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By Kurt Spielberg 

1. Introduction. In this article we present the coefficients of approximations 
which are well suited for the calculation of logarithms on digital computers. The 
approximations have been derived by means of the IBM 704 program IB CTR. 
They are chosen so as to approximately minimize the absolute error over the appro- 
priate interval of the argument. The method is described in detail in references 
[1], [2]. 

Similar selected polynomial approximations have been made available by C. 
Hastings [3]. The approximations of the present article, however, cover a much 
wider range of accuracy and should allow the coding of efficient double-precision 
subroutines. 

Continued fraction approximations have been used systematically by E. G. 
Kogbetliantz and the author in connection with subroutines for the IBMV1 704 and 
709 computers (see e.g. [4], [5], [6], which contain many references to other litera- 
ture on rational approximations). The reader should note that the continued 
fraction approximations given in this paper not only allow for computation with 
fewer second-order arithmetic operations (multiplications and divisions) but also 
are intrinsically more accurate than polynomial approximations with equal num- 
bers of constants. 

2. Polynomial Approximations. In the case of digital computers, the argument 
can be assumed to be in normalized floating point form: 

A. Binary machines: 

(l.a) y = 2i.f 

i ... integer, f ... fraction, (-) < f < 1. 

B. Decimal machines: 

(ib) y = 10'*F 

I... integer, F ... fraction, (iNy) ? F < 1. 

The natural logarithm is then evaluated in accordance with the relations: 

(2.a) loge y = (i + log2f) *loge 2 

(2.b) loge y = (I + log1o F) -loge 10. 

To obtain efficient polynomial approximations, one starts with the well known 
series 

(3) loge V 2[(x/v) + (x /3v ) + (x5/5v5) + *] 
V - x 

Received May 8, 1961 

205 



206 KURT SPIELBERG 

which converges in the interval [-v < x < v]. Since we intend to "economize" 
the power series by means of Chebyshev polynomials, we focus our attention on 
the interval [-1 < x < 1]. To this end we introduce the rational transformations 

(4.a) f = u (v+x), x = v ( ) 

(4.b) F = U V* (V x) x = V (F+U 

and determine u, v, U, V so that the interval [-1 < x ? 1] maps one-to-one onto 
the intervals [(2) - f ? 1] and [(s) _ F < 1] respectively. 

The parameters are determined from the endpoint conditions: 

(.)u * v _ 1 ,u (v. = u =1+ 
(5.a) ->u=2 

v= (V2+ 1)2 

(5.b) (V _ 1 , U V + 1) = 1o V=1+/ 
V = (V/o + 1)2/9. 

On substituting these values into equation 3, we obtain the following power series 
for log2f and log1oF: 

(6.a) log2f = 2109g2 e[(x/v) + (x3/3v3) + ]-(2) 

(6.b) log2o F = 2 log2oe.[(x/V) + (x3/3V3) + ]- (1)() [-1 ? X < 1] 

The 704 program IB CTR is now applied to produce polynomial approximations 
to the functions log2 f + (2) and log1o F + (2). These approximations have the 
form: 

fm ( = C &,*X ) 2i 1 
i=l 

(7) x = v f + (A/2/2) for 1og2 f + (2) 

x =V F- (V/10/10) for logio F + x VF + (VI-0110) (2 

For computational purposes, however, it is preferable to introduce the variables 
x x 

z =- or Z = -X 
V V 

m 

(8) fXn *(z) = c(in) 
2i-1 

In Tables 1 and 2 we give the coefficients c(m) for those mn which result in approxi- 
mations of less than or equal to 16-digit accuracy. IB CTR performs operations 
to 16-digit accuracy only. Its primary output, however, consists of the increments 
A\ai which have to be added to the power series coefficients as of the given function 
to produce the coefficients of the approximation polynomial. We therefore give 
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tables of these increments from which the reader can construct approximations of 
great accuracy by simple hand computation. 

All approximations of the form (7) have been tested at more than 100 points 
in the interval [-1 ? x < 1]. Instead of the complete error curves we submit, 
for simplicity, three "error parameters." 

