TECHNICAL NOTES AND SHORT PAPERS
Characteristic Exponents of Mathieu Functions

By T. Tamir

The study of the properties and solutions of the Mathieu second-order differ-
ential equation has been very extensive in the last decades, due to the special
interest presented by physical problems involving periodic media and problems
separable in elliptic coordinate systems, [1], [2]. The purely periodic solutions of
the Mathieu equation have been extensively tabulated with high accuracies over
large ranges of the parameters involved [3], [4].

On the other hand, numerical tables for the non-periodic Floquet-type solutions
are scarce [5], [6], [7]; in addition, the increments between two successive tabulated
values are relatively large for some of these tables and the accuracy is relatively
low in the other tables. Consequently, the applicability of the available data is
rather limited.

The regions of ‘“‘stable’” solutions of the Mathieu equation are of particular
interest in applications involving the wave equation with periodic boundary con-
ditions, since these regions correspond to the propagating waves in the correspond-
ing media. The first three regions of stable solutions were tabulated with this type
of problem in mind, the numerical results being given in Tables I, II, and III.

The canonical form of the Mathieu equation considered is given by

(1) Yy’ + (p — 2q cos 22)y = 0,

with p and ¢ real. Every non-periodic solution of (1) is a linear combination of two
linearly independent Floquet-type solutions of the form

(2) y = "P(2),

where P(z) is a periodic function of z, and » is the so-called characteristic exponent.
This exponent is a function of the parameters p and ¢ only. When » is real, the
solutions (2) are called “stable” since they are uniformly bounded for all real z;
then » = f(p, ¢) may be chosen to be single-valued. (Note: In the tables and curves
shown here, » is not reduced to 0 = » < 1 as is usually done, but its actual value
is taken, thus defining the particular stable region it represents.)

It is shown in the references that all values of » are solutions of the continued
fraction equation

1 _ 1] _ 1] 1 _ 1] 1]
Dy = — —t— 1T ... P R SR Y
(3) "= 5 "D, D Do (D (Do
where

2_
(4) Dm=g"ij'—q")———p, (m=0,x1,+£2---).
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For computation purposes, it is convenient to define
(5) r=V—p
so that equation (3) will take the form

Y S ¢ l_ .- ¢ |_ ..
41 +»)+2z (82 +») + = [4n(n + ») + =
® L ¢ [ | _ ¢ |_ ..
41 —»)+ =z (82 —») + = [4n(n — ») + @

(n = 1,2, 3, ced)

The continued fractions are convergent since they satisfy the convergence test
[2] which requires that | D, | = 2 for n > N, where N is a finite integer.

To find the roots of equation (6), it is noted that this equation is already ex-
pressed in a suitable form for solution by means of an iteration process, with
regarded as the unknown. Taking ¢ and » as variable parameters, such an iteration
procedure was programmed on a computer which obtained p with an accuracy of
107°. As is proved in the Appendix, the iteration process converges in an alternating
fashion, i.e., the exact result always lies between the values obtained by two suc-
cessive iterations; hence, the iteration process must be carried out only until the
difference between two successive results is less than the maximum desired devia-
tion.

It was also noted that the number of iterations required to solve equation (6)
was extremely large for a large range of parameters if a simple iteration procedure
was used. This was due to a very slow convergence of the iteration process in some
regions of ¢ and ». To improve this situation, the computer was programmed to
differentiate between two cases:

a) “Fast” convergence: T4 contained within the interval (z,, Ta42),

b) “Slow” convergence: &, outside the interval (s, Tn42), Where .4, is
the result of the nth iteration, using z, as the trial value; z ; is the arithmetic
mean of r,4; and z, .

After using the test to determine whether the convergence is ‘“fast’ or “‘slow,”
as defined above, the computer used either ., or 2, , respectively, as the next
trial value for the n 4+ 2 iteration. This procedure reduced the number of itera-
tions required from more than a thousand to less than twenty for the most slowly
converging cases.

