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a b s t r a c t

This article presents a technique for modelling the coupled dynamics of a railway

vehicle and the track. The method is especially useful for simulating the dynamics of

high speed trains running on nonlinear tracks. The main hypothesis is a cyclic system:

an infinite track on which there is an infinite set of identical vehicles spaced at a regular

waves that reflect at the end of the track and interact with the vehicle; and the time

interval of integration must be shorter than the track length divided by the velocity) are

avoided. The flexibility of the method can be observed from the case studies presented

in the present work: a vehicle passing over a hanging sleeper, and the vehicle–track

dynamics for different ballast compaction cases. The results show the influence of the

hanging sleeper gap on the wheel–rail contact forces, and the bending moment at the

sleeper for different ballast compaction cases.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

The coupled dynamic response of a railway vehicle and the track is of great practical interest to the industry. It is
associated with some very important railway engineering problems such as wheelflats or other wheel tread irregularities
(out of round wheels) [1], rail corrugation [2], rail head defects [3] and rolling noise [4]. In order to analyse these and other
problems, many researchers have developed dynamic vehicle–track models and these models basically differ in how the
track is treated. The track is a large system that can be considered as an infinite structure and it is made up of the ballast
and elastomeric materials which have nonlinear behaviour. Due to these complex characteristics, models for only finite
nonlinear or infinite linear track have been established and can be found in the literature.

A first approach of an infinite track consisted of a homogeneous track that was modelled as a Winkler beam. The infinite
Euler beam on discrete elastic supports was analysed in [5] by means of Fourier series. A sophisticated homogeneous track
model was developed in [6] for modelling a slab track with embedded rails. The slab was modelled as a Kirchhoff plate on
an elastic foundation; the rails were Euler beams and were continuously supported on the slab. The wheel–rail contact
force was supposed to be harmonic and the steady-state response was calculated. The solution was obtained by using the
Fourier transform in the frequency and the wavenumber domains. A similar procedure was presented in references [7,8].
The first work [7] considered an infinite double beam system that modelled a rail on a continuous slab. The second article
[8] led to a model of the track with discrete supports (sleepers). The rails (Euler beams) were periodically supported on
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rigid sleepers on an infinite elastic layer. The method presented in [9] studied vibration induced by traffic and modelled the
infinite soil in the frequency-wavenumber domain through the boundary element method. Following a different approach,
the periodicity condition and the time Fourier transformation were employed in order to study an infinite Euler beam on
discrete elastic supports [10].

The U-transformation method was employed in [11] for modelling a beam on discrete rigid supports. The
U-transformation uncoupled the equations of motion together with the boundary and continuity conditions for N

periodic structures. The method led to an infinite track when N approaches infinity.
Another approach was based on Mead’s works (e.g. [12]) which implemented a technique for analysing wave

propagation in infinite periodic structures in order to model a railway track. Some researchers extended this approach to
other railway applications: rolling noise [13,14]; corrugation problem [15]; the dynamic response of the vehicle to track
irregularities [16].

Nonlinear models of wheel–rail contact or any other interfaces of the system have been studied with a finite track.
Finite-length track models are characterised by the end-rail effects. Waves originating from the vehicle–track interaction
get reflected at the end-track and interact with the vehicle if the distance from the vehicle to the rail-end is small.
Therefore the distance between the vehicle and the rail-end must be sufficiently long to avoid wave reflection; and thus
such track models need a large number of degrees of freedom.

The Finite Element Method (FEM) is one of the most versatile techniques and it has been implemented for modelling the
complete track in [17,18]. The FEM is known to provide a large number of coordinates and it can be reduced through a
modal approach [19,20] where a small number of vibration modes are retained in the dynamic analysis. The paper
presented in [21] led to a reduction of the computational cost through a substructuring technique where the rail vibration
was described by a modal approach. The mode shapes of the rail were used to describe the deformed rail and its dynamic
response and they were obtained from the free–free boundary conditions. The high-frequency dynamics of the track
(400 Hz to 1.5 kHz) can be modelled properly through a Winkler beam [4], in which case the mode shapes of the real rail
are very similar to those of a free–free beam. Consequently, the number of modes of the rail (and modal coordinates)
necessary for simulating the behaviour of the track below 1.5 kHz is reduced.

