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a b s t r a c t

Rotating machines are susceptible to fatigue failures if transverse cross-sectional cracks

form in shafts. Early detection of cracks is essential to avoid a catastrophic event and the

associated costs. In this work, a detailed physics-based three-dimensional model of an

experimental Machinery Fault Simulators apparatus is developed using ANSYSs with

beam elements based on Timoshenko beam theory. Different kinds of faults such as

transverse cracks, imbalance, misalignment, bent shafts, and combinations thereof

are considered. Off-line and on-line experimental tests are carried out. Different types

of external excitation with piezoelectric actuators are introduced and the vibration

responses in several dimensions are measured. Numerical and experimental results

demonstrate that there are only subtle changes in the passive vibration natural

frequencies and mode shapes due to cracks in the shaft; therefore, active sensing is

necessary to detect damage. It is also shown that torsional and axial responses that are

measured using active vibration sensing are highly sensitive to cracks in the shaft.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

1.1. General

Shafts are components subjected to difficult operating conditions in high-performance rotating equipment such as
compressors, steam and gas turbines, generators, pumps, and engines that are used in process and utility plants. Rotating
machines are being designed to operate at higher mechanical efficiencies by decreasing the weight and dimensional
tolerances leading to greater operating speeds, power transfer, loads, and stresses. As a consequence, many rotordynamic
systems contain shafts that are susceptible to fatigue failure due to transverse cross-sectional cracks. The wide variations in
temperature and environment during operation also contribute to conditions conducive to fatigue failure.

The fracture of a turbine shaft due to cracking is a rare event; however, if a cracked shaft is not detected and bursts, the
consequences are dire. Several power plants around the world have experienced accidents due to burst shafts. Personal
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Nomenclature

Af cross-sectional area of the damaged section
Ai cross-sectional area of the healthy section
B1 left side bearing (inboard)
B1i,j,k stiffness and damping in B1
B2 right side bearing (outboard)
B2i,j,k stiffness and damping in B2
C1 transverse crack between B1 and D1
C2 transverse crack between D1 and D2
C3 transverse crack between D2 and B2
d diameter
D1 left side disc (inboard)
D2 right side disc (outboard)
E Young’s modulus
Fx axial excitation force
Fy vertical excitation force
Fz horizontal excitation force
g gravity
Ias moment of inertia of the angular sector OADCO
If moment of inertia of the damaged circular

section
Ii moment of inertia of the healthy circular

section
Its moment of inertia of the triangular sector

OABCO
Jf polar moment of inertia of the damaged

circular section
Ji polar moment of inertia of the healthy circular

section
lshaft shaft length between bearings

L length
Lshaft total length of the shaft
Mx torsional excitation moment around X

My torsional excitation moment around Y

Mz torsional excitation moment around Z

OABCD points describing the crack geometry
p crack depth
p/dshaft relative crack depth
r shaft radius
S1 left side foundation (inboard)
S1i,j,k stiffness and damping in S1
S2 right side foundation (outboard)
S2i,j,k stiffness and damping in S2
tcrack crack thickness
Tx torsional vibratory response around X

Ty torsional vibratory response around Y

Tz torsional vibratory response around Z

Ux axial vibratory response
Uy vertical vibratory response
Uz horizontal vibratory response
wd length between discs
W weight
X,Y,Z Cartesian coordinates
a angle between A and B

yf angle between Z-axis and C

yi angle between Z-axis and A

ym angle between Z-axis and B (crack orientation)
n Poisson’s ratio
r density
oc first critical speed considering rigid bearings
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safety, operating costs, and increasing overhaul-time intervals motivate research in cracked shaft detection. Vibration
monitoring is one approach for detecting cracks that could be implemented in an automated manner to help alleviate cost
and safety issues.

Several catastrophic events involving cracked shaft bursts have taken place in different power plants around the world.
Some examples of these events are the recent destruction of a 300 MW turboset at the Kashira power station in Russia in
2002 [1]; the steam turbine explosion at the Tennessee Valley Authority Gallatin No. 2 power plant in the United States of
America in 1974 [2]; and the accident in 1988 in Germany due to a 330 MW steam turboset explosion [3].

The Electric Power Research Institute estimates direct and indirect losses (repair, replacement, and loss of revenue)
at around 1 billon US dollars in the conventional and nuclear power industry alone. To ensure that rotating machinery is
not damaged, operators commonly use on-line (while the shaft is rotating) vibratory monitoring of the bearings. However,
it is difficult to detect shaft cracks due to the special nature of this kind of fault.

The aim of this paper is to present and interpret the results of an extensive numerical and experimental study that can
be used for detecting damaged non-rotating shafts (off-line case) and damaged rotating shafts (on-line case) by analyzing
the coupled vibratory response obtained by implementing different kinds of external excitations. The results show that it is
important to use torsional and axial transducers (sensors and possibly actuators as well) because torsional and axial
vibratory responses are sensitive to cracked shafts.
1.2. Literature review

During the last three decades, researchers have studied methods to detect cracked shafts in rotating machinery. The
thorough review paper written by Sabnavis et al. [4] covers many aspects of this problem.

It is known that the presence of faults somewhat alters the vibrational characteristics of rotordynamic systems, and
therefore, those variations have often been used to detect damage in rotating machinery. Most fault diagnosis techniques
that have been proposed so far based on vibration monitoring consist of a comparison of the operational vibratory response
without the incorporation of any additional external excitation. These techniques have also focused only on measurements
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in two degrees of freedom (DOF; vertical and horizontal) at the bearing locations of the rotordynamic system. Data are first
acquired when the system is started up for first time (baseline) and is compared to data from the machine when it is
suspected of being faulty. In this way, the differences in vibratory behavior can be used to determine the presence of at
least one fault in the machinery. By tracking this fault, statistical models can then be used to predict the likelihood of
failure based on the findings of studies conducted by industry and researchers.

