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1. Introduction

Due to the rapid development of technology, especially in micro- and nano-scale fields, one must consider small scale
effects and atomic forces to obtain solutions with acceptable accuracy. Neglecting these effects in some cases may result in
completely incorrect solutions and hence wrong designs. Some methods (e.g., molecular dynamics [1-3]) are presented in
recent years which consider size effects and atomic lengths. Nonetheless, all of these method involve solving a large
number of equations, hence, they have difficulties in handling systems with large length and time scales. Therefore,
modeling of the large systems is left to continuum mechanics approach. One of the well known continuum mechanics
theory that includes small scale effects with good accuracy is the nonlocal theory of Eringen [4,5].

Compared to classical continuum mechanics theories, nonlocal theory of Eringen has capability to predict behavior of
the large nano-sized structures, while it avoids solving the large number of equations. Nonlocal theory of Eringen is based
on this assumption that the stress at a point is considered as a function of the strain field at all neighbor points in the
continuum body. The inter-atomic forces and atomic length scales directly come to the constitutive equations as material
parameters [6]. Thus, it appears that nonlocal continuum mechanics could potentially play a useful role in near future.
Hence, many papers have been published on this topic, especially for analyzing of nano-structures (see, for example, the
nonlocal theory of longitudinal waves in an elastic circular bar [7], nonlocal theory solution of two collinear cracks in the
functionally graded materials [8], buckling analysis of CNT based on nonlocal theory [9], nonlocal theories of beams
[10,11]). Contrary to one-dimensional nonlocal theories, there are only a few studies on two-dimensional ones [12].
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Recently, some researchers have studied micro and nano plates for different applications [13,14]. These studies were
based on classical and first-order theory of plates. To analyse two-dimensional nano plate with accurate stress fields,
further studies are needed. In the classical plate theory, the effect of the transverse shear strain and shear stress are
neglected. In the first-order shear deformation theory, the transverse shear strain and consequently transverse shear stress
are represented as constant through the plate thickness, which is a gross approximation of the true variation that vanishes
on the top and bottom plane of the plate. To validate this discrepancy between the true variation and the constant state of
stress, shear correction factor is introduced such that the energy due to the transverse shear stress in both cases is the
same.

The third-order shear deformation theory of Reddy [15] is based on a displacement field that includes the cubic term in
the thickness coordinate, hence the transverse shear strain and hence stress are represented as quadratic through the
plate thickness and vanish on the bounding planes of the plate. Consequently, the shear correction factor is avoided in
this theory. In spite of relatively more complex algebraic equations and computational effort compared to the classical and
first-order theories, the third-order shear deformation theory yields results that are close to 3-D elasticity solutions [16,17].
There are some articles that incorporate the third-order plate theory to obtain more accurate results [15-18]. Therefore, it is
useful to study the extension of the third-order plate theory to include the size effects. The present study deals with the use
of the nonlocal third-order plate theory in bending and vibration response of plates.

2. Review of nonlocal elasticity

In nonlocal elasticity theory, it is assumed that the stress at a point in a continuum body is function of the strain at all
neighbor points of the continuum, hence the effects of small scale and atomic forces are considered as material parameters
in the constitutive equation. Following experimental observations, Eringen proposed a constitutive model that expresses
the nonlocal stress tensor at point X as

tij = /U (X — X)a(x) dv(x), 1)

where the volume integral in Eq. (1) is over the region v occupied by the body and ¢ is the Hookean stress tensor defined
as

aij = Cijkl‘gkl (2)

and o(|x — x|) is the kernel function which is normalized over the volume of the body, i.e., Iy o(|x|)dv = 1. This function can
be obtained by matching the lattice dynamics with nonlocal results [5]. For example, the kernel function for 2-D problems
has the form

a(xl) = ulP ) Ko(xI/lr). T = eqa/l, (3)

where K is the modified Bessel function, a and | are internal and external characteristic lengths, and eq is material constant

which is defined by the experiment. On the other hand, nonlocal elasticity involves spatial integrals that represent

weighted averages of the contributions of the strain of all points in the continuum body to the stress tensor at a point.
In the nonlocal linear elasticity, equations of motion can be obtained from nonlocal balance law

tij+fi = piy, 4)

where i, j take the symbols x, y, z and f;, p and u; are the components of the body force, mass density and displacement
vector [5]. By substituting Eq. (1) into Eq. (4), the integral form of nonlocal constitutive equation is obtained. Because
solving an integral equation is more difficult than a differential equation, Eringen [5,6] proposed a differential form of the
nonlocal constitutive equation as

oijj+ ZL(fi — piiy) =0 (5)
in which the linear differential operator ¥ defined by
L=1- ,qu, U= (ega)>. (6)
By applying this operator on Eq. (1), the constitutive equation can be simplified to
[1-uV21t; = oy (7)

