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This is a study of nonlinear traveling wave response of a cantilever circular cylindrical

shell subjected to a concentrated harmonic force moving in a concentric circular path at

a constant velocity. Donnell’s shallow-shell theory is used, so that moderately large

vibrations are analyzed. The problem is reduced to a system of ordinary differential

mode expansions are studied and compared with that for single mode to find the more

contracted and accurate mode expansion investigating traveling wave vibration. The

method of harmonic balance is applied to study the nonlinear dynamic response in

forced oscillations of this system. Results obtained with analytical method are compared

with numerical simulation, and the agreement between them bespeaks the validity of

the method developed in this paper. The stability of the period solutions is also

examined in detail.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

A rotating circular cylindrical shell is a fundamental component of many machines and mechanisms, and is often
subjected to a stationary transverse force: for example, interference effects in mechanism containing shells, shell turbine
design and localized pressure discontinuity. There are two problems of physical importance. One is the problem that the
transverse force is moving around the shell in a circular path, and the other is the effect that rotation has on the elastic
properties of the shell. For the latter problem has been studied by Bryan [1], Mizoguchi [2], Chen et al. [3], Lam and Li [4]
and Li and Lam [5], the purpose of the work described in this paper is to study theoretically the former problem. One of the
interesting aspects of the problem is the question of what vibratory characteristic of a shell to a moving concentrated
harmonic force shows.

Critical speed of a rotating cylindrical shell to constant axial load was investigated by Ng and Lam [6], then dynamic
stability of rotating cylindrical shells subjected to periodic axial loads was studied by Liew et al. [7]. Huang and Hsu [8]
examined the resonance of a rotating cylindrical shell due to the action of harmonic moving loads. However, these three
articles mainly concentrated the loads synchronous whirl with the rotating shells. Applying the Fourier transform method
in conjunction with the contour integral, Huang [9] made a study of the steady-state response of an elastic, infinitely long,
cylindrical shell subjected to a ring load traveling at a constant velocity.

In most published works on dynamics of circular cylindrical shells, the nonlinear responses of stationary cylindrical
shells to moving concentrated harmonic forces are not found. This paper presents a theoretical analysis of the steady-state
All rights reserved.
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Nomenclature

c the coefficient of damping of the shell
D the flexural rigidity of the shell
E Young’s modulus of the shell
F(t) external excitation
h the wall thickness of the shell
k multiples of frequency
L the length of the shell
m the number of axial half-waves
n the number of circumferential waves
R the middle-surface radius of the shell
t time

Greek letters

d the Dirac delta function
m the Poisson ratio of the shell
r the mass density of the shell
o radian frequency of external excitation
om;n the linear radian frequency corresponding to

the mode (m, n)
on the angular velocity of the moving concen-

trated harmonic force
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response of this model. By considering a stationary cylindrical shell, the additional complication of the effect that rotation
has on the elastic properties of the shell is eliminated. The study is carried out using Donnell’s nonlinear shallow-shell
theory for thin shells together with the consideration of geometric nonlinearity. In order to reduce a drastic calculating
effort, it is important to use only the most significant modes. In this study, a more accurate and simpler mode expansion to
describe the vibration property of the shell is found by comparing frequency–response curves for six different mode
expansions with that for single mode. The method of harmonic balance is used to present an approximate analytical
solution of this system, and the results obtained are compared with numerical simulation. The good agreement between
them bespeaks the validity of the method developed in this paper. The stability of the period solutions is also examined in
detail.
2. Differential equation of motion

In this study, attention is focused on a cantilever stationary cylindrical shell to a moving concentrated harmonic force, as
shown in Fig. 1. The cylindrical shell is considered to be thin, with length L, wall thickness h, and middle-surface radius R.
Its material properties are mass density r, the Poisson ratio m, Young’s modulus E and the damping coefficient c.
A cylindrical coordinate system (x, y, z) is chosen, with the origin O fixed on the center of one end of the shell, where x is the
axial and z is the radial coordinate. The displacements of points of the middle surface of the shell are denoted by u, v and w,
in the axial, circumferential and radial directions, respectively; w is taken positive outwards. The harmonic excitation is
assumed to be in the neighborhood of the mode (m, n) of the shell having prevalent radial displacement, where m is the
number of axial half-waves and n is the number of circumferential waves.

Considering a cell on the neutral surface of the shell with damping and large-amplitude shell motion effects, as shown
in Fig. 2, we can obtain the equations of motion in the x, y and z directions as follows:
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Fig. 1. Coordinate system of a circular cylindrical shell.
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Fig. 2. The distortion of cell and the force on cell.
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and qz is given by qz ¼ FðtÞ.
Taking into account Donnell’s nonlinear shallow-shell theory, Eqs. (1)–(3) reduce to
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Introducing Airy stress function F, the forces per unit length in the axial and circumferential directions, as well as the
shear force, are given by [10]

Nx ¼ h
q2F

R2 qy2
¼ hsx; Ny ¼ h

q2F
qx2
¼ hsy; Nxy ¼ �h

q2F
qx qy

¼ htxy (7)

Stress–strain relationships can be written as [10]

sx ¼
E

1� m2
ðex þ meyÞ (8a)

sy ¼
E

1� m2
ðey þ mexÞ (8b)

txy ¼ Gexy (8c)
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Nonlinear geometric equations of the system can be written as

ex ¼
qu

qx
þ

1
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qw

qx
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(9a)
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1
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For the circular cylindrical shell, the following relationships between transverse and in-plane displacements are used [10]:

qu

qx
¼ 0;

qv

qy
¼ �w;

qv

qx
þ

1

R

qu

qy
¼ 0 (10)

