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In the degenerate case when y = 0 the general result (4), (5), becomes 
ao 

(8) f [C2k + (x - X1)1- dx = rk-lcl-2 csc (ir/2k). 

Special results for k = 1, c = * and k = 2, c = 1//2 are 

_ _ _ _ _ _ _dx (9) , 1 ~+ (x _ X-1)2 I 1+ (X ->1)4 

which may be verified independently. 
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On the Evaluation of Certain Complex 
Elliptic Integrals 

By H. A. Lang and D. F. Stevens 

1. Introduction. Elliptic integrals of the third kind are occasionally encountered 
in the form 

aII(0, a2, k) + dII('k, a2 k) 

or 

aII(i, a2, k) - MI(., &21 k) 
22 where a, a and a, Za' are complex conjugates and the modulus k is real such that 

o < k2 < 1.0. It is usually desirable to rewrite these integrals using only real co- 
efficients and parameters. This paper gives an elementary procedure for the evalua- 
tion of these expressions, together with the correction of some existing formulas. 

2. Modified Development. We follow the development suggested by Houel 
[11, but use the notation of Byrd and Friedman [21 wherever applicable. Since the 
modulus k is the same in all of the elliptic integrals considered here,, it will be 
omitted throughout. 

For convenience, set 

2lII = ii(+, a2) + II(02 a2) = I d4s + dos (1) J=oH(1 O- a2 sin2 +)z Jo & sin2 46) a 

2i12 = H (O, a2) ll( 2 ) = I(a2 in2 _)_ 
Jce(1ed Ausin) J(t sin2 19 
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where 

= v'1 -k2 sin 2 4 

Then, if a = a, + tbl, we have 

all (4, 2) + a11(), .2) = 2aII, - 2b1r12 

(Il2) (4,5 a2) -11(4- &2) = 2ia1112 +2ibI1I. 

II, and 112 will be given by the equations 

S1 II1 + tI1h12 = --F n) nT l(2a, ai2) + Ti 

(3) 
S2 r1l + t2 12 = --F(o) -n2 (4, a22) + r2 

m2 

where 

P i dx sin o cos o 
o 1 + hjX2 

P i (1 + mi sin2)' )A' 

and the other subsidiary quantities are obtained as follows. We first set cz2 = - 
2 2 2 .2 

V-y2, r = '1 + 2 , Z = sin2 in equations (1) and rationalize: 

1f (1+ yz)do 
Jo (1 + 2-yiz + r2z2) 

2- I ~-72 Z do 
(1 + 2-yi z + r2z2)A 

We substitute these forms in a general equation (3) to obtain* 

f? s(1 +,z) d) _ tY2zd) +1 fd 

(4) (1 + 2-y Iz + r2z2)zX Jo (1 + 2-y z + r2z2)A m Jo A 

0f do) ( dx 
+ 1; (1-a2 z) A + hx2 

Differentiating both sides of (4) with respect to 4) we obtain 

s(1 + 71Z) - tz72 1 n 1 dp 
(1 + 2y1 z + r2z')A mA (1 - aSz)A 1 + hp2W - 

The left side of this equation reduces to 

aO + alz + a2z' + a3z 1 

bo + b, z + b2 Z2 + 3 z3 A 

were 

ao= s+ - +n bo= 1 
m 

* The two sets of subsidiary quantities arise from the two roots of a quadratic equation in 
m which results from this general equation. Note that the a in equation (4) is a generic expres- 
sion for the a, and 2 of equations (3), and is therefore distinct from the a of equations (1) 
and (2). 
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ai=872-t'y12-+Ty 22 
at = &1-y2 ~-+ - - sa + 2wy1 bi =2'y - a 

m m 

22~~~~~~~~~~~ a--sa Y1 - ta2y2 + nr2 _ Y 2+ r2 2 =r2 - 2,l a2 
mm 

2 2 

a3 =- 
of 

= -ar. 

rn 

The right side of (5) reduces to 
C'0 + CI Z + C,22 + C3 Z 1 

do + diz + d2Z2 + d3z3 A 
where 

CO= do=1 

c1 =-(2+m) di = 2m-k2+h 

C2= kA(2m+1) d2=m2-2mk2-h 

C3 = -k2m d3 _-m 

Setting ai = ci, bi = di we obtain the following relations: 

(I) + 
1 

n 
m 

(II) t- t2 _ ct 4 IsaS + 2n-yi = (2 + m) 
m m 

(6) (III) sa2yl + ta22+ nr2 271a + r (2m + 1) 
m m 

(IV) a2r2 = m2k2 

(V) 2y -a2 = 2m -k2+ h 

(VI) r2 - 2,y 2 = m2 - 2mk? - h. 

The elimination of h from (V) and (VI) and the use of (IV) results in a quadratic 
in m with real roots: 

(r2 + 2key + k2)m2 + 2(1 - k2)r2nM _ r2(rl + 2yl + k2) 0. 