Eq. (7) is simpler and more convenient than the integral relation (1) to apply to various linear elasticity problems.
3. Plate equations of nonlocal elasticity

Using Eqgs. (2) and (7), stress resultants introduced in plate and shell theories can be reformulated in term of strain for
the nonlocal theory. In plate theories based on plane-stress assumption, we take ¢,, = 0 and the resulting theory becomes
two-dimensional.
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Consider a (x, y, z) coordinate system with the xy-plane coinciding with the mid-plane of the plate. So the stress-strain
relations of plane-stress can be expressed as

Oup = 6'ozﬂwpawl)' (8)

where Cyp0,) = Copap — CeprzCrzap/Cazzz-
and transverse shear stress—strain relation is expressed as

0oz = 2CozwzEmz, (9)

where «, 8, w and p take the symbols x, y.
The relations between stress resultants in local theory and nonlocal theory are defined by integrating Eq. (7) through the
plate thickness:
2 L
(1 - uV?IN; = NE,

2 L
[1 - uV*IM;; = ML,

2 L
[1— uv2P; = P, (10)
where
N
off h)2 1 Naz h/2 1
Map b= [ typq 2 pdzc 0= [ tﬂ{ 2}dz., (11)
Pyp —h/2 23 uz —h/2 Z
NL
iﬁ h/2 1 Néz h/2 1
ML, :/ oupd z bdz, { :/ ow{ 2}clz. (12)
L ~h/2 23 Rz h2 oz
PLy

The superscript L denoted the quantities in local third-order shear deformation theory and h is the thickness of the plate.
The governing equation of the plate in nonlocal theory can be determined by integrating Eq. (4) through the plate
thickness and noting Eq. (11)

n2 o
Nioc,oc+Fi:/h Zpuidz, (13)

where F; = ffﬁz/zf,-dz. By multiplying Eq. (4) by z and then integrating from it through plate thickness and using
integration-by-parts, we obtain
hj2
Ma/jq/; —Nyz = /711/2 plly - zdz. (14)

Similarly, for higher-order stress resultants, Eq. (4) is multiplied by higher powers of the thickness coordinate z and
integrating through the plate thickness. We obtain

"h/2
Pocﬁ/f_3Rocz=/ / piiy -2 dz. (15)
’ —h/2

In general, differential operator V in Eq. (7) is the 3-D Laplace operator. For 2-D problems, the operator V may be reduced
to 2-D one. Thus, the linear differential operator .# becomes

, ?

It is clear that the operator . is independent of the z direction.
To express the governing equations of motion in terms of local stress resultants, the reduced linear differential operator

<’ is used in Egs. (13)-(15)
2 2 h/2
NlLot,ocz []:“<axz+ay2>} (/_h/zpuidZFi ’ (17)

Mt N =11 o2 & " zdz (18)
app ~Noz= |1 —H @"‘ayfz /_h/zpum ,
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pL. . —3RL — |1 2 @ M i Bd 19
app ~2Maz= |1 —H @-Fay—z Lh/2PU1'Z z|. (19)

Later, the equations of motion for nonlocal third-order shear deformation plate theory will be presented based on
Egs. (17)-(19).

4. Nonlocal third-order shear deformation theory

The third-order shear deformation theory (TSDT) extends the first-order theory by assuming that shear strain and
consequently shear stress are not constant through the plate thickness (see Reddy [15,17]). The displacement field of the
third-order theory of plates is given by

473
Uy = u + z¢hy, — 32 @t w9), uz=w0, (20)

where u,, are the inplane displacements of point on the mid-plane (i.e.,, z = 0) at t = 0, u, is the transverse displacement of
the mid-plane of the plate, and ¢, denotes the slope of the transverse normal on mid-plane.

The nonzero components of the strain can be defined by substituting Eq. (20) into the linear strain-displacement
relations of the TSDT [17].

