Tabulation of Coefficients for Operations on
Taylor Series

By Daniel C. Fielder

1. Introduction. When certain operations are performed on polynomials or power
series, the results often assume the form of a series of ascendingly indexed terms.
A typical term, the kth, appears as the product of two distinet types of factors.
One of these factors is a multiplier peculiar to the particular operation. The other
factor is a group of literal coefficients which forms a kth order symmetric function
of weight &k and degree h in those literal coefficients. A detailed examination reveals
that the second factor is composed of sums of combinations of appropriately sub-
scripted and exponentiated literal coefficients. This second factor, which will be
called a literal group, has a form common to many operations on polynomials and
power series. The multiplier of each combination within a group is observed to be
either a positive integer or a positive common fraction.

As is well known, the weight of a term in a symmetric function is the sum of
the products of corresponding subscripts and exponents. The degree is the sum of
the exponents of a product combination of literal coefficients. As an example, for
k = 6 and h = 3 the kth term might be {6} (g:°gs + [2]g1929s + [3]g2’). The weight
of a product combination of literal coefficients, say the gi’gs term, is 1 X 2 +
4 X 1 = 6, and the degree of a product combination, again using the g,’gs term,
is 2 + 1 = 3. For uniformity, the identification of enclosing symbols with alge-
braic terms used in the above example is used throughout the paper.

Several direct and inverse operations are investigated, and methods for finding
general terms for groups and multipliers are discussed. For convenience, literal
groups are tabulated. Because of the common properties of the literal groups, a
single table of literal groups suffices for all operations described herein.

2. Power Series of Power Series. The first operation to be considered is

(1) (byy + by + by’ + --+) = (mx + mea® + mgx + ),
in which
(2) Y=g+ gz’ + g’ + ---.

This is essentially 6.362 of Adams [1].
A direct calculation of the first few terms leads to

my = {b} (1),
ma = (b} (g:") + {bi} (g2),
(3) ms = {bs} (¢1°) + (2bs} (¢rg2) + {B1} (g5),
ma = {bd} (¢") + {303} (g1"g:)
+ {20 (gugs + [31g2") + {b1} (g0),

.............................
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Table 1 presents a general form for the literal and numerical (braced) coefficients
up through index 12. For any {t:s} of Table 1 except {#}, the numerical coefficients
for the operation described by (1) and (2) are hbs . For {#s}, the numerical co-
efficients are by, .

TaBLE 1. Values of literal groups, k = 1(1)12

= {tu}(g1),
my = {tn}(g?) + {tu}(g),
= {tu}(g®) + {ta}(g:192) + {tu}(g9),
my = {tu}(g:) + {ts}(gig2) + {ta}(grgs + [3lg®) + {ta}(gs),

ms = {4 }(915) + {tsa} (g1°g2) + {tss} (9195 + g192?)

+ {ts2} (9194 + g293) + {81} (gs),
me = {tes} (0:1°) + {tes} (gi%g2) + {%4}(9’1 93 + [Elgi’g2?)

tes} (91°0s + [2]g19295 +

+ ez} (9195 + 9294 + [3g5%) + {te1} (g9,

my = {tn}(g") + {tw}(g:°) + (s} (91'gs + [2]g1°g2%)
tu} (9:°gs + [3lgi%ge95 + 9192)
b3} (9205 + 2]g19294 + 9279 + 195>
tre} (1gs + 9295 + g394) + {tn}(g7),

) + {ter} (9:%2) + {tss} (9:°gs + [§lor%gs)

+++

——
~
<Q

oo

ms = {lss

=+ s (91494 + 49139293 + 2]912923)
+ {tas} (9:°0s + [3l91%9294 + [Elgr°gs* + [319102 gs + [1lgs*)
i tss} (g1%gs + (2919295 + [2] gsgs + 92°s + g295%)

