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1. Introduction

Composite structures of different materials have important applications in civil or mechanical engineering. The out-of-
plane vibrations of partially composite beams are investigated in this paper, based on a variational approach. The
theoretical framework of lateral-torsional vibrations of composite beams is given, and some engineering results are
presented. Composite beams studied in this paper are classified as composite beams with interlayer slip (composite beams
with partial interaction or layered wood beams) or three-layer sandwich beams. It is shown in this paper that both
structural systems are governed by the same nature of differential equations.

Layered composite structural elements are typically encountered in wood design, where wood beams are made from
layers assembled by means of nailing, bolting or gluing. Composite structures of different materials such as timber-
concrete elements or steel-concrete elements are widely used in building engineering. These composite structures are built
up by structural subelements connected by shear connectors to form an interacting unit. In the case of a flexible
connection, the analysis procedure requires consideration of the interlayer slip between the subelements, leading to the
partial interaction concept. The fundamental equations of the theory of layer wood beams or composite structures with
partial interaction were developed by Stiissi [1], Granholm [2], Newmark et al [3] and Pleshkov [4] (see also Ref. [5] or the
recent paper on partially composite beams of Girhammar and Pan [6]). The in-plane vibrations of elastic composite beams
with interlayer slip are investigated by Henghold [7] or Girhammar and Pan [8] who used Euler-Bernoulli beam models for
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each beam (see also Refs. [9,10]). Berczynski and Wroblewski [11] generalize the results of Girhammar and Pan [8] obtained
for Euler-Bernoulli beam models, by using Timoshenko’s beam theory (see also Ref. [12] for the treatment of general
boundary conditions including the in-plane stability problem). Dilena and Morassi [13] recently considered the case of a
continuously damaged connection for the in-plane vibrations of partially composite beams.

Three-layer sandwich beams, on the other hand, may be composed of two identical thin face layers and a thick core
layer [14,15]. The obvious advantage of this construction is the large moment of inertia of the section obtained by spacing
far apart the main carrying elements, namely, the faces. The weight of the structure is small because of the low density of
the core. The key point in using sandwich structures is the possibility of largely reducing weights while keeping the same
equivalent stiffnesses. These sandwich beams have been widely studied in the 1960s especially for their damping dynamic
characteristics [16-19]. These authors used a three-layer sandwich beam theory based on Euler-Bernoulli model for each
beam. Mead [20] or Chonan [21] extended these results incorporating the effect of shear deformation of each beam. All
these studies are devoted to the in-plane vibrations of sandwich beams. Another application of sandwich structural models
can be found in building engineering, where high-rise buildings can be modelled by equivalent sandwich beams (see for
instance Ref. [22]). As shown by Heuer [23] (see also the pioneer paper of McCutcheon [24]), there is a correspondence
between the three-layer sandwich beam and the composite beam with partial interaction. Such a correspondence for the
in-plane vibrations problem can be easily extended for the out-of-plane vibrations problem (see also Challamel and
Girhammar [25] for the correspondence of the lateral-torsional buckling problem).

Even if the lateral-torsional vibrations of composite beams have been extensively studied (see for instance Ref. [26]),
very few works have been devoted to the out-of-plane vibrations of beams with interlayer slip (or sandwich beams). The
recent work of Numayr and Qablan [27] is probably an exception for the free vibrations of sandwich beams. We will present
a slightly different theory, specifically for the torsion-bending coupling in the soft core. There is undoubtedly a need to
elaborate an engineering theory for lateral-torsional vibrations of composite members with partial interaction in simple
structural cases.

2. Energy equations

For the layered or partial composite beam, the cross-section is subdivided into two parts “1” and “2” with regular
boundary along a rectilinear axis orthogonal to the cross-section (see Fig. 1). The kinematic assumptions are similar to the
ones chosen by Dall’Asta [28]. A discontinuity of displacement field can occur at the connection plane (see Fig. 1). In the
theory presented, it is assumed that the connection, denoted as shear connection, does not permit a displacement jump in
the direction orthogonal to the connection plane. In other words, the twisting rotation ¢ must be the same for the two
components. This fundamental assumption related to the kinematics of the present model means that only horizontal slip
along the discontinuity line is allowed (see Fig. 1). A possible generalization of this kinematics could be the coupling
between a vertical and a horizontal displacement jump (and why not a rotation), following the pioneer study of Adekola
[29] restricted to the in-plane behaviour of partially composite beam [29].