Eap = E0g + 285+ 2263, (21)
with

6213 = %(ugqﬂ + u?}’a),
3;[; = %(‘ba,ﬂ + d)/},z)v

3 _ G 0
&up = j(d)a,ﬁ + Ppot2W,p).
The transverse shear strain components are of the form
Yoz = ng + Zzygczv (22)
with
c
ng = %(d)a + W,%()’ Vﬁz = - 72((1)05 + Wooc)

The parameters cy, ¢, are defined as

(1=—>, Cp=3c1 = i
Tz T T
By substituting the displacement field into Eqgs. (13)-(15), we obtain
Ni,oc,oc +F;i= Ioﬁ?v (23)
Maﬂ,/}_NO‘Z =12(;Z.51 _C]I4((;st+ng)v (24)
Pugp— 3Ruz = lachy, — C1lg(hy + W), (25)

Then Eq. (23) for i = 3 and Eq. (24) can be combined with Eq. (25) to drive the following governing equations for flexural
response of the nonlocal third-order plate theory,

Nozg — CoRuzo + Gz + C1Pypup = IOWO +C1 [14(./)a,a -0 16((.[)&0( + Woom)v (26)

My g — €1Pyp g — Noz + CRoz = Ly — c1la(dhy, + W) — c1llay + W) (27)

The local resultant forces and moments for the third-order plate theory can be obtained by substituting Eqgs. (8), (9), (21)
and (22) into Eq. (12)

Ngﬁ = Auppp + Bupwptip + Dupwptop: (28)
Né[i = ZAzﬂszgp + 2Czﬁzp“/§pv (29)

L 0 1 3
M; 5 = Byperpeap + Copwpop + Expoptop: (30)
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Réﬁ = ZCZﬁzp“/gp + ZEzﬂzpygp’ (31)

Péﬁ = Doc[prgootp + Eoc/iwpgclup + Foc[f(up‘gz)p' (32)

where

12
AspwpsBupwps CopwpsPapwps Eapwps Fapwp) = /h/2 Copap(1,2, 22,723,242 dz.

In Egs. (23), (26) and (27), we derived the governing equations for nonlocal third-order plate theory. By applying linear
differential operator ¥ on Eqgs. (23), (26) and (27) and noting Eqs. (28)-(32), the equations of motion for nonlocal third-
order shear deformation theory can be obtained in terms of displacements as

Aocﬁo)pug),pB + chﬂwpd)w,pB - Docﬁwp(¢w,pB + ng’wp) +[1- ,qu](F“ - Ioﬁg) =0, (33)

Azozp(Pp o + ngp) — 2Czuzp(Pp 5 + ngp)
= CalCauzp(bp 5 + ngp) = C2Ezuzp(p o + Wg(p)]
+C [Docﬁa;pug),paﬁ + Eocﬁu)p d)w,paﬁ -0 Foc/iwp ((/)w,pxﬁ + W,Oac[i(up)]
+[1 = 121Gz — IoW° + c1lladyy — Crle(oy + WD =0, (34)

Baﬁ(vﬂug),pB + CapwpPw.pB — C1Eupwp(Pw pp + Wf};a)p)
—a [Dd/prug),pB + ExparpPew,pB = C1Fupwp(@w pB + wf}jwp)]
— Azuzp(p + W5 + CaCzuzp(h,, + W) + ColCanzp(h, + WD)
- CZEzoczp(d)p + W,(;)) -1 - ,IJVZ][IZ(Z>Oc -1 14((;‘[)a + w%)
— coqy — c1ls(dy + W) =0, (35)

where I, = jf,/f/z p@kdz (k=0,2,4,6).

5. Variational statements

The variational statements facilitate the direct derivation of the equations of motion in term of the displacements.
Hence, we also present the variational form of governing equations which is useful in integral formulations and
displacement finite element formulations.

The governing equations of the third-order nonlocal plate theory can be derived using dynamic version of the principle
of virtual displacement (Hamilton’s principle)

T
0 :/ U + 6V — 5K)dt.
0

The Hamilton principle in case of nonlocal third-order plate theory takes the form

0= /Ot /Q NuxSeQy + MOty — PxxSézy + Nyyde),
+ Myyde), — Paxdesy, + Naydy)y, + Maydyxy — Pxxdyzy
+Niz0); — R0z + Nyz6)9; — RyzSpy, — q,om°
+ UGz xOWS + gy W) — IgUOu? + To u(Utd U + 19,5112 )
— Igu9i) + Io (i) 119 + 1), 511 ) — ISP
+ oW WS, + W8, 0WS) — (I by + WOy
+ U2 Py — C1la(byy + W)y x
+ (hyy — Claldyy + WoNIPX.y — U2y — c1la(dy + W53y
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+ U2 by x = C1la(Pyx + W3 5Py «

+(yy — cila(dyy + W55y,

+€1Uadxx — C1le(Dyx + W) Oxx + W

— ulcy (adyx — C1lg(bxy + W) (Ohyy + 0Wy)

+1Uadyy — C1ls(bry + Wiy Ehyy + W)l

+c1ady — cilo(dy + WISy + oWY)

— pc1(Uadyx — cils(byx + W3Oy x + 5WT,)