Substituting Eqs. (9) and (10) in Eq. (8) and substituting Eqs. (7) and (8) in Eqs. (4)–(6), and replacing all force resultants
with displacements variables, Eqs. (4)–(6) reduce to

Dr2
r

2wþ c
qw

qt
þ rh

q2w

qt2
¼ FðtÞ þ Anonlin (11)

where the harmonic operator is defined as r2
¼ q2=qx2 þ q2=ðR2 qy2

Þ, the flexural rigidity is D ¼ Eh3=½12ð1� m2Þ�, F(t) is an
external excitation moving along the shell, having the form

FðtÞ ¼ F0 cosðotÞdðx� x0ÞdðyþontÞ (12)

where on is the rotating speed of the force, d the Dirac delta function, o radian frequency of external excitation, F0 gives the
force amplitude, x0 give the axial positions of the point of application of the force. Here, the point excitation is located at
x0 ¼ 0:335 m.

The geometric nonlinearity is given by
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q2w

qy2
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qy
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qw
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where the functions a1, a2, a3 and a4 are given in Appendix. Note that Donnell’s nonlinear shallow-shell equations are
accurate only for modes with a large number n of circumferential waves; it is generally assumed that 1=n2

51 is required in
order to have fairly good accuracy (i.e. nZ6). Donnell’s nonlinear shallow-shell equations are obtained by neglecting the in-
plane inertia, transverse shear deformation and rotary inertia, giving accurate results only for very thin shells. In-plane
displacements are assumed to be infinitesimal, whereas w is of the same order as the shell thickness.

3. Responses of different mode expansions

The following mode expansion of the flexural deformation w has been used:

wðx;y; tÞ ¼
XM
m¼1

XN

n¼N0

XK

k¼1

UmðxÞ½Am;knðtÞcos ðknyÞ þ Bm;knðtÞsin ðknyÞ� (14)

where Am;knðtÞ and Bm;knðtÞ are unknown functions of time t, k is multiples of frequency and UmðxÞ is the functions of axial
vibrating shape of the shell having the following form:

UmðxÞ ¼ Cm;1ePm;1x þ Cm;2e�Pm;1x þ Cm;3 cosðPm;2xÞ þ Cm;4 sinðPm;2xÞ

in which Cm;1, Cm;2, Cm;3, Cm;4, Pm;1 and Pm;2 are appropriate coefficients obtained by the free vibration equation of the shell.
By using Galerkin method, the ordinary, coupled nonlinear differential equations can be obtained for the variables

Am;nðtÞ and Bm;nðtÞ, by successively weighting the single original equation with suitable functions zs, and integrating over the
shell middle surface. The weighting functions zs are formed from axial and circumferential vibrating shape functions.

The Galerkin projection, in this case, can be defined asZ L

0

Z 2p

0
Dr2
r
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qw

qt
þ rh

q2w

qt2

 !
zsR dx dy ¼

Z L

0

Z 2p

0
½FðtÞ þ Anonlin�zsR dx dy (15)

3.1. Single mode

The nonlinear response of the system for mode including six circumferential waves and one longitudinal half-wave
(K ¼ 1, N0 ¼ N ¼ 6, M ¼ 1) is investigated by using the following mode expansion:

wðx; y; tÞ ¼ U1ðxÞ½A1;6ðtÞcosð6yÞ þ B1;6ðtÞsinð6yÞ� (16)
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Fig. 3. Frequency–response curves for single mode for on ¼ 10 rad=s; F0 ¼ 20 N: (a) maximum of A1;6ðtÞ=h; and (b) maximum of B1;6ðtÞ=h.
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The weighting functions zs are defined as

zsðx;yÞ ¼
U1ðxÞcosð6yÞ; s ¼ 1

U1ðxÞsinð6yÞ; s ¼ 2

(
(17)

Substituting the expansion of w, Eq. (16), and Eq. (17) in Eq. (15), two coupled nonlinear ordinary differential equations are
obtained for the variables A1;6ðtÞ and B1;6ðtÞ :

€A1;6ðtÞ þ 2z1;6o1;6
_A1;6ðtÞ þo2

1;6A1;6ðtÞ ¼ ~F cosðotÞcosð6ontÞ þ HA1;6ðtÞ
3
þ HA1;6ðtÞB1;6ðtÞ

2 (18)

€B1;6ðtÞ þ 2z1;6o1;6
_B1;6ðtÞ þo2

1;6B1;6ðtÞ ¼ � ~F cosðotÞsinð6ontÞ þ HB1;6ðtÞ
3
þ HB1;6ðtÞA1;6ðtÞ

2 (19)

where z1; 6, ~F and H are appropriate coefficients given in Appendix. The projection of part of Eqs. (18) and (19) is quite
tedious and was performed by using the Mathematica computer software [11]. The case relates to a circular cylindrical shell,
having the following dimensions and properties: L ¼ 0:335 m, R ¼ 0:15 m, h ¼ 0:001 m, m ¼ 0:3, c ¼ 20 N s m�3,
E ¼ 2:06� 1011 Pa, r ¼ 7:85� 103 kg m�3, the linear radian frequency is o1;6 ¼ 2p� 397:58 rad s�1, all the numerical
solutions have been obtained by using the software Fortran 95 [12], based on the Runge–Kutta method. The periodic
solutions obtained show the maximum amplitude in a period.

Fig. 3 shows the frequency–response relationships for A1;6ðtÞ and B1;6ðtÞ, when the excitation frequency is in the
neighborhood of the linear resonance of mode (m=1, n=6). It could be found that there are two traveling waves with
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different linear resonant frequencies which are symmetric about the natural frequency o1;6, showing that the vibratory
mode of the shell is traveling with respect to the rotary force.