The deflection at the onset of buckling is specified by (i) the cross-section rotation angle ¢(x) in the yz plane, (ii) the
displacement w; (x) of the beam axis of the domain “1” in the z direction (h; represents the depth of layer 1) and (iii) the
displacement w(x) of the beam axis of the domain “2” in the z direction (h, represents the depth of layer 2). Each
subdomain is assumed to be composed of a thin strip beam of width b; (see Fig. 2a). For sandwich beams, it is often
assumed that the width of each beam is identical, i.e. b; is equal to b. The total potential energy = is written as the sum of
three terms:

[, w1, Wa] = T1[@, W1, Wa] + o[, Wi, Wa] + T3[@, Wi, Ws] (1)

where 77 is the potential energy associated to the subdomain “1”, 7, is the potential energy associated to the subdomain
“2”, and 3 is the potential energy associated to the connection. The independence of the in-plane and out-of-plane motion
is implicitly postulated in such a formulation. The first term is written as:

l —/Llc O + L EL w02 d 2
1lo, wi,wo] = ) J1lo' (%] ) 1wy ()] dx (2)

where GJ; is the beam torsional stiffness of the subdomain “1” and EI; is the beam stiffness in the xz plane of the
subdomain “1” (which can be also denoted by El ). GJ; (respectively, El;) can be considered as the condensed notation of
G1J; (respectively, E117), or (G]); (respectively, (EI);) in case of different elastic moduli for both parts of the cross-section. L

yv L

Fig. 1. Geometry of the hinged-hinged strip beam.
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Fig. 2. Characteristics of the cross-section. (a) Layered wood beams or partial composite beam. (b) Three-layer sandwich beam.
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Fig. 3. Kinematics of the partially composite section.

is the length of the beam. The second term of the potential energy is similar to the first one:

L1 1
malip. w1 Wl = [5Gl GO + 5 ELo (w0l d 3)

where GJ, is the beam torsional stiffness of the subdomain “2” and EI, is the beam stiffness in the xz plane of the
subdomain “2” (which can be also denoted by Ely). GJ, (respectively, El;) can be also considered as the condensed
notation of G,J, (respectively, E;I5), or (GJ), (respectively, (EI);) in case of different elastic moduli for both parts
of the cross-section. Finally, the last term of the total potential energy is written for the composite beam with partial
interaction as

h]—i—hz

: (4)

L

T3[, W1, Wy] = /0 %K[Au(q),wbwz)]2 dx with Au=wy —w; —hgp and hy =
The kinematics of the partially composite section with horizontal discontinuity line is shown in Fig. 3. It can be seen from
Eq. (4) that the interface slip Au depends on both the transversal deflections w;, but also on the torsional angle ¢. This
dependence leads to the full coupling between lateral and torsional vibrations. The interface slip Au has been calculated
from geometrical considerations based on the assumption of small torsional angle. The connector load-slip behaviour is
linear elastic with a constant slip modulus K. Full composite action (infinite slip stiffness, K — oo) and non-composite
action (zero slip stiffness, K — 0) represent upper and lower bounds for the partial composite action. In the case of
horizontal discontinuity (Fig. 3), the slip forces are due to torsion and to the difference in curvature with respect to the

weak axis.
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For the three layer sandwich beam (Fig. 2b), the total potential energy 7 is also the sum of three terms (Eq. (1) is still
valid), but the total potential energy of the soft core is equal to

L —_ —
7T3[(P>W1,W2]=/O %bEG*Vzdx With’)}:w and hO:e-q-h] erhz (5)

where G* is the shear modulus of the soft core and y is the shear strain in the soft interlayer. The comparison of Egs. (4) and
(5) shows that there is equivalence between both structural systems with the following identities:

.
bC" _ K and hg—es+MtM2 (6)
e 2

The layered or partial composite beam is obtained as a particular case with a vanishing depth of the interlayer e. Therefore,
the partial composite beam and the three-layer sandwich beam are strictly equivalent structural problems. The same
conclusion holds for the in-plane bending problem (see for instance Refs. [23,24]). With the substitution according to
Eq. (6), all results obtained in this study are also applicable to sandwich-type of beams.