The most common faults that can occur in rotating machinery, such as imbalance, misalignment, bent shafts, etc., are
the least difficult to detect and they are extensively documented in the literature. The diagnosis procedure described above
has been successfully applied for these faults because the vibratory measurements obtained in just two directions are
usually adequate to detect those faults. Moreover, many researchers have obtained similar or identical conclusions in their
corresponding studies. In contrast, the specific case of cracks in rotating shafts is more difficult to diagnose. There is
no general agreement regarding the characteristic vibratory tendencies of this kind of damage. Some researchers
report that changes in natural frequencies and/or mode shapes can be used to detect cracks, whereas other researchers
report contradictory findings. Many researchers have proposed the vibration amplitudes at the 1� and/or 2� frequency
components as indicators of cracks in shafts, but other many researchers disagree with this proposal, indicating that
imbalance and misalignment are common faults whose effects are more evident at those frequency components, thereby
masking the crack. Similarly, a group of researchers has presented techniques for crack detection by analyzing the peaks of
vibratory amplitudes occurring at higher frequency components (3� , 4� , etc.); however, another group reports that these
amplitudes are highly damped; consequently, the high-frequency amplitudes are too small, making it difficult to detect the
crack.

These discrepancies can be attributed to the fact that a crack in a shaft is a complex phenomenon. By using only
operational vibration measurements in two degrees of freedom, the ability to detect cracking is compromised.
Consequently, our research discusses numerical and experimental results obtained using active sensing along with an
external excitation applied to a bearing.

Dimarogonas combined fracture mechanics with rotordynamics to calculate the full local compliance matrix due to a
crack. If the crack opens and closes, depending on the rotation and vibration amplitude, then the system is nonlinear and
coupled vibrations appear due to the crack. This phenomenon was reported for the first time by Papadopoulos and
Dimarogonas [5] for longitudinal and bending vibrations and also for bending and torsional vibrations.

Rao [6] detected that in cracked horizontal rotating shafts, excitations appear at the fundamental critical frequency but
also at both supersynchronous and subsynchronous frequencies. In experimental research related to cracked shafts, many
authors have linked theories in rotordynamics and fracture mechanics to crack detection. For example, Bently [7] and
Muszynska [8] have primarily used vibration data to detect cracks. Nilsson [9] suggested that just the 1� and 2�
frequency components should be analyzed in rotating systems to detect cracks because the higher harmonics are highly
damped.

An interesting survey about the stability behavior of a cracked Laval rotor and of the forced vibrations due to both the
imbalance and the crack was given by Gasch [10] in 1993. He presented stability plots showing the stability regions of a
shaft with a transverse crack and described several strategies to detect this damage.

A numerical model of a shaft with two transverse open cracks was developed by Sekhar [11], who reported significant
eigenfrequency changes for shafts having low slenderness ratios. If two cracks have unequal depths, the larger crack was
shown to primarily affect the eigenfrequencies and the effect of even small cracks on the stability speed was evident in the
results.

Darpe et al. [12] studied the effect of two transverse cracks in a shaft. They calculated the flexibility of the shaft due to
these two cracks and reported that the relative positions and orientations of the cracks notably changed the dynamic
response.

Penny and Friswell [13] analyzed simplified models for shaft cracks. They concluded that the simple harmonic crack
breathing function as proposed by Mayes enables linear modeling, which yields similar responses to the more involved
class of nonlinear models.

With numerical simulations and experiments, Gómez-Mancilla and his research group have proposed the analysis of
three aspects to facilitate cracked shaft detection: vibratory response at local resonances (vibration peaks occurring at
rational fractions of the fundamental rotating critical speed) using discrete Fourier transform and Bode plots; orbital
evolution around 1/2, 1/3, and 1/4 of the critical speed [14]; and the variation in the threshold of vibratory stability for
various crack-imbalance orientations [15]. They also found in [16] that different mathematical models of the crack
breathing mechanism affect the vibratory responses of the system.

Moreover, Kucherenko and Gómez-Mancilla [17] performed a nonlinear analysis and they established that rotordynamic
coefficients at shaft mid-span location have a very strong influence as compared with rotordynamic coefficients at the end
bearing supports.

A simple model proposed by Al-Said et al. [18] described the flexural vibration characteristics of a cracked rotating
Timoshenko beam. The cracked beam was modeled using two uniform segments connected by a torsional spring at the
crack location.

Interesting methods to detect faults have been proposed by Randall, Lees and their teams. Antoni and Randall [19]
demonstrated how the spectral kurtosis can be efficiently used in the vibration-based condition monitoring of rotating
machines to detect incipient faults even in the presence of strong masking noise. On the other hand, Sinou and Lees [20]
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Fig. 1. (a) Machinery Fault Simulator (MFS). (b) MFS schematic with units in cm. (c) Final ANSYSs model and reference system. (d) Coefficients of the YZ-

plane using the ANSYSs model. (e) ANSYSs model with representation in the XY-plane. (f) Model of the crack: healthy transverse section, cracked

transverse section, and reduction in the shaft transverse section due to the crack. (g) Geometric characteristics of the crack.
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Table 1
Change of the shaft geometric characteristics due to the crack.

Relative crack depth

p/dshaft

Final cross-sectional

area Af (10�4 m2)
Crack orientation ym

(deg)

Final moment of

inertia If (10�9 m4)

Final polar moment

of inertia Jf (10�9 m4)

I and J reduction (%)

0.000 1.9793 – 3.1176 6.2353 0.00

0.125 1.8365 0, 180 3.0363 6.0726 2.61

0.125 1.8365 45, 135, 225, 315 2.7491 5.4982 11.82

0.125 1.8365 90, 270 2.4620 4.9239 21.03

0.250 1.5924 0, 180 2.7230 5.4460 12.66

0.250 1.5924 45, 135, 225, 315 2.2933 4.5866 26.44

0.250 1.5924 90, 270 1.8636 3.7271 40.22

0.500 0.9897 0, 180 1.5588 3.1176 50.00

0.500 0.9897 45, 135, 225, 315 1.5588 3.1176 50.00

0.500 0.9897 90, 270 1.5588 3.1176 50.00

Initial cross-sectional area ¼ Ai ¼ 1.9793e�4 m2; initial moment of inertia ¼ Ii ¼ 3.1176e�9 m4; initial polar moment of inertia ¼ Ji ¼ 6.2353e�9 m4.
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obtained some distinguishing features of a cracked rotor by examining the evolution of the first critical speed, associated
amplitudes at the critical speed and half of the critical speed, and the resulting orbits during transient operation. Recently,
various types of nonlinear resonances of a Jeffcott rotor with a crack were investigated both numerically and
experimentally by Ishida and Inoue [21]; the system was harmonically excited.

The work presented in this paper differs from these previous works by focusing on longitudinal and torsional vibration
responses as a means of detecting cracks. Experiments and simulations are performed using a piezoelectric actuator on one
bearing housing to stimulate responses that are then measured using triaxial accelerometers on the other bearing housing.
The external excitation produces a strong coupled vibratory response in various degree of freedom when a crack exists. As a
result, it is proposed that damage can be more easily detected using active sensing.

