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1. Introduction

Micro-resonators are the building blocks of many micro-electromechanical systems (MEMS), e.g., micro-gyroscopes and
resonant sensors. Due to the oscillatory nature of these devices, dynamics of micro-resonators has been an interesting
field for researchers. Among many different resonators, micro-bridges are one of the most frequently used structures.
A micro-bridge is essentially a beam clamped at both ends.

Fig. 1 shows a resonant micro-bridge with two attached comb-drives for the excitation and detection of vibration of the
resonant beam. This structure can be used for resonant sensing, because the natural frequencies of the beam are functions
of its axial load. One of the attached comb-drives is used to oscillate the resonator, while the other is for sensing the
vibration.

Fig. 2 shows the schematic of an electrostatic comb-drive actuator. The force applied to the beam laterally can be
expressed as [1]
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Fig. 1. SEM of a resonant beam with attached comb-drives.
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Fig. 2. Schematic of an electrostatic comb-drive actuator.

where ¢ is the permittivity of free space; N is the number of fingers; h is the MEMS structural layer thickness; g is the gap
between two consecutive stationary and mobile fingers; and V is the applied voltage. The electrostatic force usually ranges
from a few nano-Newtons to a few hundreds of micro-Newtons, depending on the dimensions of the structure.

In the device shown in Fig. 1, the comb-drives are located at the mid-point of the beam; therefore, the motion of the
system is symmetric with the main contribution from the fundamental mode of vibration. Hence, a single degree-of-
freedom model (SDOF), i.e., mass-spring-damper, can be used to model this system. The stiffness of the spring will be the
stiffness of the beam at the mid-point, i.e., k = 192EI/L? [1], while the mass will be the mass of the comb-drive. In those
cases where the mass of the beam is comparable to the mass of the combs, the beam’s effective mass can be taken into
account as well.

When the mass of the beam is large compared to the mass of the combs, or the natural frequencies and responses of the
system at higher modes of vibration is desired, SDOF models are no longer adequate. In these cases, a continuous model
should be used. Hassanpour et al. [2] assumed that the dimensions of the combs were small compared to those of the
beam; therefore, the combs could be modeled as a point mass, i.e., a mass with no rotary inertia. They also assumed that
the position of the point mass was arbitrary on the beam. Using the thin beam theory and considering the effect of the axial
force, they investigated the effect of axial force, mass ratio, and location on the natural frequencies and mode shapes of the
beam. These results showed that the rotation of the point mass was not negligible; hence, the effect of rotary inertia of
the combs must be taken into account, in general.

As an extension to their previous model, Hassanpour et al. [3] took into account the rotary inertia of the combs. They
showed that although the inertia of the resonator was increased by the mass of the comb-drives, its natural frequencies
could be higher than those of the original beam by properly positioning the combs on the resonant beam. This new
structure is called an asymmetric resonator [4]. It has been shown that the electrostatic comb-drives in an asymmetric
resonator are stable and robust to rocking motions, thanks to the resistance to rotation imposed to the beam by their rotary
inertia [3,4].

As mentioned earlier, many MEMS devices are based on dynamic effects. In some cases, these devices are controlled to
remain in the linear regime. In other cases, the nonlinearity is either desirable, or inevitable. Various forms of nonlinear
dynamic behavior have been already observed experimentally [5-12]. Bahreyni and Shafai [13] used a symmetric beam
with two attached comb-drives to measure the intensity of the magnetic field. They have observed that by increasing
the amplitude of vibration, the response of the system depicts nonlinear behavior [14]. This phenomenon can be explained
by noting that a large deflection causes the axial stretching of the beam, which in turn produces a tensile axial
force. Therefore, the magnitude of this axial force is a function of the amplitude of deflection. It must be noted that a
micro-bridge might be under an initial constant axial force, which can be either tensile or compressive.
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Ozkaya et al. [16,17] and Low [18] have investigated the nonlinear vibration of a thin beam carrying a point mass for the
boundary conditions of pinned-pinned, pinned-guided, guided-guided, pinned-clamped, and guided-clamped ends.
These studies include the application of the method of multiple scales for solving the nonlinear equations, while excluding
the effect of rotary inertia of the point mass as well as the effect of the initial axial force in the beam. Moreover, the first
five modes of linear vibration for different cases are calculated, however, only the fundamental mode has been used to
derive the nonlinear frequency versus amplitude of vibration. It has been shown that using exact higher modes requires
the application of the generalized orthogonality condition [19]. Ozkaya and Pakdemirli [21] have used the exact
fundamental mode shape of a beam-point mass system clamped at both ends. This study does not include the effect of the
rotary inertia of the mass and the initial axial force in the beam. Ozkaya [22] has modeled the nonlinear vibration of a
simply supported beam carrying several point masses at its interval, neglecting the initial axial force in the beam, rotary
inertia of the point masses, as well as the effect of second and higher modes in the nonlinear vibration. The nonlinear
vibrations of beams with non-ideal supports have been studied in Ref. [23]. The nonlinear dynamics of a stepped beam
has been studied in Ref. [24]. Ramezani et al. [25] have modeled the effects of rotary inertia and shear deformation of the
beam, itself, on nonlinear free vibration of micro-beams. Vyas et al. [26] have modeled the internal resonance between an
out-of-plane torsional mode and a flexural in-plane vibrating mode.