It is chosen to make the presentation with the partial composite notation of Eq. (4). The kinetic energy is equal to

Ly 51 5 1 . .
T[(p,w1,w2]=/0 §m1W%+§m2w%+im0r(2)(p2dx with morg = myr3 + myr3 (7)

where my (respectively, m5) is the mass per unit length of the subdomain “1” (respectively, “2”), and ry (respectively, r,) is
the cross-sectional mass radius of gyration of the subdomain “1” (respectively, “2”). The dynamics equations are obtained
via the Hamilton principle, leading to the partial-differential equations:

EI]W(]4) — K(Wz - Wi — ho(p) + m1\)i/1 =0
EI2W(24) +Kwy —wq — ho(p) + m2\)i/2 =0 (8)
~GJ19" — Gl2¢" — Kho(Wo — Wy — hop) + mor3p =0

The free vibrations problem is investigated in this paper, based on the following system:

ELwSY — K(wy —wy — ho@) + myiy =0
ELws? + K(wy —wy — ho@) + mpiy =0 with GJ; +GJp = GJo (9)
Glo@” + Khg(wy — wy — ho@) — mordp =0

Note the fundamental difference with the model of Numayr and Qablan [27] who postulated a possible twist angle
difference between each component (¢ # ¢,). However, even in the case where the twist angles of each component are
identical (¢, = @5 = @), as postulated in the present paper, the model investigated in Ref. [27] and the present model
coincide, only if the parameter hg is vanishing (hy = 0). Therefore, the bending-torsional coupling of the present model is
quite different from the one studied in Ref. [27] in the soft core.

In the general case, for arbitrary boundary conditions, a numerical method is needed to solve the vibrations problem.
One of the most popular methods for the approximate integration of differential equations is the Bubnov-Galerkin method
(see for instance Ref. [30]). The finite difference method is employed by Numayr and Qablan [27] for the out-of-plane
vibrations of sandwich beams. Such numerical methods are not useful in the present paper, as closed-form solutions will
be available for some specific boundary conditions.

3. Free vibrations

The lateral-torsional vibrations of the pinned-pinned strip beam are studied in this paper. The boundary conditions
derived from application of Hamilton’s principle can be expressed in this case as

?0)=@(L) =0, wj0)=wi(l)=w;0)=wy(L)=0, wy(0)=w;(L)=w0)=wy(L)=0 (10)

The solution is sought in the form
. NTX .
wi(x,t) = wd sin—~ sin Qt

wa(x, ) = w9 sin? sin Qt (11)

ox.t) = @9 sin? sin Qt
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Introducing this solution in the partial-differential equation (9) leads to the characteristic equation:

4
El ("T“) +K—m Q2 K Kho
4
K El, (”T”) +K — myQ? —Khy -0 (12)
2
Kho —Khg Glo (”T”) + Kh — mor3@?

In the case of non-composite action (K = 0), the uncoupled vibration frequencies (21, Q,, 23) can be obtained:

e :% (nTn>4’ 2= % (anr)‘l and Q3 = mG(J,(r)% (“Tn)z (13)

The first frequencies 21 and Q- are associated to a flexural vibrations mode of each component, whereas the last frequency
Q3 corresponds to a pure torsional mode. In the general case, however, in the presence of composite action (K#0), the
flexural-torsional vibration modes are strongly coupled. This phenomenon is similar to the one observed for beams with
unsymmetrical cross-sections, where the beam undergoes combined flexural-torsional vibrations [26,30,31]. The
characteristic equation can be simplified as

nm\ 4 2 nm\ 4 2 nmy 2 2 22
<511 (T) —mQ ) <512 (T) —myQ ) (G]O (T) +Kh3 — moraQ )
2 4
n K<Gjo (”T”) - m0r592> <EIO ("T”) - m0Q2> —0 withEl, +El, = Elgand my +my = mg (14)

Note that the introduction of the warping terms for symmetrical partially composite thin-walled beams can be easily
included (see Appendix A).

