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a b s t r a c t

This paper theoretically investigates the use of inertial actuators to reduce the sound

radiated by a submarine hull in bending vibration under harmonic excitation from the

propeller. The radial forces from the propeller are tonal at the blade passing frequency

and are transmitted to the hull through the stern end cone. The hull is modelled as a

cylinder is closed by end-plates and conical end caps. The actuators are arranged in

circumferential arrays and attached to the prow end cone. Both Active Vibration Control

and Active Structural Acoustic Control are analysed. The inertial actuators can provide

control forces with a magnitude large enough to reduce the sound radiated by the

vibrations of the hull in some frequency ranges.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Active control techniques to reduce both the vibrations and the sound radiated by flexible structures have received
much attention in the past three decades. Two main strategies have been developed: the Active Vibration Control (AVC)
focused on reducing the vibration level of the structure, and the Active Structural Acoustic Control (ASAC) aimed to reduce
the structure-born sound by application of secondary forces [1]. Active Control is now well established and successfully
applied to many engineering applications as a valid alternative to passive control techniques, especially in the low
frequency range. Low frequency radiated noise is an important issue in ships and submarines due to the fluctuating forces
from the propeller at the blade passing frequency (rotational speed of the shaft multiplied by the number of blades on the
propeller). The harmonic forces result from the rotation of the propeller in a spatially non-uniform wake [2]. Due to the
size of marine vessels and the magnitude of the forces involved, only passive control techniques applied to the propeller
shafting system [3,4] or modification to the propeller and thrust bearing [5,6] seems to be practical. More work is then
needed in order to apply active control strategies to such large structures. Recently Pan et al. [7,8] presented active control
of the low frequency radiated noise for a submarine hull, in which the control moment was generated on the ring stiffener
of the hull. In this work, active control techniques are investigated to reduce the low frequency sound radiated by a large
submarine hull under radial excitation from the propeller. Inertial actuators are arranged in circumferential arrays and
positioned on the prow end conical shell in order to produce secondary forces to reduce the primary effect of the propeller
force. The performances of both AVC and ASAC are analysed. The quadratic optimisation theory is used to calculate the
control forces. The optimisation is aimed to minimise a cost function based on the structural response (AVC) or the acoustic
response (ASAC) at some locations using sensors error. In particular the ASAC implies the use of microphones but in many
applications this cannot be done into operating conditions. Some researchers have then investigated the use of error
sensors located directly on the structure to estimate the far-field sound pressure. Baumann et al. [9] proposed the use of
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radiation filters to estimate the radiated sound power from measurements on a clamped–clamped beam. Polyvinylidene
fluoride sensors were used to observe the vibration modes with higher radiation efficiency [10,11]. Maillard and Fuller [12]
investigated the use of piezoelectric actuators to reduce the sound radiated by a cylinder using point sensors on
the structure to estimate the radiated pressure. This technique known as Discrete Structural Acoustic Sensing (DSAS)
and originally applied to planar radiators [13], consists in using arrays of structural sensors whose output is filtered
to estimate the far-field sound pressure with the Helmholtz integral formulation. In the aforementioned works much
effort was put on building a function to estimate the far-field sound pressure by several measurements on the
structure.

In this work the sound radiated by the submarine hull in the far field, is divided in the frequency domain by the
axial displacement of the hull in order to define an acoustic transfer function. The transfer function is calculated
numerically but in a real structure it can be estimated just once before it becomes operative. Once the transfer function
is known in the frequency domain, it can be implemented to filter the measurement of the axial displacement and
estimate the radiated sound pressure at different far-field locations. Only one point measurement on the structure is
needed.
2. Structural model of the submarine hull

A detailed semi-analytical model to study the dynamical and acoustic behaviour of a submarine hull under asymmetric
excitation was presented by Caresta and Kessissoglou [14] and is briefly reported here for completeness. The submarine
hull is modelled as ring stiffened cylindrical shell with two equally spaced bulkheads and closed by two truncated conical
shells as shown in Fig. 1. Fluid loading from the external water is taken into account.
2.1. Model of the fluid loaded cylindrical and conical shells

The cylindrical shell of thickness h is modelled using the Flügge thin shell theory and the dynamic effect of the ring
stiffened is taken into account averaging the stiffener properties on the shell [15]. The equations of motion are given in
terms of u, v and w that are the axial, circumferential and radial components of the shell displacement, respectively, as
function of the axial coordinate x and the angle y as shown in Fig. 2.

