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1. Introduction

The need for production of oil and/or gas from the sea bed has made control of the dynamics of a marine riser, which is a
structure connecting a oil and/or gas offshore platform with a well at the sea bed, a necessity for both ocean and control
engineers. In general, the riser is subject to nonlinear deformation dependent hydrodynamic loads induced by waves, ocean
currents, control forces exerted at the top, distributed/concentrated buoyancy from attached modules, its own weight,
inertia forces and distributed/concentrated torsional couples. Before reviewing control techniques for the flexible marine
risers, we here mention some early work on static analysis of the risers. In [1-3], the static models of both two- and three-
dimensional risers are first presented based on the work in [4]. Then numerical simulations are carried out to analyze the
effect of the system parameters on the riser equilibria. It should be also mentioned the recent work in [5], where the
authors carry out static stability of a riser based on the variational method. Since the riser dynamics is essentially a
distributed system and its motion is governed by a set of partial differential equations (PDE) in both time and space
variables, modal control and boundary control approaches are often used to control the riser in the literature.

The modal control approach, see [6,7], involves with controlling a certain number of modes of a distributed system.
Basically, a distributed system is discretized to obtain a lumped-parameter system described in terms of modal
coordinates. The advantage of this approach is that many available control design techniques, see [8,9], can be applied to
design various controllers for the resulting lumped-parameter system. However, there are two main disadvantages of the
modal control approach. The first drawback is difficulty in computing infinite dimensional gain matrices. This difficulty can
be avoided by using the independent modal-space control method, but this method requires a distributed control force,
which is impractical to implement. In practice, a truncated model consisting of a limited number of modes is usually used.
However, the truncated model can be of a very large dimension to describe the behavior of a distributed system
satisfactorily, i.e. it is impractical to control all modes. Therefore, the second disadvantage of the modal approach is
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Nomenclature P;;, i=1,2,3 pressure in lower compartment of the
cylinder of the i hydraulic system
a-b dot product of vectors a and b Piys, i=1,2,3 supply pressure of the i hydraulic
axb cross product of vectors a and b system
Ay, i=1,2,3 ram area of the cylinder of the i ¢ external distributed force vector
hydraulic system Q;y, i=1,2,3 load flow of the i hydraulic system
Ar cross section area of the riser s arc length of the riser center line
bjy, i=1,2,3 combined coefficient of the modeled Vig, i=1,2,3 total volume of the cylinder and hoses of
damping and viscous friction the i hydraulic system
B bending rigidity of the riser Vn relative flow velocity normal to the riser
Cigp» 1=1,2,3 discharge coefficient of the i hydraulic w displacement vector of a riser center line point
system Wre effective riser weight per unit length
Cir» 1=1,2,3 coefficient of the total internal leakage =~ Wiy, i=1,2,3 spool area of the i hydraulic system
of the cylinder of the i hydraulic system Xy, 1=1,2,3 position of the piston of i hydraulic
Cip linear drag coefficient system
CND nonlinear drag coefficient
E Young’s modulus of the riser
F internal force vector
g, 1= 1,2 initial displacement and velocity vectors Bite» 1=1,2,3 effective modulus of the oil in the i
G torsional rigidity of the riser . hydraulic system
H initial torsional moment around the t axis SW¢ variation of the virtual work
Iig, i=1,2,3 current input to the i hydraulic system A estimate of A
Ir second moment of the riser cross section area % curvature of the riser center line
kigy, 1=1,2,3 servovalve gain of the i hydraulic sys- Ae continuous Lagrangian multiplier
tem u shear modulus of the riser
Kg kinetic energy pin» i=1,2,3 density of the oil inside the i hydraulic
La modified Lagrangian system
m external distributed moment vector oy density of the riser
myy, i=1,2,3 mass of the piston of the i hydraulic Tigy» i =1,2,3 time constant of the i hydraulic system
system
my oscillating mass of the riser per unit length
internal moment vector
b component of M along the I? d{rectl.on b unit vector in binormal direction
n component of M along the n d'lrect_lon f unit vector in principal direction
t compo.nent of M along the ¢ direction t unit vector in tangent direction
Pg potential energy
Pj1, i=1,2,3 pressure in upper compartment of the
cylinder of the i hydraulic system

restricted to control of a few critical modes. The other modes, which are not controlled, could be unstable. This can be
understood as follows [10]. A truncation of a distributed system divides the system into three groups of modes: modeled
and controlled, modeled and uncontrolled (residual), and un-modeled. The control design considers only the modeled
modes. The output of these modeled modes is provided by observers from the actual distributed system, and is then fed to
the control design. The use of these observers and truncated models of distributed system results in a spill-over
phenomenon. This means that the control action from actuators affects not only the controlled modes but also influences
the residual and un-modeled modes, which can be unstable.

In the boundary control approach, the original PDE model is considered and the boundary control inputs are
implemented at the boundaries to control all the modes. Therefore, the boundary control approach is much more practical
than the modal control approach in the sense that it excludes the effect of both observation and control spill-over
phenomenon. In addition, no distributed actuators and sensors are required. The main tools used to design boundary
controllers for a distributed system are functional analysis and semi-group theory, see [11,12], and the Lyapunov direct
method, see [13,14]. The Lyapunov direct method is widely used since the control Lyapunov functions/functionals can be
mimicked by those developed for discrete systems [13]. Using the Lyapunov direct method, various boundary controllers
have been proposed for flexible beam-like systems, see [15-17] for boundary controllers to reduce transverse vibration of
an axially moving string, [ 18-20] for boundary controllers stabilizing transverse motion of a beam. It is noted that in all the
above boundary control designs, except for the one in [20], disturbance distributed forces including the structures’ own
weight are ignored, and no proof of existence and uniqueness of the solutions of closed loop systems was given. Recently, in
[21-23] the authors proposed an elegant method, which was developed for stabilizing an unstable heat equation in [24], to
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design boundary controllers for strings and beams with simple dynamics. The fundamental idea is to find a coordinate
change to transform the string or beam system to a target system, which can be stabilized by a boundary controller.
However, the method in [21-23] is hard to apply to the riser system addressed in this paper due to difficulties in solving a
partial differential equation to find a proper kernel.

In the above references, the beams or strings were assumed to deform in only one plane, and only transverse motion
was considered and controlled in the above control designs. Mathematical work in [25] shows that even slight space
curvature introduces significant changes in the beam natural frequencies and especially on mode shapes, i.e. the coupling
of the out-of-plane wave types, and extensional and flexural waves exhibits in the flexible beams. The coupling between
these wave types due to the curved shape of the riser, boundary constraints and external forces made the energy exchange
from one wave type to other possible. Therefore, the control problem of a flexible marine riser that deforms in three-
dimensional space is necessary.

In this paper, we consider a control problem of global stabilization for a three-dimensional nonlinear inextensible
flexible marine riser system. The riser is controlled by hydraulic systems installed at the top end of the riser. This paper is
not a straightforward extension of our work in [20] where the riser was restricted to move in one vertical plane, and only
transverse motion was considered and controlled. In three-dimensional space, there are strong couplings between motions
of a flexible marine riser along the X-, Y- and Z-axis, see Section 2.1. These couplings cause more difficulties to control a
flexible marine riser in three-dimensional space than the one studied in [20]. As such, we propose to solve the control
problem under consideration in several stages. First, a set of partial and ordinary differential equations and boundary
conditions describing motion of the riser and hydraulic systems are developed based on balancing internal and external
forces/moments, and the Hamilton principle. Second, various important properties of the equations of motion of the riser
system are derived, see Lemma 1 of this paper. As a by-product of this derivation, we show that the conventional formula to
calculate the riser effective tension is oversimplified and a new formula is provided, see Remark 4. The derived properties of
the riser system dynamics and Poincare’s inequalities are extensively used in bounding the derivatives of the Lyapunov
function candidates, which are crucial for the success of the boundary controller design. Third, we use Lyapunov’s direct
method (where a nontrivial Lyapunov function candidate is proposed, see (35)), the backstepping technique, and Poincare’s
inequalities to design boundary controllers to stabilize the riser at its equilibrium position. The proposed controllers
guarantee that when there are no environmental disturbances, the riser is globally exponentially stabilized at its
equilibrium position, and that when there are environmental disturbances, the riser is stabilized in the neighborhood of its
equilibrium position. Finally, the Galerkin approximation method is used to prove existence and uniqueness of the
solutions of the closed loop control system.

2. Mathematical model and control objective
2.1. Mathematical model

In this section, we develop equations of motion of the riser and of the hydraulic systems. These equations will be used
for the boundary control design in the next section. In developing the equations of motion of the riser, we make the
following assumption:

Assumption 1. (1) The riser can be modeled as a beam rather than a shell since the diameter-to-length of the riser is small,
i.e. we consider the riser as a slender structure.

(2) Plane sections remain plane after deformation, i.e. warping is neglected.

(3) The riser is locally stiff, i.e. cross sections do not deform and Poisson effect is neglected.

(4) The riser material is homogeneous, isotropic and linearly elastic, i.e. it obeys Hooke’s law.

(5) The riser is initially straight and vertical.

(6) Torsional and distributed moments induced by environmental disturbances are neglected.

(7) The riser is inextensible.