The present work presents a method for simulating the dynamic interaction of a railway vehicle and the track. It adopts
an infinite cyclic track–train system on which an infinite set of identical vehicles are operating and the rail is represented
by a modal approach. The rail is modelled as a cyclic Timoshenko beam that allows bending in the vertical and horizontal
directions, and torsion. The technique can consider nonlinearities.

The main characteristics of the cyclic track–train system are developed in Section 2 of the present article. The modal
formulation of a cyclic beam is presented in Section 3 of this article. The train–track model is described in Section 4. The
present method facilitates the studies of a variety of dynamic problems. The results of some practical problems associated
with the ballast characteristics are presented in Section 5.

2. The cyclic train–track model

The cyclic model provides some benefits with respect to the finite track model and classical infinite model. The finite
track models need to keep the vehicle on the track and consequently, the time interval of integration must be shorter than
the track length divided by the train velocity; moreover the wheelsets keep distance from the extreme ends of the track in
order to avoid the interaction with the waves that reflect at the track end; the length of the cyclic model does not depend
on the time interval of integration. Infinite track models based on wave propagation techniques and Fourier analysis
require adopting linear hypotheses; the cyclic model can consider nonlinear elements.

The cyclic track–train system is an infinite track model on which there are an infinite number of identical vehicles
spaced at a regular interval of characteristic distance L (see Fig. 1) and running at identical speed V. The characteristic
distance is an arbitrary value selected in such a way that the vehicles are dynamically uncoupled; the waves created in a
vehicle must not reach the adjacent vehicles. Without lose of generality, the characteristic distance is chosen as a multiple
of the sleeper bay distance Lb.

The analysis can be carried out if an L-length sample of the track is considered (see Fig. 2). The displacements at the
ends of the sample rails have to be the same. This boundary condition is considered in the next section in order to obtain
the modal properties of the cyclic Timoshenko beam.

The cyclic track can be used for simulating transient phenomena and obtaining a stationary response of the track, in
linear or nonlinear models. Vibration modes cannot be considered in infinite tracks which must be studied as a wave
propagation problem. Nevertheless, the cyclic track admits a modal approach.
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Fig. 1. The cyclic track model.
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Fig. 2. Characteristic sample of the cyclic track–train system.
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3. The cyclic Timoshenko beam

Consider the free vibration of a Timoshenko beam of constant cross-section. Its equations of motion are:
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where w=w(x, t) is the transversal displacement and c=c(x, t) is the beam section rotation; E is the Young’s modulus, I is
the second moment of area, A is the cross-sectional area, k is the Timoshenko shear coefficient, m is the linear mass density
and G is the shear modulus. The solution has the following form:

wðx,tÞ ¼WðxÞqðtÞ, (3)

cðx,tÞ ¼CðxÞqðtÞ: (4)

If a harmonic solution of the free response is accepted, then qðtÞ ¼ qeiot . Eqs. (1) and (2) then become
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Eq. (6) is differentiated with respect to x and the resultant equation in C is substituted into (5). This yields
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Eq. (7) can be substituted into Eqs. (5) and (6), and by combining them the following equation of motion is obtained:

EI
@4W

@x4
þ EI

o2m

kAG
þo2mr2

� �
@2W

@x2
� o2m�

o4m2r2

kAG

� �
W ¼ 0: (8)

The mode shape W(x) is the well-known formula:

WðxÞ ¼ Asin
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: (9)

In order to verify the boundary conditions (cyclic structure), the following restrictions must be satisfied:

Wð0Þ ¼WðLÞ, (10)

W ðjÞð0Þ ¼W ðjÞðLÞ, j¼ 1,2,. . .,1, (11)

where the superscript (j) refers to the jth derivative. The boundary conditions expressed in Eqs. (10) and (11) can only be
fulfilled if constants C and D of Eq. (9) are zero. The corresponding characteristic equation produces

ln ¼ 2pn, n¼ 0,1,:::,1, (12)

which has multiplicity of 2. The corresponding modal functions are:

W2n�1 ¼ An sin
lnx

L
, (13)

and

W2n ¼ Bn cos
lnx

L
: (14)
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The index n=0 has been selected for rigid-body modes. Rotations are obtained from the transverse displacements
through Eq. (7), and they are
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Any of the eigenfunctions, (13) or (14) can be substituted into (8) and the following algebraic equation is found:
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Two families of natural frequencies are found. They are:
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Each mode family is formed by a set of four eigenfunctions and a natural frequency. For the first family, they are W
_

2n�1,

W
_

2n, C
_

2n�1, C
_

2n and o
_

n; for the second one, �W 2n�1, �W 2n, �C2n�1, �C2n and �on. Those researchers familiar with Euler beam

(where each mode is defined just through the transversal displacement) must consider that W
_

j and �W j can be the same

function, but they are associated with different modes because C
_

j and �Cj are different. It can be shown in Fig. 3 where the

first mode of each family is plotted. In this case, the first mode of the first family is similar to the corresponding Euler
mode. Nevertheless, in the second family the transversal modal displacements are relatively small, and the mode mainly
consists of rotations of the beam’s cross-sections.

The mass normalisation of mode shapes
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Fig. 3. The Timoshenko cyclic beam and its first deformed shapes. The grey lines show the cross-section of the beam: (a) undeformed beam, (b) first mode

W
_

1 of the first family set and (c) first mode �W 2 of the second family set.
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where
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It can be easily proved that An=Bn.

4. Proposed model

The dynamic model employs a substructuring technique. The whole system consists of the following substructures:
rails, the vehicle and the under-rail substructures. In the present work the under-rail substructures are the sleepers. The
equations of motion of each substructure are considered separately, and the whole system is brought together through the
forces at the wheel/rail contact and the railpad. The vehicle equations of motion are expressed in a set of physical
coordinates, corresponding to a lumped parameters model. The rail is a cyclic Timoshenko beam and is described by a
modal approach for the reason stated in Section 1. The modal approach is also adopted for the under-rail substructures.
This method provides the same mathematical expressions of the equation of motion independently of the studied
substructure (sleeper, bridge, ground, etc.), and consequently the flexibility of the technique is guaranteed. It is illustrated
in Fig. 4.

The forces in the railpad are functions of the displacements and velocities of the rail and the sleeper at the railpad
position. The forces at the wheel/rail contact are functions of the displacements and velocities of the rail and the wheel at
the contact patch.

Each substructure employs a local coordinate frame. However, a global coordinate frame xyz is also defined with the
positive x-axis parallel to the rail in the direction of vehicle motion, the y-axis transverse to the track and the vertical z-axis
positive upwards.

4.1. Rail dynamics

The lateral, vertical and torsional vibrations of the rail are coupled through the wheel/rail contact and the railpad forces.
The lateral and vertical displacements of the rail axis are:

wyðx,tÞ ¼
X

r

Wy
r ðxÞq

y
r ðtÞ, (23)

wzðx,tÞ ¼
X

r
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z
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and the torsion and the rotations of the rail’s cross-section are:
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X
r
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x
r ðtÞ, (25)
The complete system

Substructure
vehicle

Substructure
rail

Substructure
sleeper 1

Substructure
sleeper 2

Substructure
sleeper 3

Fc1 Fc2

Fc1 Fc2

Fp1

Fp2

Fp3

Fp1 Fp2 Fp3

Fig. 4. The substructuring technique for a standard track.
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where Wy
r ðxÞ, Wz

r ðxÞ, C
x
r ðxÞ, C

y
r ðxÞ and Cz

rðxÞ are the rth modal functions of the Timoshenko periodic beam, and qx
r ðtÞ, qy

r ðtÞ

and qz
rðtÞ are the modal coordinates associated with torsional, lateral and vertical rail vibrations, respectively.