A time dependence of the kind e� jot is considered in this work and it is omitted in the equations, o is the circular
frequency. The equations of motion for the vibrations of the stiffened fluid loaded shell are given by [14]:

L11uþL12v�L13w¼�grho2u (1)

L21uþL22v�L23w¼�grho2v (2)

L31uþL32v�L33w�p¼�grho2w (3)

r is the material density, p is the external pressure from the water, cL is the longitudinal wave speed, the coefficient g takes
into account the increase of inertia given by the stiffener and the distributed mass and can be found in Ref. [14] together
with the partial differential operators Lij. The displacement components for the cylindrical shell can, respectively, be
Truncated cone Bulkheads Shafting system 

Cylindrical shell Propeller End plate 

Fig. 1. Model of the submerged vessel.
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Fig. 2. Displacements for the joined conical–cylindrical shell.
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written in form of wave propagation as

uðx,yÞ ¼
X1
n ¼ 0

X8

i ¼ 1

Cn,iWn,ie
jkn,ix cosðnyÞ (4)

vðx,yÞ ¼
X1
n ¼ 0

X8

i ¼ 1

Gn,iWn,ie
jkn,ix sinðnyÞ (5)

wðx,yÞ ¼
X1
n ¼ 0

X8

i ¼ 1

Wn,ie
jkn,ix cosðnyÞ (6)

Cn,i=Un,i/Wn,i and Gn,i=Vn,i/Wn,i are the amplitude ratio and Un,i, Vn,i, Wn,i are the wave amplitude coefficients of the
displacement. The equations of motion for a truncated cone of semi-vertex angle a are given in terms of uc, vc and wc,
which are, respectively, the orthogonal components of the displacement in the xc, yc and radial directions as shown in
Fig. 2. The equations of motion to describe the dynamic responses of a fluid loaded conical shell are given by

Lc,11ucþLc,12vc�Lc,13wc ¼�rhco2uc (7)

Lc,21ucþLc,22vc�Lc,23wc ¼�rhco2vc (8)

Lc,31ucþLc,32vc�Lc,33wc�pc ¼�rhco2wc (9)

hc is thickness of the conical shell, the external pressure pc and the partial differential operators Lc,ij can be found in [14].
Expanding the displacements with power series and substituting them on the equations of motion, the solutions take the
following form:

ucðxc ,ycÞ ¼
X1
n ¼ 0

uc,nUxc,n cosðnycÞ (10)

vcðxc ,ycÞ ¼
X1
n ¼ 0

vc,nUxc,n sinðnycÞ (11)

wðxc ,ycÞc ¼
X1
n ¼ 0

wc,nUxc,n cosðnycÞ (12)

xc,n is the vector of the eight unknown coefficients

xc,n ¼ a0,n a1,n b0,n b1,n c0,n c1,n c2,n c3,n

h iT
(13)

uc,n, vc,n, wc,n can be found in [14]. The cylindrical and the conical shells can be coupled together by applying the continuity
conditions at the junction [16].