2. Numerical model

A bench top Machinery Fault Simulator (MFS) made by Spectra Quests (with two ball bearings) was used as the
experimental apparatus and as the basis for developing the physics-based model in this work. Fig. 1(a) is a photograph of
the MFS, where the motor, shaft, discs, and bearing housings are evident. Fig. 1(b) shows the dimensions of the MFS setup.
The shaft can be removed, cracks can be seeded using electro-discharge machining, and then shafts can be replaced in the
MFS for operational testing.

ANSYSs was used to develop a detailed physics-based three-dimensional (3-D) model of the MFS. Several types of faults
in real machinery can be simulated with this numerical model and experimentally validated with the MFS (refer to
Fig. 1(c)). More details about the numerical model can be found in the Appendix, Figs. 1(d)–(g), and Table 1.

3. Numerical results and analysis

To determine the feasibility of detecting cracks in shafts by analyzing the change in natural frequencies and modal
shapes due to cracking, the first task with the numerical model was to obtain these modal parameters (natural frequencies
and modal shapes) for a system with a healthy shaft and a system with various faults: open deep crack (p/dshaft ¼ 0.50) at
the mid-span, combined misalignment, and bent shaft (see Fig. 2). The results indicate that there are no significant changes
in the natural frequencies due to a cracked shaft or bent shaft; and the modal shapes are similar for all the cases, except for
the case of combined misalignment, which exhibits interesting differences at several frequencies. A deep crack was
considered, and detection was not possible using shifts in modal properties. Next, other methods of detection were
considered: (1) passive measurements of more than one vibration response in more than one direction and (2) higher
frequency active measurements of responses that are stimulated using piezoelectric actuators attached at the bearings.

3.1. Transverse and axial excitation

Transverse and axial excitations on bearing 1 from 0 to 10 kHz were applied in the healthy and damaged shaft and the
coupled vibratory response was analyzed on the opposite bearing. Three cases of cracks at the mid-span were considered:
an open incipient crack (p/dshaft ¼ 0.125), and both open and closed deep cracks (p/dshaft ¼ 0.50); however, the results for
all the off-line cases (including also torsional excitations) were found to be identical for open and closed deep cracks; that
is, the orientation of the crack did not influence the vibratory response when a non-rotating shaft was considered, and
therefore, in the interests of brevity, the off-line response for closed deep cracks will not be presented. Whereas for on-line
cases (shaft with rotation), the responses for open and closed deep cracks are always different only in the axial direction,
and in order to justify this finding, only one plot for a closed deep crack will be shown in Section 3.2.2. Black circles indicate
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Fig. 2. Numerically generated mode shapes and natural frequencies (modes 1–6) for (a) a healthy shaft, (b) a cracked shaft, (c) combined misalignment,

and (d) a bent shaft.

J.M. Machorro-López et al. / Journal of Sound and Vibration 327 (2009) 368–390 373
the response(s) that is (are) sensitive to a fault when in the same plot there are several curves that are not altered by the
presence of the fault.
3.1.1. Harmonic analysis at 0 rev/min (off-line)

The advantage of using a horizontal excitation was evident as shown in Figs. 3(g)–(i) because changes in torsional
response (Tx) were observed for all the cases with a damaged shaft. The vertical excitation produced a small axial response
for an open incipient crack (Figs. 3(a)–(c)), and the axial excitation was not useful for damage detection because it did not
differ for healthy and cracked shafts (Figs. 3(d)–(f)). It has been shown that an external excitation can be used with the
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Fig. 3. Off-line amplitude vs. frequency (Hz) plots for transverse and axial excitation on bearing 1 and responses on bearing 2. (a) Healthy shaft, vertical

excitation. (b) Open incipient crack, vertical excitation. (c) Open deep crack, vertical excitation. (d) Healthy shaft, axial excitation. (e) Open incipient crack,

axial excitation. (f) Open deep crack, axial excitation. (g) Healthy shaft, horizontal excitation. (h) Open incipient crack, horizontal excitation. (i) Open deep

crack, horizontal excitation. Ux (B), Uy (x), Uz (K), Tx (_____), Ty (▲), Tz (■).
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system off-line to detect certain kinds of cracks; however, the potential for using external excitations is greater when the
analysis is performed on-line for a rotating shaft. Results for an operating speed of 5000 rev/min are discussed next.
3.1.2. Harmonic analysis at 5000 rev/min (on-line)

The most important aspect of the on-line simulation result was the notable torsional response about the X-axis for all
the cases considering a cracked shaft with an excitation in any orientation (Fig. 4). This result was useful from a diagnostic
point of view because the torsional response (Tx) was almost zero for a healthy shaft. Additionally, the axial response again
provided a means to detect damage mainly for the case where a vertical excitation was applied (Figs. 4(a)–(c)). The
amplitudes for the incipient and deep crack responses that differ from the case for a healthy shaft were always somewhat
larger for a deep crack than for the incipient crack, except the axial amplitudes, which did not exhibit a clear tendency in
this aspect for all the studied cases. When Ux components are very small, they are plotted separately below other plots as in
parts (a)–(c) and (g)–(i) of Fig. 4.

The useful responses for detecting cracks are summarized in Table 2(a) for each type of excitation. The torsional
response (Tx) and the axial response were the most useful for detecting cracks. The torsional response (Tx) was the
preferred option to detect damage because its amplitudes were significant whereas the axial amplitudes were relatively
small.

When the same types of plots were generated without external excitation with the shaft rotating at 5000 rev/min, there
was also a considerable reduction in the torsional response (Tx) for a cracked shaft. Moreover, different axial responses were
again obtained for healthy and cracked shafts. In this case, the crack inhibited the small axial amplitude peak that existed
for a healthy shaft (Fig. 5). The importance of the axial response without any external excitation is also validated in the
experimental portion of this paper. Both of the useful response measurements for detecting cracks without external
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Fig. 4. On-line amplitude vs. frequency (Hz) plots for transverse and axial excitation on bearing 1 and responses on bearing 2. (a) Healthy shaft, vertical

excitation. (b) Open incipient crack, vertical excitation. (c) Open deep crack, vertical excitation. (d) Healthy shaft, axial excitation. (e) Open incipient crack,

axial excitation. (f) Open deep crack, axial excitation. (g) Healthy shaft, horizontal excitation. (h) Open incipient crack, horizontal excitation. (i) Open deep

crack, horizontal excitation. When Ux components are very small, they are plotted separately below other plots as in parts (a)–(c) and (g)–(i). Ux (B), Uy

(x), Uz (K), Tx (_____), Ty (▲), Tz (■).