As mentioned earlier, the beam-lumped mass systems can be used as the building blocks of resonant sensors. In these
systems, the initial axial force in the beam is the key quantity to be measured, and cannot be neglected at all. Moreover, it
has been shown that this axial force along with the lumped mass ratio, radius of gyration, and location change the exact
mode shapes of vibration. These exact mode shapes are no longer orthogonal to each other under the conventional
definition of orthogonality, but a generalized form of orthogonality condition that takes into account the effects of the
lumped mass must be used. Due to the modification of the mode shapes of the beam-lumped mass system, the stretching
of the beam must be revisited as it is a function of the mode shapes. In addition, asymmetric beam-lumped mass systems
have a remarkable feature: frequency ratio tunability. The ratios between the natural frequencies of a beam are fixed, and
determined as soon as the boundary conditions of that beam are set. For example, the second to first natural frequency
ratio of a micro-bridge, i.e., a clamped-clamped beam, is approximately equal to 2.7565 regardless of its dimensions [27].
This ratio for a cantilever beam is roughly 6.2669 [27]. For a beam-lumped mass resonator, this ratio can be easily changed
by adjusting the properties of the lumped mass as well as the beam initial axial force. This feature brings a vast opportunity
to designers to exploit nonlinear dynamics in realizing innovative devices.

In this paper, the model of a beam-lumped mass system is adopted for studying the system of a micro-bridge with
attached electrostatic comb-drives. This model includes the effect of the initial axial force in the beam and stretching due
to large deflections. The nonlinear problem is formulated using the method of multiple scales. In contrast to previous
studies, first and higher modes of vibration are used by the application of the generalized orthogonality condition. The free
nonlinear vibration equation is solved to determine the shift of the natural frequencies in terms of the amplitude of
vibration. The primary resonance of the system is investigated, once for the general case, and once for those particular
cases in which the second natural frequency is tuned to be approximately three times of the fundamental natural
frequency. It has been shown that this particular situation triggers an internal resonance. For each section of the modeling,
the effects of contributing parameters are discussed in detail.

2. Analytical model

Fig. 3 shows the model of the resonant beam with electrostatic comb-drives for vibration excitation and detection.
Assuming that the beam carrying the axial force is straight initially, and neglecting its shear deformation and rotary inertia,
the governing equation of motion can be derived as [15,28]

PAW i + MW (L, )R — Ly) — JW g3 (Li, )R — Ly) — PW g + EIW g5
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Fig. 3. Model of a clamped-clamped beam with attached lumped mass.
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where p is the density, E is the modulus of elasticity, A is the cross sectional area, I is the second area moment, W&, 1) is the
deflection, and P is the initial axial force in the beam. Parameters M, J, and L; are, respectively, the mass, rotary inertia, and
location of the lumped mass representing the comb-drives. F(f) is the electrostatic excitation force. The subscripts £ and &
represent the derivation with respect to time and space, respectively. The prime also shows the spatial derivative. It is
more appropriate to express Eq. (2) in dimensionless form, i.e.,

1
Wi+ Wi (&, 000 — &) — P Waa( €, 056 — &) — 2PWs + Wi = 515 (1 = 21°P) {wxx | wiax| +fox-0. @)
0

where

P P12
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The deflection of the resonant beam can be expanded using the assumed modes method, i.e.,
Wt =1 tm(6)Ym®), (4)
m=1

where k is an arbitrary real number larger than one [15]. Yi;(x) and up(t) are the m th normal mode and the m th
generalized coordinate, respectively. The mode Yy, is the solution of spatial differential equation of the corresponding
linear model [19], i.e.,

O Ym®) + WYm(E)3(x — &) — un*Yim (O3 (x — O] = Y (0) — 2PV (0), (5)
where w, is the m th dimensionless natural frequency. It is defined in terms of the m th physical natural frequency, &, as

N A
Om = comLzy//;:—I. (6)

Two distinct mode shapes Y, and Y, must satisfy the generalized orthogonality condition (see Refs. [19,20]), which can be
expressed in dimensionless form as

1
[ Y00 Qx4 YY) Vi (D (=0 if mn. )
Moreover, mode shapes can be made orthonormal; hence, for the case m = n,
1
[ Vs w20+ v = 1. (8)
0

By substituting Eq. (4) into Eq. (3), one can show that

r { D mnlYn®) + 1Ym(E3X = &) = un*Yim (0 X — O+ D um[—2PYr () + Y,‘,i“(x)]}

m=1 m=1

r3k—2 1 [ o0
= —2r?P) KZ UmYin ) / <Z upYp ) <Z ugYy > dx
0 p=1 q=1

Eq. (9) can be simplified as

+fox —&). (9)