{te2} (9197 + 9296 + 9395 + [7]942) + {ta1}(gs),

) + {ts} (917g2) + {tw}(ch‘*ys + [Blgig2?)
tas} (91°94 + [5]g1* %9295 + [2]g:%92°)
tos } (91%gs + [4]g:°g204 + 2]91 gs? -+ [6]g1°g2%gs + g192*)
(9:°g6 + [3lgi%g295 + [3l91%9s9s + [3lg19295* + [3lgnga’gs + g2°gs)
tos} (91297 + [2]guge06 + [2lgugsgs + 9194 + g2°gs + (21929594 + [$195°)
{te2} (9198 + 9297 + gs9s + gags) + {fa1}(99),

myp = {tw,10}(9%°) + {tw.e}(g:Pg2) + {tw.s}(ggs + [l9:°92>)
{tw 7}(9:°%4 + [6]9:°g295 + [5]g1g:%) + {to, e}(.th g5 + [5]01*9294
+ [Blgr'gs* + [10lgig:2gs + [Blon’gst) + {twos) (9r'gs + [4l91°g295
+ [4]g:°gsgs + [6lgi%g2%gs + [6lg:g5%g: + [41g92°gsg1 + [£192°)
+ {twa}(9:g: + [3]9:%g:96 + [Blgi’gsgs + [Blgi%9 + [3lg197°gs
+ (6191929294 + 9294 + [$1g2%08 + 9195%) + {tw0,3} (9105
+ 2]g1g297 + 2919596 + (21919495 + (21929595 + 9294 + g2°ge
+ g2gs) + {to.2} (9190 + gogs + gsg7 + gugs + [31gs>) + {tw0.1} (900),

mn = {tu 11}(9111) + {tu 10}(91992) + {tu 9}(91 s + [41917922)
+ {tus} (9795 + [7lg:itoags + [TIgPg2") + {tn7}(9:°%s + [6]gi°g294
+ [Blgi’gs* + [15]g1*g2%gs + [Blgi’g=") + {tu,6) (9:°96 + [5lgr*gegs
+ [5lgr*gsgs + [10]g:%g2°gs + [10lg:°g2%gs + [101g:°g295* + g195°)
+ {tus) (9197 + [4lgi’g:06 + [4lg:i°ga95 + [2]9:°%94* + [6lgig2%gs
+ [12]g1%g2g394 + [4]g192°94 + [6]g19°95* + go'gs + [21g1°g5°)
+ [t} (g:%s + [Blor’g297 + [3lgi’gsg6 + [3lgn’gugs + [3lg192°gs
+ [6]g1929595 + [3]919294* + [3lgrgs’gs + 95°gs + [3lg2"gsgs
+ g5 yz) + {tu s} (91200 + (21019295 + [2]g:1959: + [2]g19496
+ g9 + 9297 + (21929596 + (21929495 + 9394 + 95°gs)
+ {tu 2}(91910 + gogs + g39s + g4g7 + _l]sgs) + {tu 1}(_(]11),
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TaBLE 1—Continued

1(g'2) + {ten}(g40g:) + {10} (9% + [$lg:302?)

{120} (9:°0s 1+ [8lor"gegs + [ZEg:%2°) + {tis} (91795 + 319193

91%0:01 + [3P]01*g:* + [21]91°g2%gs) + {tie,7} (91°06

9:°g:° + [6]9:°9295 + [6]9:°gsg4 + [15]91%g2%04 + [15]g1%gegs®

0lgi’9s°gs) + {tia,6}(9:°97 + [Blgn'gs® + [Plg:’gs® + [5lg1%g206

01*9:95 + [5]g192'gs + [10]g:%g2%gs + [10]g1%g2%g4

5]01%92%g5* + [201g:°g2959: + [}192°) + {ties} (91'gs + 92%gs

9:°95 + [419:°9297 + (41919506 + [4lg:°04g5 + [4]g19:°s

919295° + [6]9:°g2gs + [6]g1%0294> + [6]91%g5%gs

2191929595 + [1219192*9594) + {t12.4} (9:%00 + 92°gs

91295 + [8lg22g4* + [3lgi’029s + [3lg:2gs9: + [3lgage*gr

g1°gsg6 + [3]9195°9s + [3lg1gs94* + [3lg"g:95

9295’9 + (6191920296 + [6]919:9495 + [1]g5*)

12,31 (912010 + 92°gs + 9295 + 95295 + (21919290 + [2]g1g:0s

91997 + (21919596 + (2192959 + (2929496 + [2]g39495

d 943})(+){t12,2}(919u + gag10 + 9390 + gags + gsg7 + [3196®)
12,1§ (§12).

