The Rational Approximation of Functions
which Are Formally Defined by a
Power Series Expansion

By P. Wynn

1. Introduction. The advent of high speed digital computers and the consequent
intensification of interest in the study of numerical analysis has caused considerable
attention to be paid to the problem of obtaining approximation formulas for func-
tions which occur in the theory of mathematical physics. It is the purpose of this
note to describe the theory underlying various methods of obtaining rational ap-
proximations to functions which are formally defined by a power series expansion;
it is assumed that the power series concerned are quite general in character, and
that the functions with which they are associated do not satisfy a particular func-
tional equation which would permit the use of any special method. The theory
is then subjected to a detailed analysis in terms of the computational steps in-
volved, and a comparison, with regard to computational efficiency, of the various
methods which may be devised for obtaining rational approximations is given.

2. The Padé Table and the E-Array. The approximation to the function defined
by the power series

(2.1) B(x) =+ ar + e’ + - -
by a rational function of the form

(2.2) Can(@) _ w0+ aua2 + - + o2
I/r“.v('r) BO.P + 61.11:13 + Tt + ﬁu,vl‘“

can be systematized [1], [2, p. 420], [3, 377] by imposing the condition, where this
is possible, that the expansion of (2.2) in ascending powers of x should agree with
the power series (2.1) as far as the term in £**| i.e., that the power series expansions
of (x)V,.,(r) = U,.(x) should commence with a term in *™*'. This leads im-
mediately to the set of linear equations.

COBU.V = Qu

¢Bo, + By = aua

Cv+,ﬁo.y + Cv+p—1Bl,v + et + chu,v =0
which serves uniquely to define the coefficients in (2.2) if the restriction Bo, =1
is imposed. The rational functions (2.2), determined by equations (2.3), may be
placed in an array in which the quotient U,,(x)/V,.(xr) is at the intersection of
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the (v 4+ 1)th column and the (u + 1)th row. Such an array is referred to as the Padé
table of the function B(z), and the condition that it may be constructed from the
systems of equations (2.3) is that all the Hankel determinants

Cm Cmt1t " Cmin—1
(24) H (n) _ Cmi1 Cm+2 ccc Cmin
M m - . . .
Cmin=1  Cmin "  Cmiza—2|

should be non-zero.
Since the successive convergents of the continued fraction

(m) (m) (m)
C Te x e
(25) m 1 .9 r

1—1—- 1-— I— 1-

(ﬂ)x

are rational functions of z, it is to be expected that there is a connection between
the theory of continued fractions and the Padé table. In fact, if (2.5) is the con-
tinued fraction expansion, which may be derived by a number of methods one of
which will explicitly be described in a later section, of the power series

(2.6) 3 emird”

r=0

then [2, p. 447] the quotients

(27) _Lﬁ)k_(xz U (x) Uy e () Uy k42(z) Usisa(z)
) Vo.k(x) ’ Vo.k+1($) ’ Vie41(2) ’ Vl,k+z($) ’ Vz‘k+z(1?) ’

are the successive convergents of the continued fraction

k41 (k+1) (k+1) (k+1)
_ €1 2

2 o B A ant @ T z q z T
(28) ¢+ ax+ + ad + e e ’

k+1
32( )

while the quotients

Ul o(x) Ura(x) Uk1a(2) Us1.2(x) Uiy2.2(2)

Vio@ ' Tia® ' Vea@® ' Vere@ ' Viga®@ '

are the successive convergents of the continued fraction

(2.9)

1 dint 2 Qx(Hl)'I e
do+dlil'+"‘+dk.l?k+ 1 — 1 — 1 - 1-— 1 —

where, formally

k+1 k+1 k+1)
81( + )'x Q2( )'x 2( )x

(2.10)

x . de " re® 'z e
9 . _ ———
(211) Ldwd =TT T 1o 1o
and
(2.12) (}: c,.z:') (Z‘,o d,x’) =1.
ra=( -

Before proceeding further it will be stated that rational approximations will be
derived which relate to the series
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(2.13) B(z) = 2 cd
re=0
and others which relate to the series

(2.14) F(z) =D c,2m

ram(
Since these series may be transformed into each other by means of the simple
relationships

(2.15) B(z) = r'F(z™)
(2.16) F(z) = z7'8(z7"),

it seems to be most economical to refer all the working to one of the series and
further, it would seem to be a cause for surprise that this should be a matter for
discussion. However, if the series (2.14) is rewritten as a power series in z = 2z it
will be observed that the constant term is missing, i.e., that the condition that all
the Hankel determinants (2.4) should be non-zero is violated. If on the other hand
the series (2.13) is treated with methods to be described, there results such a wilful
perversion of certain classical results, such as occur, for example, in the theory of
orthogonal polynomials, as would encourage some other course of action to be
adopted. A yet more decisive reason for difficulty is contained in the observation
that the Padé table is essentially a symmetric structure in the sense that the power
series expansion of {8(z)} ™" has the same form as that of 8(z), whereas the power
series expansion of { F(z)} ™" has not the same form as that of F(z).
Accordingly, the rational expressions E, ™ (z) of the form

(m)
(2.17) E™(2) = I (2)
pa (2)
where p,"™ (z) is the polynomial of the nth degree
(2.18) P (2) = 2 kN2,
8=0

r.™ (2) is a function of the form
(2.19) ra™(z) =2 2 i, n%) =0,

and the series expansion of E,™ (z) in inverse powers of z agree with that of F(z)
as far as the term containing z~™*", will be arranged in the following array:

Eo(m(z)
E® () E“%)
E®(2)  E%(2) Ey"(2)

B E®() Ey"(2) E(2)

BTG BT ECTGE) BTV - EaO)
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in which the quantity E,™(z) occurs at the intersection of the (n + 1)th column
and the (m + 1)th diagonal. This array will be referred to throughout this paper
as the E-array. Clearly the constituents p,™ (2), 7" (z) of the function E,"™ (z)
may also be displayed in the same array. If, in the notation of equation (2.18),
the restriction

(2:20) kam =1

is imposed, it is clear that

(2.21) 2702 (2) = Vamina(2), 22 = 1
and that

(2.22) 2™ (2) = Unmina(z), 22 = 1.

If, as is convenient from the point of view of numerical computation, the Padé
table is regarded as an array of vector pairs

(2-23) (ap.o y Quly T, Quy), (ﬂo.v y By, o0, B»,n),
so that
(2.24) U (z) = (auo, aur, -, an,) (1,2, -, 2)"
and
(2.25) Vis(®) = Bow, Brwy -+, Bun) (L, 2, -+, )7,
and the E-array is regarded as an array of vector pairs

(I RN s I G SRR S RN M)
so that

pn(".)(?) = (ksumo) 1} ks::‘l) y "7 ks::‘rz)(ly 2, ", zn)T
and
rﬂ(m)(z) = z_m(ift’?o) ’ 'lf.’?;) y " 1"517.”73:-9-1&—-1)(17 Ryt zm+n+l)7'

it is seen that the whole E-array may be obtained from the Padé table by trans-
posing the Padé table, deleting these terms lying above the diagonal beginning
with the second term of the first row, and placing the quantity Eo'” (z) = 0 at the
peak of the array; conversely, part of the Padé table may be obtained from the
E-array by removing the entry Eo®(z) and transposing the E-array about the
diagonal E,°(2),n = 0,1, -+~ .

Approximations relating to both series (2.13) and (2.14) will be derived, the
series chosen for treatment in a particular case being selected according to the
dictates of convenience. The variable used will indicate the series under considera-
tion. Methods for deriving rational approximation formulas will now be discussed.

3. The E-Array.

3.1 Orthogonal Polynomials

The various questions associated with the central problem of obtaining rational
functions from power series expansions are unified and greatly clarified by an appeal
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to the classical theory of orthczonal polynomials. This is usually introduced [4,
p. 153] by focusing attention upon the integral formula

b
(3L1) [ momir asy = {°. ree

r=s

which serves uniquely to define a sequence of polynomials p.(t) r=10,1, ---,and
it is then noted at some later stage that if

3.12) f £ do(t) = ¢,
then formally

b 1 ) .
(3.1.3) f P td¢(t) = '_Zoc,z—'_.

Since, however, the moments ¢, are the central feature of the problem in hand,
and the introduction of the integral and weight function ¢(¢) ( in view of the
difficulty of envisaging an appropriate form for ¢(¢)) may even serve as an im-
pediment to understanding, the present treatment will slightly be varied.

Accordingly, define a process I by

(3.14) I(£) = ¢, s=0,1,- -
and construct a sequence of orthogonal polynomials p,™(z) n = 0,1, --- , m = 0,
1, - - -, from the relations
(3.1.5) 1™ p ™ (1)) = {0 0fesn—1
n S =n
where w, is so chosen that in the representation
(3.1.6) p. " (2) = 2 kN2
8==0
(3.1.7) kT =1

Construct a second sequence of polynomials
n—1
(3.1.8) 0. " (2) = X jmz
=0
from the relation

(3.1.9) 0. (2) =1 {t’"(pn"")(z) = . ()

z—1

= 172’...;m=0,1,...
These are the classical associated polynomials occurring in the theory of orthogonal
polynomials [4, p. 162].

Note in passing that formally

(3.1.10) I [

f_ t} = Z cm+sz_u_l-

2 §=0

Consider the quotient 0,"™ (2)/p."™ (2), there follows
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0.™(2) _ I {t"'(p..('"’(z) —p " (1) )} / P (2)

pu(m)(z) - z —
_ "l 1 "p. ™ (2)
'I{z—t} pw(z)I{ P
(3.111) - Z C,,.+,Z—‘_l _ {z—n - ks:?’)._lz—-n—l + e }I{Z p”(m)(t)tm-i-az—c—l}
se=() 8=

=D Cmps2 " 4 Popa(2)

=0

where Ps,41(2) is a power series beginning with a term in z**", Define a third
sequence of functions 7,"™ (z), where

m+n—1
(3.1.12) 2"r™(z) = ey
8=
by means of the relation
(31 13) r (m)(z) — I{zmpn("l)(z) - tmpn(".)(t)\
o " - z—1 ’

and note that

) ™ (2 = —m 0™ (2 2 e
(3.1.14) ;)—n-(—;n—)%;; = ,z,;) Cs2 ! + 4 —p—n(ﬁg—z% = ; Cs2 1 + Pﬂ-’-ﬁﬁ+1(z)

Thus it can be seen that the construction of the E-array may be greatly facilitated
if the functions 0, (2), p."™ (2z) and r,"”(2) may be constructed with moderate
ease. Results which enable this to be done, and others which will be of later interest,
are now given.