Remark 1. Items (1)-(4) mean that the riser will be modeled as a Bernoulli-type of beam and not a Timoshenko-type, and
that the extension of the riser axis small. Bernoulli-Euler models are satisfactory for modeling low frequency vibrations of
beams. Item (5) generally holds in practice, and is made to simplify the development of the mathematical model and
boundary controller. This item can be readily removed. Item (6) implies that we consider fluid/gas transportation risers
rather than drilling risers, and that moment induced by the asymmetry of the relative flow due to vortex shedding is
ignored.

2.1.1. Riser coordinate system

The riser system considered in this paper is presented in Fig. 1. The boundary forces exerted at the top of the riser along
the x-, y- and z-axes are provided by three independent hydraulic systems installed on the ship/rig along the x-, y- and
z-axes, respectively, see Figs. 1(a) and 1(b). The riser coordinates are presented in Fig. 1(a). In this figure, we have two
coordinate systems. The earth-fixed system is (OXYZ), where O is the bottom ball-joint of the riser, and the OZ axis is along
the initial riser. Let r9(sq, ty) = [X0, Y0, Zo] be the position vector of the point Py of the initial riser centerline at the time t
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(a) (b)

Initial riser

Fig. 1. General riser coordinate system, hydraulic system, and forces and moments acting on a riser element. (a) General riser coordinate system;
(b) hydraulic system; (c) forces and moments on a riser element ds.

and the arc length sy from the point O. Hence at the time t>tg, the point Py moves to the point P of the deformed riser
centerline. The position of the point P is denoted by r(s,t) = [x(s, t), y(s, t),z(s, t)] at the arc length s from the point O.
Moreover, let w(s, t) = [wx(s, ), Wy(s, £), wz(s, t)]T be the vector from the point Py to the point P. Then we have

r=r"+w (1)

where from now onward whenever it is not confusing, we drop the arguments (¢,s) and (to, o) of r,w and 19, respectively
for clarity. The body-fixed system is (£, 1, b), whose axes are the tangent, principal normal and binormal unit vectors. These
vectors can be expressed in terms of the fixed system as

f:rs, fl:fs/K, I;:f)(fl (2)

where the subscript s denotes the partial derivative with respect to the arc-length s, and « is curvature of the riser center
line at s depicting the rate of change of the orientation of the normal plane (f, b) defined by K = ||rss||. The above definition
of the body-fixed coordinate system means that (f, 7, b) form a right handed orthonormal triad.

2.1.2. Equations of motion of the riser
Now from Fig. 1(c), balancing the forces and moments on a component ds of the deformed riser results in

moewy = Fs +q

Jor=Ms+txF+m (3)

where from now onward, we use the subscript t to denote the partial derivative with respect to the time t, my, = p,Ar is the
oscillating mass of the riser per unit length with A; being the riser cross section area, and p, being the density of the riser,
J = p;Ir with I being the second moment of the riser cross section area about the b axis, Fand M are ir}temal force and
moment vectors, ¢ and m are the external distributed force and moment vectors, and w; = ft x i + b x by is the angular
acceleration of a point on the centerline. The distributed moment vector m is induced by the asymmetry of the relative flow
due to vortex shedding. Let (Mg, My, Mp) be the components of M along the f,7i,b axes of the body-fixed system,
respectively. We then can write M as

Since the riser is assumed to be straight at the initial time tg, we have the following constitutive relations, see [4,26]:

MBZBK, Mﬁ=0, Mi.=GT+H (5)
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where B = El; is the bending rigidity of the riser with E being Young’s modulus; H is the initial torsional moment around
the t axis; G = 2ul, is the torsional rigidity of the riser with y being the shear modulus.

Since we neglect the torsional moment Gt + H, distributed moment m and rotary inertia pJ, the equations of motion of
the riser given in (3) are simplified to

mewy = Fs + ¢

I's X (Bwsss +F) =0 (6)

where we have used M = MEB = Brs x rss (see (2) and (4)), and the fact that rgss = wgss due to the initial straight condition
of the riser.

Remark 2. In [27], a local coordinate system (aj,dy,a3) where as coincides with £, different from the local coordinate
(&, B) in this paper is used. Using the local coordinate (aq, a,, as) results in complexities in calculating the curvatures of the
riser in the (ay,a3) and (ay, a3) planes. Indeed, one can rotate the coordinate system (ay,a;,as) round the t axis angle to
have the coordinate system (i, 1, b). In [26], the constitutive equation for the moment in the normal direction, Mj, is
misgiven, since M;, is always zero for the riser under consideration.

Environmental disturbance vector q: The external disturbance vector q per unit length consists of fluid drag force, any
concentrated forces exerted on the riser by attached cables and/or buoys modeled by Dirac functions, and effective
riser weight defined as the weight of the riser plus contents in water. It is noted that the effective rather than the actual
riser weight is used because the effective tension is used instead of the actual tension. In this paper, we do not consider
cables or buoys attached to the riser. The fluid drag force is found by the use of a generalization of Morison’s formula to
account for cylinders, which are not oriented normal to the relative flow [28]. Taking the effective riser weight into account,
we have

q(s. t,we, 1s) = x (Wre x £) + 1py,CLpDyVin + 30 Cp Dl VIV (7)

where Cip and Cyp are the linear and nonlinear drag coefficients, respectively; Dy is the local riser hydrodynamic
diameter; Wre = —[0 0 wre]T with wye is the effective riser weight per unit length; V5, is the component of the relative flow
velocity normal to the riser centerline. Letting V be the (bounded) liquid flow velocity due to waves and currents. Then
taking the riser motion into account, the relative flow velocity normal to the riser centerline, V, is given by

Vi =1 x (V—wp) x D) = (343 = 15TV — Wp) (8)
where I3,3 is the three-dimensional identity matrix. Substituting (8) into (7) results in the equation for external
disturbance vector q as follows:

q(s, t, e, rs) = (I33 — IsT3)Wre + 3y CLpDp(I33 — TsT3)(V — W)
+5pwCNDDH 33 = TsTOV = Wo)ll(33 — 5TV — We) (9)

Initial and boundary conditions: The initial conditions of the riser consist of the initial position and velocity functions.
They are

W(s, tg) = g1(5), We(S,tg) = 82(5), Vs e (0,L) (10)

where g1(s) and g,(s) are sufficiently smooth and bounded function vectors of s, and compatible with the boundary
conditions. We first provide the kinetic and potential energies, modified Lagrangian, and variation of the virtual work done
by nonconservative force ¢ and by the virtual momentum transport at the boundary, then use the extended Hamilton
principle to derive the boundary conditions.

The kinetic energy K¢ of the riser and the pistons of the hydraulic systems, and the potential energy Pf of the riser with a
length of L are

L
I(E = %/0 MeW¢g - Wr ds + %W[(L, t)MHW[(L, t)

L
PE:%/O Bwgs - wgs ds (11)

where My = diag(myy, myy, m3y) with myy, myy and msy being the mass of the piston of the hydraulic system that
provides the boundary force at the top end of the riser along the x-, y- and z-axis, respectively; diag(my, myy, m3y) denotes
the diagonal matrix with the diagonal elements being my, myy and msy. Since the riser response must satisfy the kinetic
constraint of the unit tangent vector f, i.e. rs-rs =1 in terms of deformation applying along the riser, the modified
Lagrangian L, of the riser is given as follows:

L
LA:I<E—PE+2—C/ (rs-rs—l)ds (12)
0
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where A; is the continuous Lagrangian multiplier. To derive the boundary conditions, we now use the following extended
Hamilton principle:

t-
/ 2 6Ly + SWe + SW,)de = 0
Jty

(SW(S, ty) = 5W(S, fz) =0 (13)

where t; and t; denote time, W( is variation of the virtual work done by nonconservative force, and éW, is variation of
the virtual work done by the virtual momentum transport at the boundary. The variation of the virtual work 6W. done by
nonconservative force q(s, t, w;, rs) is given by

L
SWe = / q(s, t, W, rs)ow(z, t) dz (14)
J0

The variation of the virtual work W, done by the virtual momentum transport at the boundary is given by
oW} = (AgPy — A(t, we(L, t)) — Bywe(L, £))ow(L, t) (15)
where

Py =[P11 — P12.P21 — P, P31 — P!
Ay = diag(A1y,AzH,A3n)
By = diag(b1p, bap, bap)

At we(L, 1) = [Aq (£, We(L, ), A5 (t, we(L, 1)), A3(t, we(L, )] (16)

In (16), P;; withi = 1,2,3 and P, are the pressures in the upper and lower compartments of the cylinder i, see Fig. 1(b), A;y
is the ram area of the cylinder i, b;; represents the combined coefficient of the modeled damping and viscous friction forces
on the cylinder rod i, and 4;(t, w¢(L, t)) is the un-modeled force acting on the cylinder i of the hydraulic system i. This un-
modeled force can include un-modeled friction between the cylinder and the piston of the hydraulic system i, and the
external disturbance from the cylinder of the hydraulic system i acting on the piston i of the hydraulic system i. It is noted
that all the cylinders of the hydraulic systems can be either fixed to the vessel/rig or an active heave compensation system
fixed to the vessel/rig, see [29] for more details. The vessel/rig is stabilized at its desired location by a separating dynamic
positioning system. Since many dynamic positioning systems are available in the literature, see [30], we do not include the
dynamics of the vessel/rig in this paper. However, we take effects of motion of the vessel/rig around its equilibrium point
on the riser through the disturbance A4;(t, w¢(L,t)). Substituting (15), (14) and (11) into (13) and using the boundary
specifications of the riser under consideration result in

mowy =Fs+¢q, se(0,L)
rs X (Bwsss +F) =0, se(0,L)
Mpwee(L, t) = —Bgwe(L, t) — F(L, t) + AyPy — A(t, we(L, 1)),
w(0,t) =0, wss(0,t)=0, ws(L,t)=0 17)
where we have taken ic = F - rs — Bk2 motivated by (6).

