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1. Introduction

Vehicle suspensions are capable of providing a more comfortable ride by serving the basic function of isolating
passengers from the roughness of the road. In other words, the most important role of suspension systems is the ride
quality improvement, which is drawing increasing attention because of its impact on the drivers’ fatigue, health and
discomfort. Despite much work has been done on primary and secondary suspensions to improve the ride quality [1,2], seat
suspensions are introduced for their simplicity and effectiveness to attenuate high-amplitude vibration in the low
frequency range, in which human body is most sensitive to vibrations in the vertical direction [3-5]. To meet this demand,
numerous types of seat suspension systems, including passive, semi-active and active suspensions, are currently employed
and studied. Especially, the semi-active suspensions have been attracting the most attention in recent years and various
approaches have been proposed to improve the performance, including optimal control [6], fuzzy logic and neural network
control [7], adaptive control [8], H,, control [9,10], and gain-scheduling control [11], for instance.

Time delays are widely encountered in the control loops because of the electrical and electromagnetic characteristics of
the actuators, which often degrade the control performances and even cause system instability. As a result, they have been
widely studied during the past decades and many analytical techniques and synthesis methods have been developed using
delay-dependent Lyapunov function concerning conservatism [12-18]. However, it is worth mentioning that most existing
results for seat suspension systems have not taken time delays in the system into account, and ignoring them may cause
deterioration in the control performance or even render the system unstable, which motivates our present study. The input
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delay in this paper is assumed to be time varying in a range with upper and lower bounds, and a delay-range-dependent
Lyapunov function is employed to further reduce conservatism [19,20].

Moreover, actuator saturation appears frequently in engineering systems, which is also a source of performance
degradation and the closed-loop system instability. Therefore, the analysis and synthesis of control systems with actuator
saturation nonlinearities have been a highlighted research topic in the research and industry domain in the past few years,
and many results have been reported [21-23]. However, to the best of the authors’ knowledge, this control method has not
been tried for the seat suspension system in available literatures, which is another motivation of the research in this paper.

Besides, many uncertain factors such as the inaccuracies of model parameters and the errors of sensors and actuators,
degrade the vibration attenuation performance and safety during the driving process. In recent years, many results have
been reported to deal with the uncertainties in order to guarantee the closed-loop performance [24-27]. This robust
control design method is also considered in this paper to ensure the closed-loop system asymptotical stability and H.,
performance in spite of the parameter uncertainties.

Last but not least, most existing results concerning with seat suspensions have limited their scope to model the diver as
a rigid dummy mass on the seat, which is obviously not precise enough to investigate the performances because no
biodynamics are included. Therefore, the sophisticated research of ride comfort and safety improvement calls for a
mathematical seated human body model. This paper utilizes a four DOF human body model to depict the essential
dynamics of a seated human exposed to vertical vibration to obtain a good tradeoff between facility and accuracy as well as
a better insight of the controller design.

In this paper, we are interested in the problem of robust H,, state-feedback controller design for a class of semi-active
seat suspension systems with time-varying input delay, norm-bounded parameter uncertainties and actuator saturation. In
order to obtain a better insight of the suspension system performance, a vibration model of human body is introduced and
combined with the seat. By defining a Lyapunov functional more appropriate for the underlying systems and exploring the
special property of the saturation nonlinearity to utilize an auxiliary feedback matrix, a less conservative condition is
obtained, which turns out to be equivalent to a set of linear matrix inequalities (LMIs) [28]. And the desired controller can
be obtained after solving the LMIs with standard numerical algorithms so that the corresponding closed-loop system is
asymptotically stable and has a guaranteed disturbance attenuation level. Simulation results of a design example are given
to show the effectiveness of the proposed controller design method.

The rest of this paper is organized as follows. Section 2 addresses the problem of multiobjective state-feedback
controller design for a semi-active seat suspension system with human body model. Section 3 presents the main results,
including stability and performance analysis. A design example demonstrating the effectiveness and advantages of the
proposed methodology is given in Section 4 and some concluding remarks are given in Section 5.

2. Problem formulation

In this study, a three-degree-of-freedom seat suspension model shown in Fig. 1 established by Wei and Griffin in 1998
[29] is considered for controller design. In this figure, m; is the mass of seat frame; m,; and m,, are the masses of human
thighs together with buttocks and the seat cushion, respectively, and m, = my; + my,; ms is the mass of the upper body of
a seated human. The mass of lower legs and feet is neglected because of their little contribution to the biodynamic response
of the seated body. cq, ¢z and ky, k, are dampings and stiffnesses of the passive suspension system, respectively; c3 and k3

Human body m3 3
Buttocks & Seat J Z,
Cushion
C, ka
Seat Frame Z4
ki | Sat(u (t-d))
oF
Cabin Floor Zo0