J.M. Machorro-López et al. / Journal of Sound and Vibration 327 (2009) 368–390 375
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Table 2
Summary of crack detection with external excitation.

Simulation case Type of excitation Useful responses for detecting cracks

Open incipient crack Open deep crack Closed deep crack

(a) Summary of crack detection with transverse or axial excitation

Off-line �Fy Ux – –

Off-line �Fx – – –

Off-line �Fz Tx Tx Tx

On-line �Fy Tx, Ux Tx, Ux Tx, Ux

On-line �Fx Tx Tx Tx

On-line �Fz Tx Tx, Ux Tx, Ux

(b) Summary of crack detection with torsional excitation

Off-line �Mx Uz, Ty Uz, Ty Uz, Ty

Off-line �My Tx Tx Tx

Off-line �Mz Ux Ux Ux

On-line �Mx Uz, Ux, Ty Uz, Ux, Ty Uz, Ux, Ty

On-line �My Tx, Ux Tx, Ux Tx, Ux

On-line �Mz Tx, Ux Tx, Ux Tx, Ux

Fig. 5. On-line amplitude vs. frequency (Hz) plots without excitation, responses on bearing 2. (a) Healthy shaft. (b) Open incipient crack. When Ux

components are very small, they are plotted separately below other plots as in parts (a) and (b). Ux (B), Uy (x), Uz (K), Tx (_____), Ty (▲), Tz (■).

J.M. Machorro-López et al. / Journal of Sound and Vibration 327 (2009) 368–390376
excitation would be too small to detect cracks in practice due to measurement variability; therefore, it is believed that an
external excitation would be needed.

3.2. Torsional excitation

A torsional excitation from 0 to 10 kHz was also studied; however, the most relevant torsional excitation is when the
torsional impulse is applied about the X-axis because it would be too complicated to provide a torsional excitation around
either the Y- or Z-axis. Despite these practical limitations, torsional responses about the X-axis were obtained for a cracked
shaft when a torsional excitation was applied about either the Y- or Z-axis.

3.2.1. Harmonic analysis at 0 rev/min (off-line)

For a torsional excitation, the crack orientation did not influence the vibratory response of a non-rotating shaft, as
mentioned previously. The horizontal response obtained with a torsional excitation about the X-axis was the most sensitive
to cracking (Figs. 6(a)–(c)). This type of measurement would be feasible in practice. Additionally, the torsional response (Tx)
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Fig. 6. Off-line amplitude vs. frequency (Hz) plots with torsional excitation on bearing 1 and responses on bearing 2. (a) Healthy shaft, torsional excitation

around X-axis. (b) Open incipient crack, torsional excitation around X-axis. (c) Open deep crack, torsional excitation around X-axis. (d) Healthy shaft,

torsional excitation around Y-axis. (e) Open incipient crack, torsional excitation around Y-axis. (f) Open deep crack, torsional excitation around Y-axis. (g)

Healthy shaft, torsional excitation around Z-axis. (h) Open incipient crack, torsional excitation around Z-axis. (i) Open deep crack, torsional excitation

around Z-axis. Ux (B), Uy (x), Uz (K), Tx (_____), Ty (▲), Tz (■).

J.M. Machorro-López et al. / Journal of Sound and Vibration 327 (2009) 368–390 377
and the axial response were also sensitive to cracking if a torsional excitation about the Y- and Z-axes, respectively, could be
applied (Figs. 6(d)–(i)).

3.2.2. Harmonic analysis at 5000 rev/min (on-line)

When the shaft was rotating and a torsional excitation was applied, the location of the crack (top closed, bottom open)
influenced the vibratory response by a small amount in the axial direction; an example of this situation is shown in Figs.
7(f) and (g). In general, the sensitivity to cracks increased when a torsional excitation was applied, and the combination of a
torsional excitation and shaft rotation resulted in more options in the response data for detecting a crack than in the non-
rotating shaft. The torsional response (Tx) and axial response were sensitive to damage using torsional excitations about
either the Y- or Z-axis (Figs. 7(d)–(j)). Horizontal and axial responses were the most sensitive to cracks when a torsional
excitation was applied about the X-axis (see Figs. 7(a)–(c)). Table 2(b) summarizes the results when torsional excitations
were applied to the shaft.

3.3. Special cases

Two final numerical studies were conducted for a shaft rotation of 5000 rev/min: (1) multiple cracks, that is, two
incipient cracks with the same orientation (open–open) and two incipient cracks with different orientations (closed–open)
between bearing 1 and disc 1, and between disc 2 and bearing 2 and (2) combined faults, that is, a system with an open
incipient crack at the mid-span with (a) misalignment and (b) a bent shaft. This latter study was important from a practical
point of view because other faults are often present in rotating machines when cracks are being detected in the shafts.
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Fig. 7. On-line amplitude vs. frequency (Hz) plots with torsional excitation on bearing 1 and responses on bearing 2. (a) Healthy shaft, torsional excitation

around X-axis. (b) Open incipient crack, torsional excitation around X-axis. (c) Open deep crack, torsional excitation around X-axis. (d) Healthy shaft,

torsional excitation around Y-axis. (e) Open incipient crack, torsional excitation around Y-axis. (f) Open deep crack, torsional excitation around Y-axis. (g)

Closed deep crack, torsional excitation around Y-axis. (h) Healthy shaft, torsional excitation around Z-axis. (i) Open incipient crack, torsional excitation

around Z-axis. (j) Open deep crack, torsional excitation around Z-axis. When Ux components are very small, they are plotted separately below other plots

as in all the cases (a)–(j). Ux (B), Uy (x), Uz (K), Tx (_____), Ty (▲), Tz (■).

J.M. Machorro-López et al. / Journal of Sound and Vibration 327 (2009) 368–390378
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Fig. 7. (Continued)
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3.3.1. Multiple cracks

Interesting results were obtained when two cracks were assumed and a horizontal excitation in a shaft rotating at
5000 rev/min was considered. The torsional vibratory response about the X-axis with two cracks exhibited a significantly
different behavior with respect to the system containing only one crack at mid-span. The healthy system did not display a
prominent torsional response (Tx). Also, the axial response for a system with two cracks exhibited differences in its
frequency content and amplitudes depending on the crack orientations (healthy system and the system with only one crack
did not have axial vibratory responses); see Figs. 8(a)–(d).