+1adyy — crls(dyy +W)Spy , + oW, dxdydt. (36)
By substituting nonlocal stress resultants in term of the displacements into the principle of virtual displacements and

integrate by part, the equations of motion can be obtain

Sty : Nyxx +Nyyy — (1 — uV)Iil =0, (37)
Sty : Nyyx + Nyyy — (1 — uV)Igitd = 0, (38)

oo : Nzxx 4+ Nzyy — C2(Rzxx + Rzyy) + €1 (Pxx.xx + Pyyyy + 2Pxy.xy)
-(1- ‘uVZ[qZ - IOWO —C1la(dyx + dyy — C%IG((/)x,x +yy + W?(x + W(}/y =0, (39)

Oy : Myxy + Myyy — €1(Pxxx + Pxyy)Nzx + CoRzx
— (1= puV?)ly by — c1la(hy +W3) — Calachy — C1lg(ehy + W) =0, (40)

(3(,2’))/ : Mxyy + Myy,y —C (nyqx + Pyyﬁy)Nzy + Cszy
— (1= pVALdy — cla(y + W) — sy — crlg(hy + W) = 0. (41)

It can be verified that equations of motion associated with the variational statements are the same as Egs. (33)-(35). In
addition, the equations of motion of the conventional third-order plate theory are obtained from above equations by setting
1 =0 (see Reddy [17]).

6. The Navier solutions of nonlocal third-order shear deformation theory

Here, analytical solutions for bending and vibration of simply supported plates are presented using the nonlocal third-
order plate theory to illustrate the small scale effects on deflections and natural frequencies of the plates. In order to
simplify the governing equations, we consider the case of orthotropic rectangular plate with simply supported boundary
conditions. For this case, In-plane displacements are uncoupled from the bending deflections (i.e., the coupling stiffness
B.gwp and Dy, are zero in Eqs. (34) and (35) for an orthotropic plate). For the static case, all time derivative terms are set
to zero.

For an orthotropic plate, the local bending moments and higher-order stress resultants are related to the flexural (i.e.,
bending) deflections by

Mal ey ¢y, 0 0 07] fxx ]
Myy Cia G 0 0 O byy
My |=]0 0 Cos 0 0 ||Pxytdyx
NL, 0 0 0 Ay O w8 + ¢,
NL 0 0 0 0 As]|wgig, |
¢iE; Ep O 0 0 Prx+ Woa
ciEyy ciEpy O 0 0 byy + Yy
|1 o 0 c¢Cg O 0 bxy + Pyx+2wWo |, (42a)
0 0 0 Cqyy O w0, + g,
0 0 0 0 Css W+ e
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Po] tEy Ep 0 0 07 P ]
Py Ey Ejp 0 0 0 byy
Phl=]0 0 Eg 0 0 ||®Pxy+dyx
RL, 0 0 0 Cg4 O w8 + ¢,
R 0 0 0 0 Cssl| wh+dy |
CFii aF, 0 0 0 7] Ptk
ciF1p ciFyy O 0 0 byy + Wy
| o 0 cFgg O 0 Puy + byx + 2w
0 0 0 cEu O WO, + ¢,
0 0 0 0 cyFss W2+ by

Then the decoupled bending equations of motion can be obtained from Eqs. (34) and (35) as

ASS (d’x,x + Wg(x) + A44(¢y,y + W?yy) - 2C2 C55(¢x,x + Wg(x)
—202Ca4(pyy + Wg;y) + C3Es5 (¢ + W) + C3Eaa(yy + wf;y)

2 0
+c1Eqq d’x,xxx +C E66¢x,xyy +c1(Epp + E66)¢y,xxy - Fl]((/)x,xxx + @ xxxx)

2 0 2 0
— CTF12(by xxy + Wixyy) — C1Fe6(Pxxyy + Py xxy + 2Wxayy)

2 0
+c1Ex ey yyy + C1Ee6 Py xxy + C1(E12 + E66)Pxxyy — C1F22(Pyyyy + Oypyy)

- C%F12(¢x.xyy + W?yyxx) - C%FSS(Qby,xxy + bxxyy + 2W,0yyxx)
+11 = 1Y)z — IoW° — c1la(yy + )
-G IG(‘Z’x,x + Wgcx + ('lsy,y + Wg/y)]) =0,

11y + Cobryy + (C12 + Co6)Pyxy — C1ET1 (B + Winer)
— 1E12(¢y xy + Woyy) + C1Ee6(dxyy + by xy + 205y
— 1B bxu — €1Bedryy — €1 (Erz + Ee6)dyxy + 11 (Ds + Wi
+ CF12(¢y ny + Wohyy) + CFe6(Pryy + Pyy + 2Why)
— Ass(x +W3) + 262Css(hy + W) = GEss(y + W)
—[1 = uV1adx — c1la(hy + V'Vg() — 1y — c1lg(hy + W&))) =0,

