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Force-constant Computations. Part V.! Use of Force-constant Com-
putations as an Aid to Frequency Assignment in Hexachlorocyclotri-
phosphazene

By Roger E. Christopher, Department of Chemistry, The University, Leicester LE1 7RH
Peter Gans," Department of Inorganic and Structural Chemistry, The University, Leeds LS2 9JT

A new procedure is described for the assignment of vibration frequencies with the aid of force-constant calculations.
Force-fields are generated for which calculated and observed frequencies agree precisely and the force-fields
are examined for consistency with the group-frequency approximation. An ambiguity in the asisgnment of &’
vibrations in hexachlorocyclotriphosphazene is thereby resolved. The extremal nature of certain force-fields

is given a new graphical demonstration. Further improvements in the computational methods for force-constant

calculation are described.

¢ FORCE-CONSTANT CALCULATIONS ’ are often used as aids
to the assignment of vibrational frequencies. Usually
this takes the form of the group frequency approxim-
ation; 2 the normal co-ordinates are assigned approxim-
ately to the symmetry co-ordinates of the molecule,
and symmetry co-ordinates of necessity involve changes
in chemically similar entities such as the stretching of
chemically equivalent bonds or changes in equivalent
angles. Symmetry co-ordinates that belong to the
same representation of the molecular point group are
mixed together in the normal co-ordinates, but in
practice the mixing is often small and normal vibrations
can with fair precision be ascribed to the vibrations of
individual chemical groupings in the molecule.? Thus,
if some vibration frequencies can be assigned with
confidence to certain group vibrations, a ‘ force-constant
calculation ’ can be used to confirm the assignment and
to aid the assignment of less certain features. How-
ever, the experimental data is usually insufficient to
permit a full characterisation of the force-constants
(data on gas-phase spectra and isotopically distinct
molecules are needed for this), so that the force-field, or
complete force-constant solution, is indeterminate.
The ‘force-constant calculation’ must then be based

1 Part 1V, P. Gans, Chem. Phys. Letters, 1972, 12, 471.
¢ P. Gans, ‘ Vibrating Molecules,’ Chapman and Hall, London,
1971. A critique of the group frequency concept is given in ch. 7.

on some arbitrary assumption concerning the force-
field. In this case the calculation serves less to define
the force-constants than to confirm the validity of the
assumptions made concerning the force-field, and/or of
the assignment of observed frequencies.

In one approach to the assignment problem, force-
constants are transferred from related molecules and the
calculated frequencies are simply compared to the
observed ones. In the other approach the frequencies
are used as a basis for a refinement. Both approaches
require a predetermined element in the choice of
force-field.

We have developed a new assignment aid, based on
the second approach, which retains the characteristics
of a group frequency approximation. We have tested
the new method in a fairly complex molecule and have
found that it is able to discriminate between alternative
assignments. A unique feature of our method is that
no a priori assumptions are needed concerning the
force-field and that only °force-constant solutions’
which correspond exactly to the observed frequencies
are considered. In the course of the work we have
developed improved computational procedures for
performing the force-constant refinement.

3 D. M. Adams, ‘ Metal-ligand and Related Vibrations,” Ed-
ward Arnold, London, 1967. Many examples of group frequen-
cies are given.
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Procedure.—Each symmetry species is considered
separately. The # observed frequencies are used to
refine the » diagonal symmetry force-constants. The
n(n — 1)/2 off-diagonal force-constants are held fixed,
and this constitutes a constraint on the force-field.
Each refinement is equivalent to the solution of #
implicit simultaneous non-linear equations in # un-
knowns, but a real solution may not be possible with
the given constraints. Suppose that a force-constant
solution, F, is given by equation (1), where L is the

LFL = A° 1)

eigenvector matrix of GF normalised so that LL = G,
and A is a diagonal matrix of calculated eigenvalues.
The force-constant matrix Ft obtained by replacing the
calculated eigenvalues by the observed ones, A, is given
in equation (2). It has been shown 4 that F* has certain

Ft = EA0L @)

extremal properties, that is, it delimits the region of
real force-constant solutions which conform to the
observed frequencies. Thus, if one off-diagonal force-
constant of Ft is changed from Fy;* to Fy* and a new
refinement is performed, an exact fit of the observed
frequencies will usually be obtained when (Fy* — Fy)
and (F;* — Fy;) have the same sign.