Eliminating the coefficients k™ s = 0, 1, - - - , n, between n equations of the
form (3.1.5) with s = 0, 1,---, n — 1, (3.1.6) amd (3.1.7) there follows the
determinantal formula [4, p. 158] for the polynomial ™ (2)

1 z PPN z”
Cm Cm+1 *** Cmin
Cm+1 Cmt2  *°°  Cmin+tl
¢ 4 (m) n
(3-1-1u) Dn " (Z) = (—1) Cmtn—1 Cmin °*° Cmi2u—1
Cm Cnt1  *°°  Cmin-l
Cm+1 Cm+2 ce Cmin
Cm+n—1 Cm+n e Cm42n—2

Further it may be shown [4, p. 158] that the polynomials satisfy a recursion of the
form

p(z) = (2 — at™)p, ™ (2) — BZIPITA(2)

(m)

(3.1.16)
p™(z) =1, m"@E) =z2—a”,

and, from the definitions (3.1.9) and (3.1.13)
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ofi(2) = (2 — &, "™)o, ™ (2) — BTio/"i(2)
(3.1.17) . -
0 " (2) =0, 01" (2) = ¢m
and
mz) = (2 — &)™ (2) — BTrT(2)
{(3.1.18) m—1

ra(m)(z) = Z;)c‘z—o—l’ rl(m)(z) = pl(m)(z)ro(m)(z) + C.‘Z-m.
S

These recursions, in conjunction with equations (3.1.11) and (3.1.14) serve to
identify the quotient 0,"™(z)/p."™(z) as the nth convergent of the continued
fraction

BO(M) (m)

3 cm LR r—.l
(3.1.19) Fald) = s p e sy e
where formally
L
(3.1.20) Fn(z) = Zc,.+,z"-',
and the quotient 7. (2)/p.™ (2) as the nth convergent of the continued fraction
m—1
F(z) = 2 ¢,z

(3.121) =0 . By (m (

Z=—aq ™=z = a™— 2= a'™— J

m+r—1

Multiplying equation (3.1.16) through by ¢ and replacing z by ¢, it follows, by

virtue of equation (3.12), that
(3.122)  I(t"Tp" (1) = BBIETTRI(D) = enBo B - BT
Similarly, by multiplying the same equation through by ¢t"*", it follows that

(3.1.23) I(t"™™'p, (1)) = emBo™B™ - BT (o™ + '™ + -+ + ™)

Equations (3.1.16), (3.1.22), and (3.1.23), taken in conjunction are now sufficient
to determine in succession the quantities k73 , 87 , a,'™ for any preassigned value
of m [3, p. 196]. The coefficients i7" may be recovered by means of the recursion
(3.1.18), or from the condition (3.1.14), or from the recursion (3.1.17) in con-

junction with the condition
m—1

(3.1.24) ™ (2) = pa™(2) Zoea” T 4 270, (2).
. =0

3.2 Stieltjes’ Algorithm [5); [2, p. 326]; [3, p. 203].

An algorithm for obtaining the quantities a,™, 8¢ and hence, by virtue of
equations (3.1.16) and (3.1.18), the quotients r,"™ (z)/p.™ (2), is implicit in the
followng theorem due to Stieltjes: If the bilinear form _j.¢m0 Cmip+oTpYq is decom-
posed into

L

qu-O Cmtp+eTplYq = cm(hf)"‘)xo + h%)xl )(h("‘)yo + hlo nt---)
+ em Bo'™ (M2 + A2 + -+ ')(h("')yl + APy + )
+ cnBo ™8™ (hSD 12 + h("’)xs + (DY + BSDys + --0) + -
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then the quantities A7 satisfy recursions involving quantities ™, (™) expressible

by the matrix equation

e 0 0 o )f—a™ 1 0 0
("lo) h(’n) 0 e 50("‘) —'al(m) 1 0
h(m) h(m) h(m) 0 B (m) (m) 1
O S S
(3. 2) h(m) h(in) 0

h(M) h(m) hg;)
(m) (m) (m)
hso  hzy 32

in which

(3.2.3) Y =1 r=0/1---,

urthermore, by equating the coefficients of xy, on the right and left hand sides of
equation (3.2.1)

(324)  Corpsa = CahSORSR + B0 RSREY + cnBo BV RSIRGD + - - -

the series in (3.2.4) being terminated by observing that R® = 0if s > r. Finally,
from equation (3.2.2)

(3.2.5) a'" = "hﬁ;) ' = hf":il - hf’iir r=12--.
The significance of this result is revealed by denoting the triangular matrix in
equation (3.2.2) by H, the matrix

Cm Cn1 Cm+2

(.} 5} 6) Coig1 Cm+'2 Cm43
*Deede

cm+2 cm+3 cm-H

...................

by C, the diagonal matrix

Cn 0 0

0 Cy BO("') 0
. .2-- m m
(3.2.7) 0 0 e Bo ™™

by D™, the vector (.ty, &1, 22, - -) by X, the vector (yo, y1, ¥z, ---)" by ¥, and
rewriting equation (3.2.1) as

(3.2.8) xC™y = xH™D™WH™Ty.

Thus it is seen immediately that the process of determining the triangular array
H™ is equlvalent to the familiar Gauss-Banachiewicz decomposition for solving
linear systems, in which the matrix D™ is so chosen that the diagonal elements of
the matrix H"™ are unity (see the remark contained upon page 278 of {6]). The
relationship between the matrix H™ and the matrix
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k(M) O 0
(329) S L
- k(m) k(m) /(m)

of coefficients in the orthogonal polynomials p,"™(z) n = 0, 1, - - - is revealed by
noting that a consequence of equations (3.1.7) and (3.1.22) taken in conjunction
is that

(3.2.10) I("p,™ () p, ™ (t)) = {Smﬁo('")ﬁx("') B r=01,., 8,—= 1;
or in matrix notation

(3.2.11) K™C™K™T = p™

Using the result (3.2.8) it follows that

(3.2.12) K™HMD™MYEmTK™T — pim™

or

(3.2.13) K™ = g™

The author is indebted to Professors F. L. Bauer and H. Rutishauser for remarks
upon this section.

3.3 The Quotient Difference Algorithm
If the substitutions

(m) (m) (m (m (m) _(m)
as " q.«;:l + €s m Bs "= sil’]ail § = 01 ly ce
with
eo("” =0
are made, the continued fraction (3.1.19) becomes
(m) _ (m)
Cm e™aq" e. ™.’
(332) (m) (m) (m) T (m) (m)
Z=q@ — R4 —e&a - —gr+1 — € —

and may be recognized as the even part [2, p. 197], (3, p. 20],

(333) L NN

z2=—1=-2z-=1—-2z-
The odd part of (3.3.3) is
(m) (m) (m) (m) _(m)
(3 34.) {1 + Y (mq)l o el(m)q2 €r Gre1 .o -} .
1

(m) (m (m)
—€  — 2= — € - Z—Qr+1 €ry1 —

However

(3.3.5) D Cmirz = —7—"‘ + 27 ) ez
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and hence

0

r

Z‘:’ Cmtr+12
(336) ™~ -

_ engs™ 1™ gy ™ N ™ g™

o) )
z—q™ - — 2 — ¢, = ™ —~ z2—gm — e —

Substituting m + 1 for m in (3.3.2) and equating the coefficients in the resulting
continued fraction with those of (3.3.6) there follows the two systems of equations

1 1
(3'3'7) qr(m) + er(m) = qr(m+) + e::‘f)
(3-3-8) qf‘z)ler(m) = qr(m+l)er(m+l)

which may progressively be used to derive the coefficients in the continued fraction
(3.3.2) from those of the infinite series D w0 Cmir2

The quantities ¢,'™, ¢,'™ may be arranged in the following scheme:

0
q1( )

)
e e

0)

the various quantities occurring in equations (3.3.7) and (3.3.8) are then seen to
be located at the corners of a system of lozenges, two of which have been sketched.
The computations are started with the initial conditions

(3.3.9) '™ =0, @' = cny1/Cm.

The system of equations (3.3.7) and (3.3.8) is the Quotient-Difference (g-d)
algorithm. Formulas relating to it have been given by a number of authors (7], (8],
[3, p. 382], [9], [10], [11]. Properties of this algorithm which are of critical interest
in the theory of numerical analysis have been exploited by Rutishauser in his
expository study [10]. An interesting generalization of the algorithm has recently
been given by Bauer [12]. Once the quantities ¢,'™, e.\™s = 1,2, - - - have been de-
rived, the system of polynomials 0,™ (2), p,'™ (z) and the functions for a fixed value
of m, may be constructed by use of equations (3.3.1), (3.1.16), (3.1.17), and
(3.1.18).
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3.4 Further Polynomial Recursion Systems

Two further results which relate the quantities ¢,'™, ¢,'™ and the polynomials
2. (2) are [10, p. 11]

(34.1) 2" () = 27 (2) — &P (2)

and

(34.2) P (2) = p7fV () — ¢ "piTi(2)

It follows trivially from the definitions (3.1.9) and (3.1.13) that
(343) 20, (2) = 0."*(2) — ¢ ™o{"{"(2) = cp, ™ (2)
(344) 0™ (2) + ¢ "0, (2) — o (2) = caplZtV(2)
(345) n (@) = 1™ () — ™ (2)
(3-4.6) r™(2) = 250 (2) — ¢."r™(2)

and after some manipulation, that
(347) &™zp™P(2) + (qm — e’ = 2)p () + p(2) =
(348) ¢f'p"(2) + (& = ¢ — Ap () + 2 "(2) =
(34.9) &™) + (¢ — &£ = 2, (2) + P30 (2) =
(34.10) g5 7" (2) + (e — @3 — )M (@) + 2, " (2) = 0
e, o (2) + (¢ — e — 2)0, ™ (2) + 2077V (2)
+ ene, P21 (2) = e (2) =

qr(""l)zor("'—“(z) + (er< - ¢ (m—, ,('")(z) + o,("'“)(z)

+ cnpr " (2) = emag: "V, " (2) = 0.
The transcribed recursions (3.1.16) and (3.1.18), namely
(34.13)  pRR) = {z — ¢T — &™}p " (2) — & ™. "pM(2)

B414)  rHE) = {z - ¢N - ™I — &g ()

(3.4.11)

(3.4.12)

are recursions involving quantities lying upon diagonals of the E-array, (3.4.7)
and (3.4.9) and (3.4.10) involve quantities lying upon rows and columns of the
E-array respectively. Both pairs of recursions (3.4.7) and (3.4.9), and (3.4.8) and
(3.4.10) could be used to construct continued fraction expansions whose con-
vergents lie upon a row or a column of the E-array, and indeed, by suitable use of
the recursions (3.4.1), (3.4.2), (3.4.5) and (3.4.6), continued fractions may be
constructed whose convergents lie upon arbitrary paths in the E-array, but numeri-
cal evidence shows that practical interest attaches only to the continued fractions
of the form (3.3.2).

3.5 The Euler-Minding Relations

Eliminating the quantity z — a,™ between the recursions
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(3:5.1) PR() = (2 = &) () — BTPN()
(352) T:ﬁi(Z) = (2 - ar(M))rr(“’(Z) - i:ir,(r:i(Z)

there follows
rR@)p " (2) = PR, ™ (2) = BTN (2)PTi()
(3.5.3) — 22 ™ (2)}
= cafo ™™ --- B}

or, dividing equation (3.5.3) through by pim(z)p,™(z) writing, 1, 2 --- n for
r + 1, and adding the resulting equations

(m) rem (m) (m)
3.5.4 Tn (Z) — g™ Cm Bl °°° Pr—2
( 3 ) pﬂ(M)(z) Te (z) + Z p:::(z)p'(-) (Z)

the Euler-Minding relations (2, p. 16}, [3, p. 17], for the continued fraction (3.1.21).

3.6 A Non-linear Recursion

The rational function E,‘™(z) may also be computed by using a further result
in the theory of continued fractions, namely that nth convergent

3.6.1 c, =2 % | &
( ) b+ b+ b.
of the continued fraction

(1] e ay

(3.6.1)

b+ by + “bu+ ’
may be computed by evaluating the sequence

(36.3) D,=§.:, Dﬁ,=ﬁ: r=12---,n—1,
when

D, = C.
Writing

dinh + diZhz + -4 dD

e +dimiz+ - +dRl
it is seen that the rational function o.""(z)/p.("(z) may be constructed by evalu-
ating the sequence

(3.64) D{P(z) =

(-u)
(-) (2) — a(-)
(3.6.5) -
5,:-)0-1(3) () i

— Oy — D::) (2)
when
DR (2) = 0, (2)/p,'™ (2).
The quotient E,™ (z) may then be constructed by means of equation (3.1.24).