The results thus obtained are given in the appended tables, while Figure 1
shows these values plotted in the p — ¢ plane. Note that, for greater clarity,
P = =+ +/Tp] rather than p is plotted in the figure. Thus p = P*if P 2 0;p = — P*
if P <O0.

Appendix. It is shown below that an iteration process based on equation (6),
if converging, will do so in an alternating manner; i.e., the value of the exact solu-
tion always lies between the values of the results of any two successive iterations.

The iteration process may be written in the form

Tpy1 = R0+(xn) + RO_(xﬂ)
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Fia. 1—Curves of ¢ vs P for constant values of ». The values of » pertaining to each
curve are given directly by the interceptions with the P axis. p = P2if P 2 0;p = — P2if P < 0.

where
TSN S DU S D S R
B (@) = oo T ™ Taka, T 0F | an¥z, + bu* ’
Then
R () = L | : |

n T, + bn  |ni1 2 + bin

is a “remainder” function or the ‘“tail” of a continued fraction after the first m
terms have been omitted.
Disregarding the == sign, we have

1
o Tn + by — Rl(xn) )

Differentiating with respect to z. , we obtain

w—R(z) . o,
- [a1 Ty + bl —_— Rl(x”)]2 - Ro [ao Rl (xn)].

Noting that R.(z.) has the same functional form as R¢(z,), one finds
RJ(2.) = —[acRs + a1(RoR:)? + aa(ReRiR:) + - -].

Ro(xn) =

R¢ (xn) =

In the case considered, a. = lz or 1; hence a» > 0. Rn(2,) = 0 as m —

so that R¢ (z.) has a finite negative value for any finite z, . Consequently, the

derivative of z.4; is finite and negative so that the iteration process based on
equation (6), if convergent, will converge in an alternating fashion.



103

CHARACTERISTIC EXPONENTS OF MATHIEU FUNCTIONS

€6920°¢—
6TLE6° T—
c066L° 1—
98199 ' 1—
CLGeS 1—
8906€° T—
9299¢" T—
T0%¢1 " 1—
8¥666°0—
18298 0—
28€€L°0—
69909 0—
967 0—
L8%6E° 0—
GLTEC 0—
Ge011° 0—
896000
9922170
16€%G°0
L28S€°0
G90.%°0
8608%°0
17689°0
¢196L°0
L2868°0

01

0€8L0°¢—
9€6E6° T —
Gy108° 1—
05799 ' 1—
19806 1—
G6€6€ " 1—
19096 1—
608CT 1—
G066 0—
9€298°0—
206€L°0—
L8819°0—
€0L8% 0—
97€9€ 0—
991%¢ 0—
YLIGT 0—
88600 0—
TLTITIT°0
9.Y6¢" 0
g8¥€€ 0
9E1¥Y 0
LT1E%S°0
028€9°0
90¢cL 0
6098L°0

6°0

66680 ¢—
€9676° 1—
€808 T—
91CL9 " 1—
GLLES T—
86E0% T—
060" 1—
086ET T—
91010 T—
90288 0—
€996.°0—
860€9°0—
1280¢°0—
9928 0—
8€69¢°0—
TLEST 0—
66070 0—
06890°0
T6€L1°0
926670
042L9€°0
T%€S%°0
66,250
7E€L85°0
1€929°0

80

9.860°6—
62996 T—
66818 1—
€6€89° 1—
8109¢ " 1—
C8LIV 1—
7698C T—
GOLST T—
£00€0° T~
€E¥06°0—
6908L°0—
60699 0—
26665 0—
L¥€ey 0—
€001€°0—
1000G°0—
£€6660°0—
9620070
T9€01°0
GIE6T1°0
89%.G°0
8%97¢°0
€€90%°0
GLISY 0
92087 "0