2.2. Model of the bulkheads

The bulkheads and the end-plates are modelled as thin circular plates of thickness h. The equations of motion for the
axial wp, circumferential vp and radial up components of the displacement are given in polar coordinates (r, yp) [17]:

Lp,33wp ¼�o2wp (14)

Lp,11upþLp,12vp ¼�o2vp (15)

Lp,21upþLp,22vp ¼�o2up (16)

The solutions of the equations are given in terms of Bessel functions [17,18]:

wpðr,ypÞ ¼
X1
n ¼ 0

ðAn,1JnðkpBrÞþAn,2InðkpBrÞÞcosðnypÞ (17)

vpðr,ypÞ ¼ �
X1
n ¼ 0

nBn,1JnðkpLrÞ

r
þBn,2

@JnðkpT rÞ

@r

� �
sinðnypÞ (18)

upðr,ypÞ ¼
X1
n ¼ 0

Bn,1
@JnðkpLrÞ

@r
þ

nBn,2JnðkpT rÞ

r

� �
cosðnypÞ (19)
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D¼ Eh3
pð12�u2Þ is the flexural rigidity, kpB ¼ ðro2hp=DÞ1=4 is the plate bending wavenumber and kpL ¼o½rð1�u2Þ=E�1=2 is the

wavenumber for longitudinal in-plane waves. E, r and u are Young’s modulus, density and Poisson’s ratio of the material. The
coefficients An,i and Bn,i (i=1, 2) are determined from the boundary conditions. The displacements for both the cylindrical shell, the
cones and the circular plates are written as an infinite summation of circumferential harmonics of order n. n=0 results in an
axisymmetric vibration, the bending modes happen with n=1 and are the primary concern of this paper.

2.3. Excitation from the propeller

Rotation of the propeller through a non-uniform wake results in fluctuating forces in both axial and radial directions
[20]. The aim of this study is to investigate the reduction of the sound radiated by the vibrations induced by the radial
component of the harmonic forces. The dynamics of the propeller-shafting system mainly affect the axial motion of the
hull and can be neglected to study the bending behaviour of the submarine hull. The radial component of the force can be
approximated as a point force applied to the extremity of the end cone as shown in Fig. 3, exciting all circumferential order
Fp,r 

Fig. 3. Radial component of the fluctuating propeller force.
modes. A point force located on the shell at (x0, y0) can be described in terms of the Dirac delta as function of the arc length
s=r0y, with r0 the shell radius

Fðx0,s0Þ ¼ F0dðs�s0Þe
�jot (20)

where the delta function d(s�s0) has the dimension of (m�1). With Tx0
¼ 2pr0, the delta function d(s�s0) can be

expanded as a Fourier series around the circumference as

dðs�s0Þ ¼
1

Tx0

þ
2

Tx0

X1
n ¼ 1

cos
2pns

Tx0

� �
(21)

2.4. Boundary and continuity conditions

The dynamic response of the entire submarine structure for every circumferential mode number n is expressed in terms
of Wn,i (i=1:8) for each section of the hull, An,i, Bn,i (i=1, 2) for each circular plate, and xc,n for each piece of frustum of cone.
The dynamic responses for the cylindrical shells, circular plates and conical shells using the two different techniques (wave
approach and power series) can be coupled together by continuity of the displacements and slope and equilibrium of forces
and moments at the cone/plate/cylinder junctions. The membrane forces (Nx, Ny, Nxy), bending moments (Mx, My, Mxy),
transverse shearing Qx and the Kelvin–Kirchhoff shear force Vx for the cylindrical shells, conical shells and circular plates
are given in Ref. [14] per unit length. At the stern end cone/plate junction where the propeller force is applied, the eight
continuity conditions are given by

uc cosa�wc sina¼wp (22)

wc cosaþuc sina¼ up (23)

vc ¼ vp (24)

�
@wc

@x
¼
@wp

@r
(25)

�ðNx,c cosa�Vx,c sinaÞþNx,p ¼ F0ecosðny0Þ (26)

Nxy,cþ
Mxy,c

a

� �
þNy,p ¼ 0 (27)

Mx,c�Mx,p ¼ 0 (28)

ðVx,c cosaþNx,c sinaÞþNr,p ¼ 0 (29)
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Eqs. (22)–(25) are the continuity of displacement and slope, Eq. (26) is the continuity of the radial forces including the
external excitation form the propeller and e=1/2pr0 if n=0 and e=1/pr0 if na0 as found by Eq. (21).
2.4.1. Inertial actuators