Remark 3. The riser dynamics (17) is one-dimensional (with respect to the spatial variable s). This means that a point on
the riser cross section, other than the point on the centerline, cannot be traced after deformation takes place. In this paper,
we consider the deformation of the riser centerline, which is, in general, a three-dimensional space curve.

2.1.3. Equations of motion of the hydraulic systems
The second equation in (17) represents the dynamics of the pistons of the hydraulic systems with

w(L,t) = xy

W[(L, t) :XH (]8)

where X = [X1, X211, X3! is the position vector of the pistons of the hydraulic system, see Fig. 1(b). Neglecting the leakage
flows in the cylinder and the servovalve, the actuator or the cylinder dynamics is written as [31]

ViPy = —Auxy — CyrPy + Qy (19)
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where

_ %4 Vv Vv
Vo — dia ( 1 Von 3H>
" E\4B11ie” 4Bare APste

Cyr = diag(Cipr, Conrs C3hT)

Qn = [Q11.Q2p. Q31" (20)

In (20), Viy, i =1,2,3 is the total volume of the cylinder i and the hoses between the cylinder i and the servovalve i, ;y, is
the effective bulk modulus, Cyr is the coefficient of the total internal leakage of the cylinder i due to pressure, Q; is the
load flow of the hydraulic system i. The load flow vector Qy is related to the spool displacement vector of the servovalve,
Xy, by [31]

Qn = ¥xpy (21)
where ¥ = diag(¥4, V5, ¥3) with

PiH

Here, Ciyp, i=1,2,3 is the discharge coefficient, W;y is the spool valve area gradient, P;ys is the supply pressure of the
fluid, o; is a small positive constant, and p;y is density of the oil of the hydraulic system i. It is noted that since the supply
pressure Pjys is always higher than the load pressure Pjy, i.e. there exists a strictly positive constant & such that
P;ys — tanh(x;y, /0;)Piy > €. Hence, Eq. (21) is well-defined for all xy,, € R3. Moreover, the function tanh(x;y, /0;) has been
used to replace the signum function sgn(x;y,,) originated in [31]. It is noted that the use of the function tanh(x;y, /o;) not
only makes the function ¥; differentiable with respect to x;y, but also represents the actual dynamics of the spool
dynamics. This is because there is always certain round-off of sharp edges in manufacturing the servovalve, i.e. the flow in
the servovalve does not change its direction immediately. The servovalve dynamics can be described as

Piys — tanh(x;y, /01)P;
'Pi:CiHDWiH\/ iHS itv/91)Pin

ThyXHy = —XHy + Kpyln (22)
where
Thy = diag(t1py. T2Hy: T3HY)
Ky = diag(kpy, kapy, k3py)
Iy = diag(lp. Iy, Isp) (23)
with 7, i =1,2,3 and k;y, are the time constant and gain of the servovalve i, respectively, I; is the current input to the

hydraulic system i. We now write the equations of motion of the riser and the hydraulic systems consisting of (17), (20),
(21) and (22) in a standard form for control design in the next section as follows:

mowy = Fs+q, se€(0,L)
rs x (Bwsss +F) =0, se(0,L)
X1 =Xy
Xy = My (=Byxy — F(L,t) + Apxs — A(t,x3))
X3 = Vi (~Anxy — Crxs + Wxg)
X4 = Tyh(—x4 + Kppyly)

w(0,t) =0, wss(0,t) =0, ws(L,t)=0 (24)
where we have defined
x1 =w(L,b), X =we(L,t), X3=Py, X4=2=%x (25)
Moreover, we have the following results, which will be used extensively in the control design in the next section.

Lemma 1. For the riser dynamics (the first two equations and the last equation of (24)) and under the inextensible condition of
the riser, the following equations hold:

Ws(S, 1) - Ts(S, ) = Sws(s, 0) - ws(s, 1), V(s,t) € (0,11, RT) (26)

ws(s, ) - ws(s, ) <2, V(s,t) e ([0,L], R1) (27)
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F(s,t) - Wss(s, t) = —BWsss(s, t) - Wss(s, t),  V(s,t) € ([0,L], R™) (28)

F(s,t) - ws(s,t) = — Bwess(S, t) - W(S, t) + F(s, t) - 15(S, )ws(s, t) - T5(S, t)
+ Bwsss(s, b) - Ts(S, DIs(s, £) - ws(s, ), V(s,t) € ([0,L], RT) (29)

B
F(S, t) . TS(S, t) = F(L, t) . rS(L, t) — jWSS(Sy t) . Wss(s, t)

L

+ / q(o,t,we(o,t),r5(0,t)) - 1g(a,t)do, V(s,t) € ((0,L), [R+) (30)

S

Fs(s,t) - W (S, £) = — BWssss(S, ) - Ts(S, 1) + BWsss(S, 1) - Ts(S, )Wt (S, ) - Wss(S, £)
+ FE(s, b) - 15(S, Wi (s, £) - Wes(s, 1), V(s,t) € ([0,L], RT) (31)
L 1 L
rs(L, t).w(L,t) :/ Wes(S, t) - w(s, t)ds +—/ ws(s, b) - ws(s, £),  V(s,t) € ((0,L), R)ds (32)
0 2 Jo

(F(s,t) + BWsss (S, 1)) - wie(s, t) = 0 (33)

Proof. See Appendix A.

Remark 4. Since F(s, t) - r5(s, t) is the actual tension at the point P, see Fig. 1(a), and at the time ¢, Eq. (30) is a formula that
can be used to calculate the actual tension of the riser at any point along the riser center line and at any time t. This
equation also indicates that the actual tension in the riser depends on the curvature of the riser center line due to the term
—(B/2)wss(s, t) - wis(S, ). In existing literature [26], the formula for calculating the riser actual tension is oversimplified in
the sense that the curvature of the riser is not included. Noticing that the magnitude of the term —(B/2)wss(s, t) - Wss(S, t) is
not necessarily small since the bending stiffness B can be large despite of small curvature ||wss(s, t)]|.

2.2. Control objectives

Under Assumption 1, design the control I for the riser-hydraulic system (24) to stabilize the riser at its vertical position
in the sense that all the states of the riser-hydraulic system are bounded and that:

(1) When the external disturbance vector q is ignored, all the terms |w(s, t)||, WS(S t) - ws(s, t)ds, wt(s t) - we(s, t)ds and
0 Jo
fo Wss (S, £) - Wss(S, t) ds exponentially converge to zero for all s € [0,L] and t > to,
(2) when the external disturbance vector q is present, all the terms ||w(s, t)||, Ws(s t) - ws(s, t)ds, wt(s t) - we(s, t)ds and
0 0
fo Wss(S, £) - Wss(S, t) ds exponentially converge to some small positive constants for all s € [0,L] and t > t.

It is seen that the control objective imposes on both the displacement and integration of square of the slope, velocity, and
curvature of the riser along the riser length.

3. Boundary control design

A close look at the entire system (24) shows that the system is of a strict-feedback form [9]. Therefore, we will use the
backstepping technique [9] to design the control input Iy to achieve the control objective stated in the previous section.
The control design consists of three steps as follows.

3.1. Step 1

At the this step, we consider the hydraulic force APy, i.e. Ayxs, as a control to design a boundary control law (i.e. a
control law only uses w(L, t) and its spatial and time derivatives) such that it stabilizes the riser at a small neighborhood of
its vertical position. Ideally, we want to stabilize the riser at its vertical position but this is impossible due to the distributed
external disturbances q induced by waves, wind and ocean currents. As such, we define

X3¢ = ApX3 — 0 (34)

where o4 is a virtual control of Ayx3. To design the virtual boundary control o, we use Lyapunov’s direct method. Consider
the following Lyapunov function candidate:

Mo L B rL y L L Y L
W1:7/0 Wt~WtdS+j/0 Wss'Wssds-Fi/O WS'WSdS‘i"))/O swt'WSds_j/o Wl"WdS

e+ 2E w0 — 2wl 6] My [wel.t) - 2o we(lty — </ wi ¢ (35)
+§ t(’)+m70 S(’)_T%(’) H t(,)+mf0 s(=)—m(,)
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where 2 and 7 are positive constants to be specified later. Since for all t > tg, we have

L+12

L 1 L L+1 [t L
/ swt~wsds——/ we -wds 5—/ we - weds + / ws - W ds (36)
Jo 2 Jo 2 Jo 0

where we have used completion of squares and Lemma 2, see Appendix B, to obtain fé w-wds < 412 fé ws - Ws ds since
w(0,t) = 0. Therefore, the function W, satisfies

_ L _ 2
W1z%(]“+l)/ we - weds + = /wss wssds+M/ ws - ws ds

T
+; [wt(L t) + ws(L t) — —W(L t)} My {wt(L t) +—WS(L t) — —W(L t)]

