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1. Introduction

A shell or a panel regularly strengthened by stiffeners in two orthogonal directions is the foundation of a wide range of
engineering structures and in particular of aircraft fuselages. A great number of works are devoted to vibrations of stiffened
plates, shells and to excitation of periodic structures and are covered [1-4] and in recent publications [5-8]. In the majority
of published works one-dimensional or quasi one-dimensional systems stiffened in only one direction are considered.
Unfortunately, the number of works where stiffening in two directions is investigated and which are of prime practical
interests is rather limited.

According to overview [3], analytical methods that can be used for solving the two-dimensional tasks can be separated
into three methods: receptance method, transfer-matrices method and the method of space-harmonics. The receptance
method is a dynamic-flexibility technique, which allows vibrations of the non-regular stiffened structure to be determined
directly and the solution in this case is presented in the form of usual double trigonometric series. This method was used to
determine the vibrations and the sound transmission loss of an orthogonally stiffened curved panel excited by sound and
pressure-fluctuation fields [6]. However, in the expressions of that work the interaction between the panel and the
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stiffeners is taken into account only through normal displacements. Moreover, prediction results for a frame-stringer
stiffened panel had not been demonstrated because of “excessive computational time”.

The receptance method is efficient for solving the task for structures with non-uniformly spaced stiffeners. For regular
structures it is more reasonable to use special methods, such as the transfer-matrices and space-harmonics methods, that
are based on Floquet’s principle (sometimes called Bloch’s theorem). According to this principle, the eigen-functions of
periodic systems can always be presented in the form of a product of some function with the same period as that of the
system and the plane harmonic wave function.

The solution for stiffened-structure vibrations, when the structure consists of a number of identical spans or cells, is
reduced by the method of transfer matrices to considering only one span or cell. However this solution is usually derived in
the form of an implicit connection between propagation constants and frequency and this makes a search for eigen-
frequencies and eigen-functions difficult. This method becomes too laborious at high frequencies when it is necessary to
account for a large number of vibration eigen-functions. In the present work the method of space-harmonic expansions is
used. According to this method, vibrations of the infinite, orthogonally stiffened plate with distances between the stiffeners
d", d* under plane wave excitation exp i(wt + ax/d" + By/d°) are presented in the form of special space-harmonic series [3]

+oo 400
Wy, =Y Y Wnn exp (ot + kymX + kgpy), (1)

N=—00 M=—00

kam = (o +2mm)/d’, kg = (B + 27n)/d°. (2)

Here all the harmonic shapes of vibrations with similar phase steps «, # on the cell length and width are summed up but
the other shapes take no part in vibrations under such excitation.

The present work shows how the system of equations for the unknown amplitude W,,,,, of the plate and the shell can be
reduced to a system related to sufficiently small number of generalized stiffener responses. The proposed method is
described in the first part of the paper by an example of an infinite thin plate strengthened by stiffeners, elastic in bending
and absolutely compliant in twisting. In the second part of the paper this method is used for solving the task on vibrations
of a finite orthogonally stiffened cylindrical shell. The method can be used in those cases when the edge conditions for the
finite structure allows it to be considered as part of an infinite structure. Here a shell is considered, finite in both directions
and simply supported on the edges with the stiffeners split in half.

The method allows all three displacement components and the rotation of the shell and the stiffeners to be taken into
account. The equations of the shell and of the stiffeners are written in a general matrix form and this allows an easy use of
any equations of the structural element dynamics. The vibration shapes of the shell and stiffeners are broken into non-
interacting groups. The solution reduces to an equation system regarding a substantially smaller number of the generalized
responses of stiffeners and this makes it possible to account for a very large number of shapes in each group. All this allows
a prediction to be made of vibrations of large parts of the structure under investigation over practically the whole sound
frequency range.

2. Prediction relations for infinite orthogonally stiffened plate

Consider a thin infinite plate regularly strengthened by stringers along the x-axis with a step of d* and by frames with a
step of d" along the y-axis (Fig. 1). The stiffeners interact with the plate along orthogonal lines x = p"d", y = pSd®, where p',
p® are the numbers of frames and stringers.

The plate has normal displacements w which are determined by the following equation:

(D@2 /ax? + 0% /ay?)? — w?mwx,y) =q—q° — q', 3)

where m is the surface mass, D the cylindrical rigidity, q(x,y), ¢°(x,y), q" (x,y) are the external surface forces, stringer and
frame response forces, respectively. Here and below time multiplier exp(iwt) is omitted. Normal displacements of stringer

Stringers Frames

Fig. 1. Orthogonally stiffened infinite plate.
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w® with number p* are described with the use of the following equation:

(BSP* jox* — ?mSwi(x, p*) = g% (x, p°), (4)
where m®, E°F are the mass per unit length and flexural rigidity of stringers. Upper index ¢ serves for distinguishing the
discrete force in one direction (q°(x,p®)) from the surface force (qg°(x,y)).