THE RATIONAL APPROXIMATION OF FUNCTIONS 159

It will be observed however, that whereas the evaluation of the sequences
(3.1.16), (3.1.18) and (3.5.4) are progressive in the sense that at each stage there
results the evaluation of a new function p,("” (2), ™ (2) or E,"™(2), the evaluation
of the whole sequence D{»(z) s =1, -- -, » results in the computation of but one
quotient E,™(z).

3.7 The en(S,) Transformation [13] [14]
If the partial sums Sy, of the infinite series oo ¢,z are defined by

m—1

(3.7.1) Sm = Zoc,z"“‘ r=1,2--,8=0
then

ASm == Sm - Sm
(372) “

=cmz "L

Equation (2.17), by means of suitable operations upon rows and columns of the
determinantal expressions which arise from the application of equation (3.1.13)
to the expression (3.1.15), may be manipulated into the form

Sm Sm+l M S"H-'l
AS,  ASmu - ASmin
ASm-H A‘Sm+2 e ASm+n+l
ASm - ASm n D A‘Sm 20— i
(37.3) E ™ (2) = o e
1 1 e 1 |
ASm ASm+1 A Asm-{—n
A'Sm+l ASm+2 e AS’m-lpn-{-l.
A'Sm+n—). ASm+n ot A‘Sm+‘2n—l i

The determinantal quotient (3.7.3) was denoted by Shanks [14] as €,(Sn+.) and
was investigated, primarily as a non-linear sequence to sequence transformation,
by him.

3.8 The €-Algorithm

The various quantitiesE’,,('"’(z) m==0C1---;n=0,1, -, maybeconstructed
by means of a simple recursive algorithm due to Wynn [15]. According to this,
quantities E™ 2(2) n = —1,0, 1, - are introduced, and using as boundary
values E’.‘_"{;z(z) = 0, Eo("’)(z) = 8., m = 0,1, - further quantities E, "™ (2)
s=1%,1,3---;m=0,1, --- are constructed by means of the recursion

1
38.1 Es(M) = E;2+1)
(38.1) (&) = BEXTG) + s o — B )

(In the original exposition of this algorithm, [15], the right side of (3.7.3) was re-
garded as the result of a non-linear transformation of the quantities S,, and the
notation ES12(2) = €2041(8n), E.™(2) = €2.(Sm), was used.)

Since all the quantities E,‘™(2) arerational functions of z, and equation (3.8.1)
may be manipulated into such a form as would require only the multiplication,
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addition, and subtraction of polynomial expressions, the €-algorithm provides a
method for computing the constituents of the E-array.

A certain measure of economy in the use of the €-algorithm for this purpose
may however be effected by writing down explicit formulas for some of the quanti-
ties occurring in equation (3.8.1). Accordingly, as may easily be verified

E™ Em 1
Eh(2) — (2) = ED
Ep(2) — En+l/2(z)
Cm Cmt1 s Cmin Cm+1 Cmi2 c*t Cmynpl
Cntt Cmy2  °°° Cmint1| | Cmye Cmys  °° " Cmint2
_ |Cm4n Cmintl  *°* Cmi2n Cmintl Cmint2 °°°  Cmi2n4l|
1 z cee M 1 z cee 20
(3.8.2) Cm Cotl " Cmipntl | |Cmi1  Cmpz  *°°  Cmintl
Cn+n Cmintl  *°° Cmi2n41l| |Cmin Cmintl °°° Cm+2n
(m+1) _(m+1)
Cm+1 H €u U
=~ (m+D)
Par(2)pn" ' (2)
(m+1) (m+l) (m+1)
_ Cm+1 BO B n—1
- (m) (m+1)
p:|+l(z)p (Z )
EShn(z) — EGe) = L
n "= - (m+1) (m)
EV(2) — BV (2)
| z e 2" 1 z e 2
Cm Cm41 Cm+n Cm+1 Cm+2 c** Cmintl
_ Crmtn—t  Cmin cc Cmp2n—1 Cmt+n Cminy1  °°° Cm+2n
(3’8'3) Cm Critl . Cm+n Cm+1 Cint2 ce Cmin
Cm+1 Cint2 M Cmin+l Cm+2 Cm+3 e Cmintl
Com+n  Cmin+l M Cm+2n Cm+n  Cmin+l i Cm+2n—1
) +1) ( ) +1)
_BM@eM ) | p@p )
- = {m) (m) (m)
I'I (m) _(m) Cm BO Bl ﬂ
Cm € Qu
p=0
10 1 z PP z"
1 Cm Cm+1 *** Cmn
¥4 Cm+1 Cm+2 s Crmtn+l
(3.8.4) (m) 2" Cm+n Cnintl " Cm+2n m+1
E¥1e(2) = 2
Cm Cm+1 *** Cmin
Cn+1 Cint2 *tt Cmintl
Cm+n  Cntal  °°°  Cmyon
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It is immediately seen that the quantities E'py2(z) are, apart from a factor of
2™* polynomials of the 2nth degree in z, and may be written
s=2n

(3.8.5) ERp(z) = 2™ 3 €2

a=0
In this instance a large part of the computational effort which, upon the assumption
that E,"™(z) s = %, 1,---is a general rational function of z, would go into the
computation of coefficients which are known to be zero, may be avoided.
3.9 Example: The Incomplete Gamma Function of Large Argument
Certain aspects of the preceding theory are illustrated by the integral

® a—1 —t
wmn”lif 142 +5ii9+
39.1
( ) _ 1 l-a _”r(a+r—-1).”
T z—a—-24a-—z-— 2r+a—2z— :
Here
_TI(a+ m)
(3.9.2) c,,,——-@——

and as is easily verified, the quantities ¢.™, e{™ of the ¢-d algorithm, are given in

this ease by

(3.9.3) ¢ =a+m+r—1, e =r;
further in the notation of equation (3.1.6)
(3.9.4) p¥(2) = L (2)

where L{®(2), the Laguerre polynomial of order « and degree n satisfies the re-
cursion

(395) (n+1)L{%(2) — 2n+14+a—2)LEP(2) + (n + a)LE(2) =

Replacing z by —z, (3.9.1) gives the expansion, suitable for large values of the
argument, for the incomplete gamma function

I —az~L_gpeletD
z oz 28
(3.9.6)
_ 1 l-a rlat+r—1)
2+ a—z+a+2 - z+a+ 2r -

The initial members of the E-array for this function are given in Table 1.
When o = 1, (3.9.6) becomes

o0 e—l o<
e'/ dt~ = rli(=2)""
z t r=0

(3.907) = 1 12 “oe rz oo
t+1—-2+3—-  z+2r+1-

Numerical values of the entries in Table I when & = 2z = 1 are displayed in Table 2.




& + ) (€ + )@ +2)(1 + ) + 2 + ©) (€ + 9@ + O + 25 + P (€ + ©)9 + 2(¥ + O)p + 12

¥2 + 2(96 + 297 + P11 + ©) +¢2(3L + ©L2 + 08) + (91 + ©¢) +42}12

€+ 2@+ 2)(1 + 22+ 2(g+ 2)(g + 0) (1 + 2)¥ + :2(8 + ) (T + )9 + 2(€ + P)p + 42

(¥g + @81 + 2L + ®) + 2(9¢ + P61 + §0¢) + 52(31 + ©g) + 2

F+2) e+ @+ +
2k + o) (e + P8+ 2(F + P)g + 2

+2@E+2+2(0+2)35+ 2

vV+v42

(o9 — 217 +
(98 + P01 + 1) + 2@ + ©3) + 1232

E+7@E+o0+7») +
2(8 + ©)(3 + ©)g + :2(¢ + )¢ + ¢z

{(1 + P)og + 209 —
2281 + 28 + ) + 12)¢-2

€+ (@E+7 +28+ P +q2

{@+2) A+ °)» —2(1 + P)mg +

08 — 2 + 22 |

g+e+z

A9+ 281 + oL + ¢o) + 2(6 + ©3) + ?}i-2

@+»a+oo+
2@+ o) (1 +2)g+ 2@+ 2)g+ 2

{9g — 29 + 22(9 + ©) + 2};-2

@+®a+2+2@+ 285+

@+ o+ o) + 29 + 70) + 2

{6+ 200+ 9) + 712

(L+ PP+ 201+ 25+ 2
z+o+e2

{(1 + ©)o + 207 — ;28 4 o2}, 2
ct+o+z
1P —2g +¢2),2

+0+42
T+ 2}-2

042
1

i(Z=)(1 — 4+ 9)-

(=)0 — 4+ ).

w(E=)A — 4+ o5

ta(Z=)(1 — 4 £ )

wa(Z=)(1 = 4 + ©).

Omd
(1 + )0 W —

0=s

..G.Tdvawl &
£ —

0=+

..Am+dvd Nl
(1

[

..A—n_-dvd Wl
1

OQm 4

< (1 + 2)» ”oNI.

1 F1av],
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TABLE 2
0 —~t
1 0.5 ¢ f ¢ _dt = 0.5963 4786
0 0.6 0.5714 2887 1
+2 0.5 0.6153 8462 0.5882 3529
-4 0.8 0.5714 2857 0.6027 3973 0.5933 0144
+20 0.0 0.7096 7742 0.5882 3529 0.5988 0240

Some further particular cases of (3.9.6) are the Complementary Error Function

2 [ _a _ 1 1-2 r(r + 1) oo
(398) ¢ jz e dt-z{gzz+1_2z2+5— 22 4+ 4r+ 1 — }

and Dawson’s Integral
e f ) e dt
(3.9.9)

ety f 1 1-2 L r(r + 1) B }

S A | =y gy Sy R

(This continued fraction is of course divergent, since its convergents are all real
and the integral is real. However there remains an uncancelled imaginary con-
stituent upon the right hand side of (3.9.9). Nevertheless the continued fraction
(3.9.9) exhibits a sort of semi-convergent behavior. It is to be preferred for the
computation of Dawson’s integral for large values of the argument to the expansion
(4.1.12) which is convergent. Indeed the expansion

1 2 4 6
22— 22— 22 — 22 —

(3.9.10)

the even part of which is the expansion (3.9.9), was used by Barkley Rosser for
the tabulation of the Error Function for complex argument [16].) The Sine and
Cosine Integrals are given by

Ci(z) -+ 1si(z) = —(cos z — 7 sin 2)

(39.11) 1 12 r }
'{iz+1— Z+2—- w+r+1- [

The Fresnel Integrals
(3912) C(2) = (20)" fo M costdl, S(z) = (2x)7 f £ sin ¢ dt
0

may be computed by writing

(3.9.13) C(z) =3— (2m)7"C(2,} S(z) =3 — (27)7%8(z, %)
xw;'here

C(z %) — i8(z, %)

= (sinz — 7 cos 2)z

12 2 1-2 r(r 4+ 1)
24+ 1—2iz4+ 5 — 204+ 4r+1 — )
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4. The Padé Table. The remarks contained in §2 indicate that the upper half
of the Padé Table may be constructed by methods described for the construction
of the E-array.