3.2. Multi-modes

It has been known that linear modal base is the simplest choice for discretizing the system, in particular, in order to
reduce the number of degrees of freedom, it is important to use only the most significant modes. In this paper, six different
mode expansions are chosen to study the nonlinear responses of the shell, respectively. Then the results are compared with
that of single mode, aiming to find the proper mode expansion to describe the resonant characteristic of the shell. They are
given by

Case 1 (two modes): (K ¼ 1, N0 ¼ 5, N ¼ 6, M ¼ 1), has the following mode expansion:

wðx; y; tÞ ¼
X6

n¼5

U1ðxÞ½A1;nðtÞcosð6yÞ þ B1;nðtÞsinð6yÞ� (20)

Case 2 (two modes): (K ¼ 1, N0 ¼ 6, N ¼ 7, M ¼ 1), has the following mode expansion:

wðx; y; tÞ ¼
X7

n¼6

U1ðxÞ½A1;nðtÞcosðnyÞ þ B1;nðtÞsinðnyÞ� (21)

Case 3 (three modes): (K ¼ 1, N0 ¼ 5, N ¼ 7, M ¼ 1), has the following mode expansion:

wðx; y; tÞ ¼
X7

n¼5

U1ðxÞ½A1;nðtÞcosðnyÞ þ B1;nðtÞsinðnyÞ� (22)

Case 4 (two modes): (K ¼ 2, N0 ¼ N ¼ 6, M ¼ 1), has the following mode expansion:

wðx; y; tÞ ¼
X2

k¼1

U1ðxÞ½A1;6kðtÞcosð6kyÞ þ B1;6kðtÞsinð6kyÞ� (23)

Case 5 (two modes): the mode A1,0(t) is considered for the single mode, with the following mode expansion:

wðx; y; tÞ ¼ U1ðxÞ½A1;6ðtÞcosð6yÞ þ B1;6ðtÞsinð6yÞ� þ A1;0ðtÞU1ðxÞ (24)

Case 6 (two modes): (K ¼ 1, N0 ¼ N ¼ 6, M ¼ 2), has the following mode expansion:

wðx; y; tÞ ¼
X2

m¼1

UmðxÞ½Am;6ðtÞcosð6yÞ þ Bm;6ðtÞsinð6yÞ� (25)

Here we only take the case 6 as example, to give the numerical solving process. For the case 6, the weighting functions zs

are defined as

zsðx; yÞ ¼

U1ðxÞcosð6yÞ; s ¼ 1

U1ðxÞsinð6yÞ; s ¼ 2

U2ðxÞcosð6yÞ; s ¼ 3

U2ðxÞsinð6yÞ; s ¼ 4

8>>>><
>>>>:

(26)

The Galerkin projection of the equation of motion (11) has been performed by using the Mathematica computer software,
and the following system of four equations is obtained for the variables A1;6ðtÞ, B1;6ðtÞ, A2;6ðtÞ and B2;6ðtÞ:

€A1;6ðtÞ þ 2z1;6o1;6
_A1;6ðtÞ þo2

1;6A1;6ðtÞ þ l1A2;6ðtÞ

¼ ~F 1 cosðotÞcosð6ontÞ þ H1A1;6ðtÞ
3
þ H2A1;6ðtÞ

2A2;6ðtÞ þ H3A1;6ðtÞA2;6ðtÞ
2

þH4A1;6ðtÞB1;6ðtÞ
2
þ H5A1;6ðtÞB1;6ðtÞB2;6ðtÞ þ H6A1;6ðtÞB2;6ðtÞ

2

þH7A2;6ðtÞ
3
þ H8A2;6ðtÞB1;6ðtÞ

2
þ H9A2;6ðtÞB1;6ðtÞB2;6ðtÞ þ H10A2;6ðtÞB2;6ðtÞ

2 (27)

€B1;6ðtÞ þ 2z1;6o1;6
_B1;6ðtÞ þo2

1;6B1;6ðtÞ þ l1B2;6ðtÞ

¼ � ~F 1 cosðotÞsinð6ontÞ þ H1B1;6ðtÞ
3
þ H2B1;6ðtÞ

2B2;6ðtÞ þ H3B1;6ðtÞB2;6ðtÞ
2

þH4B1;6ðtÞA1;6ðtÞ
2
þ H5B1;6ðtÞA1;6ðtÞB2;6ðtÞ þ H6B1;6ðtÞA2;6ðtÞ

2

þH7B2;6ðtÞ
3
þ H8B2;6ðtÞA1;6ðtÞ

2
þ H9B2;6ðtÞA1;6ðtÞA2;6ðtÞ þ H10B2;6ðtÞA2;6ðtÞ

2 (28)

€A2;6ðtÞ þ 2z2;6o2;6
_A2;6ðtÞ þo2

2;6A2;6ðtÞ þ l2A1;6ðtÞ

¼ ~F 2cosðotÞcosð6ontÞ þ G1A1;6ðtÞ
3
þ G2A1;6ðtÞ

2A2;6ðtÞ þ G3A1;6ðtÞA2;6ðtÞ
2

þG4A1;6ðtÞB1;6ðtÞ
2
þ G5A1;6ðtÞB1;6ðtÞB2;6ðtÞ þ G6A1;6ðtÞB2;6ðtÞ

2

þG7A2;6ðtÞ
3
þ G8A2;6ðtÞB1;6ðtÞ

2
þ G9A2;6ðtÞB1;6ðtÞB2;6ðtÞ þ G10A2;6ðtÞB2;6ðtÞ

2 (29)
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€B2;6ðtÞ þ 2z2;6o2;6
_B2;6ðtÞ þo2