The frame displacements w” with number p" are described as follows:

(ETS* oyt — w?mHwW (P y) = a7 (0" y), (5)
where m'", E'T" are the mass per unit length and flexural rigidity of the frames.

Let the stringer displacements w* and frame displacements w" be connected with the plate only through the normal
displacements

wix.p’) =wx.p’d’), w(p".y)=wp'd.y. (6)

Present the displacements in the form of an integral over the phases and of a special double series for each pair of phases

Y s o8] o0
w(X,y) :/ / { Z Z Wmn exp i(kmxX + kny) | docdp,
O=—T Jp=—T | n=—00 M=—00

km = («+2nm)/d", kn= (B +2mn)/d°>, m={o,m}, n={p,n}. (7)

Here Wpy, are the generalized plate displacements. The double series in square brackets corresponds to the series in Eq. (1)
and defines the contribution of one independent shape group to the overall plate displacement. Expression (7) can be
considered as a special kind of Fourier integral representation.

Now the forces acting on plate (q—q°—q") will be presented in a similar way. The generalized forces are divided into
external generalized forces Qmn, generalized responses of stringers —Q3,, and responses of frames —Qpn:

T T o0 00
q-¢ —q = / / [ > Y (Qmn— Qinn — Qnn) eXP i(kmX + kny) | docdp. (8)
JOU=—Tt Jp=—T | n=—o0 m=—o0

From the plate vibration Eq. (3) the connection between the generalized plate displacements W, and the sum of the
generalized forces acting on it follows:

KmnWmn = Qmn — ernn - Qinna Kmn = D(k|2n + k121)2 —w’m. 9)

The plate vibration shapes from one group o, f and with one longitudinal index m have an identical magnitude for all the

indices n on stringer lines y = p°d*:
expi(kmx + knp*d®) = expi(kmx + fp°), vn. (10)

Expand the displacements of all the stringers in terms of functions exp i(kmx+fp°®), continuous along x and discrete along y:

ws(x,ps):/xin/7Z { Z Wsﬁm exp i(kmx + Bp°)|dodp. (11)

=—T

Here W3, are the generalized stringer amplitudes.
Expand also the forces q%, discrete along y, that affect the stringers from the plate:

g% x,p%) = d° /n /n { i Q%in exp i(kmx + ﬁps)} dadp. (12)
o=—1 Jp=—T |m=c0

Here a step of stringer arrangement d° is added on the right so that the generalized force Qiﬁn has the dimensionality of
surface force.

Along the line of frames the plate vibration shapes of one group also have identical magnitudes independently of
longitudinal index m:

exp i(kmp'd" + kny) = exp i(ap” + kny), Vm. (13)

The vibrations of all the frames and of the force q%"(p", y) acting on them from the plate, can be presented as the expansion
in terms of exp i(ap” + kny):

' (1l — T T = T H r I
wipy) = ) > Wiy exp i(ap” + kny) |docdp, (14)

N=—00

s TT o0
@y = d" / / { S Q2 exp i + kny) |docdp. (15)
JOoU=—T =—T | n=—00
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From the stringer vibration Eq. (4), the connection between the generalized displacements W/, and the generalized forces
QJn follows:

KiaWim = Qs Kin = (BSBkE — w?m®)/d°. (16)
Similar equalities can be obtained for the frames:
Kiwrh, =Qon, Kh = (E'TKA — w?m")/d'. (17)

It follows from the equality of stiffener vibration shapes and the plate shapes along the stiffeners (Egs. (6), (10), (13)) that
the generalized stringer displacements are equal to the sum of all the generalized plate displacements with the same
indices m, o, § and the generalized frame displacements are equal to the sum of the generalized plate displacements with
the same indices n, o, f3:

+o0 +00
Win= > Wmn, Wip= > Wmn (m={xm}n={n). (18)
n=—oo m=—oo
Now connect the generalized forces acting on the stiffeners Qgﬁn and Qg; with the generalized stiffeners responses acting
on the plate Q$,n, Qmn- The regular sequence of delta-functions d(y — pd®) with the arrangement step d* and the phase step
f can be replaced by a sum of harmonic functions with the same phase step:

+00 oo =
d* > explipp*)oy —p*d*) = D exp((f+2mny/d) = D exp(ikny) (19)
pP=—0c0 n=-—o0 n=—oo

Therefore the discrete forces along y (¢°), acting on the plate from the stringers can be written as follows (see Eq. (12)):