The control forces are generated using inertial actuators connected radially to the hull. Since the propeller force is
applied to the stern of the hull, it is reasonable to locate the actuators on the prow end cone of the submarine. Inertial
actuators are made of a mass ma suspended by a spring of stiffness ka and damping factor ca. The electromagnetically
generated force fa acts between the mass and the structure as shown in Fig. 4.
ax
ak

,S cf w

acaf

am

Fig. 4. Model of the inertial actuator.
The equation of motion for the mass of the actuator is given by

mao2xa ¼ faþkaðxa�wcÞ�jocaðxa�wcÞ (30)

fS is the force transmitted to the plate and it can be written as

fS ¼ Tafaþ joZawc (31)

Ta ¼
�o2ma

ka�o2ma�joca
, Za ¼

�jomaka�o2maca

ka�o2ma�joca
(32)

At frequency higher than the actuator resonance frequency oa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ka=ma

p
the mass provides a stable inertial platform to

react the force [20]. The inertial actuators are positioned inside the prow end cone at r=Rac in order to form a
circumferential array along the arc length s as shown in Fig. 5. Since only the bending modes have to be controlled, the
inertial actuators forces amplitudes are spatially modulated in order to realise an excitation of the kind fS cosðnycÞ, with
n=1 to excite only the bending modes as shown in Fig. 6. The conical shells were modelled as a junction of conical stripes
joined together applying the boundary and continuity conditions [14]. The location of the actuators array is located at one
of the aforementioned junctions. The continuity condition of the radial forces per unit length between two consecutive
conical stripes reads

Qx,cþ1�Qx,c ¼ dn1
fS

2pRac
cosðycÞ (33)

where dn1 is the Kronecker delta.

2.5. Steady-state response of the submarine

The steady-state response of the hull can be calculated as follows. For every circumferential mode number n the
boundary equations together with the equilibrium of the forces under point force excitation be arranged in the matrix form
Anun ¼ fn, where f is the force vector containing the force fP from the propeller and/or fS from the active control actuators.
Solving the system for each circumferential mode number gives the steady-state shell displacement response at a certain
frequency. Defining the transfer function Hn ¼An

�1, the unknown coefficients of the plates and shells displacements can be
obtained by un ¼Hnfn. As it was shown in Ref. [14], the structural and acoustic responses under a point radial excitation
are dominated by only the n=1 (bending) modes. This allows the dynamics of both the axisymmetric modes and the higher
order circumferential modes to be neglected since their effect is very small.

2.6. Active control

The harmonic excitation from the propeller is at the blade passing frequency (bpf). Since the primary force is tonal, a
feedforward active control strategy is most appropriate [1]. Two kinds of active control strategies are investigated for the
reduction of the noise radiated by the submarine: The Active Vibration Control (AVC) and the Active Structural Acoustic
Control (ASAC). Aim of the AVC is to apply one or more secondary forces in order to reduce the structural vibrations excited
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Fig. 5. Circumferential array of actuators on the end-plate.
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by the primary force. The reduction of structural vibrations can eventually result in a reduction of the radiated noise. An
error (e) at one or more locations on the structure is defined as a sum of the axial displacement uP resulting by the primary
excitation plus the contribution from the secondary forces fS

e¼ uPþuS, uP ¼HPfP , uS ¼HSfS (34)

where HS is the transfer function between the secondary forces and the axial displacement. In case the number of error
sensors excides or equates the number of control forces, the cost function to be minimised is defined as [1]

J¼ eHeþfH
S RfS (35)

where the superscript H denotes the Hermitian of the vector and R is a Hermitian positive definite weighting matrix needed
to reduce the values of the control forces to their physical limit and to evenly distribute the effort of the actuators. The
optimum control force vector is given by [21]

fSo
¼�ðHH

S HSþRÞ�1HH
S HPfP (36)