2;6B2;6ðtÞ þ l2B1;6ðtÞ

¼ � ~F 2 cosðotÞsinð6ontÞ þ G1B1;6ðtÞ
3
þ G2B1;6ðtÞ

2B2;6ðtÞ þ G3B1;6ðtÞB2;6ðtÞ
2

þG4B1;6ðtÞA1;6ðtÞ
2
þ G5B1;6ðtÞA1;6ðtÞB2;6ðtÞ þ G6B1;6ðtÞA2;6ðtÞ

2

þG7B2;6ðtÞ
3
þ G8B2;6ðtÞA1;6ðtÞ

2
þ G9B2;6ðtÞA1;6ðtÞA2;6ðtÞ þ G10B2;6ðtÞA2;6ðtÞ

2 (30)

where z2;6, l1, l2, ~F 1, ~F 2, Hi (i=1,y,10) and Gj (j=1,y,10) are appropriate coefficients.
The other five cases can be dealt with in the same way as case 6, and are omitted here. Numerical computations have

been carried out for the six cases discussed above. The dimensions and properties of the shell is the same as that in the
single mode analyses.

Fig. 4(a)–(f) show the frequency–response comparisons of the six different mode expansions with that of single
mode for backward waves when the excitation frequency is in the neighborhood of the linear resonance of principal
mode (m=1, n=6). It can be found, the mode expansions (K ¼ 1, N0 ¼ 5, N ¼ 6, M ¼ 1), (K ¼ 1, N0 ¼ 6, N ¼ 7, M ¼ 1),
(K ¼ 1, N0 ¼ 5, N ¼ 7, M ¼ 1), (K ¼ 2, N0 ¼ N ¼ 6, M ¼ 1), and single mode with mode A1,0(t) participation do not
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Fig. 4. Frequency–response comparisons of different mode expansions with single mode (m=1, n=6) for on ¼ 10 rad=s; F0 ¼ 10 N: (a) mode expansion
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expansion ðK ¼ 2; N0 ¼ N ¼ 6; M ¼ 1Þ; (e) single mode with mode A1;0ðtÞ participation; and (f) mode expansion ðK ¼ 1; N0 ¼ N ¼ 6; M ¼ 2Þ.
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significantly change the single-mode (K ¼ 1, N0 ¼ N ¼ 6, M=1) result, whereas, the response for mode expansion
(K ¼ 1, N0 ¼ N ¼ 6, M ¼ 2) is apparently different from that for single mode, especially in the neighborhood of
nonlinear region, as shown in Fig. 4(f).

As a consequence of the insensitivity of the response to additional mode expansions of n and k, it is reasonably believed
that further increases in the number of n and k would not significantly change the single-mode response.

The result shows that the effects of both additional circumferential waves n and multiples of frequency k are absolutely
insignificant but that of additional axial half-waves m is significant on principal mode (m=1, n=6) resonant response.
Thus adopting one principal circumferential mode (n=6) is adequate to study the response of the shell, but
additional longitudinal mode (m=2) should be considered for more accurate solutions in the neighborhood of the
principal mode.
4. Analytical solution

Adopting double modes (K ¼ 1, N0 ¼ N ¼ 6, M ¼ 2), and introducing the non-dimensional variables and parameters in
Appendix, Eqs. (27)–(30) may be written as a dimensionless form

€~A 1;6ðtÞ þ 2z1;6
_~A 1;6ðtÞ þ ~A1;6ðtÞ þ ~l1

~A2;6ðtÞ

¼
�~F 1 cosðO1tÞ þ

�~F 1 cosðO2tÞ þ ~H1
~A1;6ðtÞ3 þ ~H2

~A1;6ðtÞ2 ~A2;6ðtÞ þ ~H3
~A1;6ðtÞ ~A2;6ðtÞ2

þ ~H4
~A1;6ðtÞ ~B1;6ðtÞ2 þ ~H5

~A1;6ðtÞ ~B1;6ðtÞ ~B2;6ðtÞ þ ~H6
~A1;6ðtÞ ~B2;6ðtÞ2

þ ~H7
~A2;6ðtÞ3 þ ~H8

~A2;6ðtÞ ~B1;6ðtÞ2 þ ~H9
~A2;6ðtÞ ~B1;6ðtÞ ~B2;6ðtÞ þ ~H10

~A2;6ðtÞ ~B2;6ðtÞ2 (31)

€~B 1;6ðtÞ þ 2z1;6
_~B 1;6ðtÞ þ ~B1;6ðtÞ þ ~l1B2;6ðtÞ

¼
�~F 1 sinðO1tÞ �

�~F 1 sinðO2tÞ þ ~H1
~B1;6ðtÞ3 þ ~H2

~B1;6ðtÞ2 ~B2;6ðtÞ þ ~H3
~B1;6ðtÞ ~B2;6ðtÞ2

þ ~H4
~B1;6ðtÞA1;6ðtÞ2 þ ~H5

~B1;6ðtÞA1;6ðtÞ ~B2;6ðtÞ þ ~H6
~B1;6ðtÞA2;6ðtÞ2

þ ~H7
~B2;6ðtÞ3 þ ~H8

~B2;6ðtÞA1;6ðtÞ2 þ ~H9
~B2;6ðtÞA1;6ðtÞA2;6ðtÞ þ ~H10

~B2;6ðtÞA2;6ðtÞ2 (32)