+00 N
Fay= > q*xpHy - p'd)

pS=—o00

+o0
/ / [ Qi Y exp ikmx + Bp$)o(y - psds)} dadp
=—nJf=—7 |m=—oc0

pS=—o0

+oo +00 N
/ / { E Q;}in exp i(kmX + kny)
=—T JP=—T | m=—o00 n=—00

Comparing this expression with Eq. (8) for g°, we are assured that all the generalized stringer response forces QS am With
identical indices m, o, 8 are equal to each other and are equal to the generalized force acting on the stringers Q/;m

dodp. (20)

S = Q/}m: vn. (21)

Similarly one can prove that the generalized frame response forces Qp,, with identical indices n,o, 8 are equal to the
generalized force acting on the frames:

Qhm = Qan, vm. (22)

Thus, for the group of the plate vibration shapes a closed system of Egs. (9), (16)-(18), (21), (22) is obtained. Write them
with the phase indices o, f omitted:

Win = Imn(Qumn — Q%5 — Q). Imn = K,

We = 1,Q08 =S Wnn, [, =K
n

Wh =105 =5 Wmn, I =Ky L. (23)
m

Here the compliances Iy, 5, I}, are introduced for convenience. Eliminate the plate generalized displacements Wy, from
these equations by summing over m and n separately. As a result, the system of equations related to generalized forces Q%,
Qér acting on the stiffeners is obtained:

(Ifn + Zlmn> QémS + Zlanér = Zlanmn’
m m m

<1; + Zhﬂn) Qﬁr + Zlanés = Zlanmn- (24)
m m m
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The system can be rewritten in the matrix form:
S
(A B> <Q5> AL
c D/\QR wR
Amm = I?n + Zlmm Bmn = Imn, QS = Qﬁf, ng = Zlanmn,
n n

Com =Imn, Dmn = 12 + Zlmn, QR = Qér, Wgn = Zlanmn- (25)
m m

Here A, D are the diagonal matrices; C = B', T is the transpose. Matrix equation (25) effectively resolved as follows:

QR =@ - cA) B TWR — cA)"TWS),

QS = @A) (w5 - BQR). (26)

Hence the stiffener responses Q%, ;’;r are determined. Substituting them into the first expression in Eq. (23) resolves the
task of predicting amplitudes W,,, for one shape group of an infinite orthogonally stiffened plate. The total plate
displacements w(x,y) are obtained with integral (7).

In the case when the plate is strengthened by only one set of stiffeners, for example stringers, the independent groups
will consist of the shapes with the same phase constant f and the solution for them will be of the following form:

-1
Wam = lum(Qum — Q). Qs = <Ifn + Zlnm> > lamQum, QY =0). (27)
n n

In this case index m means a continuous parameter.

In order to demonstrate the application of this method for determining the infinite stiffened plate vibrations, let us
consider the plate exited by a single acoustic plane wave. Let the plane wave with frequency « and amplitude P be falling on the
plate at some angle ¢ between the plate plane and the wave vector and at angle 6 between x-axis and the wave vector
projection. The pressure acting on the plate presents the harmonic wave p = A exp iw{cos(¢)(cos (0)x + sin(0)y)/c + t}. Here ¢
is the sound speed. The reaction of the medium from the sides of the plate is ignored for the sake of simplicity.

Here and in Section 4 the plate and rib parameters were chosen to be corresponding to the fuselage of a large passenger
aircraft. The cell with dimensions of d” x d* = 0.5 x 0.2m has the first eigen frequency 136 Hz. The loss tangent is taken to be
n = 0.03 (E = Eo(1+in)).

Fig. 2 shows the mean-square velocity of an infinite stiffened plate (solid line 1) excited by a plane wave in a wide
frequency range. The sound wave is impinging on the plate at angles ¢ = /8, 0 = /4. The velocity is normalized by
velocity V,, at purely inertial behavior of the unstiffened plate. For comparison the curves for an orthotropic plate with
“smeared” ribs (dotted line) and for an isotropic unstiffened plate (dash line) are presented. The single maxima for isotropic
or orthotropic plate models are explained by a coincidence of the wavenumber of the exiting field and the plate eigen-
wavenumber. At low frequencies the stiffened plate behaves like the orthotropic one with smeared ribs. At high frequencies
it behaves like the unstiffened one. The plate with discrete ribs manifests its highly resonance excitation at other
frequencies. The interaction of a large number of vibration shapes is a reason of such behavior. The stiffened plate curve

30 4

20 g
m
T
;E 10 B
2
=]
> 1
N

smeared ribs 7 % no ribs/
Aol %
100 1k 10k 20k

f, Hz

Fig. 2. Nondimensional mean-square velocity of the plate excited by a plane wave.
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approaches to the curve for unstiffened one when the stiffeners become weaker. Solid line 0.1 is obtained for ribs with
diminished cross-section sizes in 10 times.