The quadratic optimisation theory described for the AVC can also be applied for the Active Structural Acoustic Control
where the goal is to attenuate the sound radiated in one or more directions. The radiated pressure is calculated by defining
in the frequency domain, an acoustic transfer function Huipj

that maps the far-field sound pressure p(R, jj) for y=0 to the
displacement w(x0, y0) as shown in Fig. 7 by

pðR,fjÞ ¼Huipj
wðx0,y0Þ (37)

In this case the error can be written as

e¼ pPþpS, pP ¼Hup,PHPfP , pS ¼Hup,SHSfS (38)

This method allows the far field to be related to the sound pressure directly to the structural response. If the following
assumptions are satisfied:
I.
 The primary force is measurable and its frequency can be changed.

II.
 The far-field pressure can be measured at least once.
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Fig. 7. Definition of the acoustic transfer functions by point measurement on the hull.
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Then the following procedure can be applied:
�
 The structure is excited with a harmonic primary harmonic force varying the frequency or with an impulsive excitation.

�
 The radial displacement at location x0 is measured and transformed in the frequency domain by Fourier transform.

�
 The sound pressure is measured at different locations yi in the far field and transformed in the frequency domain by

Fourier transform.

�
 The transfer functions Hw0pi

are calculated by Hu0pi
¼ pðR,fiÞ=w0.
�
 If assumptions I and II are not satisfied the calculation can be done using a numerical model.

The location of the structural sensor is chosen away from the regions affected by the near field vibrations, such as
the structural junctions. For the location of the far-field pressure sensors, the nodes in the directivity patterns should also
be avoided.

3. Sound radiated by the submarine hull

The sound radiated in the far field is calculated by solving the Helmholtz integral. The far field is defined in spherical
coordinates (Rr, fr, yr) with the origin set at the geometric centre of the hull. The sound pressure is given by [14,22]

prðRr ,fr ,yrÞ ¼
X1

n ¼ �1

pr,nðRr ,fr ,nÞe
jnyr (39)

where

pr,nðRr ,fr ,nÞ ¼ ð�jÞ nj j e
jkf Rr

2Rr

1

orf cf

Z zm

z1

Yðr0,n,z0Þe
�jaz0

r0

cosb
dz0 (40)

Yðr0,n,z0Þ ¼ p0ðr0,n,z0Þ½gcosbJu9n9ðgr0Þþ jar sinbJ9n9ðgr0Þ��rfo
2Wðr0,n,z0ÞJ9n9ðgr0Þ (41)

The axisymmetric surface of the hull is represented by Cartesian coordinates (r, zr), where zr is in the axial direction
with its origin set at the geometric centre of the hull. ar is the radius of the structure at location zr. The surface S0 extends
from z1 to zm. (r0, z0) is the node location on the hull surface S0. ar ¼ kf cosyr , g¼ kf sinyr and b=atan(qar(zr)/qzr). Once the
radial displacement W(r0, z0) at each node (r0, z0) on the boundary of the structure has been evaluated, as described in the
previous section, the shell surface pressure p0(r0, z0) at each node on the shell surface can be then calculated by p0 ¼Dw0,
where D is the fluid matrix and p0, w0 are the vectors of the surface pressure and radial displacement, respectively [14].

4. Numerical results

Numerical results are presented for a submarine hull made of a cylindrical shell of radius a=3.25 m, thickness
h=0.04 m, length L=45 m and with T-ring stiffeners evenly spaced by b=0.5 m. A distributed mass on the shell of
meq=1500 kg m�2 was used. The hull has two evenly spaced bulkheads of thickness hp=0.04. The cylindrical hull is closed
by truncated conical end caps with semi-vertex angle of a=181, thickness hc=0.014 m and smaller radius of R1=0.50 m. The
thickness of the end-plates is the same as for the bulkheads. All the structures are made of steel with density
r=7800 kg m�3, Young’s modulus E=2.1�1011 N m�2 and Poisson’s ratio u=0.3. Structural damping was introduced
using a complex Young modulus E(1� jZ), where Z=0.02 is the structural loss factor.