Z(um + O Um)[Ym(®) + (Ym(E)IX — &) — pin* Y (5 (x = &)]

r2(k 1) oo =]
= (1-2r P){(ZumY;;,><ZZu uq/ Y) Y dx)
m=1 q=

p=1

+fox = Q). (10)
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By multiplying Eq. (10) by Y;, integrating over the range of x, i.e., [0, 1]; and using Eqs. (7) and (8) as well as the definitions
of Dirac’s delta function, o6(x — &), and the doublet, §(x — &), Eq. (10) can be rewritten as

. r2k=1) o) -1 00 -1
itn + 02Uy = ———(1 — 2r*P u / Y Yodx | x Uyl / Y, Y, dx
n n“n 2 ( )l:(; m o m In ) (ZZ r*aq o piq

p=1q=1

1
+/ Mo —&dx. (1)
0

Using integration by parts, one can show that

1 1 1
/ Yy Yodx = Yo, |3—/ Yo Y dx:—/ Yi Yh dx. (12)
0 0 0

Consequently, the term in the bracket at the right side of Eq. (11) can be expressed in terms of I"mypq, Which is defined as

1 -1
J— =%(1 —21?p) (/0 Yy Ve dx> (/0 Y)Y, dx>
1 1 1
=~ 2r2P)</ Y Y dx) (/ Yy dx) (from Eq. (12)). (13)
JO JO

By inspecting Eq. (13), the following identity can be concluded:
anpq = anpq = anqp = qumn- (14)

Furthermore, the definition of Dirac’s delta function implied that

1
fu= [ PYuox— & ax =Y, 2 (15)
Letting ¢ = r2*-1), Eq. (11) can be rewritten in a compact form as
ln+ O2n =Y 3> tmttpliglumpg +fo (n=1,2,3,..). (16)
m=1p=1 q=1

For those cases with damping, Eq. (16) can be extended by adding the modal damping term, —2&(,1,, to the right side of it,
ie.,

ln + ptn =&Y > > g Mnmpg — 28pttn | +fn (1=1,2,3,..) (17)

2.1. Free vibration

The stretching of a resonant beam, due to a large deflection, can shift the frequencies at which the beam vibrates. The
extent of frequency shift depends on the initial condition of the beam oscillation. This phenomenon can be investigated
using the governing equation of motion, Eq. (17), for the special case of undamped free vibration, i.e., {, = 0 and f; = 0, i.e,,

00 00 00

ln+ Ot =&Y > > tmliplglnmpg- (18)

m=1p=1 q=1

Application of the method of multiple scales implies that u, can be expanded in the form of a power series in &:

Up = Uno + EUm + O(E2). (19)
Time scales are defined as
To=t (20)
and
T; = &t, (21)

where Ty and T are called fast time and slow time, respectively. The operators representing the differentiation with respect
to the time scales are defined as

Do=5r 22)
and
0
Consequently, Dy = Ty (23)
i_D() +8D1, (24)

de
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d2
e = D% + 2eDyD;. (25)
Substituting Eqgs. (19) and (25) into Eq. (18), one can show that
(D% + 28D0D1 )(Uno + &Un1) + w%(uno + &) = &€ Z umoupouqornmpq- (26)
m,p,q=1

Collecting powers of ¢ yields a set of two differential equations for every mode n:

Order &0:
D3uno + w2y = 0. (27)
Order ¢!:
D%unl + w%”n] = *ZDODl Upo + Z umoupouqornmpq- (28)
m,p,q=1
The solution of Eq. (27) is
Uno = An(T1)exp(iwnTo) + cc, (29)

where the amplitude A, is a complex function of slow time, and cc represents the complex conjugates of the preceding
terms. Substituting Eq. (29) into Eq. (28), one obtains

Dum + @2up = —2iwnD1Anexp(icnTo)

+ Y TompglAnApAqeXpli(wm + @p + ©q)To] + AnApAqeXpli(—wm + wp + @q)To]
m,p,q=1

+ AnApAqexpli(@m — wp + Wq)To] + AmApAqeXpli(wm + wp — wq)To]} + cc. (30)

The bar in this equation represents the complex conjugate of its corresponding parameter. The secular terms in Eq. (30)
must be set to zero to ensure that the particular solution of u,; is bounded. Those conditions resulting in secular terms are
listed below:

Wm = o, and Wy =Wg#Wy, = M=n,p=q#n (2 xp terms),
wp=wp and wn =wWg#w, = p=nm=q#n (2 x m terms),

wg=wp and Oon = wWp#wy = g=n,m=p#n (2 x m terms)
and
On=Wp=wg=w, => M=p=qg=n (3 terms).
Considering Eq. (14), the above condition can be satisfied if
*ZiwnAr/l + ZAnAmZm(‘anmnm + 2anmm) + 3A%Enrnnnn =0. (31)
m=1

Noting that A, is a complex function of the slow time, it can be expressed in polar form, in which the modulus and
argument are functions of the slow time, i.e.,

An(T1) = Jan(T1)explif(T1)]. (32)
Therefore, the differentiation of A, with respect to T; can be expressed as
An (T1) = 5 ap exp(if,) + 3ianB; exp(ipy). (33)