The equation of motion of the rails in modal coordinates is (note that the superscript associated with the dynamic type
has been intentionally omitted)

€qrþ2xror _qrþo2
r qr ¼ fr , (28)

where or is the rth undamped frequency and xr is the modal damping. The modal forces fr are computed from the force set
Fi and torque set Tj through the shape functions computed at the point where the force is applied.

4.2. Under-rail substructure dynamics

In most cases, the under-rail substructures are the sleepers. Each sleeper is implemented through a modal approach.
The equation of motion resembles Eq. (28). The modal properties of the substructure are computed from an FE model of the
sleeper. The method is capable of accommodating more complex substructures. For example, if all the sleepers are
elastically coupled (see Fig. 5) they would form a single substructure governed by Eq. (28).

4.3. Vehicle dynamics

A vehicle in general possesses viscous damping and/or gyroscopic damping [23,24] and rarely its equations of motion
can be decoupled. The general form of the equations of motion for the vehicle can be written as

M €xþC _xþKx¼ Fext , (29)

where M, C and K are the mass, viscous/gyroscopic damping and stiffness matrices of the vehicle, and Fext is the vector of
external forces (such as gravity loads and the wheel–rail contact forces).

4.4. Railpad forces

The railpad forces are functions of the displacements of the sleeper and the rail at the railpad position. The simplest
railpad model is a linear one, where the forces are expressed as follows:

Fp ¼Kpðu
p
r�up

s Þ, (30)

where Kp is a 6�6 stiffness matrix, and up
r and up

s are the vector of rail and sleeper displacements (up
r and up

s include 3
translations and 3 rotations).

The displacements of the rail at the pad are computed from the rail displacement at the rail axis (Fig. 6) as follows

up
r ¼ T wy wz cx cy cz

n oT
, (31)
Fig. 5. Elastic coupling in the sleepers.

Fig. 6. Displacements at the rail section.
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and z is the distance between the rail axis and the point of the rail section where the force is applied. The last
transformation matrix is also employed for obtaining the force at the rail axis

Fp ¼�TTFp: (33)

In the present work, a viscoelastic force model has been implemented.

4.5. Wheel–rail contact forces

The basic and the advanced wheel–rail contact theories can be found in Kalker’s monograph in [26]. The present
method adopts Hertz’s theory for solving the normal contact problem and FASTSIM for the tangential contact problem.
Hertz’s theory leads to an elliptical contact area and a normal force as a function of the approach. The approach or the
penetration of the undeformed solids is obtained from the displacements of the rail and the wheel at the contact patch and
the irregularities of the wheel tread and the rail. The contact problem is analysed in a local contact frame where two axes
are tangential to the surfaces of the wheel and rail at the contact point (see Fig. 6). The displacements and velocities of the
rail at the contact point in local coordinates are the following:

uc
r ¼RT wy wz cx cy cz

n oT
, (34)

_uc
r ¼RT _wy _wz _c

x _c
y _c

z
n oT

þV RT
@

@x
wy wz cx cy cz

n oT
, (35)

where R is a rotation matrix.
In high-frequency dynamics, the wheels are supposed to be cylinders and the real profiles are neglected. Consequently,

the contact is produced on the top of the rail head and the local and global frames are parallel. The normal force is obtained
from the Hertz model as

Fc ¼ KHd
1:5, (36)

where KH depends on the mechanical properties of the wheel and rail materials and the geometry of the wheel and rail at the
contact point, and d is the approach. The reduced creep velocities in the longitudinal and lateral direction are:

zx ¼
vx

wheel�iU _uc
r

V
, (37)

zy ¼
vy

wheel�jU _uc
r

V
, (38)

being i and j the unit vectors along the x and y axes, vx
wheel and vy

wheel the velocities in the x- and y-direction of the wheel at the
contact point.