€~A 2;6ðtÞ þ 2z2;6
o2;6

o1;6

_~A 2;6ðtÞ þ
o2;6

o1;6

� �2
~A2;6ðtÞ þ ~l2

~A1;6ðtÞ

¼
�~F 2 cosðO1tÞ þ

�~F 2 cosðO2tÞ þ ~G1
~A1;6ðtÞ3 þ ~G2

~A1;6ðtÞ2 ~A2;6ðtÞ þ ~G3
~A1;6ðtÞ ~A2;6ðtÞ2

þ ~G4
~A1;6ðtÞ ~B1;6ðtÞ2 þ ~G5

~A1;6ðtÞ ~B1;6ðtÞ ~B2;6ðtÞ þ ~G6
~A1;6ðtÞ ~B2;6ðtÞ2

þ ~G7
~A2;6ðtÞ3 þ ~G8

~A2;6ðtÞ ~B1;6ðtÞ2 þ ~G9
~A2;6ðtÞ ~B1;6ðtÞ ~B2;6ðtÞ þ ~G10

~A2;6ðtÞ ~B2;6ðtÞ2 (33)

€~B 2;6ðtÞ þ 2z2;6
o2;6

o1;6

_~B 2;6ðtÞ þ
o2;6

o1;6

� �2
~B2;6ðtÞ þ ~l2

~B1;6ðtÞ

¼
�~F 2 sinðO1tÞ �

�~F 2 sinðO2tÞ þ ~G1
~B1;6ðtÞ3 þ ~G2

~B1;6ðtÞ2 ~B2;6ðtÞ þ ~G3
~B1;6ðtÞ ~B2;6ðtÞ2

þ ~G4
~B1;6ðtÞ ~A1;6ðtÞ2 þ ~G5

~B1;6ðtÞ ~A1;6ðtÞ ~B2;6ðtÞ þ ~G6
~B1;6ðtÞ ~A2;6ðtÞ2

þ ~G7
~B2;6ðtÞ3 þ ~G8

~B2;6ðtÞ ~A1;6ðtÞ2 þ ~G9
~B2;6ðtÞ ~A1;6ðtÞ ~A2;6ðtÞ þ ~G10

~B2;6ðtÞ ~A2;6ðtÞ2 (34)

The solutions of Eqs. (31)–(34) can be assumed as

~A1;6ðtÞ ¼ P1 cosðO1tþ a1Þ þ Q1 cosðO2tþ b1Þ

~B1;6ðtÞ ¼ P1 sinðO1tþ a2Þ þ Q1 sinðO2tþ b2Þ

~A2;6ðtÞ ¼ P2 cosðO1tþ a3Þ þ Q2 cosðO2tþ b3Þ

~B2;6ðtÞ ¼ P2 sinðO1tþ a4Þ þ Q2 sinðO2tþ b4Þ

8>>>>><
>>>>>:

(35)

In these expressions for ~A1;6, ~B1;6, ~A2;6 and ~B2;6 the two terms are harmonic oscillations with the forcing frequencies O1 and
O2. Here O1=O2 ¼ ðoþ 6onÞ=ðo� 6onÞ.

Substituting (35) into (31)–(34), using some trigonometric identities and equating the coefficients of the terms in
cosðO1tþ a1Þ, sinðO1tþ a1Þ, cosðO2tþ b1Þ, sinðO2tþ b1Þ, cosðO1tþ a2Þ, sinðO1tþ a2Þ, cosðO2tþ b2Þ, sinðO2tþ b2Þ,
cosðO1tþ a3Þ, sinðO1tþ a3Þ, cosðO2tþ b3Þ, sinðO2tþ b3Þ, cosðO1tþ a4Þ, sinðO1tþ a4Þ, cosðO2tþ b4Þ, sinðO2tþ b4Þ of
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Eqs. (31)–(34), we obtain the following 16 equations in the 12 unknowns P1, P2, Q1, Q2, a1, a2, a3, a4, b1, b2, b3, b4:

P1ð1�O2
1Þ ¼

�~F 1 cosða1Þ þ
3

4
~H1 þ

1

2
~H4

� �
P3

1 þ
1

2
~H3 þ

1

2
~H6

� �
P1P2

2

þ
3

2
~H1 þ

1

2
~H4

� �
P1Q2

1 þ
1

2
~H3 þ

1

2
~H6

� �
P1Q2

2

� 2P1z1O1 ¼
�~F 1 sinða1Þ

Q1ð1�O2
2Þ ¼

�~F 1 cosðb1Þ þ
3

4
~H1 þ

1

2
~H4

� �
Q3

1 þ
1

2
~H3 þ

1

2
~H6

� �
Q1Q2

2

þ
3

2
~H1 þ

1

2
~H4

� �
Q1P2

1 þ
1

2
~H3 þ

1

2
~H6

� �
Q1P2

2

� 2Q1z1O2 ¼
�~F 1 sinðb1Þ

P1ð1�O2
1Þ ¼

�~F 1 cosða2Þ þ
3

4
~H1 þ

1

2
~H4

� �
P3

1 þ
1

2
~H3 þ

1

2
~H6

� �
P1P2

2

þ
3

2
~H1 þ

1

2
~H4

� �
P1Q2

1 þ
1

2
~H3 þ

1

2
~H6

� �
P1Q2

2

� 2P1z1O1 ¼
�~F 1 sinða2Þ

Q1ð1�O2
2Þ ¼

�~F 1 cosðb2Þ þ
3

4
~H1 þ

1

2
~H4

� �
Q3

1 þ
1

2
~H3 þ

1

2
~H6

� �
Q1Q2

2

þ
3

2
~H1 þ

1

2
~H4

� �
Q1P2

1 þ
1

2
~H3 þ

1

2
~H6

� �
Q1P2

2

� 2Q1z1O2 ¼
�~F 1 sinðb2Þ

P2
o2;6

o1;6

� �2

�O2
1

" #
¼
�~F 2 cosða3Þ þ

3

4
~G7 þ

1

2
~G10

� �
P3

2 þ
1

2
~G2 þ

1

2
~G8

� �
P2P2

1

þ
1

2
~G2 þ

1

2
~G8

� �
P2Q2

1 þ
3

2
~G3 þ

1

2
~G10

� �
P2Q2

2

� 2P2z2O1
o2;6

o1;6
¼
�~F 2 sinða3Þ

Q2
o2;6

o1;6

� �2

�O2
2

" #
¼
�~F 2 cosðb3Þ þ

3

4
~G7 þ

1

2
~G10

� �
Q3

2 þ
1

2
~G2 þ

1

2
~G8

� �
Q2Q2

1

þ
1

2
~G2 þ

1

2
~G8

� �
Q2P2

1 þ
3

2
~G3 þ

1

2
~G10

� �
Q2P2

2

� 2Q2z2O2
o2;6

o1;6
¼
�~F 2 sinðb3Þ

P2
o2;6

o1;6

� �2

�O2
1

" #
¼
�~F 2 cosða4Þ þ

3

4
~G7 þ

1

2
~G10

� �
P3

2 þ
1

2
~G2 þ

1

2
~G8

� �
P2P2

1

þ
1

2
~G2 þ

1

2
~G8

� �
P2Q2

1 þ
3

2
~G3 þ

1

2
~G10

� �
P2Q2

2

� 2P2z2O1
o2;6

o1;6
¼
�~F 2 sinða4Þ

Q2
o2;6

o1;6

� �2

�O2
2

" #
¼
�~F 2cosðb4Þ þ

3

4
~G7 þ

1

2
~G10

� �
Q3

2 þ
1

2
~G2 þ

1

2
~G8

� �
Q2Q2

1

þ
1

2
~G2 þ

1

2
~G8

� �
Q2P2

1 þ
3

2
~G3 þ

1

2
~G10

� �
Q2P2

2

� 2Q2z2O2
o2;6

o1;6
¼
�~F 2 sinðb4Þ

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(36)

from Eq. (36) we get

a1 ¼ a2

b1 ¼ b2

a3 ¼ a4

b3 ¼ b4

((
(37)

It can be found the fifth, sixth, seventh, eighth, thirteenth, fourteenth, fifteenth and sixteenth equations in (36) have the
same forms with the first, second, third, fourth, ninth, tenth, eleventh and twelfth equations, respectively (i.e., the fifth,
sixth, seventh, eighth, thirteenth, fourteenth, fifteenth and sixteenth equations can be omitted). The eight equations
retained yield a process to find P1, P2, Q1, Q2, a1, a3, b1, b3, the amplitudes and the phase angles of the harmonic oscillations
with the forcing frequencies O1 and O2.
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The contributions of backward wave Q1 of the principal mode (m=1, n=6) and the forward and backward waves (P2,Q2) of
additional longitudinal mode (m=2) should be linearized when one considers the resonance of forward wave P1 of the
principal mode. In this first approximation we have the following expressions:

Q1 ¼

�~F 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�O2

2Þ
2
þ ð2z1O2Þ

2
q (38)

b1 ¼ arctan
�2z1O2

1�O2
2

 !
(39)

P2 ¼
�~F 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2;6

o1;6

� �2

�O2
1

" #2

þ 2z2O1
o2;6

o1;6

� �2

vuut,
(40)

a3 ¼ arctan �2z2O1
o2;6

o1;6

o2;6

o1;6

� �2

�O2
1

" #, )(
(41)

Q2 ¼
�~F 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2;6

o1;6

� �2

�O2
2

" #2

þ 2z2O2
o2;6

o1;6

� �2

vuut,
(42)

b3 ¼ arctan �2z2O1
o2;6

o1;6

o2;6

o1;6

� �2

�O2
2

" #, )(
(43)

where Eqs. (38) and (39) are derived from the third and the fourth, Eqs. (40) and (41) from the ninth and the tenth, and
Eqs. (42) and (43) from the eleventh and the twelfth equations of (36), respectively.

Substituting Eqs. (38), (40) and (42) in the first and second equations of (36), we obtain the equations of the phase
angles and the response curves for the forward wave of the principal mode a1, P1

a1 ¼ arctan½�2z1O1=ð1�O2
1Þ � ð

3
4
~H1 þ

1
2
~H4ÞP

2
1 � ð

1
2
~H3 þ

1
2
~H6ÞP

2
2 � ð

3
2
~H1 þ

1
2
~H4ÞQ

2
1 � ð

1
2
~H3 þ

1
2
~H6ÞQ

2
2 � (44)

½P1ð1�O2
1Þ � ð

3
4
~H1 þ

1
2
~H4ÞP

3
1 � ð

1
2
~H3 þ

1
2
~H6ÞP1P2

2 � ð
3
2
~H1 þ

1
2
~H4ÞP1Q2

1 � ð
1
2
~H3 þ

1
2
~H6ÞP1Q2

2 �
2 þ ð2P1z1O1Þ

2
¼
�~F

2

1 (45)

The Eq. (45) is of the third degree in P2
1. Thus for a given value of O1 or O2 there are one or three real solutions for P2

1.
Similar to the approximation above, when one considers the resonance of backward wave Q1 of the principal mode, the

contributions of forward wave P1 of the principal mode and that of forward and backward waves ðP2;Q2Þ of the additional
longitudinal mode (m=2) should be linearized, this gives

P1 ¼

�~F 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�O2

1Þ
2
þ ð2z1O1Þ

2
q (46)

a1 ¼ arctan
�2z1O1

1�O2
1

 !
(47)

P2 ¼
�~F 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2;6

o1;6

� �2

�O2
1

" #2

þ 2z2O1
o2;6

o1;6

� �2

vuut,
(48)

Q2 ¼
�~F 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2;6

o1;6

� �2

�O2
2

" #2

þ 2z2O2
o2;6

o1;6

� �2

vuut,
(49)

where Eqs. (46) and (47) are derived from the first and the second, Eq. (48) from the ninth and the tenth, and Eq. (49) from
the eleventh and the twelfth equations of (36), respectively.

