dy, = ¢|—w i T ds )22+ (=P +d3)y,| dt + «/EZ 04j(2) dw; )
2 =1
where wi(f) (j = 1,2...4) are independent Wiener processes of unit intensity and

dy = %{wlcfl[SQpl) — S(0)] + wac12¢21[SQ2v) — S(Op)]}

ds = one Y 2py) + orcren ) — YEp)
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dy = {01060 [SQ2Y) = SEP] + 026,[SCpy) — SO))

dy = % {1621 €12 [Y(29) + ()] + 02 (2py))
2
w
loa']y, = #{6%1(5(2%)2% + ‘72)’%) + C%z(clzg + CIJ’%)}

P
®
[06" ]y = #{c?l(czzf + SQCpy) + cia(erz3 + 1))

2
1)
[06" ]33 = §z {G31(c121 + ap)) + 3(S(2py)25 + e3p3))

2
w
(00 s = e (@121 + cy)) + ez + SCpoy)}

2
_o

1 115(0)z1y,

[JGT]IZ = [UO'T]zl =

w12
[O'UT]B = [GUT]_%] =3 (caziz2 + cs5y1y5)

T] w12

[UO'T]M =00 ]y = ] (caz1y, — ¢59122)

w1
[06' ]y =[00"]5, = %(_CSZIJ’Z + ca4y122)

)
[UO'T]24 = [UUT]42 = 18 2 (csz122 + cay1ys)

2
“2

1 3,5(0)22),

[UUT]34 = [UO'T]43 = -

1 = SQv) + S@p), ¢ = S2p,) + 25(0)
3 = 8(2p,y) +25(0), ¢4 = cr2en[SQ2v) — S(op)]

¢s = c12¢21[S(2v) + S(Op)] + 2¢11¢228(0),  dp =p, — p,
Here S(w) and y(w), respectively, denote the cosine and sine power spectral densities of the stochastic
process f(¢) defined by

S(w) +ip(w) =2 /0 ) E[f(0f (1 + 1)l de (10)

a,

<y

Y Y,

Fig. 1. Cartesian rectangular coordinates.
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The Cartesian rectangular coordinates zj, z», y,, and y, are shown in Fig. 1, which are defined as

. 2 2, .2
Zy=aising, z;=axcos¢, aj=zi+Yy]

yi=—acosg, y,=asing, @ =2+ (1n

The stability analysis by the probabilistic approach of trivial solutions of stochastic system (1) is based on
the fact that the coefficients of the terms of the right-hand side of Eq. (9) are homogeneous first-order
functions of zj,z2,y, and y,. Therefore the projection of the amplitude vector (a;,a,) on a circle is also a
Markovian process. Hence, explicit expression for the largest Lyapunov exponent of the amplitude process
may be derived [5]. For this purpose, a further logarithmic polar transformation is applied as follows:

1
=_In(a? + a3), ¢ = arctan <@>, 0<p< o (12)
2 ajy 2

Further making use of It6’s differential rule for four-dimensional diffusion stochastic process [21], the
following pair of Ité equations governing p and ¢ are obtained:

dp = Q(¢)dr + Q(¢)dw
dg = O(¢)dr + P(¢) dw (13)

where w(?) is a Wiener process of unit intensity and

Q(¢) = o1 cos” ¢ + ay sin”  + %((Ulhu + Wyl sin® 26 + Swlng c12cS™ + PA()

1
D(Pp) = E(ocz —oy)sin2¢ — Z(a)lhlz sin® ¢ — waha cos® ) sin 2¢p

e (w? w?
+3 ( Let S@2p)) + §ZC§2S(2p2) -

3 3 @2 C12€215_> sin4¢

e [(w? ) 3 , 2
+ 3 (?1 cfz(tan ¢)sin” ¢ + ?2 c5,(cot @) cos ¢> ST cos2¢

w? 3 OO )
P () = 1 (?CIIS(ZPI) +-23,502p,) — ) 2 e ST ) sin” 2¢)

2 2
+e (% ysint¢ + % c%lcos“(]ﬁ) St

200\ _ co_% 2 4 a)_% 2 -4
Q) = 651 ¢4 SCp oo’ + 622 3, SCpysin' s

+3 K“‘j ¢ +§2c21>S+ o C126215] sin2¢ (14)
where o) = —&f; + &(w?}/8)ci; S(2p,), 02 = —&f + &(3/8)c3,S(2ps).
Setting
ki =Vewien, ki =Vewicn, k= Ve, kn = ewyen
la = ewihy,  Jo = emhy, By =¢fy, Pr=¢fxn (15)

and, by a suitable scaling of coordinates, it is always possible to take ki, = £ky; = k>0, without loss of
generality. Making use of the fact that p; = w; and p, & w,, expressions in Eq. (14) take the following forms:

0(¢p) = Y—(2b + 27) cos? 2¢ + (a1 — o) cos 2¢) + A)]

P2(¢p) = c(1 — acos’ 2¢)
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() = (o2 — o1 + A7) + (2b + 2F) cos 2] sin 2¢ + L ST cot 2¢)

QX(¢) = bcos® 2¢ + kT, SQw1) — k3, S(22)] €08 26 + [b + 2k>S(w1 £ @2)] (16)
where

o = =Py + 33 SQw1), o =~y + 3SQwa),  2E =10 £ )
7+ 17,2 q— 17.2 o+ b
Ar=a+o+ A" +2c£k°S7, c=gk"ST+D, a:z

b =43, SQw)) + 13,8Qw;) — K2 S(w) £ )]

S = S(wi + w) + S(w; — ), i,j=1.2 (17)

in which the upper sign is taken when ki, = k> = k, and the lower sign when kj» = —k;; = k. Note that
parameters b, ¢ and thus a are related to the characteristics of the two individual subsystems, i.e. w, w;, the
type and strength of the coupling between them, i.e. k, as well as the stochastic property of the excitation, i.e.
S. For white-noise excitations, c¢ is always positive and depending on the strength of coupling, b can take any
real values. For example, if the coupling is sufficiently strong such that k> > i(k%l + kgz), b<0, and thus a<0,
whereas in a weakly coupled system, e.g. k> < 1(ki, + k3,), b>0, and thus a>0.

We consider the nonsingular case, i.e. ¥2(¢)>0, then the diffusion process ¢(f) is nonsingular; it has a
stationary distribution with a probability density u(¢) being governed by the Fokker—Planck—Kolmogorov
equation defined as

L& @ - L atgn =0 (18)
2d¢? a d¢ K N
along with the normalization condition
/2
| nwras = (19)
and the periodicity p(0) = u(n/2). Eq. (18) has a unique solution [1] defined by
C
_ 20
() PO D) (20)
where
¢ & 1 1 cos2¢ _ 7 1+
W(¢p) = exp{—2/ 'I’z((x)z) dx} =n 2% exp{ﬂ/ llj—;c;cdx} 21

and 7 = o; — oy — A~. Here C is the normalized constant determined from Eq. (19).

The form of the integral in Eq. (21) depends on the sign of parameter a = b/c. Here c is always positive for
white-noise excitations, thus, the sign of « is the same as parameter . In the following, we discuss three forms
of integrals which correspond, respectively, to a>0, a = 0, and a<0.

e a<(
In this case, the invariant density u(¢) is of the form
Csin 2([) 2 it /4b l7
=P (1 —acos*2¢)- /* ex arctan(/—acos 2 22
W) (o) ( }) p b ( ®) (22)
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and
24/ —bc
C= ] T) = arctan /—a (23)

T] ZT >
——exX t)dt
/ —n(cos1)* /* p(2\/—bc>

For this case, a typical plot of the density u(¢) is shown in Fig. 2, for SQw;) = SQw,) = S(w + w3) = S.
The largest Lyapunov exponent of system (9) is given by
/2

a= E[Q(9)] = ; Q(P)u(d)d¢ 24)

Substituting from Egs. (16) and (22) into Eq. (24) yields the following expression for the Lyapunov
exponent for a<0:

) C TOF() ( 7 )
a= ———exX t)de 25
4\/—b6’/;1:1 (cost)* /% P 2+/—bc @)
where
1 1
F(t) = ;(217 + M) tan’ 1 + ﬁ(al — o) tant + A, (26)

The stability boundary is define as @ = 0. It is clear that the normalization constant C>0. Using the
intermediate value theorem for integrals, the stability boundary can be written as F(z;) =0, where
ty € [-11,71]. Clearly, ¢ is a function of 7= oy — o, — A™. Using Eq. (17), the stability boundary becomes

tan ¢ tan t, tan? ¢ 1,
<l+f;>al+ (1—ﬁ>fx2+2cseczls+l+<Ts+l> Zl:gsz =0 (27)