Coadyyy + CosPyxn + (Cr2 + Cos)brny — C1E22(dyyy + Wyy)
— 1E12(hxny + W) — C1E66(Py xx + Drxy + 2W )
— C1E22yyy — C1Ee60y 0 — C1(Ex2 + Ege)bxxy + 2W
+ CTF 12Dy + W) + CTFe6(Dyxx + Dy + 2W )
— Aga(by +W3) +262Caa(by + W) — 5Eaa(y +W3)
—[1 = uV2(a by — c1la(y + W) — c1Uady — c1ls(y + W) = 0.

283

(42b)

(43)

(44)

(45)

These equations may be reduced to those of a nonlocal third-order beam theory when the case of cylindrical bending is

considered (see Reddy [10]).
For a simply supported plate, the boundary conditions are of the form

WO(X, 0,t) = WO(X, b, t) = WO(O,y, t) = wo(a,y, =0,
$x(x,0,8) = Px(x,b,t) = ¢(0,y,t) = Px(a,y,t) = 0,
Mxx(o,y, t) = Mxx(a,y, t) = Myy(x, 0, t) = Myy(x, b, t) = 0,

Pxx(0,y,t) = Pxx(a,y,t) = Pyy(x,0,t) = Pyy(x,b,t) = 0.

(46)
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For this set of boundary conditions, the Navier solution can be obtained [17]. According to the Navier solution theory, the
generalized displacements at middle of the plane (z = 0) are expanded in double Fourier series as

00 o0 .
WOy, 0)=>" " Wi - sin({px) - sin(rp,y) - e,

n=1m=1

Wam - €oS({nX) - Sin(,y) - emmt,

M2

¢X(X>ya t) = Z

n=1m

Il
_

Ynm - Sin(CpX) - oS(1,y) - enmt. (47)

M2
M2

¢_y(xsy’ t) =

3
Il
_
3
I
-

So that the boundary conditions in Eq. (46) are identically satisfied. In addition, the distributed transverse load is also
expanded in double Fourier series as

o0 00 .
a6y, => """ Qun-sinX) - sin(,y) - emme, (48)
n=1m=1
where Q. has different values for different kind of loading [17]. For example, for uniform load with magnitude of qo,
164q
"M 2mn

By substituting Egs. (47) and (48) into Egs. (34) and (35), matrix form is as follow

Ky — m11(CUannm)2 Kip — m12(wnmcnm)2 Kq3 — m]3(wnmcnm)2 Whnm (Gnm)2
Ky1 — myp(@nmGnm)? Koz — Moo (@nmGnm)* K3 Xnm = 0 |Qum (49)
K31 — m]3(a)annm)2 K32 I<33 — m33(a)annm)2 Ynm 0

K11 = (Ass — 2¢5Cs5 + C3E55)(% + (Agq — 2€5Ca4 + C3Es5)02,

+ CH[F11n + 2F120An% + 4Feslan% + Faoliml,

K12 = (Ass — 2¢3Cs5 + 3Es5)in — c1[Eq1 — ¢1F11)(3 + (Era — €1F12 + 2Egs — 2¢1Fe) nt4],
K13 = (Agq — 2¢3Caq + 3E4q)y — €11E2z — €1F22)(3 + (Era — ¢1F12 + 2Egs — 2¢1Fo6)ntiZ],
Ky = (C11 — 2¢1Eq1 + ¢3F11)(5; + (Cog — 2¢1Egg + €3 Fog)% + (Ass — 2¢2Css + C3Ess),
Ky3 = (C13 — 2¢1E12 + 3F13 + Co6 — 2¢1E66 + C3F66)ntlm
K33 = (Cap — 2¢1Epp + C3Fop)2, + (Cos — 2¢1Eg + C2Fe6) 5 + (Agq — 2¢3Caq + C3Eag), (50a)
_ 27 72, 2 _ 27 \r _ 2
myy =lg — c1ls((5 + 1), M2 = (c1ly — c1le)ln, mMy3 = (€1l — Sle)Nm,
Myy = (Iy — 2¢114 + 3lg), m33 = (Iy — 2¢ql4 + 1), (50b)
Gnm = \/ 1+ u(Gi + ). (50¢)
Note that G, is greater than unity.