The procedure therefore is to choose a set of off-
diagonal force constants and perform a refinement. If
A¢ + A° the transformation (2) is applied, indicating
the direction of the changes in the off-diagonal constants
required for real solutions to be possible. If A= A°,
a criterion is imposed to ascertain whether the result is
acceptable. The force-field constraints may be varied
so as to provide a number of results acceptable or not
as the case might be.

The criterion we have adopted is that the group
frequency approximation should have some validity,
each symmetry co-ordinate being the major contributor
to one normal co-ordinate. Technically this means
that the diagonal components of the potential energy
distribution (p.e.d.) should be larger than the off-
diagonal components. Elements of the p.e.d. are given
by equation (3) where % is the index of the normal

Vki == (LZ,;];Fii/)\;r) % 100 (3)

co-ordinate and 7 is the index of the symmetry co-
ordinate.. The total potential energy in any one normal
co-ordinate is normalised to 1009, including the inter-
action terms (LyL;Fy;) omitted from equation (3), as
is customary.5

The Hexachlovocyclotriphosphazene Problem.—The vibr-
ations of the isolated molecule (phosphonitrilic chloride
trimer) span the representations I'p, = 44," 4 2a,” +
6’ + a,” + 3a,”” + 4¢”. Solution spectra and polar-
ised single-crystal Raman spectra have provided data
sufficient to permit an unambiguous allocation of

4 P. Gans, Chem. Phys. Letters, 1972, 12, 71.

5 Ref. 2, p. 52,

¢ D. M. Adams and W. S. Fernando, J.C.S. Dalton, 1972, 2503,
and references therein.
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symmetry species for all a,” vibrations, two out of
three a,”’ vibrations, five out of six ¢’ vibrations, and
two out of four ¢” vibrations. Speculative but reason-
able assignments were given for the a,” and ¢" vibrations
not positively identified, but the sixth ¢’ band could be
allocated with equal likelihood either to a band at
1202 or 875 cm1® A second single-crystal Raman
study ? which appeared after most of this work was
completed is in substantial agreement regarding the
assignments, except the 188 cm™ band is assigned as
¢’ and the 218 cm™ is assigned as a,”’, reversing the
assignment of Adams and Fernando. Since these
frequencies are not greatly different this will have little
effect on the computed force-constants. Creighton and
Thomas follow earlier workers in assigning the 880 cm™
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FicUrRe 1 Definition of internal co-ordinates. #», — 7y, are
bond stretching co-ordinates. 8;—B;, a,;—u,, and y,—y, are angle
bending co-ordinates. The out-of-plane ring deformations are
not shown

band to ¢’ symmetry. This study was initially under-
taken to see if ‘force-constant calculations’ could
remove the ambiguity concerning the sixth ¢’ vibration.

The G matrix was computed using structural para-
meters given by Bullen® but assuming regular Dss
symmetry. The internal co-ordinates used are shown
in Figure 1, apart from the ring out-of-plane deform-
ations (a,” + ¢''). The 36 internal co-ordinates span
the representations 6a," + 2ay’ + 8¢" + a," + 3a,” +
4¢”. There are therefore two a;” and two ¢’ symmetry
co-ordinates that are redundant, consisting of three
local and three cyclic redundancies. These were
‘ eliminated * by making an orthogonal change of co-
ordinates such that the redundant ones become equal
to zero.® A consequence of this is that the distinction
between stretching and bending co-ordinates becomes
blurred, and none of the internal bending force-constants
are fully defined quantities. We therefore express our

‘7 J. A. Creighton and K. M. Thomas, Spectrochim. Acta, 1973,
294, 1077.