As ¢, is an implicit function of o; and oy, the relation between o and «; is also implicit in general. The
stability boundary can only be analyzed qualitatively if without numerical simulations. According to
Eq. (17), o1 and o, are related to the level of viscous damping of the system. Higher level of damping in the
system will have more stabilizing effect, thus it is expected that on the stability boundary, do,/da; <0.
Furthermore, it can be shown that when o) — —oo, i.e. damping ff; — oo, t; — —1; similarly, when
oy — —oo (i.e. f, = o0, t; — 11, see Appendix). Considering the former case (x; — —o0), Eq. (27) can be
written as

1 .. tan ¢, | S
az_b_c_zlsllm1<l+ﬁ>alq:mkS (28)

o] —>—00

1.5 T T
k,=1.k,,=1,k=1,8,=01,,=02,5,=1
1
=
3.
05 |
0
0 0.5 1.0 /2

o

Fig. 2. Probability density u(¢).
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which determines an asymptotic line of the stability boundary. Following the same procedure, the
asymptotic line for the case when oy — —oo and ¢ty — 7| can be found as

tan ¢
v —a
To determine the limits in Egs. (28) and (29) analytically is not possible in general as #; is an unknown

implicit function of o; and a,. However, as observed from intensive numerical simulations, for white-noise
excitations, the asymptotical lines of the stability boundary are determined by

1 2 a—
)WFEk S (29)

=0, =0 (30)
Thus, the limits may take the same finite value as
hlirr}l<1+m%__2>oq = lim <1 —%>a2=2b—2c 31)
o] —>—00 o] —>—00
a>0
In this case, the invariant density u(¢) is of the form
Csin2¢ 2t b { 7 }
=——"2(1 —acos’2¢) /* exp|——arctanh(v/acos 2 32
() Vo) ( ?) P> vhe (Vacos2¢) (32)
where
2+/b
c be (33)

1 7
——eX t)de
/ —u(cosh 7)* /% p(zdz%)

and 1, = arctanh./a. Substituting Egs. (16) and (32) into Eq. (24) yields the following expression for the
Lyapunov exponent for the case when a>0:

o _
where
F()=— é(zb + 2F)tanh’s + %(ocl — o) tanh 7 + A, (35)
Using the intermediate value theorem for integrals, the stability boundary is determined by
<1 + taj%“) oy + (1 — tafl/l%t“') a + 2¢ - sech? t, + AT (1 - tan:f“) + ékZS‘ =0 (36)

where #; € [—11, 7]
Following the same procedure shown in Appendix, it can be shown that on the stability boundary, when
o] — —o00, ty — —11; whereas when oy — —o0, t; — 1. The asymptotic lines of the two cases are

o=b—c— lyélg&(l - tail/l(l_lls> o F ész_
w=b—c —%’311}}] (1 + tail/%ts> o F %sz_ (37)

o] —=>—00

As in the previous case when a <0, the two limits in Eq. (37) are not found analytically in this study.
Observations made in numerical simulations suggested that for the case of white noise, the asymptotic lines
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of the stability boundary take the same form as expressed in Eq. (30), thus

. tanh #; tanh 7,
1 1 1 1 - =2b—2¢c 38
;‘:Emz;( T )al ;,‘g?go< N )az ‘ 9
ea=0
In this case, the invariant density u(¢) is
wp) =— sm 2¢ exp (2 cos 2(]5) (39)
where
f f
C= Ecsch <2_c> (40)

Substituting Egs. (16) and (39) into Eq. (24) yields the following expression for the Lyapunov exponent
for this case:

=1 4£ +( )| coth x 8£2+( + o) 2 et i (41)
a = 5 7 4 4] )| CO 2 [_2 C o] 0%} 7 c Z
The two asymptotic lines of the stability boundary can be found as
= :F%sz‘, Oy = :Fék2s_ (42)

Again, in this case, for white-noise excitations, the asymptotic lines of the stability boundary are the same
as the previous cases, i.e. «; = oy = 0.

3. Application: flexural-torsional instability of a deep rectangular beam

As an application, the problem of coupled flexural-torsional instability of a deep rectangular beam in the

presence of fluctuating axial loads and end moments is considered. The beam is simply supported as shown in Fig. 3.