6.1. Bending solution

For static bending analysis, we consider Wy, Xnm, Ynm and Qu, to be time-independent; consequently, the time
derivative terms in Eq. (45) and therefore, terms containing w,,, are omitted. Eq. (49) has been solved for each pair of
integers (m,n) to determine the magnitude of Wy, Xum, Ynm and the total solution is obtained from Eq. (47) (without the
time terms) as

an = (Gnm)2 . (Wlﬁm)maxn

Xnm = (Gnm)? - Xh ) maxo
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Ynm = (Gam)? - (Ve maxe

where

Ky K33K2
(Wﬁzm)maxziz2 33 23 Qnm»

K13K33 — K12K
KL )y = 13 23/1 12K334

K12K33 — K32K13 0
/’{ nm»

(Yﬁm)max =

2= K11K22K33 — K33K11 — K§,K33 — K§3K22 + 2K12K13K23.

(51)

(52)

Since Gp;,>1, it can be seen that the displacement predicted by nonlocal theory is larger than local (or conventional)

theory.

6.2. Free vibration solution

To obtain natural frequencies of a simply supported rectangular plate using the nonlocal third-order theory, we assume
that Q,,, = 0. Following the same procedure as in the case of bending (i.e., expanding the displacement field in double

Fourier series and substituting into the equations of motion)
We obtain the following eigenvalue problem for the determination of the natural frequencies:

Ky1 — mll(CUannm)2 Kiy - 7’”12(wnm(;nm)2 Kq3 — m]3(®nmcnm)2
Ko7 — m12(@nmGnm)? Kz — Moo (@nmGnm)? K33 =0.
K31 — mq1(@nmGnm)? K3, K33 — m33(@nmGnm)?

The natural frequencies of simply supported plate in nonlocal third-order plate theory are obtained as

wk ol ol
(wnm)1 = M, (Wnm)y = M — M'
Gnm Gnm

,  (Wnm)3 Gnm

N
A

TN

R TR

N
SRR
s \\\\\\\\\\\\\\\\\\\\\\\\\\&&
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Fig. 1. Variation of nonlocal coefficient Fy,, with respect to non-dimensional nonlocal parameter ,/fi/a and aspect ratio.
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(54)
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Table 1

Nonlocal coefficient Fy,, in terms of nonlocal parameter ,/7i/a and aspect ratio a/b.

JR/a 0 0.2 0.4 0.6
(n,m) alb=1
(1,1) 1.0000 0.7477 0.4904 0.3512
(1,2) 1.0000 0.5801 0.3353 0.2309
(1,3) 1.0000 0.4497 0.2440 0.1655
2,1) 1.0000 0.5801 0.3353 0.2309
(2,2) 1.0000 0.4906 0.2708 0.1844
(2,3) 1.0000 0.4040 0.2155 0.1456
(3,1) 1.0000 0.4497 0.2440 0.1655
(3,2) 1.0000 0.4040 0.2155 0.1456
(3,3) 1.0000 0.3514 0.1844 0.1241
a/b = 0.5
(1,1) 1.0000 0.8183 0.5799 0.4287
(1,2) 1.0000 0.7475 0.4904 0.3512
(1,3) 1.0000 0.6618 0.4038 0.2823
2,1) 1.0000 0.6111 0.3601 0.2492
(2,2) 1.0000 0.5799 0.3353 0.2309
(2,3) 1.0000 0.5370 0.3033 0.2076
(3,1) 1.0000 0.4637 0.2531 0.1718
(3,2) 1.0000 0.4496 0.2440 0.1655
(3,3) 1.0000 0.4287 0.2309 0.1562
Table 2

Non-dimensional maximum center deflection (W = —w x (Ehz/qoa“) % 102) in simply supported plate subjected to uniform load qo (qo =1, a = 10,

E =30 x10°, v = 0.3, 100 term series).