My = {le,

S
D W 3

S ks S RS = O

N B A ot S S
o= N

3. Reversion of Power Series. (See 6.26 of Adams [1] and Van Orstrand [2].) If
4) 2=z — g’ — g’ — gzt — -+

is reversed to yield

(5) =2+ md +mz +mg' + -,

the result is similar to that noted in the preceding section. The first few terms are
m = {1}(g1),
ms = {2}(g:") + {1} (g),

(6) my = {5}(g:") + {5} (g:92) + {1} (ga),

ms = {14} (g:*) + {21} (9:"ge)
+ {6} (9195 + [3lg2") + {1} (gu),

Table 1 applies as before. For any {{:,} of Table 1 except {{x}, the numerical co-
efficients for the operation described by (4) and (5) are the familiar binomial

. k+h . . 2k 2k
coefficients <lc + 1). For {ti:}, the numerical coeflicients are [( k) - (lc _ 1)]

4. Development of a Power Series Ratio. The four succeeding operations are
based on a tabulation derived from the ratio of two power series. A short discussion
of this tabulation follows. The two power series and the quotient P(z) are

a0+ a2z + ad + -
Bo + Biz + Bo?® + -

(7) =P(z) = Co+ Ciz+ C22" + ---.
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If the indicated division is performed, a triangular tabulation array can be obtained
as shown below.

CoBo — a0 = 0,

CiBo+ Cofr — a1 = 0,
(8) CoBo + C1By + CoBy — o = 0,

CsBo + Cofy + CiB: + CoBs — a3 = 0,

Thus, if the o’s and 8’s of the array (8) are known, the C’s can be found by the
division indicated in (7).

5. Direct and Inverse Summation Formulas of Power of Roots. In a previous
paper, the author [3] discusses means of finding sums of powers of roots of the
integral rational function

(9) f(z) = ax” + az” " 4+ -+ + oz + an

by elaborating on a method credited to Newton [1]. Newton’s method utilizes the
tabulation,
lay 4+ Sia0 = 0,

2a; + Sia; + Sya0 = 0,
3as + Siaz + S:01 + S:a0 = 0,

...........................

(10)

where the sum of the bth powers of the roots of f(x) are
(11) S=r"+r+r+ .

A comparison of (8) and (10) suggests that it should be possible to find a
P(z) whose coefficients are functions of the a’s of (10) and are simply related to
Si’s. Such is indeed the case for the determination of the direct summation formulas.
For convenience, (10) is rearranged and restated as

m + gl = 0’
2ms + mugy + 2¢: = 0,
(12) 3mz + 2magr + mugs + 3¢5 = 0,

...........................

where g, = (ar/a0) and my;, = (Si/k).
For the direct summation, it is seen that 8o = 1, i = (kK + 1)mgq1, Br = g,
and o = —kgr. Thus, P(z) becomes

—01 — 2012 — 3g32° — 4g.2° -
13 P(z) =
( ) (z) 1+glz+g222+ggz3+...
The first few terms of the indicated division are
— g+ (9 — 20)z + (— ¢ + 3qg: — 3g5)

(14)
+ (¢' — 4g:°0: + 4gugs + 29" — 4g0)2° + -+ -,
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where —g; = Co, g — 29, = Ci, ete. Thus,

= {—1/1}(g0),
= {1/2}(¢)") + {—1(g),
(15) mg = {_1/3}(913) + {1} (g192) + {—1}(gs),

= {1/4}(g.") + {—=1}(g)°g2)
+ {1} (gags + [1/2]g2") + {—1}(ga),

................................

It is apparent that (13) not only yields the desired summations but serves as a
device for generating the literal groups of Table 1. For any {ti;} of Table 1 except
{tw}, the numerical coefficients for the direct summation are (—1)". For {#}, the
numerical coefficients are (—1)*/k.