8 G. J. Bullen, J. Chem. Soc. (4), 1971, 1450.

® Ref. 2, p. 120.
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results in terms of symmetry force-constants only, and
dimensions are omitted. The un-normalised symmetry
matrix U, which defines the relationship between
internal and symmetry co-ordinates, is given in Table 1.

The initial refinements were performed with the
modified Davidon-Fletcher-Powell (DFP) minimisation
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vs CI-P-N bending; v CI-P-N torsion and wag (with
some ring breathing). Clearly v, and v, can be assigned
by comparison with molecules such as PCl;. The
ring-breathing modes are assumed to have large force
constants because of the multiple nature of the P-N
bonds, and hence large frequencies. . Assuming vg > v

TaBLE 1

Definition of the un-normalised ¥ matrix which transforms the internal co-ordinates to symmetry co-ordinates.

Torsional

co-ordinates are not included in the a,” and ¢’ blocks

Internal co-ordinate
A

Symmetry co-ordinate 7, 7y 7z 74 7y T 7 Ta Ty Ty Ty 712 B Bz By oay %n % o o ®g X7 Ky Oy &Xyo %Xix Giz Vi Y3 Ys Ve Vs Ve
a’ s 11 1 1 1 1
Sz 1 1 1 1 1 1
S3 1 1
Se 11 1 1 1 1 1 1 1 1 1 1
S5 1 1 1
Ss 1 1 1
a’ s, 1-1 1-1 1-1
Se 1~1 1-1-1 1-1 1-1 1-1 1
e Sy 2 2-1-1-1-1
S10 2 -1-1-~1-~1 2
Sq1 -1 1 1-~-1
S1a 2 -1 -1
S1s 2 2 2 2-1-1-1-1-1-1-1-1
S1a -1 1-1 1 1-1 1-1
Sis 2 —1 -1
S1e -1 2 -1
ay’ S12 1-1 1-1 1-1
S1a 1 1-1-1 1 1-1-1 1 1-1-1
a’”’ S0 1-1-1 1-1 1 1-1-1 1 1-1
& S5 2—-2-1 1-1 1
Say 2 2-2-2-1-1 1 1-1-1 1 1
-1 1 1 -1 1-1-1 1

TABLE 2
Selected elements of the potential energy distribution matrix ¥, defined by equation (3), for various force-fields

Vll V22 V33 V‘M V55 VGG VIS le Vﬁl
Line

1a 46 60 40 23 15 43 43 39 61
2e¢ 29 95 82 41 13 41 60 48 27
3e 43 77 50 26 14 53 45 35 56
49 39 85 56 56 44 47 32 29 21
be 56 88 70 72 52 47 19 7 7
62 37 97 37 73 35 3 30 7 10
78 57 95 41 25 3 11 48 19 66

¢ Assignment 1.

routine previously described,!® but used only on small
problems (# <{ 3). For the ¢’ block (# = 6) convergence
was a little erratic and a modified DFP method was
developed, as described below. Later refinements
were performed with the new method. The vibration
frequencies are given in ref. 6, Table 2. We report here
only the calculations referring to the ¢’ block and to the
problem of assigning the sixth ¢’ vibration frequency.
Refinements on the @,” block showed immediately that
the assignments given in refs. 6 and 7 are unexceptionable.

The object of this study was to find force-fields for
which the diagonal elements of the p.e.d., ¢ =% in
equation (3), were larger than the off-diagonal elements,
and preferably larger than 509,. This ensures that
each symmetry co-ordinate is the major component of
a normal co-ordinate. Approximate descriptions of
the normal vibrations are therefore as follows: v; P-Cl
stretching; v, and v; P-N stretching and ring deform-
ation, ¢.e. asymmetric ring breathing; v, P-Cl, scissoring;

10 P. Gans, J. Mol. Struct., 1972, 12, 411.

Observed frequencies are fitted exactly except on line 1.