3.3.2. Combined faults

In Table 2(a), it was noted that when a system rotating with an incipient open crack was vertically excited, the system
exhibited two different responses compared with a healthy shaft in the torsional (Tx) and axial components. Figs. 9(a)–(d)
show that it was possible to distinguish between different kinds of faults when the faults occurred together. When there
was misalignment or a bent shaft, all of the six responses changed with the most evident changes being in the axial
response; moreover, resonance peaks appeared due to misalignment effects. Based on these results, it was concluded
that good maintenance overhaul programs in machinery are critical to avoid the situation where a crack is masked by
misalignment or a bent shaft. For space reasons, plots with only misalignment or bent shaft are not presented; however,
these two faults also changed the six responses, but in a different way with respect to the other scenarios discussed.

4. Experimental work

Several laboratory tests with the shaft not spinning and mounted on both the bearings of the MFS and on a foam surface
(off-line tests), and with the shaft spinning mounted on the bearings of the MFS (on-line tests), were carried out to
qualitatively validate the results from the numerical simulations. A crack on the shaft at the mid-span was studied in
addition to other kinds of faults (e.g., imbalance and misalignment).

4.1. Experimental apparatus and instrumentation

The MFS with two ball bearings was the experimental apparatus. The shaft was also extracted from the MFS, placed on a
foam surface, and tested in several ways to study the healthy and damaged shaft responses under free–free boundary
conditions.

Multidimensional vibration response data were acquired with PCB accelerometers. For the off-line tests with the shaft
mounted on the MFS, triaxial sensors (sensitivity: 1000 mV/g; and frequency range: 0.5–3000 Hz) were installed on both
bearings and 3 shaft locations: between bearing 1 and disc 1; between discs; and between disc 2 and bearing 2 (see
Fig. 10(a)). When the shafts were placed on a foam surface, the same kind of sensor was used but on the shaft ends. For the
on-line tests, another kind of triaxial accelerometer (sensitivity: 100 mV/g; and frequency range: 0.5–5000 Hz) was
installed on both bearings. Uniaxial sensors (sensitivity: 100 mV/g; and frequency range: 0.5–3000 Hz) were also installed
but only on the shaft ends to perform a few off-line tests with the shafts placed on a foam surface.
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Fig. 8. On-line amplitude vs. frequency (Hz) plots with horizontal excitation on bearing 1 and responses on bearing 2. (a) Healthy shaft. (b) One open

incipient crack at mid-span. (c) Two incipient cracks with the same orientation (open–open). (d) Two incipient cracks with different orientations

(closed–open). When Ux components are very small, they are plotted separately beside other plots as in all the cases (a)–(d). Ux (B), Uy (x), Uz (K), Tx

(_____), Ty (▲), Tz (■).

J.M. Machorro-López et al. / Journal of Sound and Vibration 327 (2009) 368–390380
A medium sized modal impact hammer (PCB 2.25 mV/N) along with the sensors mentioned above for the off-line tests
was used to collect frequency response functions (FRFs) in multiple directions. These FRFs were then used to estimate the
natural frequencies and modal deflection shapes of the MFS. Two kinds of piezoelectric actuators were used to apply a
variety of low-amplitude excitation forces in various directions and frequency bandwidths to one bearing housing or shaft
end, and acceleration responses were measured at different locations. Fig. 10(b) shows the actuators used in this work. The
first type of patch actuator applied a distributed stress in the transverse direction and the second disc actuator applied a
more local excitation force (with the potential to add inertia to increase the level of that force). A power amplifier was used
to produce adequate excitation levels.

The vibratory data were collected using a MATLABs-based data acquisition system with delta-sigma A/D sampling
(16+ channels VXI Agilents 1432 system). MATLABs algorithms were then applied to process and analyze data in near real time.
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Fig. 9. On-line amplitude vs. frequency (Hz) plots with vertical excitation on bearing 1 and responses on bearing 2. (a) Healthy shaft. (b) Open incipient

crack. (c) Open incipient crack and misalignment. (d) Open incipient crack and bent shaft. When Ux components are very small, they are plotted separately

beside other plots as in all the cases (a)–(d). Ux (B), Uy (x), Uz (K), Tx (_____), Ty (▲), Tz (■).

J.M. Machorro-López et al. / Journal of Sound and Vibration 327 (2009) 368–390 381
The crack was machined using electrical discharge machining with a graphite electrode. The crack was very narrow
(approximately 0.188 mm wide) with a depth equal to 12.5 percent of the shaft diameter. The specifications of the MFS are
listed in Table 3.

4.2. Test procedure

Sensors were calibrated using a handheld shaker. The channel configuration for these tests is illustrated in Fig. 10(a).
Only one input channel was used at a time when conducting active sensing experiments (impact hammer or actuator).
When the shaft was rotating, only the vibration responses at the bearing locations using sensors 1 and 5 were measured.

Experiments using passive and active sensing were conducted to detect a crack at the shaft mid-span by measuring
FRFs. A full complement of experiments was conducted to determine the effects of other faults (imbalance and
misalignment) on the ability to detect a crack in the shaft.
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Fig. 10. (a) Connection of the diverse devices used: MFS—Machinery Fault Simulator; S—sensor; SC—signal conditioner; DAS—data acquisition system;

PA—power amplifier; IH—impact hammer; AC—actuator; PS—power source; PC—personal computer. (b) Piezoelectric actuators: distributed

piezoelectric patch and inertial (PCB Piezotronicss). (c) Mass imbalance locations seen from the motor (only one in each test); moderate

imbalance ¼ 120.84 gr cm; severe imbalance ¼ 340.87 gr cm.

Table 3
Values for experimental configuration.

