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frequencies. In this effort, we investigate the response of such harvesters, which can be

modeled as a uni-modal duffing-type oscillator, to White Gaussian and Colored
excitations. For White excitations, we solve the Fokker-Plank-Kolmogorov equation for

the exact joint probability density function of the response. We show that the expected
value of the output power is not even a function of the nonlinearity. As such, under
White excitations, nonlinearities in the stiffness do not provide any enhancement over
the typical linear harvesters. We also demonstrate that nonlinearities in the damping

and inertia may be used to enhance the expected value of the output power. For Colored

excitations, we use the Van Kampen expansion and long-time numerical integration to

investigate the influence of the nonlinearity on the expected value of the output power.

We demonstrate that, regardless of the bandwidth or the center frequency of the

excitation, the expected value of the output power decreases with the nonlinearity.

With such findings, we conclude that energy harvesters modeled as uni-modal duffing-

type oscillators are not good candidates for harvesting energy under forced random

excitations. Using a linear transformation, results can be extended to the base excitation

case.
© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Today, many critical electronic devices, such as health-monitoring sensors [1,2], pace makers [3], spinal stimulators [4],
electric pain relievers [5], wireless sensors [6-8], etc., require minimal amounts of power to function. Such devices have,
for long time, relied on batteries that have not kept pace with the devices’ demands, especially in terms of energy density
[9]. In addition, batteries have a finite life span, and require regular replacement or recharging, which, in many of the
previously mentioned examples, is a very cumbersome process. In light of such challenges, vibration-based energy
harvesting has flourished as a major thrust area of micro power generation. Various devices have been developed to
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transform mechanical motions directly into electricity by exploiting the ability of active materials and some mechanisms
to generate an electric potential in response to mechanical stimuli and external vibrations [10-12].

However, there are still two major issues limiting the efficiency of energy harvesters. First, traditional linear energy
harvesters have a very narrow frequency bandwidth and, hence, operate efficiently only when the excitation frequency is
very close to the fundamental frequency of the harvester. Small variations in the excitation frequency around the
harvester’s fundamental frequency drops its small energy output even further making the energy harvesting process
inefficient. Second, most environmental excitations have a broad-band or time-dependent characteristics in which the
energy is distributed over a wide spectrum of frequencies or the dominant frequencies vary with time. Together, these two
factors have a negative influence that reduces the output power and hinders the efficiency of the harvester.

To resolve these two issues, a large portion of the energy harvesting research is currently directed towards designing
harvesters capable of scavenging energy from non-stationary and random excitations [13-21]. One proposed solution is
based on purposefully introducing nonlinearities into the harvester’s dynamics [22-24]. A class of such harvesters utilizes
a nonlinear compliance to extend the coupling between the environmental excitation and the harvester to a wider range of
frequencies. The nonlinearities can be introduced using nonlinear magnetic levitation [18,20], Fig. 1(b), or by other design
means [25], Fig. 1(a).

In general, such harvesters can be modeled as a uni-modal duffing oscillator whose equation of motion can be
written as

X+ 20 ek +x+ x> = F(t) (1)

where x denotes the displacement, (. is an effective damping ratio that accounts for both electrical and mechanical
damping, > 0 is a stiffness nonlinearity coefficient, and F(t) is an external excitation. When the excitation is harmonic
with a fixed frequency, the nonlinearity bends the steady-state frequency-response curves towards larger frequencies as
shown in Fig. 2(a). Consequently, the coupling between the excitation and the harvester is extended to a wider frequency
range. In addition, as a result of the nonlinearity, a region of multiple solutions is born. Specifically, for a certain range of
frequencies, three branches of solutions co-exist. It is still not clear how the presence of such regions of multiple solutions
influences the performance of the harvester especially under random and indeterministic excitations.