The governing equations for the coupled flexural and torsional motion of the beam can be written as [22]

8 [ 62 Do 6 0() 4 82 Do avo

_EI, pdto 490 _p, o _
v o T g T Mg A o =0
Ip] 8°0, v %0, 00,
P mEN o _D 4
{G‘H ]a2+ a2 Plrgg — Do =0 “3)

y

Fig. 3. Loaded rectangular beam in flexural-torsional deformation.
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where EI, and GJ denote the relevant flexural and torsional rigidities of the cross section of the beam,
respectively; D, and Dy the viscous damping coefficients for flexural and torsional deformations, respectively;
p the mass density of the material; 4 the area of the cross section; /, the polar moment of inertia; and
P(t), M(t) are random axial force and member-end moment, respectively. vy(z, f) and 6y(z, t) are the flexural
and torsional deformations, respectively, with the following boundary conditions:

(0, 1) = l)()(L, l) =0

521)() 521)()
00(0,7) = Op(L, 1) = 0 (44)

In this example, the fundamental modes of flexural and torsional vibration are assumed to be dominant,
thus

to(z,0) = w()sin =, Oo(z,1) = 0(0)sin (45)
Plugging Eq. (45) into Eq. (43) and defining / = n/L yield,

. Dy, Ely PO, M@

v+pAv+pAlv+pAlv+ oA

= Do, GJ , P, M@,

9+pIP9+pIP19+pAl 7 I'v=

1’0 =0

0+ 0 (46)

Changing to new variables
v= B 0= 2
VO I/ 0102
where o) = (n? /Lz)\/m_ and w, = (n/L)\/W are the fundamental frequencies of the flexural and

torsional modes, respectively, and r, = y/Ip/A is the polar radius of gyration of the cross section, Eq. (46) can
be rewritten as

(47)

. Dy 1 M(t P(t
x1+—Lx1+wfx1+wf[— ) + i

X1:| =0

pA ’y M(?l‘ XZ P(,’r
. Dy . M(1) P(1)
Xy + pTPXQ + CO%.XQ + CO% [“/ M. X1 + '))2 P., x| =0 (48)

where

|EI
PcrzleIXs Mcrzl\/EIxGJs V:ﬂ:% 6_er (49)

w2

Let ¢, =x1, g, =x2/7, 28f1, = Dy/pA, 2¢fy = Dg/plp, P(t)/Py; = Jef (1), M(t)/ M. = ehsin2vt+
J/¢f (f). The system equation (48) can be written as

h 1
4y + 2eB11q) + 01 q) + @7 |e——=(sin 2v)g, + (q +—q )ﬁf(r)] =0
1 1491 191 e 2 1 NG 2
Gy + 260y + 03q; + 3le/Th(sin 2v0)qy + (V741 + 7 )Vef (0] = 0 (50)
which takes the exact same form as system equation (1) with the following coefficients:

Bo=Py=h1=hpn=0

2
ey =1, ‘=g =47 m=y
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h
hiy = ﬁ’ hor = /vh (51)

Thus, the coefficients of Eq. (15) are obtained as

k
ki = Vewr,  kan = ki, k12=k21=k=%=«/8w1w2

A
VT
Note that in this case, the strength of coupling is proportional to the geometrical average of the two

fundamental natural frequencies, i.e. /w;®;.
Letting h, = ¢h and f,(¢) = (f(l)/\/ﬁ) (h#£0), Eq. (50) can be further rewritten as

A=cewih, Jo == B =B, Bor=¢Pxn (52)

h 1
g, +2pq +w2q —i—wz[—s(sinZvl)q + (q +—q> hafg(t)} =0
1 141 1491 1 NG p) 1 NG 2 \/7

iy + 2B2ds + 034y + W3[Thi(sin 20y + (V7a1 + 74V hef (0] = 0 (53)

Here we study the effect of random parametric excitation on system stability when the system is under
combination parametric resonance, i.e. 2v & | + ;.

If excitation f(f) is white noise of intensity Sy, f,(¢) is also a white noise of intensity S, = Sy/h; thus
o =—p +%w%h858 and oy = —f, +§y2w%h¢56 (see Eq. (17)). Furthermore, the constants a, b and ¢ in
Eq. (15) are

wlehF,Ss 3 . _ wlehsSs 03 _ ('))3 + Y~ 4)
== C+yr—4), c= 3 0"+ +4), =T 1 d)

In this case, constant ¢ is only dependent on the ratio of the two fundamental frequencies, i.e. y.
Particularly, a<0 if y<1.3788; a>0 if y>1.3788 and @ = 0 if y = 1.3788.