It would appear, since the system of orthogonal polynomials p{™(z) does not
exist for negative values of m, that the use of the results in the theory of orthogonal
polynomials as described, for the purpose of constructing the lower half of the
Padé table, is not possible. Nevertheless, if the first three polynomials can be de-
termined in some other way, the sequence may be continued by use of the results

as described, since the unknown quantities 8™, 8™, - -+, 8y, a§™, ai™, -+ -,

o'?) where m is negative, disappear from the resultmg computations.
In terms of ¢-d scheme, as defined by equations (3.3.7), (3.3.8), the rational

expressions

Uo,m—1() Uo.m(z) U m(x) Ui mi ()
Voma(z)’ Vom(z)’ Vim(x)’ Vima(z)’

are the successive convergents of the continued fraction

m—1 (m) (m) ( m)

Cn” Q1 :cel x Q2 2 T
(4.1) gc,x+ T 1= 1= 1= 1=

while the rational expressions

Uo,m—1(z) Ui m(x) Uz m1(x)
Voma(x)’ Vim() ’ Vama(z)’

are the successive convergents of the even part of expansion (4.1), namely,

oy 8= * — Mz -1 — (qé"') + &™) —
(4.2) ™ g{m 2
. q- e
11— (qﬁﬁ ™)z —

If the series oo d.r* is derived by means of the relation

(4.3) (Z:,) Co L) (g d, L) =1

and the quantities derived by applying the relationships of the ¢-d algorithm to
the quantities d., s = 0, 1,---, are denoted by @™, e™’, then the
rational functions

Up—10(x) Umo(2) Una(x) Umi11(x)

Vm—l.o(x) ’ Vm.o(il’) ’ Vm.l(:c) ’ Vm+l.l(x) ’

are the successive convergents of the continued fraction

)
1 dmxm qﬁm)lz e{m) x q;m)'x e;m 'x N

dy + dhx + do2® + - - +d,,,_1.r"‘“+ 1-1-1-1- 1-
If the quantities d, , s = 0, 1, - - - , defined by equation (4.3) are required in isola-
tion, they are most efficiently derived by solving the scheme

I3

= 1 r=20
Z dscr-—s = {0 r 0

8=0

(4.4)
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If, however, the quantities ¢, ™, e,™" are also required, some economy in the
computation may be achieved by use of a result in the theory of continued fractions
[16], [2, 'p. 332], namely that if

0) 0) 0)
(45) Ba) = L LEAIEE .
and
0)’ )’ )’ )’
(4.6) (8(z))™ = ijd_g__ qlx_x 611 _:c qlg _:c e; —x e
then
g = 60gh, et + g = eah + g, r>1

In the determination of the quantities ¢,'™, e, the ¢-d scheme is built up from

left to right by means of the g¢-d relationships (3.3.7) and (3.3.8), while in the
determination of the quantities ¢,'™ ", ¢,"™", the diagonal ¢, ", ¢®’, &, &, - -
is determined by equations (4.7), and the ¢-d relationships are used to build up the
g-d scheme from right to left.

It is to be expected that the recursion formulas between the systems of func-
tions 7,"™(2), p."™(2) are complemented by recursions between the polynomials
U,..(z), Vu,(z) occurring in the Padé table. Indeed Frobenius [17] has given such
a system of recursion formulas. Adopting his notation, write

Cu—vi1  Cuy—vy2 Cu
(48) g = |7 B T G
Cu Cut1 MR A |
Curtl Cuvyz *** € CumpZ' + - ! + -
(4.9) T,, = cll‘:'+2 Cu—.v+3 cee cu.+l Cyrn T + cn.—-x“‘l + -
I Cut1 Cut2 " Cuyr cur’ + cu—lxu—l + -
Cy—vt1 Cy—vyar - Cu z
(410) 8, = [O7w G T G 2T
Cut1 Cut2 ccr Cutr 1
so that
(4.11) Cur = H\ 1t
(4.12) B(x)Suy — Tuw = Cutr.v41 AL + .-
(4.13) Tuw = Uss(T)Cusr
(4.14) Sus = V() Cutrr -

He then gives the following system of homogeneous recursion formulas, where
R,. is taken to mean either S,, or T,,
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(4.15) CutroRu1,0 — CusiRys1 = CusBys
(4-16) Cunt1Rup1r — C‘H—l,va,v-H. = CuprrpZRy
(4.17) Cut1oBur — CuoRut1 = Cupron1 TRy
(4.18) Cupt1iBup — CuuRusis = CuprpniZRu 1,

(4 19) c#-'cn"+lRu+1.v - (cu.'+lcﬂ+l.r 'l" cp.rcu+l.r+lx)
“ Ry + CunraCugrr1ZRu, = 0

(4.20) CunCut1 v Ruvir = (Curs1Cutry — CubCut141T)
: Rﬁm + cu'r+lc#+l.V+lxRu.v—l =0
2

CarRutror1 = {CunCusrrgr + (Cugrv42Cur—1 — Cut2.042Cu1,)T}

(4.21) . .
* Rn.v + Cut1,0+1T Ru-l.r—1 = 0.

Equation (4.19) is a three term linear homogeneous recursion between the numera-
tors and denominators of constituents of the Padé table lying in the same row,
equation (4.20) another such relating to a column. Equation (4.21) relates numera-
tors and denominators of constituents in the Padé table lying along a diagonal.

It will immediately be realized that the triplets of equations (3.4.1), (3.4.5)
and (4.17); (3.4.2), (3.4.6) and (4.18); (3.4.8), (3.4.10) and (4.19); (3.4.7), (3.4.9)
and (4.20); (3.1.16), (3.1.18), and (4.21) are identical. Frobenius also gives a
further system of inhomogeneous recursions, which do not seem to have immediate
practical application. The function

Uom—1(x) Us.m(z) Ur,m(z)
Vom—(t)’ Vom(@)’ Vim(z)’

may also be formed by applying the Euler-Minding relations to the continued
fraction

m—1 (m) (m)x (m) (m)

. cnxx Q1 €1 L9 re T
2 ..
(+.22) PILE R  pl pnl we A gl

in direct analogy to the process preceding equation (3.5.4): further, the functions

( . m—l+r(x) m—1 cm x: q{m) (m):c q’('M)
(4.23) ) S ..
I r.m—l+r( v) s=0 - 1= 1 - 1
and
Ur m+r(x) m—1 C,,.J, Q§ m) (m).l? qsm)x e’(‘m)x
2 —nnr s ..
(4:24) P = Rer T 1= 1= "1="1

may be built up from the non-linear recursions

5 = a2 .. G
(4.25) Cn = bo + —— bl + nt b,
(4.26) Do = bn, Dr = bn-f + aln)—r+l, Dn = Cn-
r—1

The same remarks apply, of course, to the continued fraction
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d..a:" @™ ™'z ™'z ™'z

(4.27) Zdz+ = 1_ L 2 2.

the functions computed from (4.27) being the sequence

Vu--l .O(x) Vn ,O(x) Vﬂ.l (z)

Un-o(z)’ Uno(z)’ Un.a(z) ’
The € -algorithm may also be used to construct the Padé table: the partial sums
Siwct’ r=0,1,--- are placed in the leading column, the quantities (c,.z”)™*
r =1, 2,--- in the second, and the € -algorithm relationships (3.8.1) applied.
The functions

Us..(z) Us..(z) U..(z)
Voul@)' Viuz)’'  Vaul2)’

then appear in the first, third, fiftth and further columns respectively; the array
must thus be transposed about the leading diagonal if the notation employed in
the description of the Padé table is correctly to be observed. The remainder of the
Padé table may be computed by applying the same process to theseries . omo do2’
it being necessary subsequently to invert the entries in the first, third, fifth and
further columns which remain however in their correct position. The entries in the
principal diagonal will in this way have been computed twice, the two sets of results
should of course agree.

It is not necessary to compute the partial sums of the inverse series )_,=, d,z’,
defined by (2.12), in order to construct the whole Padé table by means of the
€ -algorithm. In the notation of the € -array one adds the boundary values €, =
0, and this enables both halves of the Padé table to be constructed. (See P. Wywy,
“L’e-algoritmo e la tavola Padé,” to appear.)

4.1 Example: The Incomplete Beta Function

An example which may be used to illustrate the theory relating to the Padé
table is provided by the series

a ala 4+ 1)2°
1. l,a;c¢c;z) = = — 4 ...,
(4.1.1) (1, a; ¢; ) 1+cr+ CESY) +
The initial members of the Padé table for this function are given in Table 3.
TaBLE 3
a a aia +1)
! 1+Cx l-*-c""-*_c(c+l) 7
1(a —¢) 2(a—c¢) la(a —¢)
1 O Vi eyt rnern
a _(ae+1) (a +2)
l—zz (_~c+l)z l—(c+2)z
a 2a+2)
l+{5" ik
14 {(a —c)c+2)—(a+ l)c’} . + 2(a —c)(a —c — 1)z*
1 c(c +1)(c+2) cc+D(c+ 2)(c +3)
l—gz-i-a(a c) 21— 2(a + 1) o+ a(a + 1) 2l o1- 2(a +2) +(a+l)(a+2)
o+ n” (c+2) C+Dec+2” (c+3) (c+2(c+3
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As is easily verified, the ¢-d tableau relating to the series (4.1.1) is given in Table 4.

TABLE 4
q{m) e'(.m) q;m) qﬁu) e:m)
e
P .
1(c — a)
cc+1)
(a+1) (a + 1)c
(c +2) (c+1)(c+2)
1(c — a) .
(c+1)(c+2) .
(a +2) (a+2)(c+1) (@+r—=1Dc+r-2
(c+2 (c+2)(c+3) (c+2r=3)(c+2r—-2)
1(c — a) . rfc—a+r—1)

(¢ +2)(c+3) . 2r — 2 2r—1) -
(a+3) : (a+3)c+2) (@+rc+r =1 Crar=eti=1 -
(c+3) ) c+3)c+ 9 (c+2r=2(c+2r-1)

: : ric—a+r—1)

(c+2r — 1)(c + 2r)

More generally

o = (a+r+m—1)(c+r+m—2)
" c+2r+m—=3)c+2r+m-—2)’
o™ = rc—e+r—1)

’ c+2r+m—2)(c+2r+m—1)
from which follows the continued fraction expansion

1_l_i:a(a-l—1)~--(l:z+r-—1) r=1+ia(a+l)---(a+r—1) r

x z

= c(c+l)-~-(c+r—-l) mele+1)---(c+r—1)

a(a+1)~-(a+m)x".+l{ 1 (a+m)z 1(c—a)
cc+1)---(c+m) l—c+m—-—c+m+1-—

(a+m+r)(c+m+r—-l)x(r+l)(c—a+r):t”.
c+m+2r — c+m+2r+1— ’

(4.1.2)

(413) +

The continued fraction
1 ar 1c=a)r(a+1)cx2(c—a+ 1)z

1—c— 1— 2 — 3 -
(4.14) c ¢+ ¢+ c+
Llatrct+r=Dz+De—atr)z
c+2r +2— c+2r4+2 —

which corresponds to (4.1.3) with m = 0, was used by Miiller [18] in the prepara-
tion of a short table of the Incomplete Beta Function. Whena = 1,¢ = 2,and z is
replaced by —=z, (4.1.4) reduces to the well known expansion

z 1%z 1% 2% 'z rz
415)  lg(+2) =qrorar i T nrr I
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Table 3 becomes in this case (numerical values for z = 1 are appended) as shown
in Table 5.