Fig. 1. Vibration model of the seat suspension system.
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stand for the damping and stiffness of the components inside human body such as spines; z;, z; and z3 are the

displacements of the corresponding masses; zy is the road displacement input, w(t) = zo(t) represents the disturbance

caused by road roughness; u is the active control input of the seat suspension system. To predict the biodynamic responses

more reasonably, the mass of buttocks and legs is assumed to contact rigidly with the seat. The road excitation input is

transmitted to the cabin floor. It is also assumed that only the vertical motion of the vehicle exists for simplification.
The governing equations of motion for the seat suspension can be expressed as

mZy = —C1(Z1 — 20) — ki1(z1 — 20) + C2(22 — 21) + ka(z2 — 21) — 1,
MyZy = —Co(22 — 21) — ka(Zo — 21) + €3(23 — 22) + k3(z3 — 22),
M3Z3 = —C3(23 — 22) — k3(z3 — 22). (1)
By defining the state variable as
X(6) = [x1(t) X2(t) X3(8) Xa(t) X5() X6()]', (2)
where
x1(t) = z1(8) — 2o(t), X2(t) = 21(t), X3(t) = 22(t) — z1 (1),
X4(0) = 2(1),  x5(t) = z3(t) — 22(8),  Xe(t) = Z3(P), (3)

which are the deflections of the corresponding springs and velocities of the mass segments.
Then the dynamic equations in (1) can be written in the following state-space form:

X(t) = Ax(t) + Bu(t) + By(t), (4)
where
r o 1 0 0 0 0 7
k _ata k L 0 0
my my my my
0 -1 0 1 0 0
A=| o & _k ats koo |
my my m, my m;
0 0 0 -1 0 1
0 0 0 & ko
L ms3 ms ms |

1 T
B:{O ——0000},
my

sz{—l ioooor. (5)
my
The seat suspension model becomes an uncertain model with time-varying input delay when changes in vehicle inertial
properties, actuator time delays and saturation nonlinearities are taken into account, which can be expressed as
X(t) = AX(t) + Ba(u(t — d(t))) + Buw(t), (6)
the actuator delay d(t) is a time-varying continuous function that satisfies
dy<d(ty<d,, 0<d(t)<p, (7)

where d; and d, are the lower and upper bounds of the input delay, respectively, and p is the delay variation rate limit. The
parameter uncertainties considered here are norm-bounded of the form

A=A+AAB=B+AB,

[AA AB] = LF(t)[Ex Eg], (8)

where L1, E4, Eg are known constant real matrices of appropriate dimensions, and F(t) is an unknown matrix function with
Lebesgue-measurable elements satisfying F'(t)F(t)<I, and the actuator saturation nonlinearity is described by

o)) = [o(ui(t) oux(t) --- augt)]',
Uj max if ui(t)zuimax,

O’(Ll,-(t)) & ui(t) if — Uimax < ui(t) <Ujmax> (9)
—Uimax  if U(H) < — Ujmax-
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Before designing the state-feedback control law for a seat suspension system, we need to consider the following aspects:

(1) Ride comfort: Ride comfort can be generally quantified by the body acceleration in the vertical direction, thus, it is
chosen as the first control output, i.e. minimizing the vertical acceleration of human body Z3(t) is one of our most
concerned objectives in the controller design, that is,

2,1 (t) = Z3(0).

Moreover, the H,, norm is employed to measure the performance, whose value actually gives an upper bound of the
root-mean-square gain. Hence, our goal is to minimize the H,, norm of the transfer function from the disturbance w(t) to
the control output z,;(t) in order to improve ride comfort.

(2) Suspension deflection limitation: The controller should be capable to prevent the suspension from hitting its travel
limit in order to avoid ride comfort deterioration and mechanical structural damage. The requirement is

Zp(t) = |Z1(t) — Zo(8)| <Zmax, (10)

where znax is the maximum suspension deflection limit, under all road disturbance inputs. The deflection space does not
need to be minimized but its peak value needs to be limited.

Therefore, the strategy in the seat suspension system control law designing is to minimize the H,, norm of the transfer
function from the disturbance w(t) to the control output z,;(t) and guarantee the suspension stroke requirement.

Then, the vehicle seat suspension system can be described by the following state-space equations:

X(t) = AX(t) + Bo(u(t — d(t))) + B,w(t),
Zo1(t) = C1X(b),

Zy2(t) = Cx(b), (11)
where A, B, B,, are already defined in (5), and

612[00063/m3 —l<3/m3 —C3/m3],

C,=[10000 0],
with
Ci = C; + AC;, AC; = LyF(DE..
In this paper, our goal is to find a state-feedback control law
u(t) = Kx(0), (12)

such that the following requirements are satisfied:

(1) the closed-loop system is asymptotically stable;
(2) under zero initial condition, the performance 11T, wlls <7y is minimized subject to (10) for all nonzero w € L,[0, c0),
where T, denotes the closed-loop transfer function from the road disturbance w(t) to the control output zy; (t).