It is not possible to use (12) directly to find a P(z) whose coefficients lead to
the inverse summation forms. However, a two-step solution leading to the inverse
summation forms can be found by rearranging (12) as

g+ B, = 0,
(16) ge + mugr + 2B, = 0,
gs + mugs + 2mog: + 3B; = 0,

where

ot
&
Il

1m1 + 091 ,
2m2 + lgz s
3B; = 3ms + 293 ’

(7)

[
»
I

The relationships gx = (ax/a0) and m; = (Sy/k) apply as before.
For the inverse summation, it is seen that 8o = 1, Cx = ¢&, Bx = kmy, and
a, = (k + 1)Bis: . Thus, the P(z) becomes
P(z) — —Bl -_— 2B22 - 3B322 - 4:B423 —_ e
(18) 1+ mz + 2me2® 4 3mg2® + - -+

0+ g2+ g + gl + -

The first few terms are
(19) —B; + (Bymy — 2B;)z + (—Bymy® + 2Bgmy + 2Bmy — 3B5)d" + - - -
Through use of (17), the B terms are eliminated and the result is
g = {—1/1(m1),

= {1/24 (m") + {=1/0} (ma),
(20) = {—1/3%(ms") + {1/1 (myms) + {—1/01} (ms),

= {1/4} (m*) + {=1/21) (mi'ms)

+ {1/11}(mam; + [1/2]'n2) + {—1/0% (m4),

.........................................
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Except for different numerical coefficients in braces and the interchange of the roles
of the m’s and ¢’s, (20) is identical with (15). The discussion following (15) thus
applies for finding the literal groups of (20). Table 1 is immediately adaptable with
appropriate changes of notation. For any {#u} of Table 1 except {#.4}, the numerical
coefficients for the inverse summation are (—1)*/[(k + h) — (k + 1)]!. For
{t}, the numerical coefficients are (—1)*/k!.

6. Logarithms and Exponentials of Power Series. Expression 6.364 of Adams
[1] is essentially

(21) Il + gz + g2 + g2° + ---) = mz + m2® + m® + ---.

Through a comparison of Adams’ table accompanying 6.364 with (8) and (12) and

an application of the reasoning of the last section, the arrangement of the m’s and

g’s of (21) becomes that of Table 1. For any {¢u} of Table 1 except {f.:}, the nu-

merical coefficients are (—1)**". For {t4}, the numerical coefficients are (—1)**/k.
The exponential form is given as

(22) exp (giz + g2 + g2’ + ) =1+ mz + m2’ + md® + - .

Again through use of the methods of the last section, the arrangement of the m’s
and g¢’s becomes that of Table 1. For any {tu} of Table 1 except {#}, the numerical
coefficients for the exponential form are 1/[(k 4 k) — (k + 1)]L. For {tu}, the
numerical coefficients are 1/k!.

7. Calculation of Numerical Coefficients within a Literal Group. It becomes
apparent that in any literal group except those which are coefficients of the {#x}’s
the term g1 'gi_sy1 always appears. This term has weight &, degree h, and multi-
plier unity. The letter combinations in any literal group consist of all the combi-
nations of g¢’s which simultaneously have weight &k and degree h. The quotient
formed by (h — 1)! divided by the products of the factorials of the exponents of
a combination of g’s determines the bracketed numerical coeflicient for that com-
bination of ¢’s. The single term of the g;" group (i.e., the coefficient of {tw}) has
a multiplier of unity. This method for finding the terms of a literal group is essen-
tially that outlined in Fielder [3].

8. Conclusions. It can be concluded that there are algebraic operations on poly-
nomials or power series which have common forms for the literal groups. The
braced coefficients are peculiar to particular algebraic operations. For a given
operation, all numerical coefficients except {tw} follow one combinatorial rule,
while the {t.x} coefficients follow a different combinatorial rule. Since available
tables of many algebraic operations which follow patterns similar to those dis-
cussed herein are terminated at index four or five, the information contained
herein should be useful in extending the available tables. It is anticipated that
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many other algebraic operations on polynomials can be found which are members
of the operation class of this paper.
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