Applications of the Complex Exponential
Integral

By Murlan S. Corrington

1. Introduction. The recent publication of an extensive table of the exponential
integral for complex arguments [1] makes it possible to evaluate a large number of
indefinite integrals not in existing tables, and to obtain values for the sine and cosine
integrals for complex arguments.

2. Definition of Exponential Integral. The definition used by the National
Bureau of Standards will be used throughout,

0 U

(1) B2 = [ S du = RE) + iIBy(2)
where z = z + 4y. R and I denote the real and imaginary components respectively.
The integral converges if the upper limit is «¢’®, and is independent of a, so long as
—37 £ a £ 3r [2]. To make E;(z) a single-valued function a branch cut is made
just below the negative real axis, including the origin, such that z = z + 7y =
pe”, —m < 8 < . This means that when the integral is evaluated for a point on the
negative real axis the contour must be indented above the pole at the origin.

The values of E,(z) are given in the tables for the region 0 < § < =; those for
the region —r < # < 0 can be obtained from the relations

E\(2) = Ei(2), Z=1z - 1y.
Here, as usual, f(z) means the complex conjugate of f(z).

3. Relation to Exponential Integral for Real Arguments. The earlier tables of
the exponential integral (3] for real arguments use the following definitions:

(2) Ei(x)=j{_:§du= -

and

(3) —Ei(—-z) = /:a %jdu, >0
where & is the Cauchy principal value. This gives the relations

(4) E(y) = —Ei(—y), y>0
and

(5) —Ei(-y) = Ei(y) + =, y>0

4. Sine and Cosine Integrals for Complex Arguments. Let u = ¢, then equation
(1) becomes
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BG+w) = [ T a
y—iz t
“ cost . f* sint
(6) = [ sty Hnty
y—iz t y—iz t

= — Ci(y — iz) — i}z — Si(y — 12)].

Interchanging letters gives the relations

(7 E\(y — ix) = —Ci(x + 1y) + il3x — Si(x + 1y)]
and
(8) E(—y + iz) = —Ci(xz + 1y) — 3= — Si(x + dy)].

Subtracting equations (7) and (8) gives
Si(z + 1y) = ¥ [Bily + iz) — Ex(—y + i2)] + ¥~
(9) = 3IE\(y + ix) + IE:(—y + iz) + =]
+ ¥[RE\(y + iz) — RE\(—y + i2)].
Adding equations (7) and (8) gives
Ci(z + 3y) = —3[RE\(y + ix) + RE, (—y + iz)]
+ HIE\(y + $z) — IE\(—y + z)].

In the other quadrants the following relations can be used:

(10)

(11a) Si(z — 1) = Si(z + 1),

(11b) Si(—z + ) = —Si(z + @),
(11e) Si(—zx — 1y) = Si(z + ty),
(12a) Ci(zx — 1y) = Cilz + ),

(12b) Ci(—x + iy) = Ciz + 1y) + im,
(12¢) Ci(—x — 1y) = Ci(z + 1y) — im.

When z = 0 in equation (6)
E\(iy) = —Ci(y) — ilir — Si(y)],

)

(13) Si(y) = ir + IE\(dy)
and

(14) Ci(y) = —RE\(%y).

5. Relation to Previously Published Tables. Tables of sine and cosine integrals
for complex arguments in rectangular coordinates have been published by Bleick
[4]. His definition of the sine integral is not the one given here, and his funection is
not an analytic function. Since he defined the sine integral as
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(15) Sis(z + iy) =[ Sﬂ’_‘dt

w

the relation to the one used here is
Si(z + 1y) = Si(iy) + Sis(z + 1)
= Siz(z + 1y) + 3[E(y) — Ei(—y)] + 3=

His definition of the cosine integral leads to the same values as the one here.

A table of E;(z) for arguments in polar coordinates has been published by
Mashiko for angles in the first quadrant [5]. Computer routines for the complex
exponential integral are also available [6].

(16)

6. Table of Integrals. The following integrals, in which @ and b are real, can be

evaluated in terms of the real and imaginary components of the exponential integral:

b
sin ¢

[ dt = [REl(a) — REy(a + )]
(17) o a2 + t2 .
- -2—5' [RE](—G/) - REl(—‘a -+ 'lb)],

* cost e’ ] e* .
(18) ‘/0. m dt = 5{1— [7!' + IE1(—0/ + ’Lb)] - é—l; IEl(a + ’Lb) y

b .
a9 [ E‘Z—S}_‘—; dt = %e_a[w + IB(—a + )] + % ¢“TE:(a + b),
(20) ;ff Lt =3 ¢ [REa) — RE:(a + )]

+ 3 ¢ [RE:(—a) — RE:\(—a + )],
b

f sinh ¢ gt = _sina [REI(b + ta) + RE(—b + ia) + 2Ci(a)]
0

(21) a + &
COS a
— [E(b + da) + IE(=b + da) — 28i(a) + ],
b
f ;fjl_l ttz at = 08 [REl(b + ia) —RE, (=b + ia)]
(22)