A quick look at the power spectral density curves of x(t) under White Gaussian excitations, see Fig. 2(b), reveals that the
nonlinearity causes the spectral amplitude to decrease, shifts the peaks towards larger frequencies, and broadens the
spectral response. To investigate the implications of these effects on the expected value of the output power, this effort
aims at delineating the role that stiffness-type nonlinearities play in energy harvesting under random forced excitations.
Specifically, we want to understand whether the broadening of the spectral density curves can aid in the transduction of
energy harvesters under realistic excitations and whether the common steady-state fixed-frequency analysis currently
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Fig. 1. Schematics of two uni-modal duffing-type harvesters.
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Fig. 2. (a) Steady-state frequency response curves of Eq. (1) under harmonic excitations of a fixed frequency and (b) power spectral density curves of x(t)
under White Gaussian excitations of a fixed spectral density.
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adopted in the literature is a valid performance indicator. Towards that end, this paper investigates how the statistical
characteristics of the output power are affected by the statistics (e.g. bandwidth, and center frequency) of the excitation as
well as the nonlinearity. The rest of the paper is organized as follows: In Section 2, we obtain an analytical expression for
the expected value of the power under White Gaussian excitations by solving the Fokker-Plank-Kolmogorov (FPK)
equation for the exact probability density function (PDF) of the response. In Section 3, we use the Van Kampen expansion
to generate a set of linearly coupled ordinary differential equations governing the evolution of the response statistics under
Colored excitations. In Section 4, we solve the equations and study the influence of the excitation bandwidth and center
frequency on the expected value of the power. Finally, in Section 5, we present our conclusions and recommendations for
future work.

2. Response to White Gaussian excitations

We consider an electromagnetic duffing-type harvester, similar to the one shown in Fig. 1(b). This device was proposed
by Mann and Sims [18] in the context of energy harvesting using a nonlinear compliance. However, in contrast to [18],
we consider the case of forced vibration rather than seismic or base excitation. The equations governing the motion can be
expressed as

il + 2ol + w2u+0i+ pu = F(t)

Ou =iR (2)

where u represents the position of the mass, { is the mechanical damping ratio, w, is the natural frequency, f is a cubic
nonlinearity coefficient, 0 is an electromechanical coupling coefficient, R is the load resistance, and i is the current passing
through the load. It is worth noting that Equation (2) can be used to represent the dynamics under base excitations if u is
considered to be the relative displacement and F(t) to be the base acceleration. The force F(t) is assumed to be a Gaussian
White noise process with zero mean and autocorrelation function

(F@F(t+1)» =271S0d(T) 3)
where < » denotes the expected value, Sy is the spectral density of the excitation, and ¢ is the dirac-delta function. Without
loss of generality, we can assume that all the parameters in the equation are non-dimensional. To obtain an analytical

expression for the expected value of the output power, we cast the problem in the It6 stochastic differential form where
Eq. (2) can be rewritten as [26]

dX] =X dt

dXy = —{CeftXa +@2x1 + fx3} dt+-SdB (4)

where x,=u, X, =11, Coff = ZCwn+62/R, S =Sy, and B is a Brownian motion process such that dF/dt = B(t). The joint PDF,
P(x1, X2, t), of the response can be obtained by solving the linear diffusion FPK equation which can be expressed for system
(4) as [27]

&
X2

oP 0 0

3 = "ok 2P+ 5 (cera + X1+ fx3IP) +S (5)
subjected to the boundary conditions P(—oo,t) = P(co,t) = 0. While an analytical solution of Eq. (5) is not attainable in the
general sense; a stationary solution can be obtained by sitting 6P/ot equal to zero. In such case, Eq. (5) admits a solution of

the form:

C c
P(x1,X2,t) = P1(X1,) x Py(x2,t) = Aq exp{—zigf (wﬁxfjt gx‘})} x Ay exp{—%x%} (6)

where the normalization constants A; and A, are given by

o0 c oo c
A7l = [w exp{—zifsjr (wﬁx§+§x‘]‘)}dx1, Al = (/700 exp{—%fx%} dx; (7)

Note that the stationary PDF of the response is factored into a function of the displacement, x;, and a function of the
velocity, x,. This implies that x; and x, are independent random variables with the PDF of x, being independent of the
nonlinearity coefficient, 5. With that, the expected value of the mean square velocity can be obtained using

w%=wb=/x%mnm=£; (8)