3. Robust H,, controller design

The sufficient conditions for the closed-loop system robust asymptotically stability and performance requirements can
be derived as follows.
To begin with, for feedback gain matrix K, we define

LK) 2{xe R": [KX|<Ujmax, i=1,2,....q),

where k; is the i th row of K. Then L(K) is the region in the state space where the control input is linear in x.
Next, as shown in [28], we utilize the technique of auxiliary feedback matrices here to reduce the conservatism of
dealing with the actuator saturation. Namely, for two matrices K, H € R”" and a vector v e RY, a matrix set is introduced as
vlkl + (1 — V])h1
WV, KH2{ We R : W= :
Vgkg + (1 —vg)hg
where v; = 0 or 1, define y(v)2 {v e R? : v; = 0 or 1} and the auxiliary matrix H satisfies |h;X| < nax, i=1,2,...,q. And a
subset of the set L(K) will be found and chosen to be an ellipsoid of the form

EP,D2xeR": xTPx<1},
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where P> 0 will be determined. Combine &(P, 1) with
|:ll,' max hi

* Uj max

P]zo, i=1,2,....q, (13)

which means that if x(t)"Px(t)<1, we have 2/hX(t)| <u;max(1 + X(®)TPX(t)) <2U; max, 1.€. [hX(t)| <Ujmax. SO We can ensure
that (P, 1) c L(H).

Remark 1. There are 29 elements in y/(v). v is used to choose from the rows of K and H to form a new matrix W(v, K, H). If
v; = 0, then the i th row of W(v, K, H) is h;, and if v; = 1, then the i th row of W(v, K, H) is k;. For example, assume q = 2, then

_ . ki| [y
(Wwv,K.H):veyWw)}2<H, h | | K, KB

Based on the above ideas, the following theorem gives the existence conditions of a desired state-feedback controller for
system (11).

Theorem 1. Consider system (11) with the input-delayed state-feedback controller in (12), suppose y>0, p>0, 0<d; <d, and
>0 are given scalars. Then the closed-loop system is asymptotically stable and satisfies I T,,,wll <7 for all nonzero w € L,[0, co)
under zero initial condition if there exist matrices P>0,T>0,Q;>0,i=1,2,3,Z;>0,i=1,2,N;, $;; M;,i=1,...,5, W(v,K,H)
and W(s, K, H) satisfying

T d;N di2S disM
* —dzZ] 0 0
<0, 14
* * —d2(Z1 +Zy) 0 (4
* * * 7d]222
-1 /G
<0, 15
|: * _zrznaxP:| ( )

where

7'1'7
I +CCy Iy I3 Iy Iis 1l

* Iy Iy g s O
i — * * I3 Il3q II3s O
* * % T4y Tys 0 |
* * * x  Ilss Ilsg
* * * * x =2

N' = [NT NI NI N} NI O],
ST =[sT sT sT sT sT o,

M' =T M} mI mf MI o] (16)

3
My =Y Q+N + N[+ TA+A'T,
i=1

IT1; =N§ —N; +S; — M; + TBW(v,K, H),
I3 =My + N3, IT14 = —S; + N,
—T
s =N! —T+P+AT,IIs =TB,,
T T T
I = —1)Q3+S2+S5;, —No =N, — M, — M,
11,3 =M, —N§+S§—M§,H24 =-S5, —N};-l—SI—MI,
M5 = ST — NI — MT + WT(s, K. H)B'T,

33 =-Q; +Ms +Mj, II34 =—S3+Mj,
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I35 = M5, 14 = —Qy — S5 — S}, I45 = —SL,
Is5 = dyZy + d13Z, — 2T, Ilsg =TBy, dip =d; —d;.

Proof. In the first place, we define a Lyapunov-Krasovskii functional candidate for system (11) as
ot ot t -0 ot
V(t) = X (OPX(t) + / xT(5)QX(s)ds + / x'(5)Q,x(s)ds + xT(5)Q5x(s)ds + / / x"(s)Z1x(s)ds do
t—d; t—d, t—d(t) —dy Jt+0
—dy gt
+ / / X" (5)Z,x(s) ds dO, (17)
— Jt+0

dy

where P>0,Q;>0,i=1,2,3,Z;>0, i = 1,2 are matrices to be determined.
Then, the derivative of V(t) along the solution of system (11) is given by

V(t) = X"(OPX(6) + XT(OPX() + XT(HQ X(£) — X" (£ — d1)QX(t — dy) — X" (¢ — d2)QuX(t — d2) + X (HQ3X(8)

t—d, .
- / . X'(9)Zyx(s) ds + doX"(HZ1%(8) — (1 — d(E)X"(t — d()Q3X(t — d(1)) + XT()Q,X(t)
t—dy

t
- / XT(5)Z1X(5)ds + dyo X" (E)ZoX(0). (18)
t—d,

Then, for any appropriately dimensioned matrices T>0 and N;, S;, M;, i = 1,...,5 we have

20, {x(t) — X(t — d(t)) — /rjdm X(S) ds} =0,

t—d(t)
20, {x(t —d(t)) — x(t —dy) — /r X(s) ds} =0,

—d,
rt—d;
20, {x(t —dy) — x(t — d(t)) — / X(s) ds] —0, (19)
—d(t)
2X"(OT + X"(OT[—X() + AX(t) + Bo(Kx(t — d(t))) + B,w] = 0, (20)

where
Q= x"(H)N; + X" (t — d(t)N5 + X" (t — d1)N5 + X" (t — do)N4 + X" (t)Ns,
Q, = X" (0)S; + XT(t — d(t))S; + X(t — d1)S3 + X" (t — d2)S4 + X7 ()Ss5,
Q5 = X"(OM; + X" (t — d(t)M; + X" (t — d1)Ms + X" (t — d)My + X (t)Ms.