TaBLE 5
1 1 -3z 1 - iz + §a? 1.0 0.5 0.833333
1 14+ 3z 14 iz — 422
T ¥z T e 0.6 0.7 0.690476
1 1+ 34z 1+ 7oz + %2
g T ¥z + iz T 0.705882 0.692308 0.693333
log. 2 = 0.693147---

When ¢ = %, ¢ = § and z is replaced by —2°, there follows

z  1%? 4.1%7 3%% 4.2%° (2r + D% 4(r + 1)%°
(AL6) arctans =y s T T 7T 97 H T34 ¥ F5+
Replacing z by z/a in (4.1.4) and letting a tend to infinity, there follows the con-

tinued fraction expansion.

1 =z 1z cx 2z rT (c+r—1)x“'
l—c+c+1—-c+24+c+3 - c+2r—1— ¢+ 2r+

of the incomplete gamma function

(4.1.7)

X
cx e” f et dt
0

suitable for small values of . The initial members of the Padé table for this series
are shown in Table 6.

TABLE 6
x z?
1 1 1+E+c(c+l)
14— 22

1 ~(et+)) c(c+2) clc+Dic+2)
1z LT L_ &

c (c+1) (c+2)

_(c—2) _(0—3) 2
1 T - T e+~

T xr? 2 xr? 2 x?

R v s S Bl Fe ) Ll rray ) ) -3 T eroe+d

When ¢ = £, and z is replaced by z” in (4.1.7), there follows the continued fraction
expansion

2 f 1 227 4 6
(4.1.8) e {1—_?—;;7:_]

of the error function
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erf (x) =j6‘ e dt

due to Laplace [19], which was used by Sheppard for the computation of the British
Association tables [20] of the error function. When ¢ = 1, (4.1.7) gives the well
known expansion of the exponential function

T r 2z 2z L.z rT .
—24+3—-4+5— 2r+2r+1 —

and Table 6 is replaced by (numerical values for z = 1 being appended) Table 6a.

(4.19) exp (z) = 1+

TABLE 6a
I‘Z
1 142 1+x+§ 1.0 20 |25
1+2 1+ 32 +£2 w | 30 |275
1 2 TT2 e
1—z x T
1-3 1-%
T z
1 l+_—; 1+2+ 20 2.6 |2.714 286
o, . x? __:c x? _
l—.L+§ 1—31-}-6 1 5 exp (1) = 2.718 282

By replacing —z* by ir in (4.1.8) the Fresnel integrals
(4.1.10) C(z) = (2#)_"2_/. ' ecostdt and S(z) = (21)'”2£ % sin t dt
o

may be computed at one blow by evaluating the real and imaginary parts of the
expansion

1 2z 4iz 6z
1+3-5+7—

Further, by writing +* for —x° in (4.1.8) there follows the expansion of Dawson’s
integral

T e .t 1 28 42 61
(4.1.12) -/ol(’ dt = xe {1+3—_5+7_ }.

Explicit formulas for the rational approximations corresponding to the functions
(3.9.6), (4.1.4) and (4.1.7) are given by Luke [21].

5 1/2
(4.1.11) C(z) + iS(x) = (}r) z'"* (cos ¢ + 7 sin x){

5. Series with Hadamard Gaps. It has been tacitly assumed throughout that
none of the Hankel determinants H,*, defined by equation (2—4), involving the
coefficients in the power series

Blz) = Z(:)c,x' and F(z) = Z(,c.z°"_l,
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vanishes. If this condition is not fulfilled, certain formal difficulties exist in the
methods described in this paper, though straight-forward appeal to the set of equa-
tions (2.3) may be sufficient to determine certain of the rational quotients. A feature
of the Padé table derived for series of this kind is that there are blocks containing
the rational functions lying in and upon the rectangle at whose corners stand the
quotients

Up.v(x) Uﬁm.v(x) Uu.r+n(x) Uu+m 4 (x)
Vs (x) ’ Vitm.o() ’ Viran() ’ Vism.ran(T)
which, due to cancellation of polynomial factors, contain only the quotient

U,.(x)/V.,(z). The continued fractions whose successive convergents are the
distinet quotients lying upon a diagonal in the Padé table are of the form

™ apx™?

1+ 1+

where a;, a2, - - - are positive integers. A general theory of such continued frac-
tions and of the resulting rational approximations is not yet available, though
Wall [3, p. 399] gives a comprehensive survey of work which has been done upon
this problem, and makes a number of interesting conjectures.

It is to be expected that numerical experience obtained in the use of rational
approximation formulas will point the way to further theoretical developments.

(4.5 1) Co +

6. The Efficiency of Various Methods of Obtaining Rational Approximations.
The process of obtaining rational approximations to a function formally defined
by a power series expansion may be regarded as one solution to the problem of ob-
taining information about the functions

B(z) = 2 ¢’ or F(z) = ¢z "
s=0 §=0

from the finite set of coefficients ¢, s = 0, 1, - - - , », where, for convenience in the
ensuing discussion, v is taken to be 2n — 1. Numerical experience supports the
assertion, as does reference to Tables 3, 5 and 7 in the case of particular examples,
that in general, of those rational expressions U,.(x)/V,.(r) or E,‘”(z) which

may be obtained from the set of coefficients ¢. s = 0,1, ---, 2n — 1, (namely
those entries in the Padé table lying upon and in the triangle

LYO,v(x) - )

m N Vv = 0, 1, , <N 1,
Un O(x) U21 —v—1 v(I)
Zro\) =0,1,---,2n — 1 ol = R T
V,,o(x) 14 s y 4T ’ V2n—v—1,u(-1') 4 0, 1, y 2T 1,

and those entries in the E-array which lie in and upon the triangle whose vertices
coincide with the functions Eo”(z), E.“(2), E.®™(2),) the expressions which
contain the most information about the function 8(z) or F(z), or more precisely,
for prescribed z or z the expressions for which

Un.v(x)

o B(z)| or |F(z) — E‘'™(2)|
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are a minimum, are givenbyu4+1=v=n or p=v + 1 = n,or bym = 0,
r=n.

A comparison of the methods devised from results contained in the theoretical
part of this paper, which is meaningful in a practical context, may thus be made
by contrasting the numbers and types of arithmetic operations needed to compute
(versing the discussion in terms of the E-array for convenience)

(0
.0 (2)
1. the function m
IL. the s f functions % 2)
. the sequence o unctlonsm r=1---,n
™ (2)

III. the complete array of functions r=12---,n;

P (2)
m=0, ---,2n — 2r

The remarks contained in sections 2 and 3 indicate that in general any conclusions
arrived at relating to methods for the construction of the E-array apply with equal
force to the construction of the Padé table.

In this comparison, which is about to be made, a further distinction will be
drawn between the processes of deriving explicit formulas for the rational functions,
and that of computing the values of these functions for some prescribed values of
the argument, as would be required, for example, in an initial exploratory study.
It is quite clear that in many cases the techniques employed in these two processes
will differ, and that considerable saving of computational effort may follow from
the foreknowledge that numerical values of the various expressions for a single
value of the argument are to be required. For example, assuming ™, B to be
given, the computation of the coefficients in the polynomial p{Ti(2) from the re-
cursion

(6.1) pM(2) = (2 — &™) ™ (2) — BTI(2)

requires 2r — 1 multiplications and 2r — 1 subtractions, whereas if the polynomials
p.™ (2) are regarded as numerical quantities, the recursion (6.1) involves merely
2 subtractions and 2 multiplications. A distinction of a more subtle kind is indi-
cated by the two recursions

(6.2) p " (2) = 2 n = ¢ piTa(2)
(6.3) pr(m+l)(z) — pr("‘)(Z) _ e'(m)pﬁf:-{»l)(z).

For numerical values of z, the second is to be preferred to the first for the computa-
tion of the polynomials p,'"(z) since only one multiplication is required (the
polynomials p.%(z) r=1,2,---,n must, of course, be computed previously to
the computation of p,"™ (2), either by use of (6.1) with m = 0, or by judiciously
timed application of (6.2) with m = 0). With regard to the computation of the
coefficients in the polynomial however, the first is to be preferred, since multiplica-
tion by z corresponds only to the shift of the coefficients vector

(k(m+l) k(m+l) . k(m+1))

r—1,r—1y Nr—1.r-2, r—1,0

and the recursion itself is applicable throughout the whole range of m and r under
consideration.
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Any feasible method for constructing the rational functions E,"™(z) directly
from the coefficients ¢, s = 0, 1, -- - may be regarded as proceeding in a number
of stages, each of which incorporates a result described earlier in this paper. A
systematic study of feasible methods for deriving rational approximations may
thus be conducted by describing each of these stages in terms of the numbers and
types of arithmetic operations involved and, subsequently, designing the methods
by combining suitable steps. The arithmetic operations involved in each method
may be assessed by adding together those involved in the composite stages, and a
comparison of the methods thus be made.

The following notations will be used:

for the vectors:

(6.4) = (kW kT, e, kD
(6.5) = (ke jims, - ,15’3)
(6.6) = (Fmbrmt s Tombreay * 0" 10)
(6.7) Cr(m = (Cm, Cmt1, """, Cmtr)
(6.8) diY = (A%t , difha, -+, dilo
(6.9) AP = (@, A, e, diTs
(6.10) e ™ = (e, &, o, €)
(6.11) z™ = (2" "M, ., 2™

for the matrices:

Cm Cmt1 “tt Cgr
(6.12) Cm [ Cmtr Cmiz t Cmien
Cmir Cmirdl  **°  Cmptr
1 0 0
(6.13) H,(-M) - hi"(;> ]_ 0
h"’” h‘"" e 1
1 0 e 0
(m) L.
(6.14) K™ = k1o 1 o
k‘"" k"’" e 1
The matrix
a Q: az
(6.15) 0 o a

..............

possessing ¢ rows and j columns, derived from the vector a; = (a1, a2, -+ , &)
where a, = 0, s > k, will be denoted by [a:];,; . The extended vectors (0. - - -
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a,0z, -+ ,a) and (@1,az, ---,ax,0, ---,0) each possessing ¢ elements, will

be denoted by (0, ---, 0, a¢), and (ax,0, ---, 0), respectively.
The stages are as follows:

1. Formation of the quantities ¢,™ r =1,2,---,n;m

=01,

2n—2r, ¢ r=0,1,---,n—1;m=0,1,---,2n — 2r — 1,

by means of the relations

o™ =0 @™ = cmu/cm

qr(m) + e( = q(m+l) + e(m+l)
1 1
qf-")er(") - q'(m+ )er(m+ )

II. Formation of the quantities a'™, 8" m = 0, ---, 2n — 2r from

the relations

'™ = ¢ + g r=01---,n—1
Br(m = eﬁziqu)l r= 07 ,---,n— 2
III. Generation of the quantities 2™, 27", - -+ , 27"
IV. Generation of the quantities¢,z™ r=0,---,2n — 1
V. Generation of the quantities ¢z, Z'.".ZB‘ ez
r,m=0,-
VI. From the boundary conditions Ey\™(z) = Z’,":ol .2
m=1,--,2n; E® =0,ERE) =2"cw m=0,-

,2n — 1
-o—l
,2n — 1,

the formation of the quantities EM™E) m=0,---, 2n — 2r and
the quantities E{71/2(2) m = 0,---, 2n — 2r — 1, by means of

the recursions

1
E, () — E,™(2)

©)

Ea(2) = E50Y (2) +

VII. Generation of the quantitiesz — o, r=0,---,n —1

VIII. Generation of the quantities z — a ™

m=0,---,2n—2r;7r=0,---

IX. Generation of the quantities p,”(z) from

() = (2 — )P V() — BZpi2(2)

s=41,0

,n—1

r=1--,n—=1, p%2 =1 p%C) =2z-q?