4. Resolution—dimensionless formulation

The dimensionless parameters are introduced as

602=9233L47 iz%, T:%o’ My =%= #2=nm73a k1 =%, ko =%
K = KL* (E% + E%) = KL* EIEllglz and o= (’%0)2 E};gi (15)
Note that some parameters are linked by the rule:
ki +ky=1 and p;+up;=1 (16)
The nonlinear frequency equation is then written with the dimensionless variables:
(ky(nmy* — py ) ka(nm)* — P 0?)(m)? + Kot — T2 A0?) + icky kp(nm)? — P2 A0?)(nm)* — w?) =0 (17)

In the case of non-composite action (x = 0), the uncoupled vibrations frequencies are found again:

nn?, w3 = k—z(nn)4 and %= %(nn)z (18)
Ha AT

o=
4
Eq. (17) can also be written as a third-order polynomial equation which can be solved using Cardano’s method [32]:
ax> +bx2 +cx+d=0 withx = w? (19)
The constants are identified from Eq. (17) as

a=— 77
b =2 Akypty + k1)) + g o (0% + 1) + k1 ko2

20
¢ = —[keky(m)BT2 7+ (kppty + kq o)A (n70)? + K00) + Kk ko (nm)? (1 + T2 A(nm)?)) (20)
d = ki ky(nm)®[(nm)2((nm)? + Kcor) + K]
Eq. (19) can be written in the canonical form
b 3ac — b? 27a2d + 2b> — 9abc
3 _ i — _ — =
Yy +py+q=0 wnthy_x+3a,p 352 and g 703 (21)
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It can be numerically checked that generally 4p3 + 27g2 <0, and then, the three solutions are given by

arccos ﬁ —§ + 27 arccos ?Lq _§ +4n
y 24/ pcos 2y P y 2 pcos 2y P
1= -3 s 7 = Y
3 V73

3 3

and
arccos (;g —f})
V3 =2w/*g cos|———————~ (22)

Therefore, the frequency solutions are obtained as

2_3. /P
w] =2 3 cos

w3 = 21/—2 cos

and

arccos Gg ;) )
3 =2,/—§ cos|—— 1V 7/ (23)

3 " 3a

The evolution of the natural frequencies of each fundamental mode (n=1) is shown in Fig. 4 and 5 for two
unsymmetrical cases. The sensitivity of the natural frequencies to the dimensionless parameters is discussed thereafter. For
strip beams, the stiffness ratio 41 and /4, are calculated as

, _Eh 1+

i By 140,

- G- 3 (24)

and 4,

T GL T 2

1 10 100 1000 10000 100000
K

Fig. 4. Evolution of the frequencies of each fundamental mode versus the connection parameter k—mq <w;, <ws3; unsymmetrical case: k; = ky = 0.5,
Uy =075, 1ty =025, 00 =5 x 1073, 72 = o/3.
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Fig. 5. Evolution of the frequencies of each fundamental mode versus the connection parameter x—mq <, <s3; unsymmetrical case: pt; = u; = 0.5,
kq =0.75, ky = 0.25, 00 = 5 x 1073, A2 = 50/9.

where v denoted the Poisson’s ratio of subelement “1”, whereas v, denoted the Poisson’s ratio of subelement “2”. For
instance, the global stiffness ratio can simplified for homogeneous subelements as
1+v Ely 141G A5G, 1+v
)»1 =/12 ZL:>)»,:—0= 1 ]]+ 2 ]22 *
2 Glo GJ1 +GJ, 2
where v is Poisson’s ratio of each subelement. Parameter o can be also expressed in terms of other dimensionless
parameters:

(25)

4

Therefore the order of magnitude of the parameter « is typically comprises in the order of 10~ or 1073, The dimensionless
equivalent radius of gyration 7 is calculated for the composite strip beam as