L L 2 L
W]<7mO+V(L+])/ Wt-WtdS+§/ Wss'Wsst‘f'w/ Ws. - Ws ds
2 0 2 Jo 2 0

e+ 2wyt e Vw(LtTM weot) + LE w6y — = wilL.t (37)
+§ t(»)+m—o 5(’)_2—mo ,0) H t,)+m—o S(’_Z—mo(’)
Hence if we choose / and 7y such that
mo—yL+1)=cq, i—y(L+L2):cz (38)

where c; and ¢, are strictly positive constants, then the function W defined in (35) is a proper function of fé we - we ds,
[é' Wss - Wss ds, fé ws - wsds, and [we(L, t) + (YL/mo)ws(L, t) — (y/2mo)w(L, t)]. We do not detail the conditions (38) at the
moment, but deal with them after the boundary control Iy is designed since the constants 4 and y need to satisfy some
other conditions later. It is noted that we do not include the riser displacement w, like f(l)'w~wds, in the function W,
because this term causes difficulties in designing the control o7 later. As such, after proof of convergence of fé we - we ds,

fé Wgs - Wes ds, and fé ws - ws ds, we will use Lemmas 2 and 3 in Appendix B to prove convergence of féw -wds and the
riserdisplacement w. Differentiating both sides of (35) with respect to t, along the solutions of the first four equations of the
riser dynamics (24) results in

. F - wgs Wt - WS F-w
Wi = (F Wt + BwssWgt + Aws - Wt+)) S V t 5 _7 )

mo 2me

—)/ Wss - We ds

ds—y/ wy - wtds+/ q- wtds+—/ q - wssds

L
— Zmo/o q-wds+ (wt(L, t) +m—0w5(L, t) — mw(L, t)) . <—BHx2 —F(L,t) + Ayx3

L
- Atx) + I ML) = 5 ML) ) (39)

where we have used (33). Now using (29), (30) and (28), and the boundary condition, see the last equation of (24), we can
write (39) as
Wi < (Wt(L t) +—Ws(L t) — —W(L f)> (—BHXZ + (X3¢ + 007) — 4(t, X)

L YLwe(L, t) - Lt
I M6 — L Mywi(L.t)) + 2ws(L ) - wy(l, )+ P D Wi D
my 2mu 2

L N L \ . L L
72/ WSS'Wtdsf /B/ WsS'WSSdS*M/ W5~W5d57'))/ Wt'Wtds+Ql (40)
0 4my Jo 4my 0 0
where we have used (27), and
L b b Y L
= /0 : me 1 amg 4 Y T gy W Ws /S q(o,t, W, 16(0,1)) - T6(0, t)d0> ds (41)
From (40), we design the virtual control «; as follows:
_ N Y VL
o = — Kq [ we(L, t)+ WS(L t) — W(L t) By +2m My WS(L t)

— TW(L f)) — 7MHWSt(L t)+ y| + Tors(L, t) (42)
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where K is a positive definite diagonal matrix and Ty is a positive scalar constant. The matrix K; and constant Ty will be

specified later. Inclusion of the term Tyrs(L, t) in the virtual control o is to provide sufficient tension in the riser. The term A
is an estimate of 4, and is given by

A= —(&+Kxy)
&= —KMy'¢ — K(® + My Kxy) (43)
where K is a diagonal positive definite matrix, and we have defined
® = My' (=Buxy — F(L, ) + Apx3) (44)
Define the disturbance observer error as
Ae=4-1 (45)

Differentiating both sides of (45) along the solutions of (43) and the fourth equation of (24) gives
Ae = —KMp' Ae + 4 (46)

This equation will be used in the stability analysis of the closed loop system after the control design is completed. It is
noted that the disturbance observer (43) is based on Lemma 1 in [20] applied to the third equation of (24) with p(x) = Kx.
The reader is also referred to [29] for an interesting application of the disturbance observer proposed in [20]. Since (40)
contains the term F(L,t) - rs(L, t), we need to find an expression for this term by substituting o; in (42) into the fourth
equation of (24) to obtain

F(L,t) = — Mywye(L, t) — Bywe(L, t) — K4 (wt(L t) + L ws(L t) — —W(L t))
= (Bu-+ M ) (w0 = 51w t)) — ZE MWL) = e+ Tors(L, 0+ v, (47)
Producting vector both sides of (47) with rg(L, t) gives
FL,t) - 5Lty = —rY(L 1) (K1 +By+ ZLMH) < we(L,t) — —W(L t)) — A - 15(L,t)
+ To + X3¢ - Is(L, ©) (48)

where we have used wy (L, t) - rs(L, t) = 0 and w¢(L, t) - r5(L, t) and wg(L, t) - 15(L, t) = 0. Now substituting (42) and (48) into
(40) and using completion of squares give

; VL V vL Y
Wi=< —c3 <Wt(L, t) + m—OWs(L, t) — Z—mOW(L’ t)) : (Wt(L, t)+ m—OWs(L, t) — Z—mOW(L’ t))
L
— CaWe(L.0) WelL. ) — csws(L. 1) Ws(L.0) — cwiL. ) WL, ) — c7 | we-weds
Jo
t t yL y
—cg / Ws - Ws ds — cq / Wss - Wes ds + <wt(L, t) + —WS(L, t) — HW(L, t)) (X3¢ — de)
0 0

Ae - 1s(L, t X3e - Ts(L, t
<V e4n’ls(f ) V 364m5( )>/ Ws - Wst+Q] (49)

where

€3 = AminA) — &g with A = Ky + By + ZVTOMH

YL 2e981YL  &péay

Cp=¢)— 5 ————"=L_J¢
4 0 2 mo mo
272 2
SoyL &oY N
C5 = m2 C6:4m27 C7 =7 — 485
0 0

Cg =

7To  7*imax@L  v2y%imax(AL 4 y?eol V€0 2ol 2
- - _ L - @2 + 1
2mo 4m? 8m2 4e3 2m? 4deymo - 2m3

B2 A e

C —_—— =
9= 4m0 483 485 Zm% 484m0

(50a)
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with g, i=0,...,5 being positive constants, and Aqi,(A) and Amax(A) the minimum and maximum eigenvalue of the
matrix A, respectively. The positive constants ¢;, i =0,...,5 and 7 are picked such that ¢;, i=1,...,9, where ¢y and c;
are given in (38) are strictly positive. Now substituting the virtual control o; given in (42) into the fourth equation of (24)
give the first sub-closed loop system:

%, = My! (—BHx2 e <wt(L t)+—LW5(L £ — —w(L t)) - (BH +231 MH>
Lty = L wiL by —')LMW(Lt+Tr(Lt)—A +X (50b)
x E s(L, t) m s mio HWst(L, t) ol's(L, e 3e

To prepare for the next step, let us calculate x3,. Differentiating both sides of (34) along the solutions of (42) and the fourth

equation of (24) with a note that the virtual control « is a smooth function of w(L, t), w¢(L, t), ws(L, t), wg (L, t), 5(L, t) and A
results in

. ——1 Qo fole4
X3¢ = AV (—Apxy — Cyrxs + Pxy) — aw(L] t) w(L,t) — mwst(L,t)
60(] 1
—sttt(l-a t)— (LD (L 0 rse(L, t) — é—}—K((D—Q—KMH X2))
60(1 6061 —
<6X2 az‘ K) MH (=Byxy — F(L, t) + Agx3 — A(t, X3)) (51)

3.2. Step 2

Our goal at this step is to regulate x3, to a small neighborhood of the origin by considering the fourth equation
of the entire system (24) where for simplicity of the design process, we consider ¥x, as a control instead of x4. As such,
we define

X4e = lI/X4 — 0y (52)

where o5 is a virtual control of ¥x4. To design the virtual control o, we consider the following Lyapunov function
candidate:

Wy =Wq + %X§3X3e (53)
whose derivative along the solutions of (49) and (51) is

Wy < —c3 (wt(L, t) +%WS(L, £) — 2%ﬁw(L, t)> : (wt(L £) +—LWS(L t) — —W(L t))

— cqwi(L.t) - wi(L.£) — csws(L. ) - ws(L,£) — cgw(L,£) - (L) — ¢ / w; - wy ds
0

L L yL A
—cg / ws - wsds — cg / Wss - Wss ds + (Wt(L, 0+ /—Ws(L, t) — LW(L, t)) (X3¢ — de)
0 0 Mo 2m0

— 1 oo oot
+x5, [AHVH (—AgXy — CHrX3 + 03 + Xg¢) — WL]t)Wt(L’ t) — W(Zt)wst(L,t)
S R ree(L,t) — 6“1 o (kMg 1 4+ K(® + KMz xy))
dwer (L, 0 sttL, or(L.D (L ) st H H *2
0oy Oa _
<ax; 5 211 K) Mg (—Byxy — F(L, t) + Agxs — A — Ae)}
'VAe.rs(L, t) '))X3e.r5(L, t) L
+ < ame  4m, /0 ws.Ws ds + Q4 (54)

which suggests that we choose the virtual control o as follows:

51, _ L -1
% = AuVy")! [— (wta, )+ o ws(Lt) — 5wl t)) +AnVi' (Axa + Curx3)

6 @oc] 60{]
+a—F 8W(L 0 we(L, t) + aW—(Lt)WSt(L’t) + mwstt(L, O+t=—"7= ar (L 0 Tst(L, £)
L0 ouy O .
“1 21E + K@ + KMi1x)) + ( “; 631 I<> M1 (=Byxy — F(L,£) + Apxs — A) — KoX3, (55)

where K5 is a dlagonal positive definite matrix. It should be noted that unlike standard backstepping technique, we do not
use the virtual control o, to cancel the term —(yx3, - rs(L, t)/4mo)f0 ws - ws ds in (54) since it reqmres measurement of
ws(S, t) along the riser. As such, this term will be dominated by the terms —cg fé wsws ds and x K2x3e, see (56) Noticing
that the virtual control a5 is a smooth function of w(L, t), w¢(L, t), ws(L, t), wst(L, t), 1s(L, t), wm(L t) X2, X3, &, A and F(L,¢).
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Substituting (55) into (54) results in
Wy < —cs(we )+ 22wty — =L wiL, ) - (e, ) + L we(L t) — =L w(L 1)
< ) o ) 2my V& ) —_ ) 2my Vb
L
~ CqweL. ) WL, ) = CsWa(L.) - Ws(L. ) — oWl ) wiL.t) — ¢7 [ “we - weds
0