Noticing that the following equations hold

q
2x"(OTBa(Kx(t — d(t)) = 2> x"(O)Tb;a(lx(t — d(t))),
i=1

q
2x"(OHTBo(KxX(t — d(t)) = 2> X" (O)Th;o(kxX(t — d(1)).

i=1

Then, according to (9), for each term 2xT(t)Th;o(kx(t — d(t))),

1. If XT(t)Th; >0 and k;x(t — d(t)) < — Uj max, then for —u; max <hiX(t — d(t)) we have
2xT(OTb;o(KX(t — d(t))) = —2X"()ThU; max < 2X" (£)Th;hyx(t — d(t)).

2. If XT(6)Th; >0 and K;x(t — d(t))> — U max, then a(kix(t — d(t))) <k;x(t — d(t)) and
2XT(OThio(kx(t — d(t))) <2XT(t)Tb;kx(t — d(t)).

3. If XT(H)Th; <0 and KiX(t — d(£)) > Uj max, then for u; ma, >hiX(t — d(t)) we have

2xXT(OTbio(KiX(t — d(t))) = 2XT()TbU; max < 2XT(H)Th;hyx(t — d(b)).
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4. If X"(H)Th; <0 and KiX(t — d(t)) < U; max, then o(kx(t — d(t))) >KiX(t — d(t)) and
2xT(OTh;o(kx(t — d(t))) < 2xX"(t)Th;K:x(t — d(t)).

By combining all the above four cases, we have
2xT(HTb;o(kX(t — d(t))) <max{2x"(t)Tb;h;x(t — d(t)), 2xT(t)Th;k;x(t — d(t))}

for any x € £(P,1) and each i € [1,q].
Now if 2xT(t)Th;o(kix(t — d(t))) < 2XT(t)Tb;h;x(t — d(t)), we set v; = 1, otherwise we set v; = 0. Then it is obvious that
2xT(HTBo(Kx(t — d(1))) <2x" (O TBW(v, K, H)Xx(t — d(1)),

where v(x) € y(v). Similarly, it also follows that 2xT(t)TBa(Kx(t — d(t))) < 2" () TBW(s, K, H)X(t — d(t)) with s(X) € y(s).
Hence, we can see from (20) that for every x € £(P, 1) it holds that

0 = 2[x"(OT + X" (OTI[—X(t) + AX(t) + Bo(Kx(t — d(t))) + Buw(t)] < 2X (OT[—X(t) + AX(t) + BW(v, K, H)X(t — d(t))
+ Buw(t)] + 2XT(OT[—X(t) + Ax(t) + BW(s, K, H)X(t — d(t)) + B,w(t)]. (21)
After adding Egs. (19) and (21) to Eq. (18) and some algebraic manipulations it yields
V() <O + daNZ; "N + d1oS(Zy +Z)7'S" + d1,MZ; ' MU (t)

t
- / [E'(ON + X($)Z11Z; [ (ON + X(5)Z4]" ds
. (t)

t—d(t

t—d(t) T T
- [ [0S + X" )21 + )2y

dy

t
+Zo) [0S + XN(S)HZy + Zy)[F ds /

—d;
) ET(OM +X(5)Z51Z; ' [E(OM + X(5)Z,]" ds
(t)

<{"®UT + d;NZ; "N + d1pS(Zy + Z5)7'S" + di,MZ, ' MU (), (22)
where
X(t) Iy, Hyp Iz Iy Il 1Ilge
X(t — d(t)) wx Il Ilz Ilq IIs 0O
g([) _ X(t : dl) , - * £ H33 H34 H35 0
X(t dz) * * * Iy 145 0
x(t) ES * * * 1755 H55
w(t) * * * * * 0

By Shur complement, IT 4+ d,NZ;'NT + d,S(Z; + Z,)"'S" + d;,MZ;'M" <0 is equivalent to

11 dzN dlzs d]zM
* —dzzl 0 0
<0.
* *  —dp@Zi+Z) 0
* * * —d2Z,

Next, we establish the asymptotic stability of the system in (11) with w(t) = 0, that is,
X(t) = Ax(t) + Bo(u(t — d(t))).

For the above system, V(t) in (22) reduces to

Vo <C O,
where ' (t) = [XT(t) X"(t — d(t)) X"(t — dy) x"(t — d) X" ()] and
IIs  dNs dq2Ss di;Ms
~ * 7(1221 0 0
I = ,
* * —d12(21 +Zy) 0

* * * —dlzzz
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Iy Iy Iz Iy I35 N, S M;

* Iy Iz Iy Il N, S M,

I, = | = * I3 IIsq4 Il3s |, Ng= |N3|, S;=|S3|, My;= M3
* * *  Ilgq Ilys N4 S4 M,

* * * * H55 N5 S5 M5

It is obvious that (14) guarantees IT <0, which further leads to V(t)<0 for any {(t)+0. Therefore, we conclude that system
(11) with w(t) = 0, parameter uncertainty (8), actuator saturation and time delay d(t) satisfying 0< d; <d(t)< d; is robust
asymptotically stable.