From Egs. (2) and (8), the expected valued of the mean square output current passing through the load can be written as

0S
Reefr

; 0
() = g5y = 9)
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and the expected value of the power (mean power) is
s (10)

Ceff

<P

Eq. (10) can be used to determine the mean output power of a duffing-type harvester under White Gaussian excitations.
The resulting expression depends only on the electromechanical coupling coefficient, 0, the excitation’s spectral density, S,
and the effective damping in the system, c.¢. This clearly indicates that the expected value of the power is not a function of
the nonlinearity and is equal to that resulting from a linear harvester with = 0. Consequently, under White Gaussian
excitations of similar spectral densities, both a linear and a uni-modal duffing-type harvester produce the same mean
output power.

The stationary PDF of the response given by Eq. (6) also suggests that in order to alter the value of the mean square
velocity, and hence power, from the linear case, one should seek other types of nonlinearities. For instance, damping-type
nonlinearities that are function of the velocity, x», can alter the velocity part of the joint PDF, P,(x,,t), which, in turn, may
improve the output power depending on the sign and order of the nonlinearity. Inertia nonlinearities and nonlinearities
that depend on the velocity and displacement together will make the PDF inseparable and hence are also expected to alter
the mean power. With these findings, the question remains whether such nonlinearities can be physically introduced

into the dynamics of an actual energy harvesting device.

3. Response to Colored excitations

While many environmental excitations exhibit the characteristics of White excitations, many others have most of their
energy trapped within a narrow bandwidth possessing the characteristics of a narrow-band (Colored) excitation. To
analyze the influence of the center frequency, bandwidth, and variance of such excitations on the output power of the
harvester considered, we couple Egs. (2) with a second-order filter according to

F+yF +w?2F =N(t) (11)

where . is the center frequency of the filter and hence the excitation, 7 is its bandwidth, N(t) = y1/2w.W(t), and W(t) is a
White Gaussian excitation of a spectral density, So, and a correlation function (W)W (t+1))» = 2nSpd(t). With this choice
of N(t), the spectrum of F(t) can be written as
NP
Fa? = — 12 (12)
(@2-02) 02y
As shown in Fig. 3, for the spectrum shown, the area under the |F|>— curve remains constant regardless of the choice of y
and w.. In other words, the variance of F(t), (F2) = nS, is independent of the filter'’s bandwidth and the center frequency.
This is essential for the purpose of comparing the mean power under Colored excitations of different bandwidths and

center frequencies.
Again, to find an expression for the mean power, we cast the problem in the It6 stochastic form as

Xm =X3 dt

dx; = (—CefXa— X1 — X3 +X3) dt

dX3 =Xx4dt
10 I
‘C | 9=0.1
8 [
| |
| |
[
6 [ |
;?? <F> =S “ ‘\‘ 7=0.2
=y | “
I\
2 y=1 ff “@
e
m— \a«,
0 — —
0.0 0.5 1.0 1.5 2.0

w

Fig. 3. Power spectrum of F(t) for different bandwidths.
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dx4 = (—yx4—w2x3)dt+y2wSdB (13)

where [x1,X2,X3,X4] = [1,11,F,F]. With that, the joint PDF, P(xq, X2, X3, X4, t), of the response can be obtained by solving the
linear diffusion FPK equation which can be expressed for system (13) as

oP a°P
5= {X2P}+ P(CeffX2+w X1+ Bx3 —X3)}——{X4P}+ —{P(VX4+(U X3)}+0€5—X (14)
4

subjected to the boundary conditions P(—oo,t) = P(co,t) = 0. Here o = yw?. Even in the steady-state case, an exact solution
of Eq. (14) is not attainable. For small nonlinearities and mean square values of the x;’s, we can use the Van Kampen
expansion [28] to obtain an approximate solution of Eq. (14). In the Van Kampen expansion, which was introduced in the
context of some statistical physics problem, the variables are expanded in a successive powers of the excitation’s spectral
density S. That is,

x1 =525, +0(8%?)
Xy =521, +0(8*?)
x3 =525, 4+ 0(5*?)