Substituting Eqgs. (32) and (33) into Eq. (31), one can show that

. 1, . 1. ,, . 1 . 1 3 .
—21(,(),1 zal‘l exp(lﬁn) + ilanﬁn exp(lﬁn) + jaﬂexp(lﬁn) Zzazm(zlrnmnm + 2anmm) + gaﬁEXp(lﬁn)annn = O (34)
m=1

m#n

Canceling out the exponential terms, collecting the real and imaginary terms, and then setting them to zero, Eq. (34) leads
to

onah, =0 (35)

and

1 d 1 3
wonanfy + zan Z aﬁq (annm + Ernnmm> + §azrnnnn =0. (36)
m=1

m#n
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wy is nonzero; hence, Eq. (35), implies that a;, = 0. Therefore, a, = ano = const. Eq. (36) can be solved for f}, :

, 1 [1& 1 3
m:—wnLX)%Omm+2nm@+8@fm4. (37)
m=1
The right side of Eq. (37) is constant; hence, this equation can be easily integrated with respect to Ty, i.e.,
Ty |1 & 1 3
ﬁn = _wis |:22a%10 (Fnrrmm +jrrmmm> +8a%opnnnn:| + ﬁnOa (38)
m=1

where T is replaced by its equivalent expression €Ty. Substituting for a, and f3,, from the above equations into Eq. (32) and
then Eq. (29), uyg can be expressed as

1 .
Upo = Eanoexp[l(wnTo + .Bn)] +cc

1 . e [1E 1 3 .
= Zanoexp{l [wn - (22 o (annm + §mem) + Saﬁofmmn) } To + lﬁno} +cc. (39)
n m=1

m#n

The nonlinear resonance frequency can be found by inspecting the coefficient of Ty in the argument of u,o in Eq. (39),
yielding

e |[1T& 1 3
@n nonlinear = Wn — o |i§Z arzno (rnmnm + jrnnmm> + gagornnnn:| . (40)
n m=1

m#n

2.2. Primary resonance

In most cases, resonators operate in the forced vibration mode. When the frequency of excitation is close to one of the
natural frequencies of a resonator, primary resonance occurs. The linear vibration theory states that the resonance
frequency is robust and independent of excitation. In addition, for very small damping ratios, the amplitude of vibration
becomes extremely large, if not infinite. In contrast, as will be shown later, nonlinear analysis indicates that if the
excitation, damping, and nonlinear restoring forces are of the same order, the resonance frequency will be a function of
the frequency of excitation, and the amplitude of vibration will be bounded. For the primary resonance condition, the
excitation force is assumed to be of the following form:

f = 2¢fpcos(Qt), (41)

where Q is the excitation frequency. The force amplitude is scales by ¢ to satisfy the primary resonance condition. Using Eq.
(15), fn can be expressed as

Ja =Y (&) = 2¢foYn(E)cos(Q0). (42)
For the case of the excitation frequency being close to the fundamental natural frequency, 2 can be expressed as
Q= w; +¢0q, (43)

where ¢; indicates the difference between the excitation frequency and the fundamental natural frequency of the

resonator. Substituting Eq. (42) into Eq. (17), the governing equation of motion can be reformulated as

ity + w2uy = s{ > umtptiglmpg — 2Cnitn | + 28foYn(E)cos(Q1). (44)
m,p,q=1

By a similar approach presented in Section 2.1, and using Eqs. (18)-(25), (44) can be transformed into

(D3 + 2eDoD1)(Uno + &Un1) + W2(Ung + Eltpy) = & { Z UmoUpoUqol nmpg — 2{n(Do + €D1)(Uno + €Un1)

m.p.g=1
+ 2&foYn(&)cos(Q0). (45)
Collecting the powers of ¢ yields a set of two differential equations for each mode n:
Order &°:
D3ttn + 02tino = 0. (46)
Order &':
D3un1 + @2up1 = —2DoDqtng — 2{yDolino + i UmoUpoUgol nmpq + 2foYn(E)cos(Q). (47)

m.p.q=1
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As shown in Section 2.1, Eq. (46) has a solution of the form of Eq. (32). Eq. (42) can be expressed in polar form, i.e.,
fi = efoYa(&)exp(iQt) + cc. (48)
Substituting Eqgs. (32) and (48) into Eq. (47), leads to
D3uny + @3uny = —2iwpD1Anexp(icnTo) — 2i{,wnAnexp(ionTo) + foYa(£)exp(iQTo)
+ Y TumpglAmApAqeXpli(@m + wp + @¢)Tol + AmApAqeXpli(—wm + @p + wg)To]
m,p,q=1
+ AmApAqexpli(wm — @p + ®q)To] + AmApAqexpli(wm + wp — wq)Tol} + cc. (49)

Seeking bounded solutions when t approaches to infinity, the secular terms in Eq. (49) must be eliminated. However,
whether a particular term is secular or not, depends on higher natural frequencies of the resonator. In general, the ratio of
the second to first natural frequency depends on the design of the resonant beam, particularly, on the mass ratio, rotary
inertia, location of comb-drive, and the initial axial force in the beam. When the frequency ratio is close to three, the set
of secular terms differs from those of cases in which this ratio is any other number. The special case of w, ~ 3w, is one of
those several cases resulting in a phenomenon known as the internal resonance, which will be investigated later.