Without loss of generality, we assume that S,=1 and let & = f; —fwih, S, = —o; and & = f,—
%yzwfhé;S,; = —ouy. A large number of numerical simulations were carried out to evaluate the effect of
combination parametric resonance on the system stability. It was observed that the stability regions of all the
cases considered take similar shape. Typical results are summarized in Figs. 4-7. It is seen that while the
analytical expressions of the Lyapunov exponent are different for the cases where the ratio of the two
fundamental frequencies (i.e. y = w1 /w,) are in different regions (see Egs. (25), (34), and (41)), the resulted
stability boundaries are similar in shape. Particularly, there are asymptotical lines for all the stability regions

b (34)

102

stable

10!
10°
1071
1072
1078

10 0;=2,y=1,a<0,S,=1

10_5 Il Il Il
10 104 1073 1072 10t

2

Fig. 4. Stability region for a <0 with varying #,.
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&' 100
1071

2
10 he=0.1,y=1a<0,8,=1

1073 : :
102 10t 10° 10t

%

Fig. 5. Stability region for a <0 with varying ;.

10! T T T

he = 0.02

10—3 L he =0.01

w,=1,7v=3,a>0,5,=1

1074 . .
104 103 1072 10t

%1

Fig. 6. Stability region for >0 with varying 5.

obtained, which can be estimated using the numerical results obtained. It was observed that for all the cases
considered, the relation between &; and &, on the stability boundary tends to be linear in the logarithm scale
when either of them is sufficiently large. This observation suggests that Iné&; o« — In a, for sufficiently large &,
or 4y, i.e. in such cases, &; o 1/&, which implies that the asymptotical lines are defined by &; = —o; =0,
8y = —op = 0, or B = tki,So. B, = $k3,S0. Note that for the case where y = 1.7388(a = 0), the asymptotically
lines can be found analytically as o; = o, = 0 for white-noise excitations (see Eq. (42)). Using expressions in
Eq. (17), the asymptotical lines of the stability region in the (f;, ;) plane are

/31 = %k%lsﬂa ,82 = %kgzso (55)

It is also observed that as the excitation level (i.e. /) or the fundamental frequencies, w; and/or w, increase,
higher levels of viscous damping are required for the system to remain stable.
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Fig. 7. Stability region for a = 0 with varying /,.

4. Concluding remarks

In this study, the almost-sure asymptotic stability of elastic systems subjected to parametric excitations
has been investigated. The stability region of a linear two-degree-of-freedom coupled system can be
obtained using the combination of the stochastic averaging method and the Khasminskii’s formulation.
It is noted that the stochastic averaging method is built on the assumption of light damping and weak
excitation of wide-band process in order that the system response approaches a harmonic one. A numerical
example of a deep rectangular beam subjected to fluctuating axial loads and end moments has been considered
in order to demonstrate the effectiveness of the proposed method and its implementation to real-world
applications. The parametric excitation consists of a white-noise action and a harmonic function. The coupled
flexural-torsional instability has been investigated. It has been shown that depending on the ratio between the
two fundamental frequencies, i.e. y = w;/w,, the analytical expression of the Lyapunov exponent of the
system takes different form. The resulted stability boundaries are, however, similar in shape. There also
appears to be an asymptotical minimal damping level for each of the flexural and tensional modes that is
required for the system to be stable. Such limits are independent of the strength of the coupling and are
proportional to the power density of the excitation as well as the square of the natural frequencies of the
individual subsystems.

The proposed method may be applied to a variety of engineering systems. For instance, it may be used to
study the effect of additional random internal pressure on the load capacity of elastic cylindrical shells, and to
study the stability of a helicopter rotor blade subjected to turbulent fluctuations.
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Appendix
Consider the case where a<0. Using Eq. (26), the stability boundary can be written as

1 1
5(2b+i+)tan2 ts+ﬁ(a1 —op)tant, +A; =0 (A.1)
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Letting z = tan ¢; and using the definition of 4; (see Eq. (17)), the following expression is readily obtained:

1-B++VB*—44C
) A
where 4 = (1/a)2b + %), B=(1//—a) (o — a), and C = o + o + AT + 2c :i:%sz_.
Ignoring the solution z = %(—B — VB> —44C)/A, which leads to unrealistic results, the following
expressions are obtained:

(A.2)

lim z=—+/—a=tan(—1)
o —>—00
lim z=./—a=tanrt (A.3)
op—>—00

Replacing tan ¢, with tanh ¢, in Eq. (A.1) gives the stability boundary for the case of a>0. The same results
can be obtained.
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