L0

89¢01°¢—
06296 T—
1CGER " T—
19869 1—
L299¢°1—
C9SEY 1—
G990¢" 1—
CG6L1 1—
LE¥S0° T—
8€T€6°0—
92018 0—
$2069°0—
CILLG 0—
Y2897 0—
6¥.6€°0—
96€9¢ 0—
96€ST° 0—
66650° 0—
89.¢0°0

00801°0

GL6LT 0

) Sl

9816G 0

0262€ 0

CGGSE 0

9°0

GISTI C—
0%086° T—
G99¥8" 1—
GEVIL T—
GLERS T—
G8YSy 1—
06L6€" T—
00€0G" T—
G080 1—
91096 0—
L9¢¥8°0—
9180L 0—
96919 0—
€%60¢° 0—
70907 0—
62L0€°0—
LLETG 0—
18981 0—
86470 0—
08.20°0

762600

S1.¥1°0

9G161°0

69€¢G 0

Geeve 0

g0

LELTT C—
65666 T—
92098 1—
886GL T—
82009 T—
19€LY ' 1—
PG8¥E T—
¥16¢¢" 1—
T9S0T " T—
61286 0—
G16L8°0—
8219 0—
7079 0—
1€0SS°0—
G019%" 0—
8L9G€°0—
90892 0—
96681 0—
26601°0—
60570 0—
6¢L10°0

7€290°0

L8L01°0

9€9€T1°0

90%S1°0

70

G8LET C—
¥.¥00°6—
6GEL8 T—
19€VL 1—
G8GI19"1—
Gg106% " 1—
6999¢ " 1—
99SVG " 1—
6CLCT 1—
8110 1—
£9668°0—
7206L°0—
08989 °0—
01689 0—
01687 0—
66866 0—
1CETE 0—
L¥¥€¢ 0—
0L291°0—
L5860°0—
8Lc¥0°0—
¢0%00°0

LT1%0°0

G1890°0

16%80°0

€0

909%1°C—
cLE10°C—
T1€88° 1—
9E¥eL 1—
0929 " T—
c0€08" T—
8L08¢" 1—
0119 T—
0cvv1 1—
€€0€0 T—
62,616 0—
68218 0—
8660L°0—
Y119 0—
6LL16°0—
176V 0—
989%¢°0—
0L0L5°0—
0910G°0—
886ET°0—
%980 0—
GL1%0°0—
££900°0—
12610°0

087€0°0

¢0

6C1ST ' ¢—
€610 ¢—
76688 1—
LIT9L" 1—
909€9° 1—
LITTIG 1—
0L68€" T—
780L% T—
a8PeT 1—
L6170 1—
6%¢€6°0—
72,988 0—
209¢L°0—
18L69°0—
£666G°0—
798%% 0—
8G29¢°0—
166G 0—
0CSce 0—
10991°0—
06C1T°0—
07690 0—
009€0°0—
11010°0—
967000

10

80€S1°¢—
6€160°'¢c—
6¥168° T—
16€9L° T —
19269 1—
96€1S " T—
¥2.06€ T—
LIyl 1—
SY8GT 1—
76570 T—
8966 0—
SP1E8 0—
0206 0—
€%6€9°0—
6S17S°0—
Y16SY 0—
99%28°0—
6€00€°0—
L1€€C°0—
TYELT 0—
L1181 0—
G98L0°0—
LS¥%0°0—
16610°0—
00$00°0—

0°0

oo‘o'o'o.o.o.o.o.-—;-—;-—:—n—t-—n—n—n—n—tOiC\]NC\lNN

a

‘(ayx -d ‘g soustafol fo 10q puw %99 U2aMP2Qq DIUD) UOGIL 2]q]S,, 1841 oy Jof (4 ‘DYf = d fo sanp 4
I a1av],



TAMIR

T.