2 =11—2 <u1 (th>2 + 1o (fle)z> @

Furthermore, for constant width (b; = by) and for homogeneous subelements (E; = E>), it is easily shown that the stiffness
ratio k; and k, are dependent on the height ratio via:

N
o = Kika? (%) with h = hy + hy (26)

k= %1 and ky = %2 (28)

Hence, there is a strong relationship between parameters « and A7, obtained from Egs. (26) and (27), leading to

AP 1k + ks
o 3 k1k2
Some particular cases can be deduced from Eq. (29). The case of a layered wood beam with two identical subelements
leads to

(29)

1 a1
#1=H2=k1=k2=§ = w3 (30)
This is also the value obtained in the more general case of two subelements with the same stiffness:
1 a1
My # o, k1=k2=§ = 5% =3 (31)
Finally, we give another example of unsymmetrical section, based on
1 3 1 251
mi=tz=y k=g k=g = "r=33 (32)

Figs. 4 and 5 show the sensitivity of the natural frequencies with respect to the connection parameter, for two
unsymmetrical beams. Fig. 4 corresponds to a beam with unsymmetrical inertia terms, whereas Fig. 5 is associated to
unsymmetrical stiffness terms. The shape of the frequency curve with respect to the dimensionless connection parameter
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K is close to the one observed for the in-plane partially composite vibration problem (see Ref. [8] for the partially composite
Euler-Bernoulli beams, or Ref. [12] for the partially composite Timoshenko beams). The frequencies grow with the stiffness
connection and tend towards a finite frequency value for the two lowest mode of the full-composite beam (kK — o).
However, the third mode (predominant torsional mode) gives infinite frequencies when the dimensionless connection
parameter x tends towards an infinite value (see Figs. 4 and 5).

5. Case with two identical subelements

The shape of the frequency curve will be investigated with further details in the particular symmetrical case, with two
identical subelements. The order of magnitude of parameter o can be evaluated for a layered wood beam with two identical
subelements (El; = El, = Ely/2):

. E _(ho\* Elg _ (h\*14v ..
EI1_E12_7 = oc_<T> m_(z> 35 with h = hy + hy (33)

where v is Poisson’s ratio. For the beam with two identical subelements, the following equalities can be assumed:

#1=#2=k1=k2=% = T2:41—8<%>2 = i?zzg (34)
In the case of the beam with two identical subelements, the natural frequency equation Eq. (17) is factorized by
((mm)* — wH[((nm)? — w2)(T)? + Ko — F2Aw?) + K(nm)? — F2Aw?)] =0 (35)
The second-order polynomial term is developed as
JPwt — OF2m)* + ()2 + k(o + AF)w? + A ((nm)? + ko) + k() =0 (36)
whose solution is finally expressed as

2 4
w7 = (nn)

I (nmy* + Ko+ ()2 + kAT — \/ [/lfz(nn)4 + Ko+ (nm)2 + K),Tz]z — 4)»?2[(1171:)6 + ro(nm)? + r(nm)?]

2
w5 =
2 2,7
and
,  APmmy* + Ko+ (nm)? + kAT + \/ 2 (nm)? + ko + (n)2 + kAT — 4072 [(nm)® + kanm)? + k(nm)?] 37)
w3 =
3 2772
In this last case, the asymptotic values associated to the full-composite section is simplified as
2 2 =2
K = oo = 0t =nm?, o} (nm) 5 (1 + a(nm)?) ~ (nL)z and o} - xafir (38)
o+ AT o+ AT AT

In this symmetrical case, the two lowest modes coalesce for the non-composite beam (x = 0), which is no more the case for
the partially composite beam (see Figs. 6-8). The third mode gives infinite frequencies when the dimensionless connection

1000

100 a

10

1 10 100 1000 10000 100000
K

Fig. 6. Evolution of the frequencies versus the connection parameter x—symmetrical case: iy = iy =k =ky =05, 0 =5 x 1073, /7% = 0/3.
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Fig. 7. Evolution of the frequencies of the two lowest mode versus the connection parameter x—symmetrical case; o e {1073;2 x 1073;
3x1073;4%x1073;5x1073;6 x 1073}
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Fig. 8. Natural frequencies spectra versus the connection parameter k—symmetrical case: o =5 x 1073, J72 = a/3.