Now, we shall establish the H,, performance of the system under zero initial condition. Consider the following index:

Ja /0 (2], (t)201 (1) — P?W (yw(t)] dt. (23)
Then we have
J= /0 I (0201 (0 — PWIOWD) + V(D] de (24)

for any nonzero w(t) € L,[0, co).
Via some algebraic manipulations and Schur complement, it is not difficult to obtain

5 (D201 () — YW (OW(D) + V(0) <{T(OITu(D), (25)
where
I d)N di2S dizM
* —dzZ] 0 0
Iy = s
H * * 7d]2(2] + Zz) 0
* * * 7(11222

which is the same as (14) in Theorem 1.

Therefore, if (14) holds, ie. ITy<0, we have 2zl (6)zo1(t) — P2WT(OW(t) + V()<0, which indicates J<0. Hence
1Zo1 I, <ylW(t)ll; is guaranteed for any nonzero w(t) € L;[0, co), and the H,, performance is established.

Finally, the hard constraint of suspension deflection needs to be guaranteed. From above it is ensured that
V(t) — 2w (t)w(t) <0, and by integrating both sides of which we obtain

t
V(t) — V(0)<y? /0 wl(tw(t) dt <y Ilwl3,

and without loss of generality we have IIWH% <Wmnax <oo. Thus, it holds that
XT(OPX() <7’ Wmax + V(0) = p.
Moreover, it is also true that
n[lag(lzoz(t)lz = rtnagd\xT(t)Cngx(t)Hz = rpag(HxT(t)Pl/2P4/2C§C2P’1/2P]/2x(t)\lz <P Imax(PT2CCP12),
> > >
where Anmax(-) represents the maximal eigenvalue of a matrix. From above, it is easy to see that the deflection constraint (10)

is guaranteed if p-P~12CIC,P"1/2<Zz2 I, which is equivalent to (15) according to Schur complement,the proof is
completed. OJ

Remark 2. It is worth mentioning that the system (11) may be used to represent many important physical systems subject
to inherent time-varying input delays, parameter uncertainties, exogenous disturbances and actuator saturations besides
the seat suspension system. Thus, this controller designing approach has big application potentials and can be generally
used.

Before proceeding further, we give the following lemma that will be used in the proof of Theorem 3.
Lemma 2. Given appropriately dimensioned matrices X1, 25, 23, with 21 = Z} then
214 Z3W(H2, + 2TwTn2T <0
holds for all W(t) satisfying WT(t)W(t) <1 if and only if there exists a scalar >0 such that

X4 eX32X3 4671272, <0.
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Theorem 3. Suppose p, dy, d, and p are prescribed positive scalars. Consider the semi-active suspension system in (11), if there

exist matrices P>0,T>0,Q,>0,i=1,2,3,Z;>0,i=1,2,N;,S;, M;, i = 1,...,5, Wy, W; and scalar ¢> 0 satisfying

b1 P2
0 26
oY, @y | =Y (26)
-1 C,T
{ ﬂz 2_} <0, 27)
* 7ZmaxP
where
T +eliL] Ty TIis g 15 6
* I I 1l IIs 0
Brr = x  Il33 Il3g4 I35 0
1 * * * ﬁ44 ﬁ45 0 ’
* * * * ﬁ55 + FL]L’{ ﬁss
* * * * * —2
d,N; d,S; diM; TC' TEL TE, TEL
d,N, d,S, di,M, 0 W.EL W.EL 0
D1y = d2ﬁ3 d]2§3 d]zﬁg, 0 0 0 0
d2ﬁ4 d12§4 d12ﬁ4 0 0 0 0
dzﬁs d12§5 d]zMS 0 0 0 0
0 0 0 0 0 0 0
@y = diag(—daZy, —d12(Zy + Zy), —d12Zy, -1 + €L, L3, —el),
and

3
ﬁll = ZQi‘Fﬁl +ﬁ}-+AT+TAT»
i=1

My =N; — Ny +S; —M; +BW,, M43 =M, +Nj,
TMis=-S,+Ny, Ti5=Ni—T+P+TA", TT6 =B,
— — s & = =T == =T
Iy =@-1)Q3+S2+S;, —Ny =N, —M; —M,,
TIys =My — N3 +83 — M3, 7124 = —S; — Nj + Sy — M,
TIss =Si — Ni — My + WiB'T, T35 = —Q, + M5 + M3,
— = =T — —T — — = =T
II34 = —S3 + My, I35 = M5, 144 = —Q, —S4 — Sy,

— _T — — — [
45 =-S5, Iss =dyZy+dpZ; — 2T, Ilsg =By,

then a stabilizing controller in the form of (12) exists, such that the closed-loop system satisfies:

(1) asymptotically stable;
(2) the Ho, performance IT,,,wll <7 is guaranteed subject to the constraint of suspension deflection for all nonzero w € L,[0, co)
under zero initial condition.