2.2.1. Primary resonance with no internal resonance
When w, #3w, the secular terms in Eq. (49) that are associated with the summation operator term can be listed as
follows:

Wm=wp and wp = Wg#wWy, = M=n,p=q#n (2 x p terms),
Wp = W and Op=Wg#Wy = p=nm=q#n (2 xm terms),

wg=wp and O = wWp#wy = g=n,m=p#n (2 x m terms)
and
Om=Wp=Wg=w;, = M=p=q=n (3 terms).
Consequently, for n = 1, the condition that eliminates the secular terms from Eq. (49) can be expressed as
—2im1(A1 + (A1) + foY1(Oexplio Ty) + A ZAmZm(‘lFlmlm + 2@ 11mm) + 3A3A1 1111 = 0. (50)
m=2
Similarly, for n>2, the following condition cancels out the unbounded solutions:

—2iwn(An + (hAn) + A ZAme(‘anmnm + 2@ npmm) + 3A%Enl—‘nnnn =0. (51)

m=1
m#n

By substituting Egs. (32) and (33) into Egs. (50) and (51), one obtains for n = 1:

I o 1 &1 3
—2iwy x5 (a1 +iaify +Ga) +foYi(©explitorTy — fl + 5 Zza?n(‘lrlm]m +2F11mm)+§a?F1111 =0, (52)
m=2

and for n>2:
. 1 ., ., 1 &1, 3,
—2iwy x i(an + lanﬁn + (nan) + jan Zzam(4pnmnm + 21 wumm) +§anrnnrm =0. (53)
m=1
By collecting the real and imaginary terms, two equations can be derived from Eq. (52), i.e.,
—w1(ai +§ar) +foY1(Osin(e1 Ty — 1) =0 (54)
and
, 1 2 1 33
w1a1 1 + foY1(€)cos(a1 Ty — f1) +t5m Zam Iimim +§F11mm +§a1r1111 =0. (55)
m=2
Similarly, Eq. (53) results in two equations:
—wn(an +{pan) =0 (56)
and
’ 1 = 2 1 3 3
cUnanﬁn + Ean Zam I ymnm +§anmm +§anfnnnn =0. (57)
m=1

m#n
Seeking a steady-state condition implies that
aj =a;, =0 (58)
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and
01Ty — ; = const. (59)

By substituting Eq. (58) into Eq. (56), one concludes that a, = 0 (n>2). Moreover, by differentiating Eq. (59) with respect to
T, one obtains | = ;. Letting y; = 011 — f;, Egs. (54) and (55) can be simplified as

{ Liorar = foY1(E)siny,,

3 60
w1a101 + foY1(€)cosy, +§G?F1m =0, (60)

from which, a; and y; can be found as functions of a;.

2.2.2. Primary resonance with internal resonance

As mentioned in Section 2.2, when the second natural frequency is approximately three times of the first natural
frequency, i.e., w; ~3w; and the excitation frequency is close to the first natural frequency, i.e., Q ~ w;, internal
resonance occurs, i.e., the amplitude of the second mode of vibration shows resonance behavior. These conditions can be
stated mathematically as follows:

Wy = 3w1 + €01 (61)

and
Q= w; +£07. (62)
Using Egs. (61) and (62) the secular terms in Eq. (49) that are associated with the summation operator term can be listed as

wm =wy and wp = wg#wW, = m=n,p=q#n (2 xp terms),
wp=wp and Wy = Wg#wW, = p=nm=q#n (2 xm terms),
g = Wy and Om=Wp#Wy, = =nm=p#n (2 x m terms)
and
Om=Wp=wg=w, = M=p=q=n (3 terms).

Hence, the equations that eliminate unbounded terms from Eq. (49) can be derived as
Forn=1:

. , . > — — —2 .
—2iw1(A1 + A + foY1(©exp(ioaTr) + Ay ZAmAm(4F1m1m + 20 11mm) + 3A2A1 T 1111 + 3AA 1 Ta111€xplio Ty)

m=2
=0. (63)
Forn=2:
—2imy(Ay + (A2 + Ay ZAmzm(4F2m2m + 2T 25mm) + 3A%A2T 202 + A3 5111€xp(—io 1 Ty) = 0. (64)
m=1
m#2
For n>3:
_Ziwn(AT/'l + CnAn) +An ZAmZm(4annm + Zanmm) + 3A%Knrnn”n = O' (65)

m=1
m#n

Letting y; = 0171 — 3f; + f, and y, = 6,T1 — f3;, and then substituting Egs. (32) and (33) into Eqs. (63)-(65), one obtains
Forn=1:

N D 1 3 3 ‘
—2iw1 x5 (@1 +iafi +Ga) +foYr1(Oexpliyy) + gt > @A mim + 2T 11mm) +§a?1"1111 +§G%02F21116XP(1”/1) =0. (66)

m=2
For n = 2:

1, 1 & 3 1 .
—2iw; x 5 (a3 + i fy + (a0) + g2 >y (A mam + 2T 22mm) + gagfzzzz +§U%F21116Xp(—1“/1) =0. (67)
m=1

m#2

For n>3:

. 1 . 1 ad 3
—2iwn x i(al/‘l +ianf; + (nan) +§an Zafn(‘”—‘nmnm + 20 npmm) + gagpnnnn =0. (68)

m=1
m#n
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By collecting real and imaginary terms and setting them to zero, two equations can be derived from each equations above;
therefore, from Eq. (68), one concludes that

an +fap =0 (n=3). (69)

For n>1, a;, = 0 due to imposing the steady-state condition. Therefore, from Eq. (69), a, = 0 for n>3. The two equations
derived from Eq. (66) are

—o1(@] +ay) + foY1(©)siny, + 3aia; Ma1qqsiny; =0, (70)

w1a1B] + foY1(E)cosy, + 3 a3 T1111 + 4 a163(4T 1212 + 2T 1122) + 3a2a2T2111c0sp; = 0. (71)
Similarly, the two equations derived from Eq. (67) are
— (a3 +{20z) — §a3Ta111siny; =0, (72)
20285 +3 a3 202 + 3 a2ay (412121 + 20 2011) + 43 T2111c05y = 0. (73)
The steady-state condition implies that ai = a5 =0 and y{ =y, =0; hence, i = 0, and 3 = 30, — 0. Therefore,
. 3 .
—w1{1a1 + foY1(&)siny, +§a%‘121"211151n’/1 =0,

3 1 3
w101a;1 + foY1(&)cosy, + 3 @A+ 3 a1a3(4' 1212 + 2TM122) +§a%02F2111C05V1 =0,

L (74)
w7(5az +§G1F21115m/1 =0,

3 3 15, 15
(30, —01)ay +§azr2222 +§a1a2(41"2121 +2I11) +§01F2111C°57’1 =0.

Eq. (74) can be solved for ay, az, ;, and v, as functions of ¢; and o,.
3. Results

In this section, the numerical results of the modeling are presented. First, the effect of the stretching of the beam on the
free vibration of beam-mass systems is discussed. Then, the nonlinear primary resonance of some beam-lumped mass
systems, in which the natural frequencies do not satisfy the condition for internal resonance, are presented. Finally, two
cases in which internal resonance occur, are discussed in detail.

3.1. Free vibration

Eq. (40) provides the frequency of the free vibration of a beam-lumped mass system as a function of the linear natural
frequency, initial axial force, and initial modal displacements, a,;o. In Fig. 4, the nonlinear frequency of vibration is plotted
versus the initial modal displacement of the first mode, a;q, for different number of modes. It has been assumed that
e=001,u=1,n=1,¢ =04, and P = 0. The vertical axis of Fig. 4 is the initial amplitude of the first mode. To be more
realistic, it is assumed that the amplitudes of higher modes are reduced by a factor of 10, i.e., ag = 0.1ay9, azg = 0.1ag, and
so on. Although the amplitudes of higher modes are reduced, this figure reveals that these modes have a significant effect
on the frequency of free vibration of the system, and cannot be neglected as previous studies suggest [16,17,21-24].

Tables 1 and 2 present the first four natural frequencies and the nonlinear frequencies of the free vibration of six
illustrative cases. The initial displacements are assumed equal to 10, i.e., ano = 10, which are practically very large
displacements. The reason for choosing these large amplitudes is to achieve large differences between the linear and
nonlinear natural frequencies, which enable us to investigate the effect of other parameters. The first three cases
correspond to a single asymmetric resonator with tensile, compressive, and zero initial axial forces. The difference between
the nonlinear free vibration frequency and the natural frequency at each mode indicates the influence of the stretching
on the vibration frequency. These cases reveal that the difference between linear and nonlinear free vibration frequencies
for a beam under compressive axial force is significantly greater than those of cases with zero or tensile axial force, even
when the magnitude of the tensile axial force is several times larger than the compressive force. It must be noted that the
maximum allowable compressive axial force is P = —27%, which is the theoretical buckling force [29]. This difference can
be explained by noting that the stretching effect induces a tensile axial force, which will be superimposed to the initial
axial force in the beam, and subsequently, will change the effective axial force. The higher sensitivity of a beam-lumped
mass system under initial compressive axial force to the stretching is in agreement with earlier findings that suggest these
systems, when used as force sensors, depict more sensitivity to the change of axial force [3].

Case 4 is a symmetric resonator which will be studied for the primary resonance later in this paper. This case can be
compared with case 1, which is similar except in the mass location. It can be observed that the symmetric beam-lumped
mass system shows higher sensitivity to the stretching at the first mode only, while the asymmetric system is more
sensitive at higher modes. This can be referred to the different mode shapes of the system and their effects on the
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Fig. 4. The fundamental frequency of free vibration of a beam-lumped mass system with u =1, =1, £ = 0.4, and P =0 as a function of the initial
displacement for different number of included modes: first mode (dashed), first two modes (square-line), first three modes (circle-line), first four modes
(triangle-line), and first five modes (solid).

Table 1
First and second nonlinear natural frequencies of vibration of a clamped-clamped beam with lumped mass.