104

Lyc6Y "€
GEIes ¢
8.89S° €
GLY09° €
$66€9° €
€00L9°¢
GLE0L €
89€€EL" €
0Tc9L €
8688L° €
6cV18° €
€08€8° ¢
81098°€
¥2088° €
69668° €
a0L16°¢€
$26€6° €
189%6°€
G6696° €
G00L6° €
616L6°€
89986 €
09c66°€
£9966° €
L1666° ¢

0'¢

YISy €
07987 "€
6661S°€
$605S° €
916L5°€
¢L509°¢€
68629 "€
0S199°€
6€029°¢€
9€989°¢
Gc669 "€
9280L° €
08VIL €
GCLIL €
86S1L €
STIIL €
G160L° €
6¢c69 "€
1¥6L9° €
86699°¢
8T169°€
G8LE9"€
6929 "€
8YL19°€
06119°€

6°1

6067€" €
G689¢°€
9026¢" €
9CG1v '€
1¥6C¥ "€
Geeyy €
96€SY '€
0T19%°€
L19%9%° €
CcOY9Y '€
96097 '€
€LESY° €
GIEYV €
0¥6cy "€
€6C1V° €
(447
98€LE° €
GGese’ €
901€¢€" €
0c01€" €
62065 €
C9ELG €
(4IRS
6.87G° €
(4447

81

1CL61°€
¥1€1c €
185¢G "€
016€G" €
060%G "€
91€¥c €
I81%G "€
¥89€C "€
6G8¢G° €
913" €
9800¢ "€
GEc81 €
c0191°€
VCLET €
6V111°€
0€780° €
1€950° €
1¢820° €
GL000°€
GLYL6°C
¢6056°C
¥10€6°C
0TI€16°C
%006 G
$9¢68°¢

L1

$66€0° €
01.%0° €
L2050°€
88090 €
8EL¥0° €
L30%0° €
$6620°€
92G10° €
€6266°C
6%926°C
G€cS6°C
L8906°¢
18568°¢C
93¥98°' ¢
G01€8°¢
0L96L°C
¥619L°¢C
€¥.Lcl' ¢
86€69°C
€%¢99°¢
99€€9°¢
G4809°¢
96.85°C
¥9¢L8°C
61€9¢°¢C

91

G1888°C | 69¥5L°C
1L888°C | ¥88VL'C
80G88°C | EV6EL'C
C8LL8'G | GE9CL°C
G6998°C | 8960L G
8EG48°¢C | 91689°C
Ge¥e’’C | 01999°G
19318°¢G | 19L€9°C
LGL8L°C | LV909°C
6G69L°C | €1CLS'C
L6LCL°C | LIVEG'C
88E69°C | T€V6V G
€6L99°¢C | VEISY'C
0.819°¢ | 0T90%°¢
L¥8LS'C | 006S€°C
8TLESG"C | 8S0IE'C
L¥S6¥°¢C | EVI9C T
L0VSY°C | 1€C1G°C
¥8EIV'C | T1391°C
GLGLE G | COLIT G
9L0%€°C | 86¥L0°C
9001€°¢C | GL9€0°C
1.¥8¢°¢ | 89%00°C
$299¢°C | 8€086° 1
86E9C°C | 819961

g1 ¥l

E¥V¥9°¢
GEYEY ¢
05029°¢
$6¢09 ¢
9918¢°C
§999¢°¢C
G6L09°C
0956V ¢
0L6S¥°C
Ge0cv' ¢
89LLE'C
181€E°C
V168G ¢
9LIEG G
808L1°¢
166¢1°¢
69590°C
10800°¢
£9056° 1
LG968° 1
L1981
GGCoL 1
€90GL° 1
GOSIL'1
81L69°1

€1

982¢9¢°¢C
G96¥S G
69C€S G
¥6119°C
07.8%°¢
9065V "¢
¥69¢7 G
L016€°C
0S16€°¢C
6680€°G
¥S19¢°¢
9€113°'¢C
68L.S1°C
1€10T°C
g81%0°C
086L6°1
ces16°1
67678 1
6668L° 1
PIGTIL T
206%9°1
gr98¢° 1
L6608 1
GGe8y 1
FAREI AN