®(2) from

X. Generation of the quantities o,
o%(z) = (z — &™)o(z) — BLw0(2)
r=1---,n—1, 0 (z) =0,
XI. Generation of the quantities p,”(z) r =2, --+, n from
2 (2) = 2pt(2) — ¢ P (z)
XII. Generation of the quantities p,"*"(z) from
2" (2) = p,™(2) — e ™™ (2)

a® = ¢

r=1---,n—1; m=0,---,2n—-2r—1



XIII.

XIV.

XV.
XVI.
XVIIL.

XVIII.

XIX.

XXI.

XXII.

XXIIIL

XXIV.

XXV.
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Generation of the quantities 7" (z) from
r,92) = zr%i(2) — ¢Or%(z) r=2-

Generation of the quantities """ (z) from

rr(m+l)(z) = rr(m)(z) - e,(")rf':fn(z)
r=1---,n—-1; n=0---,2n—-2r -1

The single division 0, (2)/p."(2).

The divisions o,(°)(z)/p,-‘°’_(z) r=1-:--,n

The divisions r,("‘)(z)/p ™) r=1,---,n;m=0,---,2n — 2r
(Z) O a,

. - _ o
Computation of == 2@ bt b where a1 = ¢ ; a. Bz ;

0
§=2,:--,71; b.+1—z—a.( ;8=20,---,r — 1, from

. ©
a, rs o, (2)
= — D TN m—— DT B e—
Dl br ’ s+1 br_.. + D. ) pr(o) (Z)
when r = n.
The use of XVIII. whenr =1, ---, n
. Computation of
(m) m—1 —m (m) (m)
7'r( )(Z) - Z C. z—a—-l + Cm 2 ﬁo . r—z(m)
pr™(z) =0 2 — o™=z — aqy™— z— o™
a a,
=bo 4+ .
0 + b1+ br
where by = Dn ¢z e = 2 "8, = BTh ;s =2, -0, T
by=2z—a™:8=1---,r by
(m)
_ _ Qr_si1 _r,"(2)
Dl = bry D:+1 = br—-: + D, ’ Dr+l - pr(m)(z)
forr=1,---,n—1;m=1,---,2n — 2r.
Computation of the products cB® B r=1,---,n— L
Computation of the products 2™ caBo™ - 8™ r=1,---,n—1;
m =1, ,2n — 2r.
Computatlon of the convergents
® = ©, . o
r—(Z) = C_.B_______:?. r = 1, e M
@) = pi(@)p.”(2)
Computation of the convergents
) R e § B BT r= e n =
p™() = o = ™) (2)p.™ (2) m=1,---,2n—2r

Computation of p,"™ from pe™ = (1); ;™ = (1, = €ms1/Cm);
P = (", 0 — @™ (0, B )rie = BT1(0, 0, P12

r=1-,n—1

) A e
pr—lcr— pr-—" Cr—2
= __—_p(:)c(:"::::: r=1,,m—1
Pro1 Cl1

form =0
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XXVI.

XXVII.

XXVIII.

XXIX.

XXXI.

XXXII.

XXXIII.

XXXIV.

XXXYV.

XXXVI.

XXXVII.

XXXVIII.

P. WYNN

XXV form = 0,2,---,2n — 2;r=1,2,---,n — (m/2):m =1,3,---,
on—-3;r=12,---,n— (m+1)/2
Computation of 0,” from 6,” = 0; 0, = (e0)

o = (0, 0)rn — (0, 0,)ra — BIA(0, O, 0{2),
r=1:--,n—1
Computationofp,” r=1,---,nfromp,® = (1);1® = (1, — &r/c0)
P2 = (02, 0)s2 — @ (0, - )rs2 — BI2(O0, 0, PI21),se
Gauss-Banachiewicz decomposition of the matrix C,”
C.© = H,®D,“H,°7

. Decomposition of the matrices C,™ m = 0,---, 2n — 4;

r=n-—2mmn—2m+1
Recovery of the quantities 8 r = 1,---, n — 1 from D,” by
means of the relations

) 0
@ B 1
O - Ak el
Co Bo®- - - 1§l_l_)2
Recovery of the quantities ® r=0,...,n—1from H.” by means
of the relations
) 0 0 0 0
a® = b — B, a® = —hig
Computation of the quantities ™ r=0--,n—1;m=0,---,

2n — 2r;8™ r=0,--,n—2;m=20,---,2n — 2r — 1 from
H,"™ and D, by means of the relationships

Cn Bo™ - - - BT

a'(m) = hg’r‘l-l - hf‘-ml-i.r ﬁ»(-:i = m
Computation of the quantities ¢™ r=1,--,n,m=0,--,
on—2; ¢™ r=1---,n—1;m=0,---,2n — 2r — 1 from

A .-
Computation of the matrix K, by inversion of H,

H (0)K © _ 1
Computation of the matrices K.™ by inversion of the matrices H™
H™K™ =1 r=2--,n;m=2n—2r2n—2r —1
in conjunction with the independent formation of 2" and p®"
Computation of the quantities ™ r=1,:-,nm=0,---,
2n — 2r from the relations
qr("') = kﬁ-"-'-i.r-z - kf':,:)—l
Computation of p,("') r=1-+--,n;,m=0,---,2n — 2r from the
recursion

" = (@, 0)r41 — 2" (0, 2 rn n™ =, -a™)



XXXIX.

XL.

XLI.

XLIIL

XLIII.

XLIV.

XLV.

XLVI.

XLVIIL

XLVIIIL

XLIX.
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Computation of 1, 7 = I,---,n;m =0, ---,2n — 2r from the
Tecursion

(m) +1) (m) )
I " f,(-: - Qr " (0, r:(-zl)ri-m-l
0 0)
'™ = ¢, m=1---,2n—2r;1, =0

Computationof 0,™ r =1,---,n;m =0, ---,2n — 2r from the
recursion

1 (i (m (m) (m)
or(m cmpa(:-r) + (Oy 0r—1 ))r - ¢ ™ (0) of:l r 01 "= Cm
Computationof ,™ r=1,---,n;m =0, ---, 2n — 2r from
) 0 (m)
rf(n = pr(m)[cv(n—)l r+1,m4r + (O, ctty, 0, [+ ” )m+r

Computation of 0, from

Onm) = P (0)[05.0-)-1 n+l,n
Computation of 0,” 7 =1, ..., n from
0.” = p. %l 2)rins
Computation of r,)” r=1,---,n — l;m=1,---,2n — 2r from
rr(m = pf(".)[cf('g-)vn-—l]r+l m+r

Computation of r,® 7 =1, ---, n from

(0)

(0) [rr—l r+1,r pr-—-l[rr (0)]

r.r

Determination of r,"™ r=1,---,n —1;m=1,---,2n — 2r from

(m)

(M)[rr—l r+l,m4r = pr—l[rr(M)]

rom4r
© © ©
The determination of the vectors d,, = , dun =pn  from the
recursions
a© (0 (om 0} (0 © (0’
nl = (ﬁn—z = (1 —0lp- ) dn.a = n—s—ldn.a—l ’
FICN UK (0 (0’ Q)
ns = (dn s—1) 0)a+l - an—l(o d —l)a+l + (O 0 dn :-1)s+l
o
s = 2’ R N ﬁ =
s (0 )} 0% (0
The determination of the vectors d,2,, = 0.-,, d.2.n = Pnor
r=20,---,n — 1 from the recursions
4w ® FION (0 ® (0 0’
= (Bn—-r— r'r (1 —Qp—r—1 dr.r+s = Bn—r—s-—z f-,r-{—t-l ,

(0) 0’ (0) o’ (0)
r,r+s = (dr,r+s—l y 0)s+2 — Qp—r—s—1 (0, dr.r+:—l)a+2 + (01 0» dr.r+s—l 842

0
r=0,--,n—=1;8s=1,---,n—r;8% = ¢
The determination of the vectors %’ = 0,™, > = p,™ from the
recursions
) ) ) ) (m)
(M) = (551_2 d(m = (1; "‘agzr—l dt(',mr+a = -T-r—:-zd("l) r+s—-19y

(m)’
d(:"‘)+6 = (drr:-{—:—l ) 0):+2 - av-r-—a—-l(o dr.f+s—-1)s+2 + (07 0, dt(',‘r-)l-c—l 842

(m)
g =
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LI
LII.
LIIL
LIV.
LV.
LVL
LVII.

LVIII.

P. WYNN
m=02,m~2 y=n—2 r=0--,»—1,
m=1,3---,2n—1, ,=n_£'l';2"_ﬂ r=0-,5—1,

s=1,---,p—r
Determination of p{f r = 0,--,n—=1;m=0,---,2n — 2r — 2,
from
P s = (637 7 {(& ™, 0)r4s — (O, &™)rss)
andof e, r=0,---,n=1;m=0,---,2n — 2r — 1 from
&™ = (0, &7, 0)arn + (kT %) 7B "D W lsr 2

with ;'™ = (1, Cmy1/6m), 8™ = (Cmor).

Construction of the vector z,”

Computation of p,®(2) from p,”(z) = p.®z.®”

Computation of 0,®(z) from 0,®(z) = 0,“z%

Computation of p,"(z) r =1, ---,n from 2.%@) = p,“”z,“”T
Computation of 6,”(z) r =1, ---,n from 0,”(2) = 0,7z,

Construction of the vector z§;"

Computation of p,"™(z) r=1,---,n;m =0, ---, 2n — 2r from
myy _ o (m, @T

P (2) =p 2

Computation of ,"(z) r =1,---,n;m =0, ---, 2n — 2r from

(m) (m)  (—m)T
Ty " (z) =TI, " zm~l--’:‘.—l

The types and numbers of arithmetic operations required in the performance of each
of the stages described are given in Table 7.