Moreover, if inequalities (26) and (27) have a feasible solution, the control gain K in (12) is given by

K=KT . (28)

Proof. First, from Shur complement (26) is equivalent to

2146232 1 27%, <0, (29)
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where
- o
I +TCCT Il I3 Iy Iys Ilgs
* Iy I3 Iy Ils O
5 = s x  Il33 IIs4 IIss 0O
* * ¥ Igq TIss 0 |
* * * * ﬁ55 H56
* * * * * —?
LT 0 0 000O0O0TO

EaT EgW, 0 0 0 0 0 0 0 O
Y, =|EsT EgWs 0 0 0 0 0 0 0 O
EcT 0 0 00 0O0OOTD O
By invoking Lemma 2, (29) holds if
21+ ZW02, + STW 0T <0, (30)
where
W(t) = diag{F(t), F(t), F(t)}.
From the norm-bounded parameter uncertainty defined in (8) we note that (30) is equivalent to (14) in Theorem 1 by

defining
T=T"! N,=TINT! S§,=T1IsT,

P=T'PT"!", M;=T'MT!, Z;=T'ZT',
Q=T1'QT!, Wy=WWv,KHT', W;=W(sKHIT

J=diagT . T T T T LT T T}, (31)

and performing a congruence transformation to (14) with J. Similarly, it also follows that (27) is equivalent to (15) in
Theorem 1. Hence, the closed-loop system is asymptotically stable with an H., disturbance attenuation level of y if (26) and

(27) holds and the proof is completed. O
If we assume that there is no input delay in the semi-active suspension system in (11), then we have

Corollary 4. Suppose p is a prescribed positive scalar. Consider system (11) with the input-delayed state-feedback controller in
(12), the closed-loop system is asymptotically stable and satisfies 11z,1ll, <yllwll, under zero initial condition if there exist

matrices P>0 and Wy, satisfying
sym(@AP + BW,) B, PC,

* —y2 0 | <0,

* * . |
—I C,P

[ ‘/’72 2] <0, (32)
* _zmaxp

then a stabilizing controller in the form of (12) exists, such that the closed-loop system satisfies:

(1) asymptotically stable;
(2) the Hy performance IIT,,,wllo <7y is guaranteed subject to the constraint of suspension deflection under zero initial condition.

Moreover, if (32) has a feasible solution, then the control gain K in (12) is given by

K=KP . (33)

Furthermore, if we assume that the input delay is constant with an upper bound 7, then we have
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Corollary 5. Suppose T>0 and p>0 are proscribed scalars. Consider system (11) with the input-delayed state-feedback
controller in (12), the closed-loop system is asymptotically stable and satisfies 11z, Il <) llwll, under zero initial condition if there
exist matrices P>0, Q >0, S, and W, satisfying

TV, Ts 4 W5 JTB, IS D)

* Q-2P O 0 <0, (34)
* * -Q o0
* % * —I
. | C,P
* _Zmaxp
where
~ [AP+PA’ BW, B.,]
Y= * 0 o|. ¥.=[S -S 0]

V3 = diagl0 0 — %I],
then a stabilizing controller in the form of (12) exists, such that the closed-loop system satisfies:

(1) asymptotically stable;
(2) the Ho, performance IT,,,wll« <7 is guaranteed subject to the constraint of suspension deflection under zero initial condition.

Moreover, if inequalities (34) and (35) have a feasible solution, the control gain K in (12) is given by

K=KP . (36)
Proof. First, we define a Lyapunov-Krasovskii functional candidate for system (11) as

0
V(t) = X" (OPX(t) + / - /t tﬁxT(oc)Qx(ot)dotd[f, (37)
-7 Jit+

where P>0 and Q >0 are matrices to be determined. Then define
P=P!, Q=P 'QP!, W,=WWV,KHP,

and follow the same procedures as Theorems 1 and 3, and the proof is completed. O

Remark 3. The above results may actually be extended to deal with the analysis and synthesis of stochastic systems.
Because if we model the road excitation and actuator fault occurrences stochastic, which is quite natural in practice [30].
The deduction methods and procedures are basically similar.

From Theorem 3 we can see that the conditions are LMIs not only over the matrix variables, but also over the objective
scalar y when y, is given, which implies that y can be included as an optimization variable to obtain a lower bound of the
guaranteed H,, performance. That is, the controller design problem has been transformed into a set of LMI conditions.
Based on these conditions, the robust multiobjective state-feedback controller design can be accomplished by solving the
following convex optimization problem:

miny s.t. (26) and (27). (38)
Table 1
System parameters of the proposed seat suspension.
Mass (kg) Damping coefficient (N s/m) Spring constant (N/m)
my 15 [} 830 kq 31000
m; 1+7.8 C 200 ko 18000

ms 43.4 c3 1485 k3 44130
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4. A design example