3. Prediction relations for orthogonally stiffened cylindrical shell

Consider a part of the finite stiffened thin cylindrical shell of radius R, of length L, and of width L, (Fig. 3). Let it consist of
N" spans with width d" between frames (L, = N'd"). Each span consists of N° cells with width d* between stringers
(L, = N°d®). The stiffeners are connected with the shell along the lines. The shell is freely supported on the edges. The
stiffeners split in half are left on the edges and take part in the deformation. This allows the finite shell to be considered as
part of a shell, infinite in both directions.

The shell displacements w(x, y) are determined by three components and are related to the distributed forces acting on
it through the equations of the shell vibrations, which can be written as follows:

lw=q-q’'—-q,

WXy =wr,w), qxy) = @u9.90)" @&y =@ a @) (28)

where L is the elasto-inertial differential matrix operator of the shell with dimensions of 3 x 3, T is the transpose, q(x,y),
q°(x,y), q"(x,y) are the vectors of the external forces, stringer and frame response forces, respectively.

Vibrations of a separate stringer are determined by three displacement components and by the rotation around x-axis
(6°) and depend on the three components of forces (q%%,q%%, ¢%5) and moment (mﬁs), applied to the stringer:

LSw® — qés

wi(x,p%) = WS, vS, W, O°R)T,  q%S(x,p®) = (q3°. 43 g3 . m* /R)T, (29)

where L° is the frequency-dependent elasto-inertial differential matrix operator of stringer with dimensions of 4 x 4.
Owing to the insertion of radius R in force and displacement vectors, the matrix operator L® is symmetric. Vibrations of a
separate frame can be written as follows:

L'w = qér
wp'y) =@ v WL ORT @y = @ a) al md /R, (30)
where L' is the frequency-dependent elasto-inertial differential matrix operator of frame.

The limited shell displacements and forces can be expanded in terms of special harmonic functions ®@m(x)¥n(y)
(multiplier exp(icwt) is omitted everywhere, indices mn for vector components are also omitted here):

WY =D > S Wnn®Pm(0)¥n(®), Wmn = U,V,W)T, €3))
a,p m=1n=1
q- qS - qr = Z Z (an - Qflm - Q;Iln)q)m(x)‘l’n(y)v
a,fp m=1n=1
an = (QU’ QVs QW)T7 il{ll = (Qi}r’ Qf}r’ W)T' (32)
cos(kmX) sin(kny)
On(x) = | sinkmx) |, WYa@)= | —costkny) |. (33)
sin(kmx) sin(kny)

Stringers

Frames

Fig. 3. Regularly stiffened finite cylindrical shell.
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Here Wy, are the vectors of generalized displacements, Qmn, Q3nn, Qmn are the vectors of the generalized external forces,
generalized stringer and frame response forces, respectively. In this paper the product of vectors ab = (a; b1, azbs, asbs)T
means a product terms by terms. The functions (or vibration shapes) in Eq. (33) have three components, satisfy the edge
conditions and with properly defined component coefficients make up the unstiffened shell eigen-functions, that are not of
interest here.

The wavenumbers km, kn are non-negative and multiples of /Ly, 7/L,, respectively. The finite shell is considered as a part
of an infinite shell. Any shape @, ¥y in Eq. (33) can be expressed as a sum of four exponential shapes with different signs
of wavenumbers +kpn,, +kn. Hence, in contrast to the infinite-plate case, for the finite shell the independent shape groups
are composed by all shapes, not only the wavenumber difference (k;—k>), but also their sum (k;+k,) is a multiple of 27/d" or
27|d®.

The phase step « in the span between the frames can take only N'+1 magnitudes and the phase step f§ in the cell
between the stringers takes only N°+1 magnitudes:

o ={0,n/N",2n/N",..., 7},

B =1{0,7t/N°,2mt/N°, ..., m}. (34)

This means that there exist (N" + 1)(N° + 1) independent groups of shapes. Sort the wavenumbers in any group in
ascending order:

2n(m —1) ={0,2x,4m,...}, o=0,
kmd" ={ i — ()"0 ={0,2n — 0,2+ ,...}, O<a<m,
2n(m—-1)+n = {n,37n,5m,...}, o=T,
m=12,..., m=m+((-1)"-1)/2=1{0,2,2,4,4,...},
2n(n—1), p=0,
knd® ={ mi—(=D"B, O<f<m, n=1,2,..., i=n+((-1)"-1)/2. (35)

2nn—- D +mn, f=m,

Using expansions (31) and (32) and the equation for the shell (28), we get a relation between the generalized displacement
vectors and forces acting on the shell:

L()®m(X)¥n(y) = Kmn(0)Pm((*x)¥nY), (36)

Wmn = Imn(Qmn — Qinn — Qun)>  Imn = (Kmn)_]- (37)

where Ky, is the matrix of frequency-dependent coefficients with dimensions of 3 x 3. In Appendix A the expressions for
matrices of coefficients Kmp, that were used in calculations, are presented, see Eq. (A.1). Imn is the compliancy matrix
inverse to Kmn.