Eshaft ¼ 200 GPa Wshaft (@ Lshaft) ¼ 8.01 N Ldisc ¼ 0.016 m

nshaft ¼ 0.3 Wshaft (@ lshaft) ¼ 5.47 N ddisc ¼ 0.1524 m

rshaft ¼ 7800 kg/m3 Ndiscs ¼ 2 Wdisc ¼ 6.01 N

Lshaft ¼ 0.535 m Edisc ¼ 70 GPa wd ¼ 0.145 m

lshaft ¼ 0.365 m ndisc ¼ 0.345 tcrack ¼ 0.188e�3 m

dshaft ¼ 0.015875 m rdisc ¼ 2700 kg/m3 p/dshaft ¼ 0.125

J.M. Machorro-López et al. / Journal of Sound and Vibration 327 (2009) 368–390382
Both rectangular and Hanning windowed actuation signals were used to drive the actuators to determine the effects of
these windows on the FRFs. Tests were carried out in the non-rotating and rotating operational conditions to determine the
sensitivity of the measured active FRFs to the presence of a crack as well as the sensitivity of the FRFs to these cracks in the
presence of vibrations induced due to rotordynamic forces and moments.

The MFS was tested several times for the same configuration to ensure that the experimental results were repeatable.
Note that variability due to environmental factors, component parameters, and changes in boundary conditions is a leading
cause of false positive indications of faults or low probabilities of detection in damage detection methods for machinery.
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Fig. 11. Experimental modal shapes and natural frequencies: (a) healthy shaft and (b) cracked shaft.

J.M. Machorro-López et al. / Journal of Sound and Vibration 327 (2009) 368–390 383
4.3. Experimental results and analysis

Experiments were performed to estimate the natural frequencies and modal shapes of the MFS. An impact hammer was
utilized together with accelerometers to obtain FRFs, which indicated the modal frequencies and modal shapes. Fig. 11
summarizes some of the modal parameters that were extracted from the data using the quadrature (peak-pick) method.
The points marked with the number 3 represent bearing 1 (inboard) and number 9 represents bearing 2 (outboard). These
results indicated that the presence of a crack did not produce significant changes in the natural frequencies and modal
shapes.
4.3.1. Off-line tests using impact hammer

The first set of tests using an impact hammer was performed to compare the responses of the healthy shaft and system
with the responses obtained under different kinds of mass imbalance (see Fig. 10(c)). Fig. 12(a) shows that imbalance
caused a change in the measured frequency response between a force applied on bearing 2 in the axial direction and
response measured in the horizontal direction on bearing 1. It was also evident that the imbalance location and orientation
did not have a significant effect on the static vibratory response. When the imbalance mass was moved, the response was
similar. The effects of the mass imbalance magnitude are shown in Fig. 12(b). Different vibratory amplitudes were obtained
when the imbalance magnitude changed and bearing 2 was axially excited. These tests showed that when the system was
off-line, imbalance could be detected but its location and orientation could not be determined.
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Fig. 12. Magnitude of the frequency response functions for various shaft and excitation configurations. (a) Healthy shaft ( ) vs. severe imbalance in disc

1 ( ) and severe imbalance in disc 2 ( ). Impact on bearing 2 with axial orientation and horizontal responses on bearing 1. (b) Healthy shaft ( )

vs. moderate imbalance in disc 1 ( ) and severe imbalance in disc 1 ( ). Impact on bearing 2 with axial orientation and horizontal responses on

bearing 1. (c) Healthy shaft ( ) vs. moderate misalignment ( ) and severe misalignment ( ). Impact on bearing 2 with axial orientation and

horizontal responses on bearing 1. (d) Healthy shaft ( ) vs. cracked shaft, ym ¼ 901 ( ) and cracked shaft, ym ¼ 2701 (- - - -). Impact on bearing 1

with vertical orientation and axial responses on bearing 2. (e) Healthy shaft ( ) vs. cracked shaft, ym ¼ 901 ( ) and cracked shaft, ym ¼ 2701 (- - - -).

Impact on bearing 1 with horizontal orientation and axial responses on bearing 2. (f) Healthy shaft ( ) vs. cracked shaft, ym ¼ 901 ( ) and cracked

shaft, ym ¼ 2701 (- - - -). Impact on bearing 1 with axial orientation and axial responses on bearing 2.

J.M. Machorro-López et al. / Journal of Sound and Vibration 327 (2009) 368–390384
The effects of misalignment are shown in the Fig. 12(c), where different combined misalignment magnitudes were
observed to produce different frequency responses. Moderate misalignment was defined as a parallel misalignment
of 0.127 mm plus an angular misalignment of 0.254 mm, whereas severe misalignment corresponded to 0.254 and
0.4064 mm, respectively.

A cracked shaft was tested by changing the crack orientation: ym ¼ 901 (closed crack) and ym ¼ 2701 (open crack). A
vertical excitation produced different axial frequency responses between the MFS systems containing healthy and cracked
shafts; however, the differences in measured response due to a crack orientation were relatively small (see Figs. 12(d)–(f)).
These results are consistent with the simulation results.
4.3.2. Off-line tests using actuator

To better control the excitation forcing function, piezoelectric actuators were then used. With this type of excitation
force, the differences in vibratory responses that were measured could be associated with only damage and not variability
in modal impact force. The shaft was first dismounted from the MFS, placed over a foam surface, and a uniaxial
accelerometer was attached on one end of the shaft. A rectangular window swept excitation (from 0 to 2 kHz) was applied
on the other end with a piezoelectric patch. The results shown in Figs. 13(a)–(c) indicated that if the vibration response was
in the same orientation as the excitation that was measured, there were no significant changes in the horizontal and
vertical response between the healthy and cracked shafts (with different crack orientations), but in the axial orientation
there were significant differences. Consequently, the axial orientation of the excitation would be useful to detect damage.
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Fig. 13. Spectra of responses to off-line rectangular window swept excitation (from 0 to 2 kHz in 2 s) for various shaft and excitation configurations; shaft

dismounted and placed on a foam surface. (a) Vertical excitation and vertical response (using uniaxial accelerometer). (b) Horizontal excitation and

horizontal response (using uniaxial accelerometer). (c) Axial excitation and axial response (using uniaxial accelerometer). (d) Vertical excitation and

horizontal response (using triaxial accelerometer). (e) Horizontal excitation and vertical response (using triaxial accelerometer). (f) Axial excitation

and horizontal response (using triaxial accelerometer). (g) Vertical excitation and axial response (using triaxial accelerometer). (h) Horizontal excitation

and axial response (using triaxial accelerometer). (i) Axial excitation and vertical response (using triaxial accelerometer). Healthy shaft ( ); cracked

shaft, ym ¼ 901 ( ); cracked shaft, ym ¼ 2701 (- - - -).
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The same tests were performed with a triaxial accelerometer instead of the uniaxial device. Figs. 13(d)–(i) show the
importance of using triaxial sensors because the responses in different orientations when the excitation was provided in a
specific orientation exhibited more differences in the data for detecting damage because of coupling between the DOF in
the shaft. The principal changes are in the horizontal frequency response under vertical and axial excitations, and axial
frequency response under vertical and horizontal excitations. When the shaft was dismounted it was possible to measure
changes in the vibratory response for the different crack orientations (when the crack was on the bottom, the change in
response due to the crack was more evident).