Substituting Eqs. (46), (48) and (49) in the third and forth equations of (36), we obtain the equations of the phase angles
and the response curves for the backward wave of the principal mode b1, Q1

b1 ¼ arctan½�2z1O2=ð1�O2
2Þ � ð

3
4
~H1 þ

1
2
~H4ÞQ

2
1 � ð

1
2
~H3 þ

1
2
~H6ÞQ

2
2 � ð

3
2
~H1 þ

1
2
~H4ÞP

2
1 � ð

1
2
~H3 þ

1
2
~H6ÞP

2
2 � (50)

½Q1ð1�O2
2Þ � ð

3
4
~H1 þ

1
2
~H4ÞQ

3
1 � ð

1
2
~H3 þ

1
2
~H6ÞQ1Q2

2 � ð
3
2
~H1 þ

1
2
~H4ÞQ1P2

1 � ð
1
2
~H3 þ

1
2
~H6ÞQ1P2

2Þ�
2 þ ð2Q1z1O2Þ

2
¼
�~F

2

1 (51)
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For the nonlinear responses of mode (m=2), it would be dealt with similar to the principal mode and are passed over
here.

Substituting the appropriate expressions of P1, P2, Q1, Q2, a1, a2, a3, a4, b1, b2, b3, b4 discussed above into Eq. (35), we
obtain the equations of the response curves for ~A1;6, ~B1;6, ~A2;6 and ~B2;6.
5. Analytical results

The dimensions and properties of the shell here are the same as those in the single mode case. Fig. 5(a) shows the
frequency–response relationship for the principal mode (m=1, n=6), with mode (m=2) participation, and Fig. 5(b) shows the
frequency–response relationship for mode (m=2, n=6).

It can be observed in Fig. 5(b), the response curves for mode (m=2, n=6) present four peaks. Two of them appear in the
neighborhood of linear resonance of the principal mode (m=1, n=6), and the other appear in the neighborhood of linear
resonance of mode (m=2, n=6), showing resonance of the principal mode is significantly affected by mode (m=2, n=6). In
this paper, the contribution of additional mode (m=2, n=6) on the response of the principal mode are considered in the
approximation discussed above.

The approximate analytical solutions have been plotted in Fig. 6 together with numerical results in the neighborhood of
linear resonance of the principal mode (m=1, n=6). The agreement between them is very good; in particular, it is excellent
for the lowest curve. Overall, Fig. 6 bespeaks of the good accuracy and efficiency of the method of harmonic balance
developed in the present paper.
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Fig. 5. Frequency–response curves for on ¼ 50 rad=s; F0 ¼ 10 N: (a) maximum of ~A1;6ðtÞ of the principle mode (m=1, n=6) with mode (m=2) participation;

and (b) maximum of ~A2;6ðtÞ of mode (m=2, n=6).
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6. Stability of the period solutions

The equations of the boundary curves of stable regions coincide with the equations of the locus of the vertical tangents
to the response curves determined by the conditions [13]

qO1

qP1
¼ 0 and

qO2

qQ1
¼ 0 (52)

Defining in accordance with (45) and (51)

g1ðO1; P1;Q1; P2;Q2Þ �

P1ð1�O2
1Þ �

3

4
~H1 þ

1

2
~H4

� �
P3

1 �
1

2
~H3 þ

1

2
~H6

� �
P1P2

2

�

�
3

2
~H1 þ

1

2
~H4

� �
P1Q2

1 �
1

2
~H3 þ

1

2
~H6

� �
P1Q2

2

�2

þ ð2P1z1O1Þ
2
�
�~F

2

1 ¼ 0

g2ðO2; P1;Q1; P2;Q2Þ

� Q1ð1�O2
2Þ �

3

4
~H1 þ

1

2
~H4

� �
Q3

1 �
1

2
~H3 þ

1

2
~H6

� �
Q1Q2

2�

�

3

2
~H1 þ

1

2
~H4

� �
Q1P2

1 �
1

2
~H3 þ

1

2
~H6

� �
Q1P2

2

�2

þ ð2Q1z1O2Þ
2
�
�~F

2

1 ¼ 0

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

(53)

and differentiating these equations with respect to O1 and O2, respectively, we have

qg1

qO1
þ

qg1

qP1

qP1

qO1
þ

qg1

qQ1

qQ1

qO1
þ

qg1

qP2

qP2

qO1
þ

qg1

qQ2

qQ2

qO1
¼ 0 (54)

qg2

qO2
þ

qg2

qP1

qP1

qO2
þ

qg2

qQ1

qQ1

qO2
þ

qg2

qP2

qP2

qO2
þ

qg2

qQ2

qQ2

qO2
¼ 0 (55)

Calculating the terms in (54) from Eqs. (38), (40), (42) and (53) we find that the terms in qg1=qQi with i=1,2 and qg1=qP2, are
negligible with respect to qg1=qO1, and for (55) vice versa, so that approximately (54) and (55) reduce to

qg1

qO1
þ

qg1

qP1

qP1

qO1
¼ 0

qg2

qO2
þ

qg2

qQ1

qQ1

qO2
¼ 0

8>>><
>>>:

(56)

from which

qO1

qP1
¼ �

qg1=qP1

qg1=qO1

qO2

qQ1
¼ �

qg2=qQ1

qg2=qO2

8>>><
>>>:

(57)
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Fig. 7. The frequency–response curves and the boundaries of the stable regions for ~A1;6ðtÞ of the principle mode (m=1, n=6) for on ¼ 50 rad=s; F0 ¼ 10 N.
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The conditions (52) are approximately satisfied when

qg1

qP1
¼ 0 and

qg2

qQ1
¼ 0 (58)

which from Eq. (53) immediately leads to the equations of boundary curves (59), consequently the locus of the vertical
tangents to the response curves yields the boundaries of the stable regions for P1 and Q1.
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(59)

If, for a given value of o, the values of the amplitudes P1 and/or Q1 belong to a region of instability, then the corresponding
vibration of ~A1;6 is unstable. Stable oscillations of ~A1;6 only occur when both the values of the amplitudes P1 and Q1 belong
to a region of stability. In Fig. 7 we have represented the frequency–response curves and the boundaries of stable regions
for the principal mode (m=1, n=6) resonance. The instable regions of the curves are cross-hatched.
7. Conclusions

In this paper the dynamic response of a circular cylindrical shell subjected to a concentrated harmonic force, in the
spectral neighborhood of one of the lowest natural frequencies, and moving in a concentric circular path at a constant
velocity, is investigated. The following conclusions are drawn.

Additional circumferential waves n and multiples of frequency k in the mode expansions in the analysis of forced
vibrations of the shell have but a small effect on principal mode (m=1, n=6) resonant response compared with additional
axial half-waves m. This is particularly evident by comparing the nonlinear frequency–response curves for different mode
expansions (Fig. 4). The present results allow us to state that it is proper to adopt two neighboring axial modes (K ¼ 1,
N0 ¼ N ¼ 6, M ¼ 2) to study the dynamics of circular cylindrical shells in the neighborhood of one of the lowest natural
frequencies corresponding to mode (m=1, n=6).

Adopting double modes (K ¼ 1, N0 ¼ N ¼ 6, M ¼ 2), the analytical solution has been carried out by the method of
harmonic balance for dynamic response of the model analyzed in this study. The accuracy of the method has been validated
via comparisons with numerical results, which shows that the present approach is efficient for the dynamic analysis of the
circular cylindrical shell problem.
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Due to the moving load, it exist two peaks on the frequency–response curves for the principal mode (m=1, n=6), namely
forward and backward waves. The linear resonant frequencies of them are o ¼ o1;6 þ 6on and o ¼ o1;6 � 6on,
respectively, symmetrical about one of the lowest nature frequency o1;6, and the nonlinear resonant frequencies of them
are close to the linear ones. The stabilities of period solutions of the system is investigated in detail, and results show that
for the three solutions of forward or backward wave in the nonlinear regions, the highest and the lowest values are stable
and the other one is instable.
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Appendix

The functions in Eq. (13) are given by

a1 ¼
Eh

2R4ð1� m2Þ
; a2 ¼

mEh

2R2ð1� m2Þ
; a3 ¼

Eh

2ð1� m2Þ
; a4 ¼

Eh

R2ð1þ mÞ

The functions in Eqs. (18) and (19) are given by

z1;6 ¼
c

2rho1;6

~F ¼
F0U1ðx0Þ

prh
R L

0 U2
1 ðxÞdx

H ¼
Eh

rhð1� m2Þ
�

162

R4

R L
0 U4

1ðxÞdxR L
0 U2

1ðxÞdx
þ

9
R L

0 U1ðxÞ½ _U1ðxÞ�
2 dx

R2
R L

0 U2
1 ðxÞdx

�
45m

R L
0 U1ðxÞ½ _U1ðxÞ�

2 dx

2R2
R L

0 U2
1ðxÞdx

(

þ
9m
R L

0 U3
1ðxÞ

€U1ðxÞdx

2R2
R L

0 U2
1 ðxÞdx

þ
3
R L

0 U1ðxÞ €U1ðxÞ½ _U1ðxÞ�
2 dx

8
R L

0 U2
1ðxÞdx

)

The non-dimensional variables and parameters in Eqs. (31)–(34) are given by

t ¼ o1;6t; ~A1;6ðtÞ ¼
A1;6ðtÞ

h
; ~B1;6ðtÞ ¼

B1;6ðtÞ

h
; ~A2;6ðtÞ ¼

A2;6ðtÞ

h
; ~B2;6ðtÞ ¼

B2;6ðtÞ

h

O1 ¼
oþ 6on

o1;6
; O2 ¼

o� 6on

o1;6
; ~l1 ¼

l1
o2

1;6

; ~l2 ¼
l2
o2

1;6

; �~F 1 ¼
~F 1

2ho2
1;6

; �~F 2 ¼
~F 2

2ho2
1;6

~H1 ¼
H1h2

o2
1;6

; ~H2 ¼
H2h2

o2
1;6

; ~H3 ¼
H3h2

o2
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; ~H4 ¼
H4h2

o2
1;6

; ~H5 ¼
H5h2

o2
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; ~H6 ¼
H6h2
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~H7 ¼
H7h2

o2
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; ~H8 ¼
H8h2

o2
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; ~H9 ¼
H9h2
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1;6

; ~H10 ¼
H10h2
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1;6

; ~G1 ¼
G1h2

o2
1;6

; ~G2 ¼
G2h2
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o2
1;6
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