Expand the displacements of all the stringers and the forces acting on them in terms of the following functions
satisfying the edge conditions:

wWp)=> > Wi, On®¥;0e), (38)
o,ff m=1
Q*xp)=d> Z Qi @i (OW(p (39)
o,ff m=
Us QY cos(kmx) sin(p*f)
Vs s Q5 sin(kmx) —cos(p*f})
Wim= | ws | Um=1 oy | PO singemo [ PPV singtp 40
O°R MSR™! sin(kmx) cos(p*p)

The first three components of function ®3, coincide with those of shell function ®$,(x) = (@®m*)T, sin(kmx))T. The discrete
function W3 (ps) serves for correlating the vibrations of all the stringers with the shell vibrations in a group. Its first three
components coincide with those of the first in this group of shell functions on the stringer locations W3 (ps) =
(¥Ypne 10587, cos(p*p))T. In contrast to the shell in the case of considering the stringer, the summation in the group is
made only over index m. Using expansions (38)-(40) and Eq. (29), we get a connection between the generalized vectors of
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displacements and forces acting on the stringers:

L3 () @5, (%) = d K () Dy (%), (41)

Wi =EaQ0, B =K~ (42)

Here K, is the matrix of frequency-dependent coefficients with dimensions of 4 x 4 for stringer, see Eq. (A.3). I§, is the
compliancy matrix inverse to K§,.
Present the vibrations of all the frames in the form of the following expansion:

WLy =3 Wia®,p"HYh), (43)
of n=1
Py =d" > QLELEHYLY) (44)
oaff n=1
cos(p” o) sin(kny)
. B sin(p” ) N cos(kny)

L") = sin(p’a) |’ ¥n0) = sin(kny) (45)

cos(p" ) sin(kny)

Note here, that ®(p") = (d)aymzl(prdr)'r,cos(proc))T, ¥ (y) = (¥n)", sin(kny))T. Substitution of expansion (43) in frame-
vibration equation (30) leads to the relation between the generalized vectors of frame displacements and forces:

L' (@)¥h(y) = d"KL ()WL »), (46)

W, =1Qd, I, =&, (47)

Here K, is the matrix of coefficients for frame with dimensions of 4 x 4, see Eq. (A.4). I}, is the matrix inverse to K.
We have considered the vibrations of the shell, the system of stringers and the system of frames separately. Now, in
order to obtain a unified system of equations, the displacements of the shell, the stringers and the frames must be
connected. The generalized stringer and frame displacements W3, ., W(,;, can be expressed through the shell displacements
Wmn with the help of special matrices E,, E,, of dimension 4 x 3, that are obtained in Appendix B, see Egs. (B.5) and (B.7):

Win =Y EnWmn, Wiy => EmWmn. (48)
n m

The relation between the vector of generalized stringer responses Qj,, and the forces Q‘Sin can be expressed through the
special Fp matrix, that is also obtained in Appendix B. The relation between generalized frames responses QJ,, and the
forces ng,—through F,, matrix, see Egs. (B.14) and (B.15):

Qin = FnQJn:  Qunn = FmQin. (49)

Thus, we have obtained the closed system of Egs. (37), (42), (47)-(49). They are rewritten, omitting the phase indices «,

excluding the generalized displacements W5,, W}, and force responses Q3,,, QJ,, of the stiffeners in the following form:

Wi = Inn(Qun — FaQps — FnQ3)),
QY =S EnWmn, 1,Q% = EqWpn. (50)
m n

Substituting the first equality in Eq. (50) into second and third we get a system of equations related to the generalized
forces acting on the stiffeners, which is more conveniently recorded in a matrix form:

A B\(Q% (wg
<c D) QR /) " lwR /[’
Amm =8, + > EnlnnFn, By = EnlnnFm, Q5 = Q0.
n
r R or,of
Covm = EmIlmnFn, Dn’n’=ln+ZEmlmnFm, Qy=Q,""",
m

wﬁm,=ZEnlanmn, w'e‘n,:ZEmlanmn, m =4m—1)+{1,2,3,4}, ' =4(n—1)+{1,2,3,4)}. (51)
n m
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Here A, D are matrices with 4 x 4-dimensional blocks on the diagonal, matrices B, C consist of 4 x 4-dimensional blocks.
Vectors Q5, QR, WS, WR consist of four-dimensional sub-vectors. Vectors W3, WR imply the generalized displacements of
absolutely compliant ribs on the plate. Formally the system of Eqs. (51) differs from the system (25) for the infinite
stiffened plate only by additional matrix multipliers E,, E,, F,, Fy.