TABLE 7
Multiplication Division Addition Subtraction Add. + Sub.
L{nt—2n+1 n? n:— 3n + 2 nt—n 2nt — 4n 4+ 2
IL|n—-1 n—1 n—1
III. |2n — 1 1
IV.{2n -1 1
V.| 2n 2n — 1 2n — 1
VI. 2n? + n 2nt — n 2n? — n 4n? — 2n
VII. n n
VIII. n? n?
IX. | 2n -3 n—1 n—1
X.{2n -3 n—2 n—2
XL |{2n -2 n—2 n—2
XII.[n2—3n + 2 n—-n+1 nt—n+1
XIIL. | 2n — 2 n-—1 n—1
XIV.|n2—n nt—n nt—n
XV. 1
XVI. n
XVIIL 2n? — n
XVIII. n—1 n n
XIX. $(n? — n) | ¥(n? + n) $(n? 4+ n)
XX. i(n’—n) $(n® — n) (n®* — n)
XXI.|n—1
XXII. | n2 — 3n + 2
XXIIL. | n — 1 n n—1 jn—1
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Multiplication Division Addition Subtraction Add. 4 Sub.
XXIV.(n?—2n +1 n? n? n?
XXV.|2n2 —3n +1 {2n — 1 nt—n 2nt —3n +1 | 3n? —4n + 1
XXVI. | $(4n® — 9n? 2nt — 2n 3(2n3 — 3n? 1(dn3 — 9n? 2n® — 4n?
+ 8r — 3) +1 + n) + 81 — 3) +3n—-1
XXVII. |n2—2n+1 ° n-—1 n® — 3n + nt—2n +1
XXVIIL. | n? — 2n + 1 1 n—1 nt—2n +1 nt —~n
XXIX. | ¥(n® + 6n? (n? + n) $(n® + 3n? i(n* + 3n?
+ 5n) 2n) + 2n)
XXX. | #(n* + 8n? 3(2n3 + 3n? (n* n
+ 11n? 4 4n) + n) + 4n3 + 5n? + 4n3 + 5n?
+ 2n) + 2n)
XXXI n—1
XXX11 n—1 n-—1
XXXII n? nt—2n+1 nt—2n 41
—-—2n+1
XXXIV nt —n nt—2n+1 nt—2n+1
XXXV.| {(n® — n) {(n® — n) Ind—n
XXXVI. | #(n* — n?) 2 z(nt — n?) fz(nt — n?)
XXXVII. n: — 2n + nt — 2n
XXXVIIL | $(2n® — 3n? 1(2n® — 3n? 1(2n% — 3n?
+ n) n) + n)
XXXIX. | 4(n® — n) (n® — n) $(n® — n)
XL. | $(2n3 — 3n? 1(2n3 4+ 3n? 1(2n% — 3n? 4(2n3 — 3n?
n) n + n) n)
XLI. | t(n* + n? t(n* + nd P(nt + n®
— n? —n) —nt—n — n? - n)
XLIL | $(n? — n) i(n2 — n) i(nt — n)
XLIIL | i(n® — n) $(n3 — n) $(n® — n)
XLIV. | t(nt 4+ a3 i(nt — 3n? i(n* — 3n?
—nt —n) + 2n?) + 2n?)
XLV. | ¥(n® — n) (nd — 7n+ i(n® — n) (nd — 4u+
XLVIL | #¥(2n* + n? =(3nt + 2n3 f5(3nt + 2n3 $(3nt 4+ 2n3
+ n? — 4n) - QI);:)’ + 16n + 3n? — 8n) - g;z’ + 4n
XLVIL | n? — n $(n? — 3n 2 t(n24+n—-2) | nt—n
+
XLVIIL | $(n® — n) t(n® — 3n? (n® 4 3n? }(n3 — n)
+ 2n) — 4n
XLIX. | i(n* — n? s(n* — 8n? ts(nt 4 4n? t(nt — 2n3
+ 23n? — 28n — Tn? + 2n) +8n2
+ 12) —13n + 6)
L. | #&@3n* + 8n? 2n2 — n (n* + 4n3 t(nt =(3n?
+ 1502 — 50n — Tn? + 2n) + 6n3 — 4n? + 16n3 — 150
+ 24) —9n + 6) =~ 16n + 12)
LIL.ln -1
LII. [ n -1 n n
LIII. [ n — 1 n-—1 n—1
LIV. | 4(n? — n) $4(n? + n) $(n? 4+ n)
LV. | 3(n? — n) $(n? — n) 4(nt — n)
LVI. | 3n — 2 1
LVII. | ¥(2n% — 3n? 1(2n3 + 3n? 1(2n3 + 3n2
+n + n)
LVIIL. | 1(2n® — 3n? 1(2n® — 3n? 1(2n® — 3n2
+n + n) + n)

Since addition and subtraction may be performed with quantities -of either sign,
the distinction between these two operations is somewhat artificial, and in this
instance a column denoting the joint number of additions and subtractions has been
added to Table 7. It is assumed that multiplications by zero or unity do not occur,
and that divisions in which the quotient or divisor is unity also do not occur. The
sign reversal of a number is also not taken into account. It is further assumed that
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each of the computations takes place in the most efficient manner possible. For
example it is assumed that the quantities

(m; (m) (n) (m) (m) _(m)
(273 + ﬁr = €r+1qr
(6.16) ar+ 19r+1
r=0--,n—1m=1---,2n—-2r
are computed in the process of forming the quantities e, r = 1,---,n — 1;

m=0,-,20—2r—1, ¢™ r=1,-
of the ¢ — d algorithm relationships

c,n;m=20,---,2n — 2r by means

(m) (m)

(6.17) qr-16r

1 1
qr(m) + er( =q (m+1) + e(ﬂ+) (m+1) er(m+l)

= g,

so that the formation of the quantities &, r = 0,---,n — 1 8™ r =0,

e m—2;m=0,---,2n — 2r — 4 from the quantities e,™, ¢,'™ requires only
a further n — 1 additions and » — 1 multiplications.

Formulas, the use of which would clearly result in inferior computational
practice without the ex1stence of. compensatory factors, have not been examined.

For example the vectors ™ r=1---,n;m=0,---,2n — 2r should clearly
be derived from the recursion
(6.18) ™ = 1% — ¢,"(0, 1) rima

rather than from the recursion

)
rﬁ?;

(619 = (rf("‘)y O)ﬂl+r - ar("‘)(oa rr<M))m+r - ﬂ£:;(0 0 tr—l m+r

since the first involves only one scalar multiplication and the second two. If the
quantities a,™, B{") are available the quantities g™ may recursively be deter-
mined from them (viz. XXXIV) and if the vectors p-™ are already to hand, the

quantities ¢, may be derived by (XXXVII).

Feasible methods of obtaining rational approximations, together with the num-
ber and type of arithmetic operators involved, now follow (Tables 8-13).

Single Value E“” (2)
: IIL, V,
-1, I, VII, hVIII

L II, VII, IX, XXT, XXIII;

A
B
C: I, II, VII, IX, X, XV;
D:
E:

TABLE 8

XXIX, XXXV, XLII, LI, LII, LIII, XV:

Multiplications Divisions Additions Subtractions Add. + Subs.
A n -1 2n2 4+ n + 1 2nt 4+ n —1 2nt — n int -1
B nt—n nh—n —1 nt—n-+1 n? 2nt —n +1
C nt4+n-—-3|nt+4+1 nt— 2n +1 nt+ 2n - 3 2nt — 2
D n+n—-2|n8+n nt—n n+4+n-—1 2n2 — 1
E 3@2n% + 9n2| 3(n2 4+ n + 2) | $(n? + 602 — n)| $(2n? 3(n3 4 3n?
+19n — 18) + 3n? 4+ n) + 5n — 3)
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11, V1I, XIX;

TABLE 9
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g: I, II, VII, IX, X, XVI;
H: XXIX, XXXV, XLIII, LI, LIV, LV, XVI:
Multiplications Divisions Additions Subtractions Adds. 4 Subs.
A 4n — 1 2nt +n + 1 2n2 4+ n -1 2nt — n 4n? — 1
F nt—n $4@Bn? - 1) $(3n? — 3n + 2)| n? $(5n2 — 3n + 2)
G nt+3n — 6 nt 4+ n nt—2n +1 nt+2n — 3 2n? — 2
D nt+3n -5 nt+n nt—n nt+4+n-—1 2n? — 1
H }(n32;}- 4nt 4+ n | $(n? + 3n) In3+6n2—n)| {(n*43n2+n)| ¥(n® + 3n?)
TasBLE 10
ﬁrrayofVa.luesE.(.""(z) r=0,---,a;m=0,---,2n — 2r
I: I, II IV, V, VIII, XX;
J: I III Vv, VIII XI XII, I\‘CI ‘(XII XXIII, XXIV;
K: III V, XI, XII XIII X1V, XVII;
L: XX X‘{XVI XLIV LVI LVII LVIII XVII;
Multiplications Divisions Additions Subtractions Adds. + Subs.
A in — 1 2n2 4+ n + 1 2n2 4+ n — 1 2nt — n 4n? - 1
I nt+2n —1 3(n® + 3n2 $(n3 + 3n? 2nt — n }(n® + 9n?
- n+3) — n) — 4n)
J 3nt — 2n +1 2n24+n +1 2n? 3n* —n -1 S5nt —n—1
K 3nt + 2n — 2 2 —n+1 nt—n+1 n? —n — 2 4n? - 2n — 1
L 5 (4nt $(2n® + 21n2 #(2nt t(nt 1(4nt
+ 20n3 + 5n? — 5n + 24) + 4n3 4+ 13n? + 2n3 + 8n? + 8n3 + 29n?
+ 67n — 24) —Tn + 24) — 5n) —17n + 12)
TaBLE 11
Smgle Rational Function 0,: p,©®
A’ XXV, XXVII;
B’: XXV, XLII;
C’: I, 1II, XXVII, XXVIII;
D’: XXIX, XXXI, XXXII, XXVII, XXVIII;
E’: XXIX, XXX1. XXXII, XXXV, XXVII;
F’: XXIX, XXXV, XLII;
G’: I, 1I, XXVIII, XLII;
H’: I, II, XXVIII, XLV;
I': I, II, XLVII;
Multiplications Divisions Additions Subtractions Adds. + Subs.
A’ | 3n2 — 5n + 2 2n — 1 nt —1 3n? — 6n + 3 4n? — 6n + 2
B | 3n2—Tn +2)|2n — 1 3(nt — n) 2n2 — 3n + 1 $(Tn2 — 9n + 2
C’' | 3n2 — 5n + 2 nt+ 1 nt — 1 3n? — 6n + 3 in? — 6n + 2
D’ | ¥(n® 4+ 18n2 3(n? + 3n) 2n — 2 $(n® + 1502 t(n3 + 15n2
— 19n + 12) - 22n + 12) — 10n
E’ i+ 6n2—4dn | $(24+3n—-2) n — 1 +(2n3 4+ 9n? 1(2n3 + M2
+ 3) — 11n + 6) — 3n)
F’ 3(2n3 + 9n? + n)| 3(n2 4+ n) $(n? — n) 22n3+4+3nt+n)| 3 (n3+3n2— n)
G’ | 3B =Tn+2) | n2+1 #(n? = n) 2n2 = 3n 4+ 1 | ¥(Tn? — 9n + 2)
H’' | $(n® + 6n? n? 4+ 1 t(n® 4+ 6n2 3(n3 4+ 12n2 3(n3 4+ 9n2
— 10n + 3) — 13n + 6) — 19n + 6) — 16n + 6)
I’ 2n? — 2n n? }3n2—~Tn+4)| ¥@Bn2 —n —2) | 3nt —4n + 1
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TaBLE 12
?iagonal of Rational Functions 0,®:p,® r = 1,... ,n

J ’: XXV XLIII;

K': XXIX, XXXV, XLIII;
L’: I, IT, XXVIII, XLIII;

H’:
M’: 1, II, XLVIII; ‘
Multiplications Divisions Additions Subtractions Adds. + Subs.
A’ | 3n?— 5n + 2 2n - 1 nt— 1’ 3nt — 6n + 3 dn? — 6n + 2
J’ i(n? + 12n’  +6) 2n - 1 tn3 + 6;;’) 2n2 — 3n 41 t(n3 + 18n2
n — 25n
D’ | i(n3 + lSn’ $(n* + 3n) 2n — 2 $(n3 + 15n2 l(n' + 15n2
— 19n + 12) — 22n + 12) 10n)
E’ | ¥(n® 4+ 6n2 — 4n tn*+3n—-2)|n -1 $(2n? + 9n? }(Zn’ + 911’
) — 11n + 6)
K’ | $(n* + 2n* + n) $(n? 4+ n) i(n® — n) 1(2n3 4+ 3n2 4 n)| 3(nd + n?)
L’ t(n® 4+ 12n2 n*+1 1(n® + 6n? 2nt — 3n + 1 $(nd + 18n?
— 19n + 6) — 13n + 6) — 3ln + 12)
H’' | ¥(n? 4+ 602 nt + 1 1(n? + 6n? i(nd + l2n’ $(n? 4+ 9n?
— 10n + 3) — 13n + 6) 9n 4 6) - 16n + 6)
M’ | i(n? + 3nt — 4n)| n? s(n? + 3n? i(n3 + 9n’ $(n® 4+ 6n?
— 16n + 12)| . — 10n) — 13n + 6)
TaBLE 13
Complete Array of Rational Functions r*:p,™ r =0, .- ,n;m=0, --- ,2n — 2r

