Expansion of Hypergeometric Functions in
Series of Other Hypergeometric Functions

By Yudell L. Luke and Richard L. Coleman

Abstract. In a previous paper [1] one of us developed an expansion for the con-
fluent hypergeometric function in series of Bessel functions. A different expansion
of the same kind given by Buchholz [2] was also studied. Since publication of [1],
it was found that Rice [3] has also developed an expansion of this type, and yet a
fourth expansion of this kind can be deduced from some recent work by Alavi and
Wells [4]. In this note, we first deduce a multiplication formula for the Gaussian
hypergeometric function which generalizes a statement of Chaundy, see (11), page
187 of [5], and includes a multiplication theorem for the confluent hypergeometric
functions due to Erdélyi, see (7), page 283 of [5]. Our principal result is specialized
to give an expansion of the confluent hypergeometric function in series of Bessel
functions which includes the four above as special cases. With the aid of the Laplace
transform, the latter result is used to derive an expansion of the Gaussian hyper-
geometric function in series of functions of the same kind with changed argument.
This is advantageous since, throughout most of the unit dise, the change in argu-
ment leads to more rapidly converging series. For special values of the parameters,
the expansion degenerates into known quadratic transformations.

1. A Multiplication Theorem for the Gaussian Hypergeometric Function. We
first prove
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For notation and definitions, see Erdélyi [5], Chapters 2 and 4. Note that the param-
eters o, 8 and vy are free, provided that the resulting expression is meaningful. Let
gn be the coefficient of A" on the right-hand side of (1.1). Then
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where
7] -n,vy + 2m
Bn—21q<7+1+2m+n 1)
(1.3)
_ 2n F —n+1,'y+1-|—2m1
y+1l+2m+n"'\ v+2+2m+n '
Now using the fact, see (46), page 104 of [5],
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Thus (1.2) becomes
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which proves (1.1). Chaundy’s statement is (1.1) with A = 1.
In (1.1), set b = B, replace z by z/b and let b — . Then
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Erdélyi’s expansion theorem is (1.7) with @ = a. Again in (1.1), put b = ¢, replace
A by Ma and let @ — . Then
).
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It can be noted that expansion formulas of the type (1.1) for the G-function (a
generalization of hypergeometric functions) have been studied in a series of papers
by Meijer [6]. However, neither (1.1) nor (1.7)-(1.8) canbe deduced from his work.

2. Expansion of the Confluent Hypergeometric Function in Series of Bessel
Functions. In (1.7), put ¥ + 1 = 2o and note that
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Assume XA = 1 and write Ri(a, ¢, 8, 1) = Ri(a, ¢, 8). If 6 = 0, we get the result in
[1], and & = a — % yields the Buchholz expansion. Another proof of the latter has
been given by Slater [7]. 8 = % and = ¢ — 1 give the expansions in [3] and [4],
respectively. The 3F, given in [4] is not of the form (2.3), but may be reduced to it
using known transformation properties of ;Fy’s (see Bailey [8]).

Properties of the Ry’s for A = 1 are next of interest. These are recorded without
proof as the argument is much akin to that developed in [1] for the case § = 0.
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If 6 = 3, then
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The convergence of (2.9) is inferior to that of (2.7) of [1].

3. Expansion of the Gaussian Hypergeometric Function in Series of Functions
of the Same Kind with Changed Argument. Now combine the known Laplace
transforms [9]
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* A proof after the manner of (2.5) shows that Ri(a, ¢, 3; \) satisfies a five-term recurrence
formula. The expression does not seem to be of general interest and so is omitted.
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with (2.2) for A = 1 and put 2(p + 1) = 2. Then for |z | < 1,
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where w = (1 — 2)"*is real and positive if z is real and 0 < z < 1. Equation (3.3)

is convenient since the change in argument leads to more rapldly convergent series

throughout most of the unit disc. To see this, note that |z | = i Tw for all

|z| £ 1 and equality holds only for z = 0 and z=1. Also, if z is real, | z]| =
12 ,

(1 — w)’/4w = v whenever z < 5(41)32 — = 0.96924. If z = pew, then by

numerical computation, we find that | z| = | v | holds for p = 0.97, 0.98, 0.99 and
1.0if § = 0.0074, 0.0260, 0.0331 and 0.0365, respectively. Another advantage is that
§ is a free parameter. Thus, if § = bor § = b — 1, the »F; on the right is unity. If
also the parameters a, b and ¢ are such that R is a product of gamma functions as
in (2.6)-(2.8), then the right-hand side of (3.3) is a hypergeometric function and
we can recover known quadratic transformations. For example, if § = b, and
¢ = 2a, then

2% 1 —
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and from the latter, one can readily deduce the Gauss transformation for the com-
plete elliptic integral of the first kind.

Ifa=%b=1¢= $andé = 0, (3.3) yields expansions for arc tan a~* and
log (1 + @) which are special cases of Chebyshev expansions previously given by
Luke [10].

We now obtain a useful expansion for the complete elliptic integral of the first
kind K (k) when the modulus is near unity. It is known that

K(k) + 2 (log KK(K) = > {@l}
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which is the same as

To evaluate the partial derivative, use (3.3) with 8 = 0 and b = § where first a is
replaced by @ — 1 and then c is replaced by a. It follows that
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and so
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