We restrict ourselves to a certain number of shapes in group (n < nmax, M < Mmax). Then the system of Eqs. (51) can be
resolved as

QR = (- cA) 1B TWR — ca)Twg),

QS = A '(W5 - BQR). (52)

Substitution of the obtained stiffener responses into Eq. (50) gives the sought for vectors of generalized shell displacements
W,

From expression (51), as a special case, the solution for the shell stiffened by only one set of stiffeners, for example
stringers, can be directly written down. The generalized shell displacements for one shape group with some phase constant
p are determined in this case as follows:

Win = Imn(Qmn — Fan}f) (only stringers),

-1
gf = <l,s11 + Z EnlmnFn> Z EnlmnQmp- (53)
T n

. . s
Here ky, = mm/L, in matrices Iy, I,.

Thus, the task related to vibrations of the orthogonally stiffened shell with accounting for the interconnection between
all the components of displacements and forces of the shell and of the regularly spaced stiffeners is solved. Note, that the
external force vectors q = (qu,qv,qW)T have three components and hence one can predict the shell vibrations caused not
only by the normal force fields, but also caused by fields of forces with arbitrary direction.

An additional benefit of the proposed method based on special harmonic expansions is the fact that the result of
vibration predictions is presented in the form of amplitudes of sinusoidal shapes. This makes it possible to proceed directly
to solving the tasks related to sound wave radiation or to internal acoustic mode excitation, using the methods of
predicting the internal noise, worked out earlier [7,8].

4. Examples of prediction of stiffened shell vibrations

Now we demonstrate an application of the vibration-calculation method using as an example a stiffened shell excited
by a point force. The point force produces a uniform picture of generalized forces in the whole wavenumber space.
Therefore such an action is convenient for testing the prediction program and determining the main properties of
excitation of the structure.

|wiw

max |

. e
= 400 N
0 o 200

Fig. 4. An example of predicting the generalized displacements W, of nearly million shapes under point excitation at frequency of f= 20kHz.
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Fig. 5. Convergence of the prediction results with a growth of shape number, f = 20 kHz.

Fig. 6. Excitation of the stiffened shell at frequency f= 1000Hz by a harmonic point force applied to the: (a) cell center, (b) stringer center and (c)
stiffener intersection.
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Fig. 7. Mean velocity of the shell excited by a point force qq e/t applied to three different positions. Vo = 2.24 x 10> m/s if go = 1N.

To make the calculations, the structural parameters were chosen which correspond to a part of the fuselage of a large
passenger aircraft. Its radius is R = 3 m, length L, = 8 m, corresponding to N° = 16 spans with length d" = 0.5m and its
width is L, = 12 m corresponding to N = 60 cells in each span with d° = 0.2 m. The loss tangent is taken to be # = 0.1 for
Figs. 4 and 6 and n = 0.03 for Figs. 5 and 7.

The number of shapes required for prediction was determined directly from the result of illustrative predictions of
displacement amplitudes. Fig. 4 presents an example of such a test prediction for the maximum of considered frequencies
(20kHz) under point force excitation. A point force with coordinates xo = 3.75m, yo = 4.3 m was applied to the cell center.
A quarter of the ellipse produced by the dominant shapes in Fig. 4 corresponds to the wavenumbers being determined from
the relation for traveling waves in the plate (k)zc + k§)2 = mw?/D. The prediction accounted for Npay x Mimax = 22N7 x 50N =
1320 x 800 = 1056 000 of vibration shapes. The principal difficulty of the calculations relates to the (D—CA~'B) matrix
inversion. In this case all 1056000 shapes are broken into (N'+1) x (N°+1) = 17 x 61 groups, each of them consisting
maximum of 22 x 50 shapes. Matrix (D—CA~'B) has dimensions 88 x 88 (88 = 4 x 22).

Another, more commonly used method of determining the sufficient number of shapes, consists in the investigation of
convergence of the prediction results with a growth of shape number. Fig. 5 illustrates the convergence of mean-square
velocity value for such a point force excitation. The ratio of the maximum number of shapes in two directions was
determined by the relation Npmax/Mmax~ Ly/Lx. We can see, that the maximum indices of shapes must substantially exceed
the indices of dominating shapes 7Nmax/Lx > v/[4imw? /D, 7tMmax /Ly > VI4imw? /D (Nmax > 780, Mmax > 520 in this case for
20kHz) in order to get the reliable results.