L L
1
—cg / ws - wsds — cg / Wss - Wss ds — X3, Kox30 + X3, ApVy Xge

aO(] 60(1 -1
<wt(L t)+—W5(L t)——m w(L, t))Ae +x3e (6 % i K)MH Ae
yde - 1s(L, t) VX3¢ rs(L,t) /
+ ( s . s ws ds + Qq (56)

On the other hand, substituting the virtual control o, into (51) gives the second sub-closed loop system

60:1 @oq ) -1
—K |My 4 57
X o4 e 67

. L -1
K30 = —We(L,b) — ;T)TOWS(L, £) +2LmOw(L, £) — Koxze + AyVi Xae — <

To prepare for the next step, let us calculate x,4,. Differentiating both sides of (52) along the solutions of the fifth equation of
(24) and (55) gives

. oY -1 oY _
Xge = %VH (—Apxy — Cyrxs + PXg) + (m + '1”) Tiin (—X4 + Kpylpp) — aw(L b wi(L, t)

6062 aOCZ 6062
- mwst(h t) *stttt(l-, t) — 6r (L ) rse(L,t) — VH (—Apxy — CyrX3
6062 6052 aO(Z 60{2 1
Ex) = é aF(L 0 = et (aA K =5, )M’ (=Brxa = F(L.O) + Apxs — (X)) (58)

3.3. Step 3

This is the final step. The actual control input I; will be designed to regulate x4, to a small neighborhood of the origin. To
design the actual control input Iy, we consider the following Lyapunov function candidate:

W3 = W2 + %XZGX4€ (59)

whose derivative along the solutions of (58) and (56) is
i _ oL __r ) L __r
W3 < —c3 (wt(L, t)+ Mo ws(L, t) Ime w(L, t)> (wt(L, t)+ Mo ws(L, t) Img w(L, t))
L
— CqweL. ) WilL.) = CsWa(L.) - WL ) — oWl ) wiL.t) — ¢ [ “we - wds
Jo

L L T T _q oY -1

—Cg /0 ws - Ws ds — cg /0 Wss - Wss ds — X3,KpX3, + X4, {AHVH X3¢ + a—VH (—Ayxy

oY 1 60(2
— ChrX3 + ¥Pxg) + (aer W) Ty, (=x4 + Kpyly) — W (L, t) — aw (L 6 wse(L, t)

60(2 5

rse(L, t) — _H (_AHXZ — CHTXB =+ 'PX4) 66

Wetet (L, t) — ar;xl_ )

a“z a052 6062 1 .
- OF(L. ) on T (aj K=ax >MH (=Buxz — F(L.0) + Apxs — A)}

Ooty ,,  Ootp), 1 vL Y
. ( 2K - W) M Ae — (wt(L, 0+ o ws(L0) = 5L wiL.0)) e

day Qo 1 pAers(L,t)  pxzersL,0) L
<6x = K)MHA L) Maels /Ows.wsds+£21 (60)

__Om
Owsee (L, 1)

which suggests that we choose the actual control Iy as

oy -1 -1 (o
Iy =x4+ Ka + '1’> TrKby| | —AnVH Xse — @VH (=Anxy — Cyrxs + ¥xg)

(ole o
— KaXge + m Wil )+ P WstLD + s G Wt L, D)
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6&2 [2%) Gaz
e oD rse(L, t) +—VH (—ApXy — CyrX3 + PX4) + 5 2E4 oF (L t)F(L, t)
0% ¢ _ (a“? K- a°‘2>MH (—Byxy — F(L,t) + Apxz — A)] (61)
o4 Ox)
where K3 is a diagonal positive definite matrix. Substituting (61) into (58) gives the third sub-closed loop system:
Xge = —ApVi %30 — K3Xge — (%“2 K- g?)MHlAe (62)

Now substituting (61) into (60) gives
i _ pis __r . oL __r
W = — s (Wil + Pows(L) = 5T wit o) - (wiik.o + et - 5T witn)
L
—CqWe(L, t) - we(L, t) — csws(L, t) - ws(L, t) — cgW(L, t) - w(L, t) — c7 / we - we ds
0

L L
—cg / ws - wsds — cg /o Wss - Wss ds — X3, KoX3e — X3, K3Xge

[ale’ oot vL 1
_X4e( 21<_72>M;11Ae _ <wt(L, t)+’:l—ow5(L,t)——2;;low(L, t))Ae

o4 0x
ooy 0 yAers(L,t rsLt)) [t
e (G - KM e+ (PO PIELOY [Py s v 0 (63)

For convenience of stability analysis, which will be carried out in Appendix C, we rewrite the closed loop system consisting
of (46), (50b), (57), (62) and the first three equations and the last equation of (24) as follows:

Mmowy = Fs+¢q, se(0,L)
rs x (Bwsss +F) =0, se(0,L)

X] = X3

. JL
%y = My! <73Hx2 —K; <wt(L, t+ ’—ws(L, t— 2%ﬂw(L, t)) - (BH + 2; MH)

L yL
x (” Wl ) = WL, r)) - —Mstt(L £)+ Tors(L, t) — Ae +x3e>

) = — _oL . _ 7oy, _ (9 0% -1
X3¢ = we(L, t) my ws(L, t) + 2m, w(L,t) 1(2)(38 +AHVH X4e <6X2 2‘ K MH Ae

. -~—1 6&2 6a2> -1

Xge = —AHV Yy X3, — K3X40 — ~K—-—=|Mg 4

4e HVH *3e 3%4e <6A axz H “e
Ae = _’—‘Ae + 4
W(O, t) = 0, Wss(o, t) = 0, Wss(L, t) =0 (64)

Theorem 1. Under Assumption 1, the control input Iy given in (61) solves the control objective provided that the design
constants y and K¢ are chosen such that the conditions given in (38) and (50a) hold. In particular, the solutions of the closed loop
system (64) exist and are unique. Moreover, when the external disturbance vector q is zero and and the disturbance A(t, w¢(L, t))
is constant, all the terms |w(s, t)|, j‘é Wwg(s, t) - ws(s, t)ds, [é Wi (s, t) - we(s, t)ds and fé‘ Wes(S, t) - Wss(s, t) ds exponentially converge
to zero for all s € [0,L] and t > ty, and when the external disturbance vector q is different from zero but bounded and the
disturbance A(t,w¢(L,t)) is time-varying with bounded derivative with respect to time, all the terms |w(s,t)],
fé Wi (S, t) - ws(s, t) ds, fé We(S, t) - we(s, t)ds and fOL Wes(S, t) - Wss(s, £) ds exponentially converge to some small positive constants
forall s € [0,L] andt > ty.

Proof. See Appendix C.
4. Simulations

In this section, we carry out some numerical simulations to illustrate the effectiveness of the proposed boundary
controller. We take identical three hydraulic systems with the parameters based on [32] as follows: m;y = 1000kg,
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(b) ()

Fig. 2. Simulation results without control: displacements w*, w¥, w?. (a) wx; (b) wy; (c) wa.

(b)

Fig. 3. Simulation results with control: displacements w*, w¥, w?. (a) wx; (b) wy; (c) wz.

Ay =065m2, by =40N/(m/s),  4Pipe/Vig =453 x 108N/m>,  Ciyp =221 x 107 m>/Ns,  CiypWiy//Pi =
3.42 x 107> m3V/N's, Pjys = 10342500 Pa, ki, = 0.0324, and tjy, = 0.00636, for i=1,2,3. The riser parameters are
taken from [2] as follows: length L=1000m, diameter D =0.61m, density p, =1250kg/m3, Young’s modulus
E=2x10"kg/m. The parameters of the distributed damping and external forces are taken as follows: Cip = 0.7,
Cp =035, Dy =0.87m, p,, =1025 kg/m3, and we = 1.132KN/m. We assume that the disturbance A(t,w(L,t)) =
0.5 diag(mqp sin(0.5t + 2w rand()), myy c0s(0.5t + 2m rand()), msy sin(0.2t + 2x rand())) with rand( ) is a number between 0
and 1. The initial conditions are taken as w(s, tg) = [0, 0,0]T, w(s, tg) = [0,0, 0], &(tg) = [0,0,01T, x3(tp) = [0,0, 0%, x4(tp) =
[0,0,0]T. The observer and control gains are chosen as follows: K = diag(2,2,2), K; = diag(4,4,4), K, = diag(6, 6, 6),
K3 = diag(10,10,10), and Ty = 3.5 x 10°. It is directly checked that the chosen observer and control gains satisfy the
required conditions given in (38) and (50). The ocean current velocity vector is assumed to be generated from wind at the
ocean surface and dropped to zero at the sea bed [33]: V = [(1/L)s, (0.5/L)s, 0]T. We run simulations without the proposed
boundary controller, i.e. K; = diag(0,0,0), K, = diag(0,0,0), and K3 = diag(0,0,0), and with the proposed boundary
controller, i.e. K; = diag(4,4,4), K, = diag(6, 6, 6), and K3 = diag(10, 10, 10). The length of simulation time for both cases is
500s. Displacements w = [w*, w¥, w?] for the uncontrolled and controlled cases are displayed in Figs. 2 and 3, respectively.
In Fig. 4, the error signals of the system along the x-axis are plotted. It is seen from these figures that the proposed
boundary controller can reduce deflections of the riser in all directions (x,y,z) significantly, i.e. the displacement
magnitudes are significantly reduced. For example, in the x direction, the displacement magnitudereduces from 27 to 1.2 m
at the top end of the riser. This illustrates the effectiveness of the proposed boundary controller in the sense that it is able to
drive the riser to the small neighborhood of its equilibrium position.