5. Application to hanging sleepers and ballast compaction force

This section presents results from the dynamic model applied to a number of situations. The calculations are aimed at
investigating certain engineering problems associated with ballast conditions. They are the presence of a hanging or
unsupported sleeper and the ballast compaction types. Both cases concern the maintenance operations through tamping.
The dynamics in the presence of a hanging sleeper was studied in [22] through an FE model; different cases of ballast
compaction under the sleeper were described in [23]. A hanging sleeper accelerates ballast degradation; a severe case
produces broken ballast stones around the unsupported sleeper that can be detected by means of a visual inspection. A
correct ballast compaction is key to ensure the appropriate track geometry. Inadequate compaction will lead to the
development of track twist, this in turn inducing torsional stresses in the rails.

The simulation data has been taken from [24] where the sleeper is considered rigid. The bay distance is 60 cm, the axle
load is 200 kN and the track and the wheel have no irregularities. In the simulations, 100 vertical, lateral and torsional
modes of the rails were adopted; 60 sleeper bays were considered. The resultant number of degrees of freedom was big and
can be reduced without lose of precision through the method proposed in [21]. The suitable track length depends on the
track parameters (that affect the rate of decay of vibration with distance, such as viscous-elastic properties of railpad and
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ballast, rail stiffness), the loading and contact conditions (such as corrugation, wheelflat impact), and so on. The number of
sleeper bays employed in published finite-length models differed significantly. For example, the simulations carried out in
[3] adopted 5 sleeper bays; reference [22] developed a 29-sleeper bay track; while 70 sleeper bays were included in [19].
The error associated with the track length can be estimated when compared with the results of an oversized model. An
example of this analysis is presented in Appendix A of this article.

The first result is presented in Fig. 7, which shows the vertical wheel–rail contact force responses when the vehicle is
running over a hanging sleeper. The calculations were carried out for four different gap sizes. The vertical dashed lines plot
the instant when the wheel is on a sleeper. The vehicle speed is 144 km/h. The time t=0 corresponds to the instant when
the wheel is over the hanging sleeper.

The results did not show high contact forces as in the case of a wheelflat. However, the amplitude of the wheel–rail
contact force should be higher if the gap and the velocity are increased. The latter case is shown in Fig. 8, where the
maximal and minimal peak contact forces versus vehicle speed are plotted. The maximum peak force in the studied case is
a monotonically increasing function of the vehicle speed. However the hanging sleeper may stay unsupported (it is not in
contact with the ballast) during the vehicle passage if the gap is big enough. Fig. 9 shows the maximal and minimal vertical
wheel–rail contact forces at different hanging sleeper gap sizes. The calculations were carried out at 144 km/h vehicle
speed. It can be seen that at above 1.8 mm gap size the forces do not vary with the gap size.
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Fig. 9. Maximal (——) and minimal (——) wheel–rail contact forces for different hanging sleeper gap sizes. The forces were normalised with respect to the

static load. Vehicle speed 144 km/h.

Fig. 10. Sleeper models: (a) the ballast is uniform under the sleeper and (b–f) the ballast is progressively offset towards the sleeper edges. The total

foundation stiffnesses are identical in all the cases.

Fig. 11. Mode shapes of the railway track. (a) The P2 mode, where rails and sleepers are bouncing on ballast stiffness. (b) The pinned–pinned mode,

which is a bending mode of the rail with the sleepers giving rise to nodes and the sleeper spacing corresponding to half a wavelength.
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In order to study different cases of ballast compaction, the following calculations implement a flexible model of the
sleeper. Fig. 10 shows the sleeper ballast distribution types. In order to keep the P2 resonance (or loaded track resonance,
see Fig. 11) approximately constant, the total ballast stiffness is assumed to be 100 MN/m in all the cases. The modal
properties of the sleeper needed in the modal approach are obtained from a FE beam model of the sleeper, which contains
12 elements (Timoshenko beam or Timoshenko beam on a Winkler foundation).