Non-zero off-diagonal constants

Foy=Fgy= —01,Fg; = 01, F;; = 06

F, 2: 0-3, Fgy = 01, Fgp = —0:1, Fgy = Fgy = —02, Fgy =

Fyy = 0'% fax =01, Fg = —01, Fy; = Fgy = Fgy = —02,

85 — U'a

Fap = 05, Fyy = Fgy = 02, ) = Fyy = Fog = Fgy = —02,
Fgy =01, Fgg = —01

Fgy = Fgy = —02, Fgg = 0:2

Fyy= Fog= —02, Fg3g = Fgy = 02

b Assignment 3.

because of the ring-breathing component, the only
ambiguity is in the assignment of v, and v;. For the
sake of comparison, the frequency numbering scheme
used by Adams and Fernando ® is as follows: v;; 1226,
vig 1202 (or 875), v;5 529, v,, 334, v5 157, and vy 218 cm™.

Assignment 1. The frequencies were ordered as
follows: v, 334, v, 1226, vy 1202, v, 218, v; 157, and
ve 529 cm’l. Refinement with a valence-force-field
(Fij = 0 ¢ £ 4) gave a very poor fit and a poor p.ed.,
as shown in Table 2, line 1. The corresponding F*
matrix is shown in Table 3. The largest off-diagonal

TaBLE 3
Extremal force-constant matrix obtained by applying the
transformation (2) to the force-constant solution with
all off-diagonal force-constants equal to zero

1-38
0-01 7-11
0-10 0-28 4-42
0-02 —0-03 —0-09 0-90
—0-04 0-08 0-10 —0-01 2:00
0-10 —0-10 —0-13 —0-12 016 2-14
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element is Fjy,, so the next refinements used larger
values for Fg. The fit improved slightly, but the
p.e.d. deteriorated. Next, in order to increase Vg at
the expense of Vy,, Iy, Fgy, and Fg; were varied. An
exact fit resulted but the p.e.d. was unacceptable
(Table 2, line 2). Further variations on these four
off-diagonal force-constants only served to indicate that
the p.e.d. improved as F,, decreased.

The values of V', and V,; were clearly too large, so
the off-diagonal force-constants Fy,, Fy;, and Fg; which
relate to the first normal co-ordinate, were introduced,
as were Iy and I'g; which were ‘large’ in Ft. The
effect of each one singly and in combination with the
others was examined. In this way more exact fits
were obtained (e.g. Table 2, line 3) and one could predict
which combination of force-constants was likely to
lead to a satisfactory p.e.d. After 47 trial refinements
an almost acceptable p.e.d. was produced (Table 2,
line 4) and a few more trials gave a more acceptable fit
(Table 2, line 5). A total of 65 trials were performed.

TABLE 4
Best force-field obtained with assignment 1. The corre-
sponding potential energy distribution is given in
Table 2, line 5, and Table 5

1-83
0-00 7-30
0-00 0-50 4-48
0-20 0-00 0-00 1-32
—0-20 0-00 0-00 —0-20 1-17
0-10 —0-10 —0-20 —0-20 020 1.97

The force-field corresponding to line 5 of Table 2 is
shown in Table 4, and the corresponding p.e.d. in
Table 5. There are many similarities between these

J.C.S. Dalton

verify the extremal nature of the F! matrix concept.
This is demonstrated clearly in Figure 2, which shows
the variation of the diagonal force-constants with Fy,,
the other off-diagonal constants remaining unchanged.
The two F* matrices are defined ¢ when 1/(0Ff0F,,) =
0(F=1...n),te at Fg ~ 0-3 and Fy, ~ 0-57,given
the values of the other Fy;. Indeed with values of Fg,
outside these limits (e.g. Fy, = 0-29 or 0-60) real values
of F;; could not be found which would reproduce the
observed frequencies.

The curves are not ellipses, but the analogy with the
ellipses obtained by plotting F,; and F,, against F,
in a system when % =2 is strikingly clear.! The
existence of such curves has never before been demon-
strated except for m» = 2, although indications were
given of their existence in a case with n = 3.1 As was
pointed out in that case, at an extremum in the force-
constant curve at which 1/(0F;f0F;) =0 there is
complete mixing between the co-ordinates ¢ and 7.
We cannot therefore discriminate between assignments
1 and 2.