Fig. 6a—c give an example of a snap-shot displacement prediction for such a piece of structure at frequency of 1000 Hz,
produced by a point force applied to the cell center, the stringer middle and a stiffener intersection. All three figures are
made with the same displacement scale. In the first case (Fig. 6a) an intensive excitation of the central and the neighboring
cells occurs. In the second case, when the force is applied to a stringer (Fig. 6b), an intensive wave propagation over the
stringers is observed. In the third case, when a force is applied to the intersection of a stringer and a frame (Fig. 6¢), an
intensive wave propagation in all directions is observed, though the displacement amplitude is small.

Fig. 7 shows the frequency dependence of the rms-velocity of the shell vibrations in the frequency range 100-20 000 Hz
for the above three cases of excitation by a point force. The largest vibration velocity over the whole frequency range is
caused by the force applied to the cell center. The maximum is achieved at the frequency slightly greater than the
frequency of an isolated simply supported cell (136 Hz). The smallest vibrations are caused by the force applied to the
stiffener intersection. It should be noted that at the frequencies less than the frequency of an isolated stringer span
(440Hz), the force applied to the intersection and to the middle of a stringer causes practically identical rms-velocities of
the shell.

4. Conclusion

The task related to forced vibrations of the cylindrical shell with an orthogonal system of stiffeners is solved with a
correct account for their discreteness and elasto-inertial properties. The solution which is compact and permits
determining all the components of construction vibration velocities directly under excitation by normal and tangential
forces is obtained. These components are presented in the form of special double trigonometric series. Such a presentation
of velocities substantially simplifies the solution of subsequent tasks related to acoustic radiation of panels and shells and
to forming the acoustic field inside a closed volume. Illustrative examples of the vibrations of framed shell modeling a large
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fragment of the aircraft fuselage section at point force excitation demonstrate a high efficiency of applying this method
over the whole sound frequency range.

Appendix A. Matrices of coefficients

The elasto-inertial operators of the shell and the stiffeners with rectangular cross-section according to Ref. [9] were
used. In all the expressions the following values are used: m, h, R, E, u are the shell surface mass, thickness, radius, Young’s
modulus, Poisson’s ratio, respectively; wgjyg = +/[IK /mR2 is the shell ring frequency; K = Eh/(1 — p2) is the shell rigidity in
tension; D = Eh3/12(1 — p?) is the cylindrical rigidity; a% = hz/(]2R2) is the thickness coefficient. All the matrices of
coefficients are expressed through the dimensionless values. The following dimensionless values are also common for all
the equations here: m = Rkm, 1 = Rkn are the dimensionless longitudinal and circumferential wavenumbers; & = ®/Wgjng
is the dimensionless circular frequency. For the shell vibration shapes (Eq. (33)), the matrix of coefficients Ky, is as follows:

m? + pu~i?  —ptmn —pm
Kmn = mw%ing —,quﬁ’lfl I_<22 I_<23 - (Z)z ’
—um Kz Ks3

Koy = = m? +0? + a®@u - m? + 1?), u*=1+p)/2,

I_<23 =n+ azﬁ((Z — [l)ﬁ”[z + T-lz), I_<33 = (12(1'712 + 1:[2)2 +1. (A.1)

The stringers and frames are characterized by: Young’s moduli E°, E"; Poisson’s ratios 1°, u"; masses per unit length m®*, m";
eccentricities z°, Z" positive for the internal position; A*", I°", I}’r, Jo" are the areas, the principal moments, moments relative
to z-axis and the polar moments for cross-sections, respectively; G5 = E5" /(2(1 + p®")) is the shear rigidity. The following
dimensionless values are used later:

E—SI . ESJ”AS,I’ _s1 GS,FJS,T _sr ES,TIS,T
&K

Es,rl%r o I

S, __ —
D;' = D = STRE (A.2)
For the stringer vibration shape (Eq. (40)) the matrix of coefficients is as follows:
K, = mod (€ — m @’ M),
Em?> o ZEm® o 1 0 Zm o0
< 0 Kp 0 Ky e 0 My 0 My
K= _.._ _ , = .. _ ,
FEmM 0 K33 0 ZFm 0 My O
0 ki 0 Kig 0 My 0 My
Koy = (G +7P2Dym?), My =7+,
g = a?m?(=G +FDy2m?), My, =77 - T,
K33 = m* (@D’ + Z2E°), Mi3 =1+72m?
Kyq = a®>m?(G + Dyz%m?), My, =22 +J. (A3)

For the frame vibration shape (Eq. (45)) the matrix of coefficients is the following:

K, = mog (K — mo*M),

Ky, o 0o K 1 0 0 z
. 0 Ky Ky 0 . |0 7 ~zi'n 0
=10 &, &, ol M~|o =z 14222 o |
K, 0o 0 Ky z 0 0 Z+]
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Ky = @R2(G + Dyi?), K, = a?i2Dy + 272 + G (1 + 7)),
Ky = F2E' 7%, Ky3 =FE f(1 —Z'a?),
Ky =a®D'(1— 22 + E(1-Z2)2, Ky = a1 +2)2G 72 + Dy(1 + Za?)?). (A4)
Appendix B. Connection of displacements and forces

The relation of the displacements and rotation of the stiffeners and of those of the shell along the stiffness is as follows:

Wi (x.p%) = (U5, V5, W5, °R)T = (1 v, w. Wy R)T = wix, pd®), (B.1)

w(phy) =W, v W0 R = v, wwiRT =wp'd,y). (B.2)

Here the stiffener rotation angles 6°, 0" are equal to the derivatives of the shell normal displacements in the respective
coordinates (wy,wy). The stringer displacements and rotation can be expressed through the shell generalized
displacements (U, V, W) as follows:

Umn cos(kmx) sin(knp*d®)
0o o0 Vmn sin(kmx) — cos(knp*d®)
S Sy
wEp)=> > > Wmn sin(kmx) sin(knp’d®) |° (B3)

knRWmn sin(kmx) cos(knpSd®)

Taking into account that

SASY — S _1\n+1
cos(knpSd®) = cos(p*p), n: {( ™+, px0,m, (B4)

sin(knp*d®) = sp sin(p*p), 0, p=0,m,

and comparing Eq. (B.3) with expansion (38) for the stringers, the generalized stringer displacements Wf,m can be
expressed through the shell displacements Wy,, as

0

SnUmn Sn

0
1% 01 0 Umn
mn
Wsm:zn: snWmn :En: 0 0 sn V‘\//‘““ EEH:E“W‘““' (B:5)
knRWmn 0 O knR mn

Here E,, is the matrix, of dimension 4 x 3, relating the vector of generalized displacements of the shell and the stringers.
Similarly the relation between generalized frame and shell displacements can be obtained:

Wip = EmWmn, (B.6)
m
1 0 0
0 sm O (-)m™t1 20,7,
Em = = B.7
m 0 0 Sm » Sm { 0, o=0,m. ( )
0 0 ka

Here E,, indicates the matrix, of dimensions 4 x 3, relating the vector of generalized displacements of the shell and the
frame.

Now we find a relation of the surface forces of the stiffener responses and the discrete forces acting on the stiffeners.
These discrete forces can be transformed into the surface forces in a similar way to the plate case. Account for the equality
similar to Eq. (19):

r sin(op") rarn X (Sm sin(kmX)
d ;(COS(OCPr) dx—p'd) = mz::] &m coS(kmx) |’ (B.8)
s sin(Bp®) s s X [ sn sin(kny)
a ;(Cos(ﬁps) 0y —pd) = mg] &n cos(kny) |’ (B.9)
1, O<oa<m a=0m=1, 1, O<f<m B=0n=1,
&ém = 2, o=m o«=0m>1, , &n= 2 fem B=0n>1. (B.10)

Note here, that émSm = Sm, €nSn = Sn.
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Hence the discrete function ‘l’sﬁ(ps) in Eq. (40) can be rewritten as a sum of continuous functions:

Sn sin(kny)
| —¢&p cos(kny)

&S Y55y — pid®) = .
; (P00 — p°d’) r; 5o sin(kny)

en €os(kny)

(B.11)

The effect on the shell, fixed on the edges, of the distributed moment mj(x,y) is equivalent to the effect of an additional
distributed normal force —0m; 5(x,y)/0y. Therefore the three components of stringer response to the shell forces q° can be
expressed through the dlscrete forces q% and the generalized forces Qﬁm as

qu qu
¢c=|q¢ |= a3 , (B.12)
a5y a5y — om3/dy

@5 g5 . MR = Y q¥x. pH) — p’d°)
pS

=y Z Qj; <D§,.<x)2‘r ()3 — p°d). (B.13)

o,fp m=1

Egs. (32), (33) (39), (40), (B.11)-(B.13) give the relation between the vector of generalized stringer responses Q,, and
the forces Qﬁm through the F,, matrix:

spn. 0 0 O

Qn =FnQjy, Fa=[0 & 0 0 | (B.14)
0 0 Sn SnknR

The relation between the generalized frame responses Qp,, and forces Q% acting on the frames can be obtained in the
same way:

em 0 O 0

an—Foncns Fm = 0 sm O 0 . (B.15)
0 0 Sm Smka

Note that
Fn = énELl, Fm =emEL. (B.16)
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