Fig. 12 presents the bending moment responses that were computed for different sleeper types (the types were
presented in Fig. 10). The time t=0 corresponds to the instant when the wheel is over the sleeper involved. The differences
were considerable and they suggest that sleepers should be in contact with the rails.
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Fig. 13. Non-dimensionalised vertical displacement of the rail at the contact point for the sleeper models (——, ballast compaction type a; ——, ballast

compaction type d; ——, ballast compaction type f). The vertical dashed lines plot the instant when the wheel is on a sleeper.
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The track stiffness depends slightly on the ballast distribution because of the bending stiffness of the sleeper. Sleeper types a
and f (notation in accordance with Fig. 10) are slightly softer than types b, c, d and e (the average of the static displacement for
the sleeper types a, d and f are �0.99, �0.97 and �1.20 mm, respectively). The rail displacements associated with different
sleeper types are non-dimensionalised with respect to the static displacement in order to compare the dynamic responses.
Fig. 13 presents the non-dimensionalised vertical displacements of the rail at the contact point. Their amplitudes are mainly
influenced by the track stiffness because the frequency is low when compared with the track frequencies.

Fig. 14 presents the vertical force versus the total tangential contact force. This is the stationary response and it was
computed for different sleeper types. This plot provides rough information about the wear mechanisms and the general
vehicle–track interaction behaviour. The differences among the forces obtained for various sleeper types are due to
stiffness variation and are seen to be small.
6. Conclusions

The present work developed a new methodology for modelling the coupled dynamics of a railway vehicle and the track.
The technique considered an infinite cyclic train–track system, on which an infinite set of identical railway vehicles were
running. This reasonable simplification led to fairly realistic results and at the same time could accommodate
nonlinearities such as a gap at the sleeper support or in the wheel–rail contact force model. The modal approach permitted
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Fig. 14. Vertical contact force vs. total tangential contact force plot for the sleeper models (——, ballast compaction type a; ——, ballast compaction type
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simulations through a reduced number of coordinates, which produced a non-stiff ordinary differential equation system
that can be integrated with a reduced computational cost. The cyclic track assumption allows simulations for an unlimited
time period.

The method was first applied to analyse the dynamic response in the presence of a hanging sleeper; and secondly, to
study different cases of ballast compaction under the sleeper. The numerical results of the first analysis show that the
wheel–rail contact force amplitude is big at high velocities and there is an innocuous gap size above which similar low
responses are produced. However, it must be highlighted that the effect of velocity is more remarkable. The ballast
compaction types produced a notable effect on the bending moment at the sleeper. Nevertheless the influence of the
sleeper model on the dynamic behaviour of the vehicle–track system was found to be small.
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Appendix A

This section describes a method for obtaining the suitable characteristic length L of the track model. To this end, the
error associated with the track length can be estimated when compared with the results of an oversized model.

The rate of decay of vibration with distance is lower at the pinned–pinned frequency (see Fig. 11) because this
frequency is associated with the less damped mode. Consequently the most unfavourable case that needs a higher
characteristic length corresponds to a vehicle running on a track where the rail roughness excites the pinned–pinned
mode. The pinned–pinned frequency can be derived from Eq. (18), and that is
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For the rail parameters that are used in Section 5, this frequency is 1069.0 Hz. If the vehicle velocity is 40 m/s, the
roughness wavelength that matches the wavelength of the pinned–pinned frequency is 37.4 mm. The ISO 3095 standard
provides the limit of rail roughness that is adopted in the present analysis; at 44 mm wavelength, it corresponds to
harmonic roughness amplitude of 1.66 mm. These parameters are used in the present simulations.

Fig. A1 shows the vertical contact force due to a harmonic roughness that is resonant with the pinned–pinned
frequency. The calculations were carried out through different characteristic lengths. This result shows the coherence of
the 60 sleeper bays model and the oversized 110 sleeper bays model for this unfavourable case.
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Fig. A1. Vertical contact force responses due to rail corrugation through different characteristic lengths. The corrugation wavelength corresponds to the

pinned–pinned frequency at V=40 m/s (——, black, L=66 m, 110 sleeper bays; � � � � � � , black, 60 sleeper bays; - � - � , grey, 40 sleeper bays; ——, grey, 30

sleeper bays; � � � � � � , grey, 20 sleeper bays; ——, grey, 10 sleeper bays).
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