(We may, in this parenthesis, note that similar curves
could be obtained with respect to each off-diagonal
force-constant. Thus, an F! matrix represents the
confluence of #(n — 1) different frequency assignments.
There are altogether n! ways of ordering the observed
frequencies, but most of these are precluded by the
group frequency approximation.)

Assignment 3. This was similar to assignment 1
with the exception that v; = 875 cm™, the alternative
possibility left open by the Raman study. A similar
approach was used as in assignment 1, and exact fits of

TABLE 5
Potential energy distribution corresponding to the force-field given in Table 4, calculated according to equation (3)

Symmetry co-ordinate

P-Cl Ring
Normal co-ordinate stretching breathing

Q,: 334cmt 56-2 06
Q,: 1226 cm? 0-3 88:2
Q31 1202 cm™? 0-4 10-0
Q;: 218 cm? 7-1 0-2
Qs 167 cm™ 8-8 1-5
Qg: 529 cm? 30-9 0-3

force-constants and those of the F! matrix obtained
from the valence force-field solution. The chief differ-
ences are in Fyy, Fy, and F;,, these being the force-
constants required to modify the p.e.d. in order that it
conforms to the group frequency approximation. The
force-field is not unique in any sense, but it does satisfy
both the frequency and p.e.d. criteria of acceptability.
Therefore assignment 1 is an acceptable assignment.

Assignment 2. The same frequencies were used as in
assignment 1, but the order of the two ‘ ring breathing’
frequencies was reversed, f.c. vy = 1202 cm™, v; =
1226 cm™. An adequate p.e.d. was obtained using the
best force-field constraints of assignment 1. Therefore
assignment 2 is also acceptable.

This assignment was examined in order further to

Ring P-Cl, Cl-P-N Cl-P-N
breathing scissoring bending torsion
b 0-0 19-8 13-5
2-3 0-5 1-8 3-2
70-5 1-3 0-2 20-1
02 727 26-9 4-2
55 7-6 52-3 15-4
20-1 231 4-7 47-9

the observed frequencies were obtained after 8 trials.
The p.e.d., however, was not acceptable, Table 2, lines
6, 7. Subsequent trials failed entirely to produce an
acceptable p.e.d. Each time one large element V;
was decreased either a diagonal element Vj; also de-
creased or another element V; increased. The attempt
was abandoned after 35 trials. We conclude that
assignment 3 is unacceptable.

Conclusions. The method described by the procedure
above can be called a trial and logic method. With all
assignments the method led quickly to force-fields which
satisfy the frequency requirement. That is why this
paper shows no comparisons between observed and

11 P. Torkington, J. Chem. Phys., 1949, 17, 357; W. Sawodny:,
J- Mol. Spectroscopy, 1969, 30, 56.
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calculated frequencies. The attempts to find an
acceptable p.e.d. were all made using force-fields that
result in exact identity between observed and calculated
frequencies. '

Only two out of the three assignments tried led to a
potential energy distributed principally to one symmetry
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I'icure 2 Variation of the diagonal force-constants with Fy,.
The other off-diagonal constants are as in Table 4. Points O
derive from assignment 1 and points (] derive from assignment
=)

co-ordinate for eachh normal mode. Since there is no
evidence in general for a symmetry co-ordinate making
major contributions to more than one normal co-ordinate
we are confident that assignment 3 can be rejected.
Thus the band observed at 875 cm™ is not due to a
fundamental vibration. This band is observed only in
the ir. spectrum of the solid which suggests that it
might be a combination band, e.g. 669 + 218 = 887,
a,’ + ¢ = ¢'; if the calculated value seems high, one
should remember that there must be much anharmonicity
for a combination band to become intense. Also a
value of 880 cm™ has been quoted for the band position.12

12 13, Steger and R. Stahlberg, Z. Natusforsch., 1962, 17h, 780;
Z. anorg. Chem., 1964, 326, 243.