al/b alh u Third-order First-order Classical
1 10 0 4.1853 41853 4.0083
0.5 4.5607 4.5608 4.3702
1 4.9362 49363 4.7322
1.5 5.3116 5.3118 5.0942
5.6871 5.6873 5.4561
2.5 6.0625 6.0628 5.8181
3 6.4380 6.4383 6.1800
50 0 4.0154 4.0154 4.0083
0.5 4.3779 43779 4.3702
1 4.7404 4.7404 4.7322
1.5 5.1029 5.1029 5.0942
2 5.4654 5.4654 5.4561
2.5 5.8279 5.8279 5.8181
3 6.1904 6.1904 6.1800
100 0 4.0100 4.0100 4.0083
0.5 4.3721 4.3721 4.3702
1 4.7342 4.7342 4.7322
15 5.0963 5.0963 5.0942
5.4584 5.4584 5.4561
2.5 5.8205 5.8205 5.8181
3 6.1826 6.1826 6.1800
2 10 0 0.7169 0.7170 0.6483
0.5 0.8767 0.8768 0.7946
1 1.0364 1.0366 0.9408
1.5 1.1961 1.1965 1.0870
2 1.3558 1.3563 1.2332
2.5 1.5155 1.5161 1.3794
3 1.6752 1.6759 1.5256
50 0 0.6511 0.6511 0.6483
0.5 0.7978 0.7978 0.7946
1 0.9446 0.9446 0.9408
1.5 1.0914 1.0914 1.0870
2 1.2381 1.2381 1.2332
2.5 1.3849 1.3849 1.3794
3 1.5316 1.5316 1.5256
100 0 0.6490 0.6490 0.6483
0.5 0.7954 0.7954 0.7946
1 0.9417 0.9417 0.9408
1.5 1.0881 1.0881 1.0870
2 1.2344 1.2344 1.2332
2.5 1.3808 1.3808 1.3794
3 1.5271 1.5271 1.5256
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where the superscript L denoted the quantities in local third-order shear deformation theory. Between these three
frequencies for each combination of n and m, the lowest one is related to transverse deflection and two remained
frequencies related to shear modes [19,20].

7. Numerical results and discussion

The analytical bending and free vibration solutions presented in Egs. (51) and (54) are numerically evaluated here for an
isotropic plate to discuss the effects of nonlocal parameter p on the plate bending and vibration response. We consider the
following parameter that defines the relation between nonlocal and local theory in both bending and free vibration cases

1 1 1
Fom === - ,
Com @+ ngy 1+ 202 + ma/b)

(55)

where ./fi/a is a non-dimensional nonlocal parameter and a/b is aspect ratio of the plate. Note that, because G, >1, Fm is
less than or equal to unity. Therefore, it can be seen that natural frequencies predicted based on the nonlocal third-order
plate theory are smaller than those based on local theory, while The maximum deflections predicted by nonlocal theory are
larger than one predicted by local theory.

Table 3

Non-dimensional maximum center deflection (W = —w x (EhZ/QOa4) X 102) of simply supported plate subjected to point load Qg at center (Qp = 1, a = 10,
E =30x 105 v = 0.3, 100 term series).

alb alh I Third-order First-order Classical
1 10 0 0.5137 0.5147 0.4609
0.5 0.8072 0.821 0.5752
1.1008 1.1274 0.6894
1.5 1.3944 1.4337 0.8037
1.688 1.7401 0.918
2.5 1.9816 2.0465 1.0322
3 2.2751 2.3528 1.1465
50 0 0.463 0.463 0.4609
0.5 0.585 0.585 0.5752
1 0.7069 0.707 0.6894
1.5 0.8288 0.8289 0.8037
0.9508 0.9509 0.918
2.5 1.0727 1.0728 1.0322
3 1.1947 1.1948 1.1465
100 0 0.4614 0.4614 0.4609
0.5 0.5776 0.5776 0.5752
0.6938 0.6938 0.6894
1.5 0.81 0.81 0.8037
0.9262 0.9262 0.918
2.5 1.0424 1.0424 1.0322
3 1.1586 1.1586 1.1465
2 10 0 0.2165 0.2183 0.1685
0.5 0.6528 0.7092 0.2753
1 1.089 1.2002 0.3821
1.5 1.5253 1.6911 0.4889
1.9616 2.182 0.5957
2.5 2.3979 2.6729 0.7025
3 2.8341 3.1638 0.8093
50 0 0.1705 0.1705 0.1685
0.5 0.2926 0.2927 0.2753
1 0.4146 0.4148 0.3821
1.5 0.5367 0.537 0.4889
0.6587 0.6592 0.5957
2.5 0.7808 0.7813 0.7025
3 0.9029 0.9035 0.8093
100 0 0.169 0.169 0.1685
0.5 0.2796 0.2796 0.2753
1 0.3903 0.3903 0.3821
1.5 0.5009 0.5009 0.4889
0.6115 0.6116 0.5957
2.5 0.7222 0.7222 0.7025

3 0.8328 0.8328 0.8093
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In Fig. 1, the variation of F;; respect to ./fi/a and a/b is presented. It can be seen that where ,/fi/a<1, the effect of
nonlocal parameter F,, can be neglected, while it has significant effect on the results when ./zt/a> 1. Also it has been
shown that F,;;, will be increases with increasing aspect ratio a/b.

In comparison with the first-order plate theory, difference between the maximum deflection in nonlocal first-order and
nonlocal third-order theories is larger than one in the corresponding local theories whereas the difference between natural
frequencies in nonlocal first-order and nonlocal third-order theories is smaller than one in the corresponding local theories.
Furthermore nonlocal theory can predict the higher-order frequencies more accurately than local theory. As a result, the
nonlocal theory softens the plate and makes it more flexible.