¢'1

08C1S°¢
V1L6V°C
888LY'C
10957 ' ¢
6965V "¢
G€66€°C
6099€°¢
00L88°¢
P1682° ¢
8¥6€C ¢
80061 °¢
10L€1°C
9€080°C
1¢020°¢
899561
166881
20028° 1
8ELVL 1
€16L9° 1
GLY6G°1
06G1¢° 1
699¢Y° 1
€669¢° 1
c6.8¢° 1
0vcea' 1

T'1

€656V ¢
Gc08y'¢
9209%°¢
¥VLEV ¢
9¢01V° ¢
0C6LE°C
9cvve ¢
9%50€°¢
1189¢°C
92913°¢
6991°¢
98IT11°C
80%50°¢
G9¢66 "1
€9286° 1
11668° 1
GLL8L° 1
G8ITL'T
66€€9° 1
L8166° 1
L2997 1
668LE°1
GE88G' 1
L1861 [
€L860" I

(U

—NMFHDOTIO AN MNHIOOIS0 O — N M 1D

a

“(ayz *d ‘g 2ouatafoy fo 0q pup 1oq U2mM3aq DauD) UL 21qVIS,, PU0das ayp 4of (4 ‘D)f = d fo sanpv 4

II @1av],



105

CHARACTERISTIC EXPONENTS OF MATHIEU FUNCTIONS

TLG81°6
LTLLT°6
9¢891°6
T€6ST°6
G00ST "6
€90%1°6
60TET "6
LY131°6
G8ITT 6
816016
09¢60°6
91€80° 6
68€L0°6
g8%90°6
G1990°6
YLLY0 6
62,6606
$€¢€0°6
9%620° 6
€¢610°6
GLETO6
¢0600°6
16S00° 6
882006
19000° 6

0°¢

GgG08°8
TT6LL°8
8609L°8
€0L5L°8
TP10L°8
0€929°8
€8199°8
$18¢9°8
$€609°8
99€8S°8
982968
352
90925 "8
G080S "8
LE06Y°8
€08L7°8
9099% "8
GPESY° 8
¥eEvy' 8
6E7EY "8
G69G¥ '8
¢80c¥°8
8091V "8
0L31%°8
L901%° 8

6°¢C

16%6G°8
1619¢°8
1966¢G°8
06L61°8
GTlIT'8
96.61°8
€0601°8
€L180°8
cL9G0°8
L01€0°8
$8.00°8
20986° L
8L996° L
00L76° L
9L6G6° L
¥0¥16° L
98668 L
02L88 L
20948 L
9%998" L
$E8G8" L
GL1G8" L
69978" L
€658 L
€L078" L

8¢

G866L° L
09T9L° L
GE¥OL L
GG889 " L
1€€59° L
GL6T9 L
9628G" L
6896S" L
8LL2G "L
62005 L
VLY L
16057 L
L8153V L
G107 L
9188E "L
680LE" L
$E6%e L
8YI¥E L
GE6CE " L
G881E L
L660€" L
9Lc0¢" L
L1L6C" L
81666 L
0806Z" L

L'c

4423
L8L8G L
GGSYG L
96%0¢ " L
90991" L
GILTL L
18060° L
L8950° L
69€00° L
882669
00%96°9
G0LE6°9
20316°9
906889
008989
068%8°9
€L1€8°9
9%918°9
L0€08°9
GGI6L°9
G8I8L'9
G6ELL"9
€8L9L°9
8%69L°9
L809L°9

9°¢

9%568°9
G8G¥8°9
€9L6L°9
960SL°9
8690L°9
€8¢99°9
191299
1¥686°9
PEeevSe 9
$¥01S°9
8LLLY9
8EL¥V'9
GG61¥°9
6€€6€°9
0869€°9
G¥8¥€°9
1€62€°9
€EC1€°9
67L6C°9
¥L.¥8%°9
€0¥22°9
€699¢°9
098529
¢865¢°9
460929