Case no. P é M n w1 wl,nonlinear (&)} @2 nonlinear
1 0 0.25 1 1 23.21 42.80 42.79 102.09
2 100 0.25 1 1 38.03 46.79 81.23 104.12
3 -18 0.25 1 1 18.87 49.34 30.57 118.60
4 0 0.5 1 1 11.82 39.20 89.40 144.26
5 0 0.32 1 1.31 16.95 36.97 50.85 101.44
6 25 0.33 1 0.8 21.41 35.66 65.07 102.31
Table 2

Third and fourth nonlinear natural frequencies of vibration of a clamped-clamped beam with lumped mass.

Case no. P ¢ u n w3 @3 nonlinear Wy 4 nonlinear
1 0 0.25 1 1 111.96 190.70 217.20 315.78
2 100 0.25 1 1 170.60 211.27 287.42 347.26
3 -18 0.25 1 1 97.40 192.12 201.88 312.12
4 0 0.5 1 1 95.76 155.73 246.66 336.77
5 0 0.32 1 1.31 135.76 209.53 223.49 281.34
6 25 0.33 1 0.8 157.34 218.56 22412 274.30

stretching. In cases 5 and 6, the ratio of the second to the first natural frequencies is close to 3. These cases will be
investigated later in the internal resonance of beam-lumped mass systems.

3.2. Primary resonance, non-internal resonance

In this section, the results of the primary resonance of three beam-lumped mass systems will be presented for those
cases not resulting in an internal resonance. For all cases, the amplitude of excitation is assumed to be fy = 1. Fig. 5 shows
the frequency response amplitude of a symmetric beam-lumped mass system with ¢ =0.5, u=1, =1, { =0.01 for
various axial forces. It can be observed that the system with compressive axial force shows more sensitivity to the
stretching in primary resonance. Moreover, the system with tensile axial force shows the least deviation from linear
behavior. This observation is in agreement with that of free vibration study.

Fig. 6 shows the frequency response of three beam-lumped mass systems with different mass locations. As shown, the
symmetric system depicts the largest response amplitude, while the response for £ = 0.2 is the smallest one. This
difference can be explained by noting that the amplitude of excitation is equal for all these cases, but the mode shape of a
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Fig. 5. The primary resonance of a symmetric beam-lumped mass system with u = 1, = 1, £ = 0.5, and { = 0.01, for different axial forces, P = —5 (solid),
P = 0 (dashed), and P = 5 (dashed-dotted).
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Fig. 6. The primary resonance of different beam-lumped mass systems with 4= 1,17 = 1,P = 0, and { = 0.01, for different lumped mass locations, £ = 0.2
(solid), £ = 0.3 (dashed), and ¢ = 0.5 (dashed-dotted).

symmetric system shows larger deflection at the point where excitation is applied. Therefore, it can be concluded that an
asymmetric system is less prone to stretching effects.

The effect of rotary inertia on the nonlinear behavior of a beam-lumped mass system is shown in Fig. 7. As depicted,
when the radius of gyration is zero, the amplitude of the response is less than those of cases with nonzero radii of gyration.
This can be addressed by noting that the rotary inertia significantly changes the mode shape of vibration, and hence the
effect of stretching.

The effect of damping ratio on the nonlinear response of a beam-lumped mass system can be found in Fig. 8. As
expected, by increasing the damping ratio, the nonlinear response vanishes.

3.3. Primary resonance, internal resonance

In this section, the results of the internal resonance of beam-lumped mass systems will be presented for cases 5 and 6 in
Tables 1 and 2. The ratio of the second to first natural frequencies of case 5 is 3.000005, which indicates that this resonator
is prone to internal resonance. Fig. 9 shows the amplitude of the second mode, a,, when the beam is excited at the first
natural frequency. This figure is significant for showing a resonance peak at the second mode, while the excitation
frequency is close to the resonance frequency of the first mode. It can be observed that the internal resonance occurs only
for extremely small damping ratios, and even the damping ratio of { = 0.01, which is practically small, diminishes the
internal resonance. Although these small damping ratios are rarely observed in macro-systems, damping ratios of the order
of 10™* are common for micro-systems with very high quality factors. In addition, measuring very small amplitudes of
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Fig. 7. The primary resonance of different beam-lumped mass systems with =1, £ =0.3, P=0, and { = 0.01, for different lumped mass radius of
gyrations, 17 = 0 (solid), # = 0.5 (dashed), and # = 1 (dashed-dotted).
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Fig. 8. The primary resonance of a symmetric beam-lumped mass system with u =1, 7 =1, £ = 0.5, and P = 0, for different damping ratios, { = 0.005
(solid), { = 0.01 (dashed), and { = 0.1 (dashed-dotted).

vibration with high resolution is practical, thanks to the development of Laser Doppler Velocimetry techniques. The
response of the first mode at the internal resonance for the damping ratio of { = 0.001 is shown in Fig. 10. Noting the
vertical axis of this diagram, one concludes that the variations of a; are very small, though nonzero. For each damping ratio,
the curve of a; is normalized by subtracting the minimum of the curve from itself, Fig. 11. This figure shows that by
increasing the damping ratio, the variations of a; are decreased. The parameters ), and y,, which are used for finding the
phase of response are plotted in Figs. 12-14. It must be noted that Fig. 13 is similar to Fig. 10 in the sense that its variations
are small. Moreover, the curves in Fig. 14 are normalized with a similar procedure as in Fig. 11.