Table 1 shows that the coefficient F,,, decreases with decreasing nonlocal parameter ,/ft/a or increasing aspect ratio a/b.
Therefore, the natural frequencies decrease when nonlocal parameter decreases. Table 2-4 contain the numerical results of

Table 4
Non-dimensional first mode frequency (@77 = wq1h\/p/G) of simply supported plate. (a = 10, E = 30 x 10%, v = 0.3).

alb alh m Third-order First-order Classical
1 10 0 0.0935 0.0930 0.0963
1 0.0854 0.0850 0.0880
2 0.0791 0.0788 0.0816
3 0.0741 0.0737 0.0763
4 0.0699 0.0696 0.0720
5 0.0663 0.0660 0.0683
20 0 0.0239 0.0239 0.0241
1 0.0218 0.0218 0.0220
2 0.0202 0.0202 0.0204
3 0.0189 0.0189 0.0191
4 0.0179 0.0178 0.0180
5 0.017 0.0169 0.0171
2 10 0 0.0591 0.0589 0.0602
1 0.0557 0.0556 0.0568
2 0.0529 0.0527 0.0539
3 0.0505 0.0503 0.0514
4 0.0483 0.0482 0.0493
5 0.0464 0.0463 0.0473
20 0 0.0150 0.0150 0.0150
1 0.0141 0.0141 0.0142
2 0.0134 0.0134 0.0135
3 0.0128 0.0128 0.0129
4 0.0123 0.0123 0.0123
5 0.0118 0.0118 0.0118
Table 5

Non-dimensional higher order frequencies (& = why/p/G) of simply supported plate. (E = 30 x 10%, v = 0.3, a = 10, a/b = 1, a/h = 10).

Frequencies n Third-order First-order Classical
w1 0 0.0935 0.0930 0.0963
1 0.0854 0.0850 0.0880
2 0.0791 0.0788 0.0816
3 0.0741 0.0737 0.0763
4 0.0699 0.0696 0.0720
5 0.0663 0.0660 0.0683
w22 0 0.3458 0.3414 0.3853
1 0.2585 0.2552 0.288
2 0.2153 0.2126 0.2399
3 0.1884 0.186 0.2099
4 0.1696 0.1674 0.1889
5 0.1555 0.1535 0.1732
w33 0 0.702 0.6889 0.8669
1 0.4213 0.4134 0.5202
2 0.329 0.3228 0.4063
3 0.279 0.2738 0.3446
4 0.2466 0.242 0.3045
5 0.2233 0.2191 0.2757
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nonlocal classical, first-order and third-order theories. The following parameters are used to obtain the numerical values:

a=10, E=30x10% v=03, p=1, (56)

where q, E, v, p are plate length, Young modules, Poisson’s ratio and plate density.
The non-dimensional quantities for maximum deflection and natural frequencies are:

3 3
W= —wx [ x 102, W= —-wx Eh x 102, cb:a)h\/E, (57)
qoa* Qoa? G

where qp and Qg are the magnitude of the uniform and point load. (Reddy, [10])

Tables 2 and 3 compare the results of non-dimensional maximum deflection in three nonlocal plate theories for
different values of nonlocal parameter and thickness for square and rectangular plates subjected to uniform and point
loads. According to these results, it can be seen that the nonlocal theory predicts larger deflections. The results of first-order
and third-order theories are almost the same for all values of u.

Tables 4 and 5 contain natural frequencies of third-order nonlocal plate theories for different values of nonlocal
parameter and aspect ratio. Again, it can be seen that nonlocal theories predict smaller values of natural frequencies than
local theories especially for higher order frequencies (Table 5). Thus the local theories overestimate the frequencies. From
the results presented in Tables 2-4, it follows that the difference between the results of the third-order theory and other
theories increase with the thickness, nonlocal parameter, and mode number. Furthermore, it is observed that the difference
between nonlocal third-order and first-order is slightly increased with increasing the nonlocal parameter and thickness of
the plate but it is still negligible.

8. Conclusions

In this paper, equations of motion for nonlocal third-order shear deformation plate theory have been derived, and
analytical solutions for bending and free vibration are also presented to bring out the effect of nonlocal parameters.
Numerical results are presented for simply supported rectangular plates to illustrate the effects of nonlocal theories on
plate response compared to the local theories. Nonlocal theory can be applied for the analysis of nano plates where the
small size effects are significant. The effect of nonlocal constitutive relations is to increase the magnitude of deflections and
decrease the amplitude of frequencies. In addition, the difference between nonlocal theories and local theories is
significant for high value of the nonlocal parameter.
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