X4 =521, 4+ 0(5*?) (15)

The reason for expanding x; in orders of S'/2 stems from our previous knowledge that mean square value of x; or X2y,
which is a measure of the response amplitude, will turn out to be proportional to S. With this expansion, the PDF becomes a
function of the new variables #; as

P(x1,%2,X3,X4,t) = P(S”zm.5”2112,5”2173'5”2'14,t) =G(11.12,13,M4,) (16)
In terms of the new PDF, the FPK equation becomes

oG G G, 3 d G 5, G PG 32
2= M W+W wyMq +BSM "3}+Ceff%{cn2} ’74@‘“%’7374‘0‘%-%%5 ) (17)

subjected to the boundary conditions G(—oo,t) = G(co,t) =0. Next, we generate the equations governing the response
statistics (statistical moments). For a general function @(#,,%,,15,14), the response statistics, (@), can be obtained by
multiplying both sides of Eq. (17) by @ and integrating by parts over the entire space; that is

/ / / / @ d’71 dn, dnz dn,

oG d oG oG &G
//// {T’Izan %{wyzﬂ’h+,85”I?_7'I3}+Ceff%{G’/lz}_’han Cngan 62n4}dn1dnzdn3dn4
(18)

For the sake of illustration, we obtain the expected mean square value of variable #,, i.e., & = #2. In that case, we can write

/ / / / " ot dny dn, dns dny

o i w2, +BS c G G | 2, 25 aaz dn, dy, dig, d
/ / / / n '72 + { i+ SN —n3)+ eff 5, { )= ;74611 c’73617 + 21, Ny Ay dns diy
(19)

The left-hand side of the equation can be rewritten as

/_m/_x/_w/_wn% at 4 d’72d773d’74—at/ / / / mdednzdngdm—dtwo (20)

The right-hand side can be integrated by parts. Since the boundary conditions on the FPK equation are identically zero;
all the terms except the first one vanish upon integration. This leads to

a(’ﬁ>=*'/7oc/700/700/7w’7%772%d”l1d’72d’73d’74
=—n$nzGl?m+2[ [ [ [ N1, Gdnq dny dns dny =2<n1ny > (21)

In a similar manner, we generate the equations governing the other response statistics. Keeping only moments up to fourth
order, we obtain 45 linearly coupled equations that need to be solved together. These equations are listed in Appendix A.
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4. Results and discussion
4.1. Effect of the excitation’s bandwidth

To analyze the effect of the excitation’s bandwidth on the expected stationary value of the power, (P}, we study
variation of the stationary mean square velocity, {x3 >, (proportional to the power), with the nonlinearity for different
bandwidths. To that end, we set the time derivatives in the equations governing the response statistics to zero and solve
the resulting 45 linearly coupled algebraic equations for the stationary response statistics. Fig. 4 depicts variation of y<(x3 >
with the nonlinearity coefficient  for an excitation centered at the natural frequency of the harvester, i.e. w. = w,. We
note that, for large bandwidths approaching the White excitation limit, the mean square velocity and hence power
are insensitive to variations in the nonlinearity. This corroborates the results of Eq. (8). For the parameters used in
the simulations, the expected value of the velocity as calculated using Eq. (8) is <x2> = 1. This represents the limit which
the curves of Fig. 4 approach when y approaches infinity.

For smaller bandwidths, the expected value of the power becomes sensitive to variations in the nonlinearity coefficient.
Indeed, Fig. 4 demonstrates that the mean power decreases as the nonlinearity increases indicating that the nonlinearity
does not improve the output power even when the excitations are Colored. In other words, best harvester’s performance is
always attained when f=0. Long-time numerical integration of the governing equations using the Stochastic
Communication Toolbox in Matlab reveals good agreement with the Van Kampen expansion for large bandwidths and
small nonlinearities. As the bandwidth decreases, especially for large nonlinearities, more deviations are pronounced.
This can be attributed to the fact that, as the bandwidth gets smaller, the variance of x; and x, increases significantly and
the one term Van Kampen expansion adopted here becomes inaccurate.