The second to first frequency ratio of case 6 is 3.039575. Fig. 15 depicts the amplitude of the second mode of case 6 at
internal resonance. Similar to Fig. 9, increasing the damping ratio decreases the effect of the nonlinearity. Moreover, by
comparing the maximums of the curves in these two figures, one concludes that the nonlinear response in case 6, in which
a tensile axial force is applied, is significantly less than that of case 5. The same conclusion can be drawn about the
amplitude of the first mode, Fig. 16 versus Fig. 10, and its variation, Fig. 17 versus Fig. 11. This conclusion is in agreement
with the findings of the free vibration investigation. The curves of y; in Fig. 18, on the other hand, are very similar to those
of Fig. 12, and show a 180" change in phase at resonance.

By comparing Fig. 19, in which 7, for the case of { = 0.001 is plotted, with Fig. 13, one can confirm that the variation is
reduced due to the tensile axial force. The normalized curves of y, for different damping ratios are plotted in Fig. 20. It is
noticeable that the variations in these curves are one order of magnitude smaller than those of Fig. 14.
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Fig. 9. The amplitude of the second mode, a,, at the internal resonance of an asymmetric beam-lumped mass system with u =1, = 1.31, £ = 0.32, and
P = 0, for different damping ratios, { = 0.001 (solid), { = 0.005 (dashed), and { = 0.01 (dashed-dotted).
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Fig. 10. The amplitude of the first mode, a;, at the internal resonance of an asymmetric beam-lumped mass system with = 1,7 =1.31,£=032,P =0,
and ¢ = 0.001.
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Fig. 11. The relative amplitude of the first mode, a;, at the internal resonance of an asymmetric beam-lumped mass system with u=1, n =131,
¢ =0.32, and P = 0, for different damping ratios, { = 0.001 (solid), { = 0.005 (dashed), and { = 0.01 (dashed-dotted).
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Fig. 12. The phase y; at the internal resonance of an asymmetric beam-lumped mass system with u =1, 1 = 1.31, ¢ = 0.32, and P = 0, for different
damping ratios, { = 0.001 (solid), { = 0.005 (dashed), and { = 0.01 (dashed-dotted).
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Fig. 13. The phase y, at the internal resonance of an asymmetric beam-lumped mass system with 4 =1, n =131, ¢ =0.32, P=0, and { = 0.001.

x10°®
1.2 : ‘ ,

Fig. 14. The relative phase y, at the internal resonance of an asymmetric beam-lumped mass system with =1, n =1.31, £ =0.32, and P =0, for
different damping ratios, { = 0.001 (solid), { = 0.005 (dashed), and { = 0.01 (dashed-dotted).
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Fig. 15. The amplitude of the second mode, a,, at the internal resonance of an asymmetric beam-lumped mass system with = 1,7 = 0.8, £ = 0.33, and
P = 25, for different damping ratios, { = 0.001 (solid), { = 0.005 (dashed), and { = 0.01 (dashed-dotted).
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Fig. 16. The amplitude of the first mode, a;, at the internal resonance of an asymmetric beam-lumped mass system with 4 =1, 1 = 0.8, ¢ = 0.33, and
P =25, and { = 0.001.
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Fig. 17. The relative amplitude of the first mode, a;, at the internal resonance of an asymmetric beam-lumped mass system with = 1,7 =0.8, £ = 0.33,
and P = 25, for different damping ratios, { = 0.001 (solid), { = 0.005 (dashed), and { = 0.01 (dashed-dotted).
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Fig. 18. The phase y; at the internal resonance of an asymmetric beam-lumped mass system with u =1, 1 = 0.8, £ = 0.33, and P = 25, for different
damping ratios, { = 0.001 (solid), { = 0.005 (dashed), and { = 0.01 (dashed-dotted).
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Fig. 19. The phase 7, at the internal resonance of an asymmetric beam-lumped mass system with =1, # = 0.8, ¢ = 0.33, and P = 25, and { = 0.001.
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Fig. 20. The relative phase y, at the internal resonance of an asymmetric beam-lumped mass system with u =1, n =0.8, £ =0.33, and P = 25, for
different damping ratios, { = 0.001 (solid), { = 0.005 (dashed), and { = 0.01 (dashed-dotted).
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4. Conclusions

The dynamics of a micro-bridge with attached electrostatic comb-drives is studied in this paper. When the deflection of
the micro-bridge is comparable with its size, the system shows nonlinear behavior. A thin beam model, which also takes
into account the effects of the modal damping, and initial axial force in the beam as well as mass, location, and rotary
inertia of the electrostatic comb-drives, is used to investigate free and forced nonlinear vibrations. For asymmetric
resonators, i.e., resonators in which the electrostatic comb-drives are closer to either beam ends, certain combinations of
the above parameters can be found that generate internal resonance between different modes. It is observed that a tensile
initial axial force reduces the nonlinearity due to a large deflection, while a compressive axial force amplifies the
nonlinearity. The results of this paper can be applied in the design of micromachined resonant sensors with enhanced
sensitivity.
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