Results are presented considering a unitary harmonic force from the propeller in the frequency range 0–80 Hz. The
typical bpf for a large submarine at maximum speed is around 25 Hz. Higher values of frequency contain the super
harmonics which have much smaller amplitude [19]. The results should be scaled in case real data of the excitation are
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available. An array of 60 actuators is positioned inside the prow end cone with a radius of Rac=1.0 m. The inertial actuators
are taken by a commercially available model and have the following data: suspended mass ma=2.2 kg, spring stiffness
ka=6130 N m�1, damping factor ca=34.8 N m�1 s, damping factor ca=34.8 N m�1 s and diameter f=90 mm. The control
strategies reported in Table 1 are investigated. For ASAC, the pressure at the error locations is estimated by a transfer
function with a point measurement on the cylindrical shell at x=2 m.

Fig. 8 shows the frequency response function (FRF) at the error sensor location x=2 m. Using (AVC 1e) the response is
negligible as expected. The radial displacement result from applying the ASAC is less affected by the control since the goal
is to minimise the sound radiated.

Fig. 9 shows the sound power level with and without active control. It can be seen that the best results are given by
ASAC with eight error sensors. The reduction at resonances is very good at low frequencies. Lack of performance is
observed at high frequencies and out of resonance, probably due to the high modal density of the bending modes. At
around 60 Hz the cutting-on of the second class of waves [14] is observed and the active control is ineffective. Reduction of
the structural vibration, given by (AVC 3e), results in reduction of radiated power in some frequency ranges but not with
results as good as in the case of ASAC. Furthermore minimising the radial response only at one error sensor (AVC 1e) leads
Table 1
Active control strategies investigated.

Control Location of error sensors

ASAC 8e y=[0, 15, 30, 75, q=105, 150, 165, 180]1

f=01

AVC 1e x=2 m

AVC 3e x=[2, 22.5, 43] m
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to an increase of radiated sound in the whole frequency range investigated. The reason is that the aim of AVC is to reduce
the structural response and not the radiated sound.

Fig. 10 shows the control forces divided by the propeller force for a single inertial actuator of the arrays for ASAC and
AVC. The ratio of control forces over the propeller amplitude are below the unity but to estimate the performances in a real
vessel, the actual propeller force and the actuators’ physical limits should be taken into account. A typical blade passing
frequency for a submarine at its maximum speed is around 25 Hz and the amplitude of the fluctuating force can be
estimated in around 2000 N. The closest resonance of the hull is at around 27 Hz where the control force for a single
actuator using (ASAC 8e) have a magnitude of fs=75 N, value achievable by the inertial actuators. At very low frequency the
active control is not practical.

The directivity pattern at 27 Hz, where the resonance of the fourth bending mode is located, is shown in Fig. 11 and very
good attenuation is observed with ASAC 8e and AVC 1e.
5. Conclusions

Active control strategies such AVC and ASAC have been investigated to reduce the sound radiated by a submarine hull
under radial excitation from the propeller. A model of submarine was presented coupling cylindrical shells, conical shells
and circular plates. The submerged vessel was excited by a harmonic force from the propeller. Inertial actuators were
arranged in circumferential arrays and located at the prow end cone. An acoustic transfer function was defined in order to
estimate the radiated sound by a single point measurement on the structure. It was shown that inertial actuators can
deliver enough force to reduce the sound pressure in the far field and very good attenuation is observed at the resonant
frequencies at low frequency. The aim of this work is to suggest that inertial actuators could be used to reduce the sound
radiated by a submerged vessel in bending vibration. To verify the real performance of the active control, the actual design
and the real magnitude and spectrum of the fluctuating forces form the propeller should be taken into account. In this
work, a single array of actuators was considered but the application of active control can be extended using several arrays
located inside the cylindrical or the conical shells.
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