To study the effect of the nonlinearity on the output power for random excitations having very small bandwidths, we
revert to a long-time integration scheme where the governing equation are integrated for a very long time (approximately
100000 T, where T is the response period). The expected mean square value of x, is then obtained numerically and
normalized by the expected mean square value of the excitation x3. This normalization is necessary because, unlike the Van
Kampen expansion where (x%) is guaranteed to be constant; {x%) varies as f§ is changed in the numerical scheme. We
kept these variations to less than 1 percent of the nominal value by integrating for a longer periods of time. Fig. 5 depicts
variation of <x3 > /<x3 > with f§ for y = 0.05. Again, we can clearly see that the nonlinearity causes the expected value of the
output power to drop significantly when compared to the linear harvester.

4.2. Effect of the excitation’s center frequency

Since the steady-state response-frequency curves under deterministic excitations bend to the right as the nonlinearity
increases, it may be beneficial to tune the excitation’s center frequency to a frequency that is larger than the natural one.
To investigate this argument, Fig. 6 depicts variation of the mean square velocity with the nonlinearity coefficient for
different center frequencies and y = 1. It can be seen that, in general, when the bandwidth is large, the trend of the mean
power decreasing with the nonlinearity continues even for excitations that are not centered at the natural frequency of the
harvester. Furthermore, as expected, the mean value of the power increases with w.. As such, it can be beneficial to tune
energy harvesters with inherent stiffness-type nonlinearities to a frequency that is slightly larger then the natural
frequency when the nonlinearity is of the hardening nature, and to a frequency that is slightly less then the natural
frequency for softening nonlinearities. We also note that, when f =0, the expected value of the output power is slightly

1.0 7=10000
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p
Fig. 4. Variation of the mean square velocity with the nonlinearity coefficient f for different values of y. Results are obtained for ce¢=0.05, S=0.05, w0, =1,

and w = 1. Circles represent solutions obtained via long time integration (100 000 T where T is the response period) of the equations of motion at y = 1.
The integration was carried using the stochastic communication toolbox in Matlab.
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Fig. 5. Variation of the mean square velocity with the nonlinearity coefficient 5 for y = 0.05. Results are obtained for ce=0.05, S=0.05, w, =1, and w. = 1.
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Fig. 6. Variation of the mean square velocity with the nonlinearity coefficient  for different values of w.. Results are obtained for c.=0.05, S=0.05,
oy =1, and y = 1. Circles represent solutions obtained via long time integration (100000 T) of the equations of motion at . = 1.1. The integration was
carried using the stochastic communication toolbox in Matlab.

40

30

AL

0.9 1.0 1.1 1.2 1.3 1.4
,

c

Fig. 7. Variation of the mean square velocity normalized with respect to the mean square excitation with the center frequency w.. Results are obtained
for ce=0.05, S=0.05, w, =1, y=0.05, and =0.5.

larger for larger w.’s. This phenomenon, however, has nothing to do with power enhancement and occurs only because of
the nature of the second-order filter used to simulate the excitation. Specifically, because the peak in the excitation
spectrum shifts towards lower frequencies as ) increases, the mean output power increases when the center frequency of
the excitation is shifted towards larger frequencies.
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Fig. 8. Variation of the mean square velocity normalized with respect to the mean square excitation with the center frequency .. Results are obtained
for cefr=0.05, S=0.05, w, =1, y=0.05, and f=1.

To investigate the influence of the excitation’s center frequency for smaller bandwidths, we use long-time integration to
study variation of the <(x2>/<x3> with the center frequency for y = 0.05 and = 0.5 as shown in Fig. 7. It can be seen that
the peak in the expected value does not occur at w. =1 but rather at a larger value, approximately w. = 1.35 for this
simulation. Again, this indicates that, for energy harvesters having nonlinearities in the compliance, it can be beneficial to
tune the harvester at larger frequencies depending on the value of the nonlinearity and bandwidth of the excitation. For
the same bandwidth and a larger nonlinearity, =1, the expected value of the power decreases and the peak response
shifts towards an even larger frequency, . = 1.45, see Fig. 8. This reinforces the conclusion that the mean power decreases
with the nonlinearity even for smaller bandwidths. It is also worth noting that the peak values obtained at the optimal w,
for the nonlinear harvesters remain much smaller than those obtained for a linear harvester whose natural frequency is
tuned at the center frequency of the excitation. Indeed, for =0, w, = w. and the same parameters used in the previous
simulations, <x3 > /<x3 > =210. This is approximately 5.5 times that obtained at the optimal . when 8 = 0.5 and about 7.5
times that obtained at the optimal . when f=1.