In order to evaluate the effectiveness and usefulness of the controller design method proposed in the above section, an
example is introduced in this section. The schematic and biodynamical parameters for this study are borrowed from [31,32]
and listed in Table 1 and the maximum suspension deflection is defined as zmax = 0.08 m, the maximum control force is
assumed as umax = 1500N. Furthermore, assume that the input time delay lower bound d; = Oms, upper bound
d, = 25 ms, the delay variation rate u = 1.5, and the norm-bounded parameter uncertainties are expressed as

0 000 OO 0 0
0 000 OO 0 1
0 00 0 OO 0 0
Li =01 x 0111110 L}:ézx 11 Eg = 0 x ol
0 000 OO 1 0
000111 1 0
Ea = dal, Ec = ocl, where 61, d,, da, 0B, Oc are all set to 0.02 for simplicity.
(a)
° 0.2
c 01t
(4]
5§ o0
©
2 -0.1
e -0.2 : : : :
0 0.2 0.4 0.6 0.8 1
Time (s)
(b)
1
g 05|
2
T 0| |
g s |
= -05 ‘
_1 L L L
0 0.5 1 15 2
Time (s)

Fig. 2. Bump (a) and white-noise (b) inputs from ground.

no—delay controller

20
L assive
15 - g=0ms
10 | - - — Oms<d<10ms
&‘; " Oms<d<25ms
E 5 \‘ N
s of |
= I
©
5 51
g -10f Ui
®© |l
z 151
S |
“ =20
-25
_30 1 1 1 1 1
0 0.5 1 15 2 2.5 3

Time (s)

Fig. 3. Vertical accelerations of open-loop system and closed-loop system with controller Kyom under bump excitation.
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First, we give a controller Knpom with a guaranteed H,, performance y = 8.8867, which is designed by employing the
approach in Corollary 4 without considering the time delay in the actuator to see its performance for no input delay

(d = 0ms), minor input delay (0 ms <d <10 ms) and biggish input delay (0 ms <d <25 ms) cases, which are denoted as case
1, 2 and 3. And the controller is given by

Knom = 10 x [~0.2632 0.0599 -2.9348 0.1195 -2.2877 0.3544].

In the context of seat suspension performance, road disturbances can be generally assumed as shocks. Shocks are
discrete events of relatively short duration and high intensity, caused by, for example, a pronounced bump or pothole on an
otherwise smooth road surface. In this work, this case of road profile is considered first to reveal the transient response
characteristic, which is given by

t)) O0<t<

l
t>v—0,

L
Vo

a 27[‘/0
§<l - cos( I

0,

Zo(t) = (39)

and illustrated in Fig. 2(a), where a is the height of the bump, and [ is the length of the bump. Here we choose a = 0.1 m,
I=2m and the vehicle forward velocity Vo = 30 (km/h). The second type of disturbance input from the ground w(t) is
assumed to be zero-mean white noise with identity power spectral density, which is shown in Fig. 2(b) (Fig. 3).

constant-delay controller

20
15 | passive
- - d=0ms
g,‘; 10 ,' - - - 0Oms<d<10ms
E 5 _'\, \‘ \ ——— Oms<d<25ms
§ of| /-
© b
S 51
8 iy
o -10} i
© b
S -15 ¢ |
2
-20
-25
-30 - - - - -
0 0.5 1 1.5 2 25 3
Time (s)

Fig. 4. Vertical accelerations of open-loop system and closed-loop system with controller Keon under bump excitation.

body acceleration (m/s2)

Fig. 5. Vertical accelerations of open-loop system and closed-loop system with controller K4, under bump excitation.

delay—-dependent controller

20
L assive
15 - - g=0ms
10t - - - Oms<d<10ms
A Oms<d<25ms
5 Ht
[
0 I “ [y
L)
5| w
\‘ j
-0 I
v
_15 L
-20
-25
-30 : : : : :
0 0.5 1 15 2 2.5
Time (s)
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The bump responses of the passive suspension and the active suspension with controller Kyom for cases 1, 2 and 3 are
compared in Fig. 4. It demonstrates that the closed-loop system is asymptotically stable and has a better performance with
or without actuator time delays. However, the closed-loop performance degrades significantly when the actuator delay
bound gets larger.

Next, we give another controller Kcn with a guaranteed H, performance y = 14.0432, which is designed with
consideration for constant input time delay using the approach in Corollary 5 with T = 25 ms to see its performance for the
three cases, which is given by

Keon = 10* x [-1.3144 0.0266 —1.1652 0.0625 —2.1263 0.0614].

In Fig. 5, the bump responses of the passive suspension and the active suspension with controller Kcon for cases 1, 2 and
3 are illustrated. From Fig. 5 we can see that the closed-loop performance level with controller Keopn is a bit more stable
than controller Kyom When the actuator delay happens, which is still not a satisfaction though.

