
TECHNICAL NOTES AND SHORT PAPERS 

Characteristic Exponents of Mathieu Functions 

By T. Tamir 

The study of the properties and solutions of the Mathieu second-order differ- 
ential equation has been very extensive in the last decades, due to the special 
interest presented by physical problems involving periodic media and problems 
separable in elliptic coordinate systems, [1], [2]. The purely periodic solutions of 
the Mathieu equation have been extensively tabulated with high accuracies over 
large ranges of the parameters involved [3], [4]. 

On the other hand, numerical tables for the non-periodic Floquet-type solutions 
are scarce [5], [6], [7]; in addition, the increments between two successive tabulated 
values are relatively large for some of these tables and the accuracy is relatively 
low in the other tables. Consequently, the applicability of the available data is 
rather limited. 

The regions of "stable" solutions of the Mathieu equation are of particular 
interest in applications involving the wave equation with periodic boundary con- 
ditions, since these regions correspond to the propagating waves in the correspond- 
ing media. The first three regions of stable solutions were tabulated with this type 
of problem in mind, the numerical results being given in Tables I, II, and III. 

The canonical form of the Mathieu equation considered is given by 

(1) y" + (p-2q cos2z)y = 0, 

with p and q real. Every non-periodic solution of (1) is a linear combination of two 
linearly independent Floquet-type solutions of the form 

(2) y = ePzP(z), 

where P(z) is a periodic function of z, and v is the so-called characteristic exponent. 
This exponent is a function of the parameters p and q only. When v is real, the 
solutions (2) are called "stable" since they are uniformly bounded for all real z; 
then v = f(p, q) may be chosen to be single-valued. (Note: In the tables and curves 
shown here, v is not reduced to 0 _ v < 1 as is usually done, but its actual value 
is taken, thus defining the particular stable region it represents.) 

It is shown in the references that all values of v are solutions of the continued 
fraction equation 

(3) D o = 'I_' _ 'I__ _ _ Di )D D3 +D1 IDL2 IDL3 

where 

(4) ~ DM (m+ )- (m = O.0 , 2 *.**.) 
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For computation purposes, it is convenient to define 

(5) x = V p 

so that equation (3) will take the form 

X = ._ 2l_. 

4(1 + v) + x 18(2 + v) + x 14n(n + v) + x 

(6) q2 It q22 

4(1-v) + x 18(2-v) + x 14n(n-v) + x 

(n = 1, 2,3, ...) 

The continued fractions are convergent since they satisfy the convergence test 
[2] which requires that I An I > 2 for n > N, where N is a finite integer. 

To find the roots of equation (6), it is noted that this equation is already ex- 
pressed in a suitable form for solution by means of an iteration process, with x 
regarded as the unknown. Taking q and v as variable parameters, such an iteration 
procedure was programmed on a computer which obtained p with an accuracy of 
10'. As is proved in the Appendix, the iteration process converges in an alternating 
fashion, i.e., the exact result always lies between the values obtained by two suc- 
cessive iterations; hence, the iteration process must be carried out only until the 
difference between two successive results is less than the maximum desired devia- 
tion. 

It was also noted that the number of iterations required to solve equation (6) 
was extremely large for a large range of parameters if a simple iteration procedure 
was used. This was due to a very slow convergence of the iteration process in some 
regions of q and v. To improve this situation, the computer was programmed to 
differentiate between two cases: 

a) "Fast" convergence: x' +1 contained within the interval (xi X, x+2), 

b) "Slow" convergence: xn+l outside the interval (X., xn+2), where x1+ is 

the result of the nth iteration, using Xn as the trial value; x$+? is the arithmetic 
mean of x+l and Xn . 

After using the test to determine whether the convergence is "fast" or "slow," 
as defined above, the computer used either Xn+2 or x'+2, respectively, as the next 
trial value for the n + 2 iteration. This procedure reduced the number of itera- 
tions required from more than a thousand to less than twenty for the most slowly 
converging cases. 

The results thus obtained are given in the appended tables, while Figure 1 
shows these values plotted in the p - q plane. Note that, for greater clarity, 
P = + , rather than p is plotted in the figure. Thus p = P2 if P _ 0; p = - p2 

if P < 0. 

Appendix. It is shown below that an iteration process based on equation (6), 
if converging, will do so in an alternating manner; i.e., the value of the exact solu- 
tion always lies between the values of the results of any two successive iterations. 

The iteration process may be written in the form 

Xn+1 = Ro+(x,) + Ro7(x,) 
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FIRST REGION SECOND REGION THIRD REGION 

/ ~~~~~q 
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FIG. 1-Curves of q vs P for constant values of v. The values of v pertaining to each 
curve are given directly by the interceptions with the P axis. p P2 if P > 0; p = - P2 if P < 0. 

where 

R' (x.)IlI11 R? (xf) ao?Xn + bo? 1ai?Xn + bi? am?xn + bm? 

Then 

R i-(x,) - 11 _ 1 
am Xn + bm? aM+1 xn + bj+i 

is a "remainder" function or the "tail" of a continued fraction after the first m 
terms have been omitted. 
Disregarding the i sign, we have 

1 
0(n) = ao Xn + bo - (Xn) 

Differentiating with respect to x, , we obtain 

ao - Rl'(x,) 2_ 
Ro'(xn) = a - + - R1(x) - -Ro fao - Rl'(Xa)] 

Noting that Rm(Xn) has the same functional form as Ro(xn), one finds 

Ro'(x.) = -[aoRo2 + aj(RoR1)2 + a2(RORlR2)2 + ...]. 

In the case considered, am- 12 or 1; hence am > 0. Rm(xn) -* 0 as m - 
o 

so that RO'(xn) has a finite negative value for any finite x,. Consequently, the 
derivative of Xn+1 is finite and negative so that the iteration process based on 
equation (6), if convergent, will converge in an alternating fashion. 
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No absolute convergence proof was found for the iteration process itself; on the 
other hand, no convergence instabilities were experienced in the actual computation 
for the range of parameters that was tabulated. 
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An Algorithm for Solving Certain Polynomial 
Equations with Coefficient Parameters 

By Robert D. Stalley 

1. Introduction and General Method. We describe a storage-saving procedure 
that can be used in real time simulation or other situations in which the roots of 
an equation of the form 

n 

;Fi(xi ,X2, Xi) ,my'i = O. m > 2, 0 < eo < el < .- . < en, 
(1) o=? 

ej integral (j = 0, 1, ,n) 

must be obtained within severe time limits, i.e., from storage, for values of the 
coefficient parameter m-tuple (xl, x2, *, Xm) from some given set. The expo- 
nents ej are defined so as to be monotonically increasing rather than strictly in- 
creasing for later notational convenience. 

Suppose there exist relations 

(2) ui = (X, , , Xm), (i = g, AI + 1, ..., im), 2 < At _ m, 
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