5. Conclusions and future work

We studied the response of uni-modal duffing harvesters to Gaussian White and Colored excitations. We showed
that the mean output power of the harvester under White excitations is not influenced by stiffness-type nonlinearities.
We also demonstrated that other type of nonlinearities such as damping and inertia nonlinearities may be beneficial to
the harvester’s operation. As such, future efforts should be directed towards incorporating such nonlinearities into the
operation concept of energy harvesters. Furthermore, our results show that stiffness-type nonlinearities hinder the
efficiency of the harvester under Colored excitations of different bandwidths and center frequencies. Hence, in general,
such nonlinearities should be avoided when designing energy harvesters for forced-vibration random environments.
Additional work is needed to assess the importance of base-excitation rather than forced-vibration of duffing harvesters.
Current work is focused on extending this analysis to bi-modal duffing type harvesters.

Appendix A. Equations governing the response statistics

d
ar <> =2<mmy)> (A1)
d
a4t <> = =205 <y > =2BS gy > +2 Ky > = 26en <13 > (A2)
d  »
a<”l3>=2<7’l3’74> (A3)
d 2 2 2 4
at MMy > = N3 > =Ny > =BS<NT > 4+ <Ntz > —Cee <M1 M2 > (A4)
d
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d
e <Tita> = Kaa > =7 Ky > =oF <y (A6)
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(A7)

(A.8)

(A.9)

(A.10)

(A11)

(A12)

(A13)

(A.14)

(A.15)

(A.16)

(A17)

(A.18)

(A.19)

(A20)

(A21)

(A22)

(A23)

(A.24)

(A25)

(A.26)

(A27)

(A28)

(A.29)
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d
ag SN = <nan3ng> +2Cnnang > =y <mmsng > —og <mn3 > (A.30)

d
ap SNy = <nana > + Cmnsng > =2+ Cer) MMM > =207 SNty —wp KNG > +2<mmy > (A31)

d
qp <3 > = 2<aM3 > +2 <3314 > =20 <33 > =207 <yan3 > (A32)
d 3 3 2
a<’71’73>=<’72’73>+3<’11’73’74> (A33)
d
ar <MaM3Ma> = K3Na > +2 KoM =+ Catr) MpM3Ng > —0F N3 > =0 Cm3ng > (A34)
d
g <Ma> =2y > =200+ Ce) <M3M3 > =208 KN3M3M4 > =200 Ky > +20 <3 ) (A35)
d

ap Sy = <nansia > + g > =2y Kt > =207 Cnngng > +20Cn 3 > (A.36)

d
a5 <123 > = <13 > 433 > —Cesr <1113 >~ KMy > (A37)

d
qg <> =3<3ma > =y <N > g <3 (A.38)
g 2\ _ 2,2 3 — (27 2 -2 2 2 2 2 2 A39
at {Matsha> = <msng + Kpla > =2y +Cetr) <Mt > =207 K3t > =Wy <Mitishg > +20<Ma05 ) (A39)
d 3 3 3 2 2
dt SMitta> = <nahay =3y <mi > =3z Ky +6a{mng (A-40)
d

at <My =4<mng (A41)

d
ar MBME> =2m3ng > =2y Kmng > =20 (s> +2<n3> (A42)

d 3 3 3 2 2 2 3

at {M2Ma> = <N3Ma > =Gy +Cetr) {N2Ma > =3¢ N3Ny > —n KMl > +60 {2y (A43)

d
g <MaMa> = <n> =3y <3z >y =30F <n3ng > +6a<rsms > (A44)

d

ar Ma> =4y {ng> —4wg (nsng) +12a > (A45)
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