5. Conclusions

The equations of motion of a marine riser-hydraulic system were presented. These equations were then used for the
design of the boundary controller at the top end of the riser based on Lyapunov’s direct method. The proposed controller
robustly stabilized the riser at its equilibrium vertical position. Proof of existence and uniqueness of the solutions of the
closed loop system was given. The keys of the paper are the proposed Lyapunov function candidate (35) and various
properties of the riser dynamics given in Lemma 1. The rest of the paper requires a careful manipulation of integration by



K.D. Do, J. Pan / Journal of Sound and Vibration 327 (2009) 299-321 313

(a) (b)
0.5
_ 0
S
= 05
3 S
;;’ -1 5B
-1.5
-2
-4
0 100 200 300 0 100 200 300
Time [s] Time [s]
(c) (d)
5 1
) <
x ¥ 0 =
=T
-5
0 100 200 300 0 100 200 300
Time [s] Time [s]

Fig. 4. Simulation result with the proposed controller: (a) transverse displacement at the top end #(L, t); (b) virtual error x3.(t); (c) virtual error x4,(t);
(d) control input iy(t).

parts and a proper use of Poincare’s inequalities in bounding the derivatives of the Lyapunov function candidates W, and
W3. Future work focuses on relaxing items made in Assumption 1, and carrying out experiments to test the effectiveness of
the proposed boundary controller. Particularly, an immediate task is to consider an arbitrarily initial position of the riser
and to take the effect of the torsional moments into account in the boundary control design.

Appendix A. Proof of Lemma 1
We first prove (26). Since r = r° + w and the inextensible condition gives r¢.r = 1, we have
s Ts = (19 4+ Ws) - (19 +Ws) = Ws - Ws + 219 - ws + 10 . 19
Foots =1 :>W5~r5=1W5‘W5 (65)

0. 40 _
rg-rg=1 2
Ws - T's = Ws - (T + Ws) = Ws - Ws +T9 - Ws

The inequality (27) can be proved by noting that w- w < r.r 4+ r° . r° since the angle between r and r° is never greater than
1/2 due to the straight initial condition. Eq. (28) is easily proved by crossing vector both sides of the second equation of
(24) with wss, and noticing the last equation of (24). Similarly, Eq. (29) can be proved by crossing vector both sides of the
second equation of (24) with ws, and noticing the last equation of (24). Eq. (30) can be proved by adding both sides of (28)
with Fs - rs then integrating both sides of the resulting equation from s to L, and noting the inextensible condition implies
that wy - 1s = 0, vt € R*,s € [0, L]. Eq. (31) can be proved by crossing vector both sides of the second equation of (24) with
wye plus a note that wy - rs = 0, V(s,t) € ((0,L), RT) due to the inextensible condition. To prove (32), we consider

(rs(S. 1) - W(S, 1))s = Tss(5,£) - WS, £) + I's(S, 1) - Ws(S, ) = Wss(s, £) - W(s, £) + dws(s, £) - wi(s, £) (66)
Integrating both sides of (66) from 0 to L, and noting the last equation of (24) give (32). Eq. (33) can be proved by crossing

vector both sides of the second equation of (24) with wg(s, t), then producting both sides of the resulting equation with rg
and noticing that rg - rs = W - rs = 0 due to the straight initial condition and rs - rs = 1.
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Appendix B. Simplified Poincare inequalities

Lemma 2. Forany y =[y,....Yj.....ynl! Withy; € c'[0,1),i=1,...,n, the following inequalities hold:

oL L
/0 ¥(s) - ¥(s)ds < 2Ly(0) - y(0) + 4L? /0 Ys(S) - ys(s)ds (67)

L L
/0 ¥(s) - y(s)ds < 2Ly(L) - y(L) + 4L? /0 Ys(8) - ys(s)ds (68)

Proof. We prove (68). The proof of (67) is similar by using a change of coordinate ¢ = L —s. Using integration by parts,
we have

L L
/ Y(5)y(s)ds = y(s) - y(s)slh — 2 / sy(s) - ys(s)ds
0 0
1 L L )
=y -y +5 /0 y(s) - y(s)ds + 2 /O 5°Ys(S) - ys(s)ds

1 L ) L
<Ly +5 [ ¥6)-yeds+2L2 [y ds (69)
JO JO
which gives (68). O

Lemma 3. Foranyy =[y,....Yi.....ynl! Withy; € c'[0,1},i=1,...,n, the following inequalities hold:

L L
Srgg;g}(y(s)y(s»sy(0>~y<0>+2\/ /0 ¥(S) - ¥) dS\/ /0 Y5(5) - ys(s)ds (70)

L L
srer%gf](V(S)y(S)) <y -y(L)+2\/ /0 Y(s) - ¥(s) dS\/ /0 Ys(8).ys(s)ds (71)

Proof. We prove (70). The proof of (71) is similar by using a change of coordinate ¢ = L — s. From fundamental of calculus,
we have

S
¥(S)- ¥(5) = y(0) - y(0) + 2 /0 YO -y (O de

S S
<y<o>-y(0)+2\/ /0 y(€)~y(C)dC\/ /0 Ve -y O dC (72)

where we have used the Cauchy-Schwartz inequality. O

Appendix C. Proof of Theorem 1
C.1. Proof of existence and uniqueness

Let H2(0,L) be the usual Hilbert space [34]. Our analysis is based on the Sobolev spaces:
Vs =w e H2(0,L)w(0,t) = 0 (73)
equipped with the norm |lully = llussllz, and
Ws =w e Vs N H*0,L)|wss(0,£) =0, wss(L,t) =0 (74)

equipped with the norm luliwg = IWssllz + Wssssli2 where | - ||, denotes the LP norms. From the Poincare’ inequality, it
follows that || - v and | - lwg are equivalent to the standard norms of H2(0, L) and H4(0, L), respectively. Next, we consider
¢ € Vs. Now inner producting both sides of the first equation of (24) by ¢ then integrating from 0 to L by parts result in

L L L
mo/o wtt~gbds+/0 F~<j)sds—/0 q-dpds—F@Lt) ¢(Lt)=0 (75)

where F(L,t) is given in (47). We will use the Galerkin approximation to show that for all ¢ € Vs there exists w € Wy
such that (75) holds. Let ¢/ be a vector whose each component is a complete orthogonal system of Wg for
which {W(s,to),wt(s,tg)}eSpan{qS],d>2}. For each neN, let WSn:Span{(/)l,(/)z,...,d)”}. We search for a function
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wi(s, t) = Z}L1 K (t)¢i such that for any ¢ € Wg,, it satisfies the approximate closed loop system
L L L
mo/ Wi - (/)ds+/ Fm. (/)Sds—/ q"-¢pds —F'(L,t)- ¢p(L,t)=0, se(0,L)
0 0 0

1§ x (BwWks +F1) =0, se(0,L)

X =x5

X3 = My <—BHx2 K; <w[ (L.t +—w”(L t) — ———wh(L, r)) (BH +2LMH>

x (m wi(L,t) — m L wh(L, t)) oL Mstt(L t) + Tor (L, t) — A7 +x3e>

aoc? ool

Y et 8 —1 4n
— 7K |My 4
o i it 2

. vL _ 1
X3, = —wWi(L,t) - ’;)TOWQ(L, t) +mw”(L, t) — Kox5, + AgVy x4, — <

o 4ol 0o 0o 60{2 1 ,n
X4e = —ApVy X3, — K3xX}j, <6A K — ax" My Ag

Agz_ml—(A”—i-A
H

wh(0,6)=0, WwL0.,H)=0, WL({L)=0 (76)

where o™ denotes e with its arguments replaced by the approximate arguments. For example of denotes oy with 1ts
arguments w(L, t), wy(L,t), ws(L, t), ws(L, t), rs(L,t) and A replaced by wi(L,¢t), wi(L,t), wi(L, 1), w”t(L t), r}(L,t) and 4
respectively. The approximate closed loop system (76) with with the initial condmons

WS, tg) = W(s,tg), WL (S, tg) = We(s, t) (77)

which are possible since each element of (w(s, ty), we(s, tg)) belongs to Wy, for n > 2, forms in fact a system of ordinary
differential equations in the variable t, which has a local solution in [0, t). After the estimates below, the approximate
solution will be extended to the interval [0, T] for any given T>0.