+ 9°—S—“ [IEy(b + ia) — IEy(—b + 7a)],
® ¢ sinh ¢

1
(23) | dt = g oosa [REL(b + ia) — RE.(—=b + 4a)]

\ — Lsina [IEi(b + ta) — IE,(=b + ia)],
(24) | %O—_Ehti dt = %sina [IE.(b + ia) + IE(—=b + ta) — 28i(a) + ]
— 1 cosa[RE(b + ia) +RE:(=b + ia) + 2Ci(a)],

b t

}; ¢ _dgt= _sina [RE,(—=b + ia) + Ci(a)]

a2 + t2
cc;sa [ IE\(=b 4+ ia) — Si(a) + = :l

(25)
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b —1

[ w5pdt = BLRE® + i) + Cia)]
[IEl(b + ia) — Si(a) + %1],

(26)
~ cos a

+
b

(27) foa=+t2d‘"s'““[wl( b+ ia) — Si(a)+§r]

— cos a [RE\(=b + ia) + Ci(a)l,
b t —1

; 1
(28) foa2+tzd“sma[ml(b+m> Sz(a>+§,r]

— cos a [RE,(b + ia) + Ci(a)],

(29) f0 SR g = LIRENS) — REA(=D)],

b -y
@ | Lo cohl gy = og b + § RE) + REN(—)),

'1 — cos at cosh bt
(31) o t

dt = logvy + %log(a2 + )
+ 3 [RE\«(b + ia) + RE\(=b + da)]
where log v = 0.5772156649 - - - = Euler’s constant,

1 . .
(32) fof‘-"li‘ti"lh—'i‘dtﬂ “9——[1El(b+m)—IE,( b+ 4a)],

1 . .
(33) [o M‘:ﬂﬂ‘-dz = 5 [RE(b + ia) — REy(=b + ia)],

1.
(30) [ SMGLSONNg— L UEb +ia) + IE(=b + i) + ],
0

)

f sin ¢ log (a® + %) dt = log a® — cos b log (a® + b")
o
+ ¢" [RE(a) — RE\(a + ib)] + ¢ ° [RE\(—a) —RE\(—a + )],

(35)

b

f cos tlog (a® + ) dt = sin b log (a* +b%)
0
— ¢ [[E,(—a + ib) + x] — €" IE:(a + b),

(36)

fsmh tlog (a® + %) dt = cosh b log (a® + b°) — log a
(37) — sina [[E\(b + 7a) + IE\(=b + ia) — 2Si(a) + =]
+ cos a [REL(b + ia) + RE\(—b + ia) + 2Ci(a)],
b
f cosh ¢ log (a® + £') dt = sinh b log (a® + b°)
o

(38) + sin a [IE\(b + ia) — IEy(—b + ia)]
— cos a [REy(b + ia) — RE\(—=b + 7a)],
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b a

f sin ¢ tan"%dt = —cosbtan"lg - ;—- IE\(a + 1b)
(39) 0 . s
+ 5 [r + [E(~a + b)),

b a

f cos ¢ tan™ f_l dt = sinb tai™ 2 + £ (REw(a + i) — RE:(a))
0

(40) o
- 7 [REl(—a + ib) - REI(—G)]7
b .
f sinh ¢ tan_ltadt = cosh b tan—lg - S—I—I;l [RE,(b+1ia) — RE,(—=b+1a)]
0
(41) cos a ) .
- [IE\(b + ta) — IE,(=b + 7a)],
b
f cosh ¢ tan—lf—ldt = sinh b tan™* g +sina Ci(a) + cos a[% T — Si(a):l
0
(42) + 252 [REA(b + ia) + RE\(=b + ia)]
+ 5 TE(b + da) + IE(=b + da)],
1 at -
(43) f e sinbt o an Y IE(—a + i) + 7, a>0,
o ¢ a
1 —at .
(44) f e_—%‘—“_bt dt = tan™ % + IEy(a + i), a> 0,
0

1 —at _ 2
(45) fo ?——Q—Tﬂs-bi) dt = %bg (1 + gz) — REy(a) + RE:(a + ib),

b
f e'log (a* + 1) dt = ¢’ log (o’ + V") — log a’
0

(46) — 2sina [IE,(—=b + ia) — Si(a) + 1 =]
+ 2 cos a [RE,(=b + 1a) + Ci(a)],

b
(47) f X tan_latdt =é tan"lg + sin a[RE,(=b + 2a) + Ci(a)]
0

+ cos allE\(=b + 7a) — Si(a) + ix].
The integrals of equations (19) and (20) have been tabulated by Bleick [4].

7. Extension of the Table of Integrals. Other more complex integrals can be
derived from the above table by differentiation or integration with respect to
a or b, using the Cauchy-Riemann relations,

ORE\(a +ib) _ 9IE\(a + ib)
da - ab

(48)

—a

=aTe+—b2[bsinb—acosb]
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and

ORE\(a + ib) _  9IEi(a + 1b)
ab - da

= ﬁp[—asmb — b cos b].

(49)
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