N’: XXVI, XXXVII, XXXIX;
0’: XXVI, XXXVII, XL, \L
P’: I, XXXVIII, XXXIX;
%’: I, XXXVIII, XL, XLi,

: XXX, NXXITT, XXXIV, XXXVIII, XXXIX;
8’: XXX, XXXIII, XXXIV, XXXVIII, XL, \LI
T’: XXX, XXXVI, NXXVIT, XXXIX;

U’: XXX, XXXVI, XXXVII, XL, \L[
V’: XXX, XXXVI, XLIV;

W' ‘(\\. .\\\Vl XLVI;

X’: I, II, XLIX

Y': ‘{‘(\VII , L, XXXIX;

zZ: Y\‘{VII L, XL, \LI

Multiplications Divisions Additions Subtractions Adds. + Subs.
N’ | $(11n? — 1802 2n2—2n+1 | 3(2n% — 3n? $(11n® — 12n2 #(5n% — 6n? + n)
+ 13n — 6) ) +n) - + n) .
O’ | 3(n* + 9n3 — 190 2n? — 20 + 1| §(n* + Tn? 1(10n® — 152 (nt + 17n3 .
+ 152 — 6) — 100 + 2n) + 5n) — 250 + Tn)
P’ | 4(5n% + 3n? n? nt—3n + 2 3(5n% 4 3n? — 8n)| 3(5n% + 9n?
= 14n+6 — 26n + 12)
Q' | ¥(nt + 7n? n? i(n* + 3n3 3(n® — n) t(nt + Tnd
— 402 — 10n + 2n? — 18n + 2nt — 22n
+ 6) + 12) + 12)
R’ | &(n* + 1803 1(2n® + 1502 Lt + 14n? &(nd + 14n3
+ 5n?) —17n 4+ 6) -+ 23n% — 50n + 23n* — 50n
+ 24) + 21)
8 | %(3n* + 22n3 1(2n® + 1502 | }(n* + 3n? f=(nt + 12n3 £ 38n* + 18n3
— 9n? + 8n) - 17n — 4n?) + 5n2— 182 |- —3n? — 18n
+ 12) +12) + 12)
T | §(n*+ Tn® 4+ 5nt | }(2n®+ 3n? 3(n* + 5n3 t(nt + 503
-n) 4+n+12) 4+ 8nt — l4n + 8n? — 14n
+ 6) + 6
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TaBLE 13—Continued

Multiplications Divisions Additions Subtractions Adds. 4 Subs.
U’ | $(2n* 4+ 9n? 1@n3+3nt | (n* + 3n® i(nt + Tnd + 5n? | §(2nt + 1003
— 2n? + 3n) +n+12) — 4n?)| — 13n + 6) i 16z; — 13n
V' | $3(2nt + 5n3 $(2n3 + 3n? t(nt — 3n? t(nt 4+ 2n3 §(2nt — nd
+ 4n2 4+ n)| +n412) + 2n?) + 2n? + n) + 4n? + n)
W’ | 3(3n* + 5n8 3(2n3 + 3n? 12 (3nt + 2n3 5 (5nt 4+ 60 Tz (5nt + 6n3
+ 6nt — 2n) +n+12) —91)3)’+16n + 7n? — 6n) + n? 4 6n — 6)
X' | ¥(n*+ 5nt — 6n) | n? fz(nt — 8n3 fz(nt 4+ 4nd t(nt — 2n3
+ 35n% — 64n| + 5n? — 10n) + 20n? — 37n
+ 36) + 18)
Y | #@nt + 14n3 2n2 — n Tz(nt 4 4nd t(nt 4+ 9n3 4 8n2 | H(3nt + 22n3
" 4 15n2 — 56n — Tn* 4+ 2n) - 24n + 12) — 9n? — 46n
+ 24) + 24)
Z' | 4&(6nt+ 18n8+n? 2n2 — n #=@nt + 1003 | i(n* + 8n3 — n? | {%(5n* + 26n3
— 48n + 24) — 15n2 4 2n) — 20n + 12) ; éi?)t’ — 38n

It appears from Tables 8 to 10 that, in terms of computational effort alone, a single
entry in the E-array for a fixed value of the argument is most economically com-
puted by means of the non-linear recursion

0
D - Bn—2 D L = Qp—s
1 = Ty 3—1 = 3
z = af.o_)x bn-s + D,
)

(0)
U =58 = Bo2;8=2,--- by =2—a1;8=1-,n

in conjunction with the ¢-d algorithm

(m) (m+1) +1) (m+1) ) (m+1)
(6.21) ™ + ™ = ¢ 4 el gne™ = ¢, " e, ™
and the numerical formation of the quantities

) ) ) 0 ©,_ O
(6»22) a =& -+ q5+1 1('—-1 = €& Qr r=1---,n—1;

that a diagonal of quantities E,”(z) r = 1, ---,n is best computed by use of the
g-d algorithm, the formation of the quantities (6.22), the twin recursions

piaz) = (z — &%p.%(2) — B2pia(z), r=1,---,n
(6‘23) 0) [()) 0)
P (z)=1 p(2)=z2—q
o (2) = (2 — )0, (2) — 80" (2), r=1, y
(6.24)

00" (z) = 0, a®(z) = ¢
and the » divisions

pr(o) (Z)
while the complete E-array of numerical values is best computed by ‘evaluating the

partial sums Eo'™(2) = Dmw ez m = 1,---, 2n, the quantities E{7; (z)
= 2z"c. ' and applying the €-algorithm

(6-25) E,W)(z) = r = 1, ey, n’

1

(6.26) Efin(2) = EZ13(2) = E,m0(5) — E,™(3)

r=4%1L% -
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Tables 11 to 13 show, again in terms of computational effort alone, that the single
rational expression E.®(z) be best constructed by determining the quantities

o, 8 by means of the relationships

(6:27) I{tp, Y (1)} = cBo® - - B2y
27
I{ tr+1po(0)(t)} = COBO(O) .. (0) {a 0) + . + ar(O)}
in conjunction with the recursion (6.23), and of the vector 0. from
(6.28) on(O) = (0)[cn—l n+l,n

that the sequence of rational expressions E,” (2) r = 1, ---, n is best constructed
by use of relationships (6.27), in conjunction with the recursion (6.23), determining
the polynomials 0, (z) by means of the second recursion (6.24) ; while the complete
E-array of rational expressions is most efficiently constructed by use of the ¢-d
algorithm (6.22), in conjunction with the relationships

629) ™) = p™V(2) — ¢™pT(z)  m™(2) =z — @™
m—1

630) @) =M@ = ¢7rNE @ = e, () =0

Many electronic digital computers are equipped with highly flexible interpretive
codes which are designed for carrying out standard matrix operations upon arrays
of numbers. Many of the methods described may be susceptible to the use of such
a code, and this consideration may cause the preceding judgements to be modified.
The most suitable method is then largely determined by the exigencies of the par-
ticular code used. (This explains the presence, in the inquiry, of such methods as
E, H, and L which would otherwise be rejected outright.) The time taken for the
operation of such a program may be estimated from the data given in the table,
and a knowledge of the threshold time of each instruction.
Table 7 does not contain data relating to the direct solution of the equations

.. (m) +(m)
’\'n.nco = Tum+n—1

. (m) L(m) _ s
’\n’:llz—lco + "/u.ncl - zn.m+n—?

) (m)
k("l) + k( 1C1 + + kﬁtmncn = 'lnmm-l
(m «(m)
Ivi" 41 + c‘l + + I\' ncn+l = Tn,m—2
(6.31)  eereeeeeeneeeeeniieeens ERRRRRREY RS
m «(m
cm—l + }v( 1Cm + e + I"n 2Cnt+m—1 = 1n,0

mem + K em + -+ + Ernsm = 0

...........................................

)
ks:?o)cni-m—l + ks::‘lcn+m + + ,‘/ n02u+m—l = 0
B =1

the details, of course, depend upon the method chosen for the solution of the
equations. The solution of the set (6.31) is equivalent to the Gauss- Banachiewicz
decomposition of the matrix

(6-32) Cu(m) - H”(m)Dn(m)Hn(m)T
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the inversion of the matrix H,™ to give K, ™

(6.33) H,™K,™ =71
and the determination of the vector r,™ from
(6-34) l’,,(") = Pn(m)[cv(no-l)-n—lln+l-m+n .

This method (method V’ above), if the steps involved are already incorporated in
the interpretive code, is probably the one requiring the fewest instructions, and
doubtless that consuming the most machine time.

(It may at first seem a little curious that the set of equations (6.31) does not
involve the quantity cm2. , whereas the matrix C.™ does. The quantity Cm+2a ,
however, only enters into the determination of H,™ as a scaling factor of the last
row, and this is removed by imposing the condition that the diagonal elements of
H,™ are all unity. The quantity cm42. does not therefore enter into the determi-
nation of the matrix K,™.)

Apart from the considerations mentioned above, only those methods are de-
seribed which might genuinely be suggested as the most economical. Many of the
conclusions which may be deduced from a survey of Tables 8 to 13 might also have
been arrived at after a preliminary discussion of the steps listed as I) to LVIII)
but this discussion would have been so beset by qualification and modification
that the most effective method of comparison was thought to be the straight forward
enumeration of all feasible possibilities.

7. Checking and Correction of the Approximations. Since all the methods de-
scribed in the last section are capable of producing the same final result, the com-
putations produced by the use of one may be checked by application of any of the
others, supplemented if necessary, by use of any of the theoretical results given in
the text. In particular, attention is drawn to the strength of the use of the system
of equations (6.31) as a final check.

Many of the methods entailed the computation of a sequence of polynomials

p.™(z) r =0,1,--.The computation of the coefficients of these polynomials
may be checked and corrected by a direct appeal to the orthogonality properties.
Assuming the vectors p,'™ s = 0,1, ---,r — 1, to have been correctly computed,
a corrected version pig';’,,, of the vector p,'™ may be produced from the formula

r—1
(71) Pf—::,),, = pr(M) - ZO 'Yr.aps(m)
where
(7.2) Yris = Pr('n)cr(m)(ps(m: 0,-+-,0)n

If the computation of the vector p,‘™ has been performed without error, then it will
transpire that

(7.3) Yre = 0 §s=0,1,--+,r— 1.

The corrected vector p,\™ may now be used to check to computation of the vector
p¢%) and so on.
Readers familiar with the computational finesses of Lanczos’ [22] biortho-
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gonalization algorithm for determining the characteristic polynomial of a matrix
will readily perceive that the use of equations (7.1) and (7.2) is a straightforward
adaptation of a similar technique which relates to the use of this algorithm. Details
of connections between this algorithm, the ¢-d algorithm and certain others, which
are significant in a theoretical context, are to be found in [10].
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