E ... a theoretical upper bound of the magnitude of the absolute error caused 
by a truncation of a Chebyshev series to m terms 

E2 ... the maximum magnitude of the absolute error encountered in the de- 
scribed test 

E3 ... a2i,I , the maximum absolute error incurred by a truncation of the 

given power series to m terms. 
The sets of increments have been tested as follows. From the definitions we 

infer that (for x = 1) 

m X0 m 

E a2il + Ea2i-l = E (a2i-I + Aa2i-1) i max (E1, E2) 
i=1 i=m+l i=1 

or 

E3= iAa2i-1 i max (E1 , E2). 

Selected tests of this type have consistently been satisfactory. The reader should 
note, however, that these tests do not usually apply to the last two digits due to 
the unfortunate fact that E3 has been printed only to 6 digits. In order to obtain a 
better check, at least up to "triple precision accuracy" on the IBM 704 (2-70), 
we have therefore coded a triple precision logarithm subroutine based on the given 
increments. The accuracy of the subroutine was verified by an application to 
functional relationships of the form log (x y) = log x + log y. We have every 
reason to believe that all of the given increments will be found to be completely 
accurate. 

3. Continued Fraction Approximations. An approximation polynomial can be 
transformed into a rational approximation with the same number of constants by 
means of the "multiple truncation procedure" described in [2] and implemented 
in IB CTR. It is shown in [2] that the rational approximation may actually be con- 
siderably better than the original polynomial approximation. The results sub- 
mitted in the present article furnish an excellent instance of this behavior. 

Rational approximations can readily be transformed into continued fractions 
which can be evaluated in fewer operations. In Tables 3 and 4 we give the con- 
tinued fraction expressions for (log2f + 2) and (log1o F + 2) up to 16-digit accur- 
acy. They are of the form 

gm(zlz Ho+ G1 G2 I [m2 

Z2 + Hl z2 + H2 + Z2 + H[m/2]1 

m 
where m = 3, 41, * and [sm] is the largest integer < . For even m, the con- 

stant Ho is zero. 
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All continued fractionis have been checked at more than 100 points ill the inter- 
val [-1 < x < 11. These checks were executed in double precision arithmetic, 
i.e., with wordlengths of 16 digits. The user of a particular continued fraction 
approximation should briefly analyze how much round-off error may accrue on his 
machine due to limited wordlength and subtraction of numbers of equal magnitude. 
For large Hi and Gi serious loss of accuracy might occur in this manner. In the case 
of the logarithmic functions, however, little difficulty shouid arise from this source. 

4. Use of Tables. To illustrate the use of the tables we give a few simple ex- 
amples. 

a) Polynomial approximation, three coefficients: 

1 ~~~~~~2 
2 <-f -, z = 2 

log2f = f3*(Z) - 2 i (.32) .10- = C1Z + c3Z3 + c5Z5- 4= (.32) .10-7 

Table 1: c, = 2.88539 12843 ... 

C3= .96147 14921 ... 

cs= .59895 53187 

Another way of writing the approximation would be 

1 < x < Z = z-1 

log2x = c1z + C3Z3 + C5Z5 i (.32) .10-7. 

b) Continued fraction approximation, three coefficients: 

1 ~~~~Z 2 
2 f 

2 - f <- 1, + = 2 

log2 f = (Z)-2 4 (.48) .108 = z ?Ho + G ] - (.48) .10-8 12H z 2 + Hi 2 

Table 3: Ho = 1.29200 70987 

H1 = -1.65676 26301 

G-= -2.63985 77031. 

cI Use of increments: 
The increments of Tables 1' and 2' should be added to the coefficients: 

(2 log2 e, - 1og2 e, 25 log2 e, *) 

and 
(2 logio e, -W log10 e, 2 log1o e, *--) 

respectiv\ely. 
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In our computations we have used the constants 

2 10g2 e = 2.88539 00817 77926 8146 

2 log1o e = .86858 89638 06503 6553. 
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