¢'c

G986% "9
S8IFY'9
6%98¢°9
¥8¢€€°9
901829
(4 tan!]
8LEST'9
968619
085609
695509
66.10°9
L0€86° ¢
€8096° ¢
6¢1¢6° S
Y968 ¢
020.L8° S
94878 ¢
6¥6¢8° S
08218 ¢
$G86L° G
G998L° ¢
G69LL° G
0669L°G
1ev9L° ¢
0194 ¢

v'¢c

0€1S1°9
9898079
€81¢0°9
Ly696° ¢
¢0668° ¢
GL0¥8° ¢
I8Y8L"¢
0G1EL" G
86089 "¢
¥¥€E9° ¢
66889 "¢
GLLYG S
L2160S° S
208L%°¢
GoEYY "¢
9Ya1¥y° ¢
cv06¢€° ¢
¥¥89€° G
LI
0ceee g
9L61€°S
1680€° ¢
L5008 ¢
89%66 "¢
L116C° S

§€'C

320L8"S
£0S6L° G
180GL°S
00879 "G
G19L5°G
TrL0G G
980¥% " ¢
065286
9EFTE" G
6095 "G
GE108 "G
H0ST 'S
8701 G
29090° G
90220 S
£9186° ¥
0856 ¥
760267
L2806 ¥
076887
6L8L8'%
Ge198°¥
88TS8" ¥
72578 ¥
0ST38"¥

¢'G

96089 "¢
G896S° ¢
c0816°¢
L968V" S
0TL¥E° S
0999¢° ¢
6¥481°¢
G1L0T"§
660€0°¢
LyLS6°V
60L88" ¥
LEOT8 ¥
98LSL°V
L000L° v
8V.L¥9° ¥
97009 ¥
1655 ¥
8LECS ¥
00%6V ¥
98697 v
00067V
98VEY ¥
y9€ey ¥
G691V ¥
WIy'v

1°¢

Y0€19°¢
8093S° ¢
c89¢Y° ¢
L98Y¢° ¢
9%09¢ "¢
L9gL1°¢
1$980° ¢
£6866° ¥
LYE16'¥
¢E6C8° ¥
8L9VL°V
61999V
€6.L85°'¥
68C1¢° v
c007v v
0STLE ¥
€290¢'¥
G89¥C " ¥
161" ¥
8EEY1'¥
06001 ¥
0€990" ¥
90L80°¥
89910° ¥
91%00" ¥

0°¢

.

AN O I~V NN HIDOI~0DO AN M IO

a

(ayz *d ‘g 20uauafoy] fo toq puw *aq U2dMPQq DUD) UOGIL (21qDIS,, Py} oy} of (4 B)f = d fo somm
III a1av],



106 ROBERT D. STALLEY

No absolute convergence proof was found for the iteration process itself; on the
other hand, no convergence instabilities were experienced in the actual computation
for the range of parameters that was tabulated.
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An Algorithm for Solving Certain Polynomial
Equations with Coefficient Parameters

By Robert D. Stalley

1. Introduction and General Method. We describe a storage-saving procedure
that can be used in real time simulation or other situations in which the roots of
an equation of the form

S Fixi, 2, )y =0, mz22 0Ses<e=s--=e,
1y =
ejintegral (j = 0,1, ---,n),
must be obtained within severe time limits, i.e., from storage, for values of the
coefficient parameter m-tuple (z;, 22, - -, Trn) from some given set. The expo-
nents e; are defined so as to be monotonically increasing rather than strictly in-

creasing for later notational convenience.
Suppose there exist relations

(2) Ui = @i(T1, B2, 0, Tm), (E=pp+1,--,m), 2=pu=m,
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