Estimate I : Upper bound of fé wi - wids + fé wis - wis ds. In (76), we take ¢ = w{ and consider the following Lyapunov
function candidate:

L, ="M LW“ w”ds—i—§ LW" w"ds+é Lw" witds 4+ st" w"ds—z LW" wds
1—2 t Wt ss * Wss s - Ws / t - Ws t-

+; [wt(L t)+—w (L, t)——w”(L t)} My [wt(L t)+—w (L, t)——w (L, t)]
1 1
XX + 5 X + £ AT AL (78)

where 4 and y are positive constants specified as in Section 3, the positive constant y will be specified later. Indeed, as in
Section 3, the function L is a proper function (i.e. positive definite and radially unbounded) as long as the constants A and y
are taken such that they satisfy the conditions specified in (38). We use the same technique in Section 3 to calculate the
time derivative of the function L, along the solutions of (76) as follows:

1< —c3 (w?(L, t)+£w§(L, £) — = wh(L, t)) . <wt (€, t)+—w5 (Lt ——w (L, t)>
Mo 2my
—cqWi (L, t) - Wi(L, t) — csWi(L, t) - WL, t) — cgW" (L, t) - W(L, t) — c7 / wi - wi ds
L L 0o} oo
_ Cs/ wil - witds — Cg/ wik - wik ds — XBTK,x8, — XITKxl, — x1 < 2K — axr21>MH1A2
0 0 oA"

,\ n
(wt (Lt + —w”(L t) — = wh(L, t)> AT - x8T <ga}1 :;}1 1<> Mg A"
2

N (M? TR xg, - r?(L, £)

T —1 T 4N
s e )/O Wi wlds + Q7 — yATKMgG! AT + 7 AT A (79)
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where QF is Q1 given in (41) with all of its arguments replaced by their approximations, i.e.

L n_ph TV R SR §
o = / <q" w4+ 9 WsS 74 W /V\;Smws / q"(o,t,wi,re(a, )" - (0, t) da) ds (80)
0 (] S

my 2my

Now by substituting the expression of g given in (9) into (80), noting thatrf - = 1 foralls € [0,L[] and t > ty > 0 and using
Lemma 1, there exists a positive constant ¢; such that

L L
Qf <04 / w{'~w?ds+/ wi - wids +LQ1 (81)
0 0 401

where the nonnegative constant Q; depends on the maximum value of || V| with V being the liquid flow, see (9). Moreover,
we need to bound the rest of cross terms in (79) as follows:

2
0o o ool oo
nT 2 2 \pzign 21 22 -1
Xae <62|n K- axn> H Ae = 92X4ex4e 4Q H ( K axg>MH

'(wt(L t)+—w”(L t)—; wi(L, t))AQ <Q2H<wt(L t)+—w"(L £) — ——wh(L, t))H +—||A"||2

n,2
el

2
oo 0of 1 a0l
1 —1 4n nT,n | N Bt s O n,2
<8x” aA K> My Ag| < 02X5,X3, + 49, (6)(3 EBA K> Idell
VAg'r?(L’t)_nge'r?(L’t) /L n an /L n n V2L2 n,2 nT,n
( 4m 4m p M oMsds s es i wEowsdst 32mig, el FX5eXe)
nT n2 X2
4" A7 < 041l del +EM I (82)
where Lemma 1 has been used to prove the second last inequality of (82), and Q,, i=1,...,4 are positive constants to be

specified later. On the other hand, from (42) and (55), it is seen that of and o are of at most linear in x§ and A". This
implies that there exist constants M; and M, such that

a"‘21 _ 9% g 2<1v1 Coq 0o M*12<M Vse[0,L], t=>ty>0 83
axn H 1 axn_aA H = M2, s e[0,1], Zto = ( )
Now substituting (83), (82) and (80) into (79) results in
< —(c3— QZ)H <Wt(L t)+—ws(L t)f—W”(L t)>H — WL, t).wi (L, t)

— csWi(L, t).Wi(L, t) — cgW"(L, t)Ww'(L, t) — (c7 — g])/ wiwi ds — (cg — 01 — 03)
0
L L VZLZ )
x [T wids —co MWl whds — (min(Ka) — 02— 5 ), X = Cimin(K3) — 03)
0 0 32mg§o3
Mi+My+1 L2
402 32m503

x X, X8, — <}(Zmin(1<M,;1) - - Q4> AR.AL + T IIA "2 +—Q1 (84)

where Apin(e) denotes the minimum eigenvalue of e. We pick ¢;, i=1,...,4 and x such that all the constants
(€3 — 02).(c7 — @1). (Cg — 01 — 03). €9, Umin(K2) — @3 — 72L%/32m203), Amin(K3) — 02, (£Amin(KMg") — (M + My + 1) /405 —
y2L2/32m§Q3 — 04) are strictly positive. Now from definition of Ly, see (78) and (84), we have

<9 46=0L0< <L1(r0)+c2_£> et/ G5 w0 (85)
€2 1 €2
where
_ ) y212 ,
€1 =min| (c3 — 02),(c7 — 01),(cg — €1 — €3), €9, | Amin(K2) — 02 — 55— |, (Amin(K3) — 02).
32mgos

1 MMy +1 0 212
Lmin(KMphy - =122 7 - -
</{ min(KMp ") 49, 32m3Q3 4

¢y = dmax((mo — (L + 1)), (A — y(L+ %)), B, 1, )



K.D. Do, J. Pan / Journal of Sound and Vibration 327 (2009) 299-321 317

2
= b4 on oo 1
C3 =max|-=— |4 |- +-—Q (86)
’ <4@4 401 l>
Hence from (85) and (78), we deduce that there exists a nonnegative constant P; such that
/ wi - ?ds+/ wy -w';ds+/ wi -wisds <Py, vte[0,T], neN (87)
0 0

Estimate II : Upper bound of wy(s,tg) in [2-norm. In the first equation of (76), taking ¢ = wi(s,tg) and t = tp, and
integrating by parts give

L L L
mo/ Wi (S, tg) - WE(S, to)dsf/ Fl(s, tg) - Wi(s, to)dsf/ q"(s, tg) - Wig(s, tg)ds =0 (88)
0

for all s € (0,L). Let us calculate the term fo Fi(s, tg) - wik(s, tp)ds in (88). Using Lemma 1 gives

F(s,tg) - W(S, tg) = — BWisss(S, tg) - TH(S, tg) -+ BWiss(S, tg) - T4 (S, Eg)WE(S, tg) - Wis(S, tg)
+ F(s, t)g - (S, to)W[ (s, tg) - Wis(S, tg), V(5. tg) € ([0,L], RT)

B
F'(s, tg) - 12(s, tg) = F'(L, tg) - r}(L, tg) — §w’;s(s, tg) - W(s, tg)
L
+/ q"(a,to, Wi(a, tg), I (0, tg)) - (0, tg) da,  V(s,tg) € ((0,L), RT) (89)
S

and using (48) gives

2my
— AG.rd(L, tg) + To + X5,(to).re (L, to) (90)

FY(L tg)rM (L tg) = — (L, t0)<K1 B+ MH> (’ w(L, o) —%w"(L t0)>

Now by substituting (90) into the second equation of (91) then to the first equation of (91) then to (88) and using
completion of squares and the estimate I, see (85), it is readily shown that there exists a nonnegative constant P, such that

L
/0 Wi (S, to). Wi (S, tg)ds < Py, Vte[0,T], neN (91)

Estimate Il : Upper bound of wy(s,t) and ws(s,t) in L2-norm. To estimate the upper bound of these terms, we use
difference approach. Let us fix t and & such that ¢ <T — t. Now taking the difference of (76) with t = t + £ and t = t, and then
letting ¢ = Wi(s, t + &) — wi(s, t) result in

L
Mo [ SO0 O — w00 Wi+ &) — wiis, )1 ds

L
+ /0 (F'(s,t + &) — F'(s, 1)) - (Wie(S, t + &) — Wi(s, b)) ds
— (FMLt+ & — F'(L,t) - WL, t + &) — wi(L, 1))

L
+ /0 (@S E+8) — 46, 0) - W, + &) —wi(s. ) ds = 0 (92)

To deal with the second integration term in (92), we proceed the second equation of (76) as follows:
re(S,£) X (BWiss(s, £) + F(s, 1)) = 0 = Wsr(S, £) x (1§ (S, £) x (Bwis(s, £) + F'(s, £))g) =
= F'(s,t) - Wet(S, t) = —BWk, - Wet(s, t) (93)
for all (s, ) € ((0,1), R") since wik(s, t) - ri¥(s, t) = 0 for all (s, t) € (0, L), R"). Moreover, using (47) results in

FY(L,t) - WAL, t) = — Mwir(L, t) - wi(L, t) — Byw (L, t) - wi(L, t) — K4 (wt (L, t)Jr—wS (L,t)

7ﬁw"(L,t)> WL D) (BH+2; MH)< WO - 5 Lwi, t)) WAL D)

— :TLMstt(L, t) - wi L, t)- Wi, t) — Ag + Torg (L, t) + X5, - wi(L, ) (94)

Since the initial values w(s, tg) and wy(s, to) are sufficiently smooth w(0,t) + 19 = 0, wes(0, ) = 0, wss(L,t) = 0 for w € Wy
and all the terms ]0 (s, t) - wi(s, p)ds, ]0 wi(s, t) - wi(s, t)ds, and ]0 WIL(s, t) - wik(s, t) ds are bounded, see Estimate I, using
the Mean Value Theorem and Lemmas 2 and 3 shows readily that there exists a nonnegative constant M3 such that

n
I (0.0 = M397(2.0) = (2. 8) = itg. HeMa—10 (95)




318 K.D. Do, J. Pan / Journal of Sound and Vibration 327 (2009) 299-321

where
n mo [t n £ n n n
(L, &) = 5 /0 (WE(S, t+ &) — Wi(s, 1) - (WE(s, t+ &) — wi(s, ) ds

B L
g | WG+ &) — WG, 0) - WS, + &) — wh(s, D) s (96)
Dividing both sides of the last inequality in (95) by &2 then taking the limit £ — 0 gives

L L
My /0 Wi (s, t) - wi(s, t)ds + B /0 Wi (S, ) - Wiki(s, ) ds
L L
< {mo/o w?t(s,t0)~w?[(s,t0)ds+3/0 W (S, to) - Wi (s, tg) ds | eM3(t=to) (97)

for all tg <t <T. Now from the estimates given in (87) and (91), we can deduce from (95) that there exists P3>0
depending on T such that

L L
mo/0 WE(S, t) - Wik(s, t)ds + B/o WE(S,b) - Wi (s, t)ds < P3 (98)

From the estimates given in (87), (91) and (95), we can use the Lions-Aubin theorem to get the necessary compactness to
pass the nonlinear system (76) to the limit. Then it is a matter of routine to conclude the existence of global solutions in
[0,T].