Hitting ml, M2 be these roots, we solve equations (6) for all subsidiary quantities 
as follows 

2 mi2k2 
ai =- 

simi = mi-in- -1 

_mie4' - (2 + mi)ai2 + (1 + 2m)k -r2 
n* m =2 + 2-y aj2 + a4 

t mY2 = -i2 + (- + 2 - a2)m + I mi( + ca2) + _y 

(a2- k2)(k4 + 2k2yl + r2) 
k2(1-k2) 
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If we take ml2 < m2' then 0 < al' < k2 < ca22 < 1 and hl < 0 < h2 . In the special 
case where r2 + 2-y + 2 = 0, we have ml = Q = a,2 and hi = -r2. Then the first 
equation of (3) is replaced by 

+k2 + 1 tanh-i r cos 0 sin O (8) s1H1 + ti1H2= -F(O)+-tal r2 r 

the second remaining unchanged. 

3. Formulas to be Corrected. It will be seen that the definitions (7) are those 
given by Byrd and Friedman under formulas 417.00 and 438.00 [2, p. 231, 232, 
2381 with the exceptions of s, and ti . Thus the formulas depending upon these 
quantities are incorrect. They are 416.00, 417.00, 418.00, 419.00, 437.00, 438.00, 
439.00 and 440.00. 

We also note that these same errors occurred in Hoiel [1, equations 119, p. 
LIII]. He gives, in his own notation 

A = (1 -C)g - I 

Cg(2-- 2mi cos v + m2) = g[m2 + (2 + g)m + (1 + 2m)k2] _ 2 

These equations should read respectively 

Ag = (1 - C)g - 1 

Cg(A2- 2mA cos v + m2) = g[m2 + (2 + g)m + (1 + 2g)k2] - u2. 

To correct Byrd and Friedman formulas 416.00, 417.00, 419.00, 437.00, 438.00, 
and 440.00 it is necessary only to modify the definitions of si and ti to those listed 
in (7), since as listed they are formal consequences of equations (3) and equation 
(8). In formulas 418.00 and 439.00, however, we must not only modify si and ti, 
but also change the sign of the term involving II(ai2, ak) (in both 418.00 and 439.00), 
and the sign of the term involving tanh-' (rsnujcdu1) (in 439.00); these signs should 
all be negative. (See the end of the next section for a modified, corrected version of 
4:39.00.) 

4. Simplication of Results. The form of definitions (7) suggests the following 
simplifications in the Byrd and Friedman formulas under consideration. Let us 
multiply equations (3) by mi to obtain 

MsIL + t112 = -F(O) - nXl(O, ai2) + Ti i 1, 2 

where now 
Pt, mi dx 

ri= a 
n d 

the pi are defined as before, and definitions (7) are replaced by: 

2 6m2^ 
r2 

si = mi - n- 

ni(r2 + 2.ylai2 + ai4) = mi[a 4-(2 + mi)a,2 + (1 + 2m)k2] -2 
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Lj72 mt + mi(71 + 2-a,2 + flyi71, + a.j + -y 

hi2(1 - k2)= (ai2 - k2)(k4 + 2k + r2). 

This permits us to write formulas 416.00,417.00,437.00 and 438.00 with no explicit 
appearances of ml or m2. For example, 416.00 becomes: 

41.00':a als(a2) + aI(a2) = 2 { [a,(t - t2) + bi(s - 82)1K 
81 ?2 - 82 tl 

+ n2(al tl + b1 s1)II(a22) -n(a, t2 + b1 82)I xl(a) 
2 

A silar simplification is possible in the special case when ml = 0 = al. In this 
case we multiply the second equation of (3) by m2 as above, and multiply equation 
(8) by r2 t obtain 

81 11 + tl 2=-k2F(#) + r tanh-1 r cos ) sin 4) 

where 
sl = r2- k2 

?172 = 2r2 + r2'yl + k2 

(n2, s2 and t2 are defined as in (7').) This permits us to write formulas 418.00, 
419.00, 439.00, and 440.00 with no explicit appearances of m2 or r2 (But note that 
the two occurrences of r in formulas 439.00 and 440.00 are preserved.) For example, 
439.00 (with the sign changes mentioned in Section 4 incorporated) becomes 

439.00: afl(ul, a2) + arl(ul, .2) = 2 [al(kt - t1) + b1(k2s2 -)]u 
S2 tl - t Sl 

-n2(al t? + b1 sO HI(ui, a22) + (a, t? + bi S1)T 

-r(al + bi 82) tanlf r cos ) sin 4} 
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The Numerical Evaluation of the Eighteenth 
Perfect Number 

By D. Scheffier and R. Ondreika 
On November 17, 1959 the IBM 709 installation at the National Aviation 

Facilities Experimental Center in Atlantic City, New Jersey computed the largest 
known perfect number, corresponding to the eighteenth Mersenne prime [1]. The 
result was checked by recomputation one week later. Running time for this cal- 
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