2 A. C. Chapman and D. ¥*. Carrol, J. Chem. Soc., 1963, 5005.

1 K. S. Addison, T. R. Manley, and D. A. Williams, Spectro-
chim. Acta, 1973, 20A, 821.

15 R. Fletcher, A.E.R.I. Report R7125 (1972).
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The results show that investigation of possible assign-
ments in complicated molecules is computationally
feasible, and that no a priori assumptions need be
made concerning the force-field. By starting off with
a valence force-field we ensured that our computed
force-fields would not differ greatly from it, and all
off-diagonal symmetry force-constants are small com-
pared to the diagonal ones.

Previous force-constant calculations on hexachloro-
cyclotriphosphazene were performed without all the
frequencies being available. Chapman and Carrol 13
used only 3 frequencies for the ¢” block while Addison
et allt used 4 frequencies. Considering that there is
quite a lot of mixing in the low frequency modes it is
not profitable to make a direct comparison of the
results. It is interesting, however, that both groups
used a simple valence-force-field, introducing °those
off-diagonal force-constants which appeared to have
the greatest effect,” in order to reproduce the observed
frequencies exactly. Neither group quotes a p.e.d. by
which the realism of the solution can be judged.

Computational  Details—The  Davidon-Fletcher—
Powell (DFP) refinement is described by equation (4);

fr+1 — fr — otHrg" (4)

[ is a vector of refinable force-constants, g is the gradient
of the ‘ function * with respect to the parameters f, H is
an approximation to the inverse of the Hessian of the
function, 7 is an iteration number, and « is a scalar.
The function we use is the sum of squares U =
E(VObS — vc“]"‘).z Thus &= aU/&ﬂ, (H‘l)ij =~ 32U/aflaf3
H is updated automatically and we use an initial value
for H based on the assumption of a linear relationship
between A and f.1° Previous computations using this
method with # = 3 showed that it usually overcomes
earlier mathematical difficulties which used to give rise
to non-convergence.1®

With # =6 the occasions on which ‘very slow’
refinements occurred were more numerous than before.
It was therefore decided to adopt an improved minimis-
ation. We made an ALGOL translation of the
FORTRAN routine VAO9A published by Fletcher,®
and made minor modifications to make it compatible
with the existing force-constant program.

VAO9A, which, like FLEPOMIN, 1€ is also a variable
metric algorithm, offers three advantages over FLEPO-
MIN which we used earlier.l® (1) There are alternative
updating formulae 17 for H chosen automatically so as
to improve the stability of the refinement. (2) The
scalar « is estimated less precisely and the °linear
optimisation * of « is avoided, with much time saving.!s
(3) The updated H matrix is stored in a factorised form
such that it is guaranteed to be positive-definite.18

The new minimisation routine did solve those problems
on which the old one failed to converge. Satisfactory

18 M. Wells, Comm. Assoc. Computing Mackinery, 1965, 8, 169;
R. Fletcher, ibid., 1966, 9, 686; P. A. Hamilton and J. Boothroyd,
ibid., 1969, 12, 512.

17 R. Fletcher, Computer J., 1970, 13, 317.

18 P. E. Gill and W. Murray, J. Inst. Maths. Applics., 1972, 9,
91.
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convergence is judged by the criterion that either
U <10°% or cond(4) >10%. Cond(4) is a condition
number defined elsewhere,® which increases rapidly
as U approaches a non-zero minimum. With VAO9A
cond(4) was typically some 100 times smaller than
before. We ascribe this to the fact that the scalar « is
not optimised so precisely, and also because we are
using a less strict convergence criterion.

In some cases « suddenly decreased to zero, and
cond(A) was typically 10 on ‘convergence.’ This
suggests that the method for calculating « is not wholly

J.C.S. Dalton

satisfactory, though from the point of view of ‘ force-
constant calculations ' it is adequate, since the indic-
ations were that convergence was only slightly pre-
mature. Thus VAO9A, for which theoretical advantages
have been claimed,’® is shown in practice to be better
than FLEPOMIN both in speed and guaranteed con-
vergence.

We thank Dr. D. M. Adams for initially suggesting this
problem, and for encouragement during its elaboration.
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