Additionally, tests with the shaft mounted on the MFS were performed for both rectangular and Hanning window
excitations with the piezoelectric inertial actuator. Forces in different orientations were applied using rectangular window
swept excitations; however, the axial orientation was found to be the most sensitive to cracks in the shaft. In Fig. 14(a), the
results are shown for an axial excitation on bearing 1 that produced different vibratory amplitudes and resonances for the
healthy and cracked shafts; whereas very similar responses for both shafts were obtained when the excitation was vertical,
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Fig. 15. Bearing 1 responses during a speed sweep (shaft run-up). (a) Healthy shaft, horizontal response. (b) Healthy shaft, vertical response. (c) Healthy

shaft, axial response. (d) Cracked shaft, horizontal response. (e) Cracked shaft, vertical response. (f) Cracked shaft, axial response. Acceleration ( ),

speed ( ).
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but in the interests of brevity those plots are not presented. As mentioned in the numerical simulations and shown in the
tests using the modal hammer, the crack orientation did not have a significant effect on the response of the non-rotating
shaft that was mounted on the MFS.
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Fig. 16. Power spectral densities of axial, horizontal, and vertical responses on bearing 2 to rectangular windowed axial excitations on bearing 1 for

various operating speeds. Row 1: (a)–(c), 1200 rev/min; row 2: (d)–(f), 2400 rev/min; and row 3: (g)–(i), 5100 rev/min. Column 1: (a), (d), and (g), axial

responses; column 2: (b), (e), and (h), horizontal responses; and column 3: (c), (f), and (i), vertical responses. Healthy shaft ( ); cracked shaft ( ).
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When a Hanning window excitation was applied, the sensitivities of the measured responses to cracking were different.
For a Hanning window excitation in the axial orientation, there were no significant differences due to cracking in the
bearing responses. The vertical excitation provided the most sensitivity response data for detecting cracks when a Hanning
window was used; see Fig. 14(b). Each of these tests was repeated to ensure that the results were reproducible.

4.3.3. On-line tests with and without actuator

Several tests were also conducted when the shaft was rotating. First, speed sweeps during start-up without any external
excitation were measured for the healthy and cracked shafts. The highest operational speed reached was 6800 rev/min at
56.7 s and the vibratory response was measured on the bearings. In Fig. 15, it was evident that similar responses for the
healthy and cracked shafts in the horizontal (Figs. 15(a) and (d)) and vertical (Figs. 15(b) and (e)) directions were measured.
Only the axial response exhibited a significant difference for these two cases, where the prominent amplitude peak for the
healthy shaft at 35 s (4197.53 rev/min), which corresponds to 0.75oc (first critical speed is 5611.07 rev/min), was inhibited
due to the crack presence (see Figs. 15(c) and (f)). The axial response was the most sensitive to cracking when the shaft was
spinning without external excitation and a torque sensor could not be implemented on the system. This result is consistent
with the numerical simulations.

A piezoelectric inertial actuator was then used to excite bearing 1 (rectangular window swept excitation) in the axial
direction while the shaft was spinning at constant speed. The frequency range of the excitation was from 0 to 2 kHz and 3
different constant operation speeds were studied: 1200, 2400, and 5100 rev/min. The results indicated that the axial
excitation helped to detect damage when the shaft rotated at a constant speed; however, the ability to detect cracks
depended on the operational speed. At 1200 rev/min the axial and vertical responses showed significant differences due to
cracking (Figs. 16(a)–(c)); at 2400 rev/min the axial and horizontal responses showed even greater sensitivity to cracking
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(Figs. 16(d)–(f)); at 5100 rev/min the data were complicated to detect the crack and only the horizontal response provided a
clear indication near 410 Hz that the shaft was cracked (Figs. 16(g)–(i)). These results correlate well with the numerical
simulation results previously presented in Figs. 4(d)–(f).

5. Conclusions

In this work, numerical and experimental results showed that the natural frequencies and mode shapes do not vary
significantly when a transverse crack appears in the shaft of a rotordynamic system; therefore, active sensing was
necessary to detect the damage. Exhaustive numerical simulations considering many different scenarios were carried out
to determine measurements that most clearly detected cracking using external excitations. Torsional, transverse, and axial
excitations were implemented on a bearing and all the six vibratory responses were measured on the opposite bearing
considering both systems off-line and on-line. Systems simulating a healthy shaft, open incipient crack, open deep crack,
and closed deep crack were analyzed; and additionally the effects of multiple cracks and combined faults (system with
crack and misalignment, as well as a crack and bent shaft) were also briefly studied. The numerical results demonstrated
the complexity of the crack detection problem when the system was off-line and axially excited; however, the sensitivity of
measurements to cracks increased when using a transverse excitation and improved even further using a torsional
excitation. Furthermore, it was seen that crack orientation does not have influence on the vibratory response when a non-
rotating shaft was considered.

Several options for detecting cracks were identified when the shaft was rotating, transverse excitations were
incorporated, and the torsional response (Tx) as well as the axial response were analyzed; these two responses were also
useful to detect cracking when a torsional excitation was used but in non-realistic orientations (about the Y- and Z-axes).
Nevertheless, horizontal and axial responses would be the most useful orientations for a practical torsional excitation
scenario (about X-axis).

Two simultaneous cracks in the rotating system produced revealing torsional response (Tx) and axial response using a
horizontal excitation, and the mutual cracks’ orientations changed the frequency at which the axial amplitude peak
appeared. Simulations predicted that the detection of cracks would be complicated by other faults, such as misalignment
and bent shafts, because these two faults produced different torsional response (Tx) and axial response with respect to the
system without faults (healthy); however, crack detection was possible through the use of active sensing because the
torsional response (Tx) and the axial response obtained for combined faults (crack and misalignment or crack and bent
shaft), or only either misalignment or a bent shaft, exhibited different characteristics with respect to the torsional response
(Tx) and axial response of the rotating shaft with only a crack. The misalignment and bent shaft faults (with or without a
crack) changed all the six responses with respect to the system without faults, whereas a system with a cracked shaft did
not cause all six responses to change (no more than three responses were modified by the crack). This finding is relevant to
industrial machinery because false alarms due to cracked shafts could be avoided.