parameter k tends towards an infinite value. According to Eq. (34), this last predominantly torsional frequency is
asymptotically given by

A e R (39)
The results presented in Figs. 6-8 show the dimensionless frequencies with respect to the connection parameter k. The
frequencies clearly increase with the stiffness of the connection, and the frequency spectra of the full-composite beam have
been simply evaluated from an asymptotic method:
3 (nm)? 2. .3 (nm)?
i o (1 4+ au(nm) )NZIT
The finite character of the natural frequencies in the asymptotic case (kx — o) (see Eq. (40)) cannot be obtained when the
parameter « is vanishing, as implicitly assumed for instance in Ref. [27]. It is worth mentioning that the shape of the
frequencies curve obtained in these figures is very similar to the one obtained for the in-plane vibrations problem, except

=2 A 2 4 2
AT =3 K— oo = wi=0n* wj;—

(40)
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that the predominantly torsional mode has no finite threshold in case of the full composite beam (x — oo). It has been
shown that this torsional frequency is proportional to the square root of the dimensionless connection parameter x for
large values of this parameter.

6. Conclusions

The lateral-torsional vibrations of composite beams are investigated in this paper, based on a variational approach.
Composite beams studied in this paper are classified as composite beams with interlayer slip (composite beams with
partial interaction or layered wood beams) or three-layer sandwich beams. It has been shown in this paper that both
structural systems are governed by the same nature of differential equations. The theoretical framework of
lateral-torsional vibrations of composite beams is given, based on the independence of the in-plane and out-of-plane
motion. Some engineering results are presented for the pinned-pinned strip composite beam. A simple closed-form
solution is achieved for the lateral-torsional natural frequencies. The results are analogous to the ones obtained for the in-
plane vibrations of composite beams (sandwich beam or composite beams with partial interaction) where the natural
frequencies increase with the stiffness of the connection. It is worth mentioning that the shape of the frequencies curve
obtained in these figures is very similar to the one obtained for the in-plane vibrations problem, except that the
predominantly torsional mode has no finite threshold in case of the full composite beam (k — oo). It has been shown that
this torsional frequency is proportional to the square root of the dimensionless connection parameter x for large values of
this parameter. The other natural frequencies remain finite in case of the full-composite beams, as also observed for the in-
plane vibrations problem. Extension of these results to some more complex loading cases is envisaged, and a numerical
procedure will be probably needed in the general case.

Appendix A. Introduction of the warping effect

For symmetrical partially composite thin-walled beams, the warping terms may be easily added in the energy
functional 7y and 7, as

LGy +G ') + YE L1 + Eol (%)]2
7T1+7T2=/0 {2< 1+ Go)I@ P + HEqTy + Ealyp)[@” (x)] }dx A

HE L1 W] 012 + Exly o [wh ()12
In the case of free vibrations, the following system of differential equations is obtained from Eq. (9) corrected by the adding
warping terms:
ELw\Y — Kwy — wy — hg) +myivy =0
ELwiY + Kwy — wy — hg@) + myiry = 0 with Elyg = Eqlyy1 + Exlyp (A2)
Go®” — Elyo@™ + Kho(wy —wy — hop) — morgp =0

Introducing the solution equation (11) in this coupled system of partial-differential equations leads to the calculation of the
determinant:

nm\ 4
El (T) + K —my Q2 —K Khy
4
K El, (”T”) +K - myQ? —Khy =0 (A3)
2 4
Kho —Khg Go(T) +Elwo(‘T) " +Khg —mor30?

Therefore, previous results can be used by replacing the torsional stiffness GJy by the equivalent term
~~ nmw 2
Glo = Glo + Elwo () (A4)

Finally, the natural frequencies equation is obtained from a generalisation of Eq. (14):

(51 ()" = ms?) (5 (7)) (G0 () + K08 - morte?)

+ 1<<C]0 (”L—”)z . mor(2)£22> (EIO ("Tn)4 - m092> -0 (A5)
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