Uniqueness. Let u and v be two solutions of the closed loop system (64). Letting z = u — v, we have z(s,ty) = 0 and
Z¢(s,tp) = 0 and from (75) we have

L L L
mo/ Zt - pds + / (Flw=y — Flw=y) - psds — Qlw=y — lw=y) - ¢ ds
0 0 0
- (F(L, t)|w=u - F(L, t)|w=1/) . d’(L, t) =0 (99)

where the expression of F(s, t) is given in (47). By taking ¢ = z:(s, t) in (99) and using the Mean Value Theorem and passing
of the limit of all the estimates given in in (87), (91) and (95) previously, we readily have

L L L L
i / zt-ztds+/ Zss - Zssds | < My / Z - 2t ds+/ Zss - Zss ds (100)
dt \ Jo 0 0 0

where My is a positive constant. Since z(s, ty) = 0 and z:(s, tg) = 0, using Gronwall’s Lemma shows that z =0, i.e. u = v for
allt >ty >0ands € [0,L]

C.2. Proof of convergence

We consider the following Lyapunov function candidate:

v
W=W3+§

where W3 is given in (59), and v is a positive constant to be chosen later. Differentiating both sides of (101) along the
solutions of (63) and (45) gives

AT A, (101)

W< — C3 (Wt(L t)+—W5(L t) — —W(L t)) (Wt(L t)+—WS(L t) 77W(L t))

—cqwi(L, ) - we(L, ) — csws(L, t) - ws(L, t) — cgW(L, t) - w(L,t) — c7 / We - we ds

_C8/ W - wsds—c9/ w- wssds—x3el<2x3e—x4el<3x4e—x4e<€;221(—gaﬁ>MH1Ae
)
we(L, t)+—w (@, t)——W(L 0) de + &1 (221 0%\ o1y
t s e 3e ax N H ~e
yde -1s(L,t)  yx3e.rs(L,t) Trnj— T;
+Q1( E4msu - ano /0 ws - wsds — vAIKMy Ae + vAL A (102)

Now by substituting the expression of g given in (9) into (41), noting thatrs - rs = 1 forall s € [0,L] and t > ty > 0 and using
Lemma 1, there exists a positive constant p; such that

L L
Ql<p1</0 wt~wtds+/o Ws~wsds>+4;c1 (103)
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where the nonnegative constant G; depends on the maximum value of ||V|| with V being the liquid flow, see (9). Moreover,
we need to bound the rest crossed terms in (102) as follows:

Ou oo _ oo 6<x
x4e< 2K — _2>MH1Ae < Poxxge + 4,02 H( 2K 2)

2
oA %, IAeII

7L y 7L y 21
(w0 Bowstty = 57wk, 0) de] < | (wett. o) Bt = 57w, t)) |+ g 1en

ell?

Ga] 6a1 -1
e (s~ K v e

1 oot oo
< podee g | (Gt - Sk i

VZLZ
32mjp5

L
sp3/0 ws - ws ds + (14l + xLox3¢)

yde - Ts(L,t) X3¢ -Ts(L,)\ [T
'( 4m,  4mp /OWS'WSdS

2
. 2
|424] = pall del? AL (104)

where Lemma 1 has been used to prove the second last inequality of (104), and p;, i =1,...,4 are positive constants to be
specified later. On the other hand, from (42) and (55), it is seen that «; and o are of at most linear in x, and 4. This implies
that there exist constants Ny and N, such that

6&2 6&2 _ 8&1 6&1 _ 2
H( 6XZ)M H < Nj, H <6x2 Y K)M <N, Vsel[0,L], t>ty=>0 (105)
Now substituting (105), (104) and (103) into (102) results in
- 7L y 2
W= —es = o) (wilt. o+ Bt = 5 7wito) | - cam 0wl
Mo 2mg

L
— cswy(L.£) - wi(L ) — cgW(L. D) - WL, ) — (7 — py) /0 we - wids — (Cg — py — p3)

L L ) 272
X/o WS'Wst—CQ/O Wss - Wss ds — (ﬂmin(Kz)—Pz—Bzym%% X3¢-X3¢ — (Amin(K3) — 02)
1. Ni+Np+1 212 vz 1
XaoXge — | VAgin(KMz1y — —L T 27~ —pa | dede +— 1A% +—G 106
X Xge-X4e ( min(KMg ") 4p, Som2p, P4 |dede 4p4” I ap, & (106)

where /,(e) denotes the minimum eigenvalue of e. We pick p;, i=1,...,4 and v such that all the constants (c3 — py),
€7-p1)_(€g—p1—p3) Cor GminK2) — p3 — 72L2/32m2p3),  Jmin(K3) — P2, (Vimin(KMg') — (Nq + No + 1)/4p, —
2L2/32m2,o3 — pg) are strictly positive. Now from definition of W, see (101) and (106), we have

= —€—1W+f3 = W@ = <W(to)+CZ_C > T L RV to>0 (107)
€2 Cq Cy
where
_ . ., VZLZ
€1 =min| (c3 — p3),(c7 — P1).(cs — P1 = P3), €9, | AminK2) — P2 — 55— |, Amin(K3) — p2),
32mgp5
1. Ny+Np+1 22
Amin(KMzly ==L =27 _
(V min(KMp ") ap, 32m2ps P4
¢y = max((mo — (L + 1)).(Z — (L + L)), B.1,v)
¢3 = max JEL”AHZ — G (108)
3T 4p, 4p, !
The bound on W given in (107) combined with the definition of W, see (101), shows that
/ We(s, £) - we(s, ) ds < 3 (W(t )+ C2C3> e-t1/6, L 2003
€16
/ Ws(s, t) - we(s, H)ds < 3 <W(t )+C2 3) e C1/C2 +251C3
(1)
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2C1 C3

B, (109)

/ Ws(5. 1) - Wes(s. £ ds < 2 (W(t >+C263) e C1/62 ¢ 2153
Since the initial values of w¢(s, tg), Ws(s, tg), Wss(S, tg) for all s € [0, L] are bounded and sufficiently smooth, and x3(tg) and
X4(tp) are bounded as well, the right hand sides of all inequalities in (109) are bounded. Hence, the right hand sides of the
first, second and third inequalities in (109) are bounded and exponentially converge to 2¢;C3/c3Cp, 281C3/c3C, and
2¢1C3/Bc,, respectively. This implies that the left hand sides of the first, second and third inequalities in (109) must be
bounded and must exponentlally converge to 2¢1C3/cyCy, 2C1C3/cyC0and 284 C3/BC,, respectively. Next, we use Lemmas 2
and 3 to show that fo w(s,t) - w(s.t)ds and |w(s,t)| are bounded and exponentially converge to some constant. An
application of Lemma 2 gives

L L
/ w(s,t) - w(s - t)ds < 2w(0, t) - w(0, t)+4L2/ Ws(s, t) - ws(s, t)ds (110)
Since w(0,t) =0 and we have already proved that ]0 ws(s, t) - ws(s, t)ds is bounded and exponentlally converges to

2¢1C3/cyCy, (110) implies that fo W(s, t) - w(s, ) ds must be bounded and exponentially converges to 8L%¢;¢3/c,Cy. On the
other hand, an application of Lemma 3 shows that

L L
max (w(s, t) - w(s, t)) < w(0,t) - w(0,t) + 2\// w(s, t) - W(s, t) ds¢/ Ws(S, t) - ws(s, t)ds (111)
se[0,1] .

Since w(0,t) =0 and we have already proved that fo ws(s, t) - ws(s,t)ds and fo w(s,t) - w(s,t)ds are bounded and
exponentially converge to 2¢;¢3/c5¢; and 81%¢, C3/cyCo, respectively, (111) implies that ||w(s, t)| must be bounded and
exponentially converges to 8L¢;C3/c5Cy.

For the case where there are no distributed disturbances and the disturbance 4 is constant, i.e. ¢ =0 and 4 = 0, it is
directly seen from the above proof that ]é Wi (S, £) - We(s, £) ds, ]i')' Wes(S, t) - Wss(s, t)ds and [é ws (s, t) - ws(s, t)ds are bounded
and exponentially converge to zero since g = 0 and A = 0 imply that &3 = 0, see (108). Therefore, using the same arguments
as above, we have fo w(s,t) - w(s, t)ds and |jw(s, t)| are bounded and exponentially converge to zero.
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