Finally, we give the controller K44 with a guaranteed H,, performance y = 16.4012, which is designed with delay-
range-dependent method proposed in this paper by solving the convex optimization problem (38) in the MATLAB
environment, and the associated matrices are as follows (for brevity, here we only list the matrices that are necessary for
the construction of the desired controller):

Karg =[—27.6826 859.9575 12.2584 109.4245 3.0885 78.1620],

Oms<d<10ms
20 T
15 1

— - —Knom
-~ — — Kcon
R4 —— Kdrd
£
c
o
©
@
[0}
Q
(&)
©
>
o
o
Ke)

1 1.5 2 2.5 3
Time (s)

Fig. 6. Vertical accelerations of closed-loop systems with different controllers under bump excitation when 0 ms<d<10ms.

Oms<d<25ms
20

15 | — —Knom

— — Kcon

&; —— Kdrd
E
c
o
©
@
[0}
Q
(]
©
>
©
o
o]

1.5 2 2.5 3
Time (s)

Fig. 7. Vertical accelerations of closed-loop systems with different controllers under bump excitation when 0 ms <d <25 ms.
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Fig. 8. Suspension deflections of closed-loop systems with different controllers.
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Fig. 9. Control forces of closed-loop systems with different controllers.
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and therefore we can obtain the delay-range-dependent state-feedback controller Kg.q as

Kgra = 10* x [-3.0358 0.0629 —1.7496 —0.0103 —2.2889 — 0.0425].

The bump responses of controller Ky, for the three cases are shown in Fig. 5. It is obvious that this delay-range-
dependent state-feedback controller is capable to provide the best time domain performance among the three controllers
under time-varying delay condition. To make this point clear, the performances of the three closed-loop systems with
controllers Knom, Kcon and Ky.q are compared in Figs. 6 and 7 for cases 2 and 3, respectively.

The bump response of suspension deflection is plotted in Fig. 8, from which it can be seen that this time domain
constraint is guaranteed to be less than its prescribed limit in spite of the large bump energy by all of the three designed
state-feedback controllers.

Fig. 9 depicts the active control forces of the closed-loop systems, which are confined within a reasonable range which
can be generated by hydraulic or electrorheological actuators in practice. It is confirmed that the designed robust active
seat suspension system is able to guarantee a better performance under a pronounced bump disturbance and limited
actuator control force in spite of the parameter uncertainty and time-varying input delay.

At last, vertical human body accelerations of open- and closed-loop systems under white-noise disturbance are
illustrated in Figs. 10-12, and compared in Figs. 13 and 14, from which it can be seen that the closed-loop system
performance with controller Kpom degrades the fastest among the three controllers, while controller Kgq,q maintains the
most satisfying performance when the actuator delay bound is large. Here, the root mean square (RMS) value, which is a
statistical measure of the magnitude of a varying quantity, is employed to investigate the seat suspension performances.

no-delay controller

passive 1
— — d=0ms

. — — - 0ms<d<10ms
<, Oms<d<25ms |
£ R
5 \\ \ /\\ /
© VARYE R
<@ \ /’
8 N
o
]
g ]
S
]
Kol _6 | i

_8 L. ]

_10 i i i i
0 0.1 0.2 0.3 0.4 0.5

Time (s)

Fig. 10. Vertical accelerations of open-loop system and closed-loop system with controller Knom under white noise disturbance for cases 1, 2 and 3.
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Fig. 11. Vertical accelerations of open-loop system and closed-loop system with controller Ken under white noise disturbance for cases 1, 2 and 3.
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delay—-dependent controller
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Fig. 12. Vertical accelerations of open-loop system and closed-loop system with controller K4, under white noise disturbance for cases 1, 2 and 3.
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Fig. 13. Vertical accelerations of closed-loop systems with different controllers under white noise disturbance when 0 ms<d<10ms.
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Fig. 14. Vertical accelerations of closed-loop systems with different controllers under white noise disturbance when O ms <d<25 ms.
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Table 2
Comparison of RMS values of vertical human body acceleration (m/s?) for passive system and closed-loop systems with different controllers.

d=0ms Oms<d<10ms Oms<d<25ms
Passive 3.6826 3.6826 3.6826
Kriom 1.1803 1.2904 2.1289
Kcon 1.5797 1.6309 1.9773
Kara 1.1952 1.2691 1.5806

Because it is especially useful when variants are positive and negative. It can be calculated for a series of discrete values or
for a continuously varying function. The name comes from the fact that it is the square root of the mean of the squares of
the values. It is a special case of the power mean with the exponent is 2. The corresponding RMS values of vertical human
body accelerations of open- and closed-loop systems for the three cases are listed and compared in Table 2, which indicates
that controller Kg.q has the best vibration attenuation ability than the other two controllers especially when time-varying
delay happens.

5. Conclusions

The problem of robust multiobjective H,, control synthesis for a class of uncertain seat suspension systems with
actuator saturation and time-varying input delay has been dealt with in this paper by proposing a state-feedback
controller. A delay-range-dependent Lyapunov function and an auxiliary feedback matrix have been considered to reduce
the conservatism so that a better closed-loop performance can be guaranteed. The H,, performance has been established
via a Lyapunov approach and the controller design has been cast into a convex optimization problem with LMI constraints
via some algebraic manipulations. Then the desired controller can be achieved by solving the corresponding LMIs. Finally, a
design example has been given to demonstrate the effectiveness and advantages of the proposed controller design
approach.
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