Laboratory tests showed the imbalance and misalignment effects when the non-rotating shaft was mounted on the
experimental apparatus and axially excited with an impact hammer; moreover, it was validated that the transverse crack
orientation did not influence the results. Two options to detect cracks in a non-rotating shaft were discussed. In the first
method, it is necessary to dismount the shaft from the machinery, place it on a foam surface, excite it on one end in any
orientation, and analyze the vibratory responses in different orientations with respect to the excitation. Changes between
the healthy and cracked non-rotating shafts could be distinguished and the crack could be located because its different
orientations produce different responses. In the second option, it was possible to diagnose cracks with the shaft mounted in
the system, but an axial rectangular window excitation or vertical Hanning window excitation was necessary. The crack
orientation did not have an effect as demonstrated in the numerical work and tests with an impact hammer. Finally,
experimental on-line tests validated several of the numerical simulation findings such as the utility of the axial response
observed in rotating shafts without any excitation and the possibilities of detecting damage in a rotating shaft that is
excited externally.
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Appendix

Elements used in the numerical model

The ANSYSs model that was developed uses beam189 elements to represent the shaft and discs and combin14 to
represent the bearings and foundation. Beam189 is a 3-noded quadratic element with 6–7 DOF and is suitable for modeling
slender to moderately thick linear structures. Timoshenko beam theory is the basis for the mechanical characteristics of
this element, which incorporates shear deformation effects. Translations at each node in three Cartesian directions and
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rotations in three directions are included in the model; a seventh DOF (warping magnitude) could also be considered. By
including stress-stiffening terms, beam189 enables the study of flexural, axial, and torsional dynamic response and stability
problems. Although creep and plasticity models can also be incorporated, linear elastic constitutive laws will be assumed in
the initial model. Beam189 can be used with any beam cross-section and the cross-section associated with this element
type can be a built-up section referencing more than one material.

Combin14 is an element with longitudinal or torsional DOFs in 1-D, 2-D, or 3-D. The longitudinal spring-damper
is a uniaxial tension-compression element with up to 3 DOF per node: translations in the nodal X, Y, and Z directions.
The torsional spring-damper is a purely rotational element with 3 DOF at each node: rotations about the nodal X-, Y-, and
Z-axes. This element has no mass and the spring or the damping characteristics may be easily removed from the element.

Characteristics of the final numerical model

The model consists of 12 key points, 11 lines (6 elements per line), 94 elements (66 elements type beam189 and 28
elements type combin14), and 161 nodes; see Fig. 1(c). The discs were modeled as simple rigid body solid elements with
the appropriate material properties (aluminum discs in the case of the MFS). Different stiffness and damping values in the
two bearings and foundation in seven orientations (YZ, ZZ, ZY, YY, YX, XX, and XY) can be considered (see Figs. 1(d) and (e)).
The stiffness and damping values within the combin14 elements were selected based on the geometry of the supports
using strength of materials concepts. Cracks were modeled using notches inserted in the respective lines along the shaft to
modify the cross-sectional area. Imbalance was considered using skewed centers of mass in the discs. Parallel, angular, or
combined misalignment at bearing 2 (outboard) can be taken into account. Analysis with a bent shaft at the mid-span can
be also performed.

The gravitational field was modeled and the shaft can be static or rotating. Furthermore, the Coriolis effects as well as
the so-called ‘‘spin softening’’ (radial stiffness reduction in the element) were taken into account for analyses with shaft
spinning.

The proposed model enables static, free response (modal), harmonic loading, and transient (dynamic) forced response
analysis. The available outputs include deformations, strains, natural frequencies, modal shapes, and plots of amplitude vs.
frequency, phase vs. frequency, time vs. amplitude, as well as Campbell diagrams and orbits for the rotating shaft. An IBMs

AIX workstation was utilized for conducting these simulations and analyzing the resultant data. Summarizing, this model
allows the consideration of several conditions: (1) system with healthy shaft; (2) system with damaged shaft with 1, 2, or 3
simultaneous transverse cracks in different locations and with different depths (p/dshaft ¼ 0.125, 0.25, or 0.50); see Fig. 1(e);
(3) system with mass imbalance in the first or second disc (any mass magnitude); (4) system with angular, parallel, or
combined misalignment at bearing 2 (0.254 mm is the angular, parallel, or combined misalignment value); (5) system with
bent shaft at mid-span (0.254 mm is the magnitude of this bending); and (6) system with damaged shaft with 1, 2, or 3
simultaneous transverse cracks and: (a) imbalance in the first or second disc, (b) angular, parallel, or combined
misalignment at bearing 2, or (c) bent shaft at mid-span.

Consideration of a crack in the shaft of the numerical model

Transverse cracks (always closed or open) in different locations of the shaft were considered by varying the cross-
sectional area, moment of inertia, polar moment of inertia, and geometric center in the specific cracked elements (see
Figs. 1(f) and (g)). In this study, the deflection of the horizontal shaft due to gravity is insignificant compared with the whirl,
so that a crack is always closed or open. The crack thickness machined into the shaft used for experimentation was
0.188 mm; therefore, the cracked line(s) thickness was selected to be the same in the ANSYSs model. The equations
obtained from Fig. 1(g) to estimate the important variation of the moment of inertia in the cracked sections are written
below; moreover, considering the experimental shaft dimensions and those equations (Eqs. (1)–(5)), the parameters in
Table 1 are obtained.

Moment of inertia of the damaged circular section:

If ¼ Ii � Ias þ Its (1)

Moment of inertia of the healthy circular section:

Ii ¼
pr4

4
(2)

Moment of inertia of the angular sector OADCO:

Ias ¼
r4

4

yf � yi

2
�

sin 2yf � sin 2yi

4

 !
(3)
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Moment of inertia of the triangular sector OABCO:

Its ¼
ðr � pÞr3

12 cos ym
½ðsin yf Þ

3 � ðsin yiÞ
3�

for ya
nðpÞ

2
with n ¼ 1;3;5;7; . . . (4)

Its ¼
rðr � pÞ3

2
cos yi for y ¼

nðpÞ
2

with n ¼ 1;3;5;7; . . . (5)
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