Polynomial and Continued-Fraction Approxi-
mations for Logarithmic Functions

By Kurt Spielberg

1. Introduction. In this article we present the coefficients of approximations
which are well suited for the calculation of logarithms on digital computers. The
approximations have been derived by means of the IBM 704 program IB CTR.
They are chosen so as to approximately minimize the absolute error over the appro-
priate interval of the argument. The method is described in detail in references
(11, [2].

Similar selected polynomial approximations have been made available by C.
Hastings [3]. The approximations of the present article, however, cover a much
wider range of accuracy and should allow the coding of efficient double-precision
subroutines.

Continued fraction approximations have been used systematically by E. G.
Kogbetliantz and the author in connection with subroutines for the IBM 704 and
709 computers (see e.g. [4], [5], [6], which contain many references to other litera-
ture on rational approximations). The reader should note that the continued
fraction approximations given in this paper not only allow for computation with
fewer second-order arithmetic operations (multiplications and divisions) but also
are intrinsically more accurate than polynomial approximations with equal num-
bers of constants.

2. Polynomial Approximations. In the case of digital computers, the argument
can be assumed to be in normalized floating point form:
A. Binary machines:

(1.a) y =2'-f
1 - - - integer, f - fraction, 3 =f< 1
B. Decimal machines:
(1.b) y = 10"-F
I - - integer, F - .. fraction, (&%) = F <1

The natural logarithm is then evaluated in accordance with the relations:
(2.a) log.y = (¢ + log. f) -log. 2
(2.b) log.y = (I + logy F) -log, 10.

To obtain efficient polynomial approximations, one starts with the well known
series

v+

y —

(3) log,

i = 2l(z/v) + (£%/30°) + (a*/50°) + - -]
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which converges in the interval [—v < 2 < v]. Since we intend to ‘“‘economize”
the power series by means of Chebyshev polynomials, we focus our attention on
the interval [-1 < « < 1]. To this end we introduce the rational transformations

(4a) f=u(z-l_i) x=v<j‘c4_-u>
am Pev (), a-ve(559)

and determine u, v, U, V so that the interval [—1 < 2 < 1] maps one-to-one onto
the intervals [(3) = f = 1] and [(¥) = F = 1] respectively.
The parameters are determined from the endpoint conditions:

oo () e (F) s e
v =(V2+ 1)’

V = (\/ﬁ + 1)2/9.

On substituting these values into equation 3, we obtain the following power series
for logsf and logyF':

(6a) log:f = 2-logs e-[(x/v) + (£%/30°) + ---]1 — (3)
(6.b) logiF = 2-logne-[(z/V) + (2%/3V%) + -1 — (3), 1=z =1

The 704 program IB CTR is now applied to produce polynomial approximations
to the functions logs f + (1) and logy F + (3). These approximations have the
form:

m
Fut(2) = 20 a2

=1

= (v2/2) 1

v f————+ (\/5/2) for logs f + <§>
v F — (4/10/10)
~ F + (+/10/10)

For computational purposes, however, it is preferable to introduce the variables

Torz=2
v vV’

(7) x

for logw F + <%)

z =

(8) fu*(2) = 2, efii-2"
=1

In Tables 1 and 2 we give the coefficients ¢;™ for those m which result in approxi-
mations of less than or equal to 16-digit accuracy. IB CTR performs operations
to 16-digit accuracy only. Its primary output, however, consists of the increments
Aa; which have to be added to the power series coefficients a; of the given function
to produce the coefficients of the approximation polynomial. We therefore give
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tables of these increments from which the reader can construct approximations of
great accuracy by simple hand computation.

All approximations of the form (7) have been tested at more than 100 points
in the interval [—1 < z =< 1]. Instead of the complete error curves we submit,
for simplicity, three ‘“‘error parameters.”

E; - - - a theoretical upper bound of the magnitude of the absolute error caused
by a truncation of a Chebyshev series to m terms

E, - - - the maximum magnitude of the absolute error encountered in the de-
scribed test

Es--- D a1, the maximum absolute error incurred by a truncation of the
1=m+1
given power series to m terms.
The sets of increments have been tested as follows. From the definitions we

infer that (forx = 1)

'21 Q21 +'Z Agi1 = Z (@sic1 + Aapiy) == max (E1, E,)

i=m+1 =1

or

E3 = Z:], Aagi—; = max (E1 , Ez)

Selected tests of this type have consistently been satisfactory. The reader should
note, however, that these tests do not usually apply to the last two digits due to
the unfortunate fact that E; has been printed only to 6 digits. In order to obtain a
better check, at least up to “triple precision accuracy” on the IBM 704 (277°),
we have therefore coded a triple precision logarithm subroutine based on the given
increments. The accuracy of the subroutine was verified by an application to
functional relationships of the form log (z-y) = log = + log y. We have every
reason to believe that all of the given increments will be found to be completely
accurate.

3. Continued Fraction Approximations. An approximation polynomial can be
transformed into a rational approximation with the same number of constants by
means of the “multiple truncation procedure” described in [2] and implemented
in IB CTR. It is shown in [2] that the rational approximation may actually be con-
siderably better than the original polynomial approximation. The results sub-
mitted in the present article furnish an excellent instance of this behavior.

Rational approximations can readily be transformed into continued fractions
which can be evaluated in fewer operations. In Tables 3 and 4 we give the con-
tinued fraction expressions for (log.f + %) and (logw F + %) up to 16-digit accur-
acy. They are of the form

* - H Gy | G |, Gimm |
gm (2)/2 °+lz2+H1+lz2+H2+ +———\22+H[m/2],
where m = 3, 4, --- and [im] is the largest integer < ;f For even m, the con-

stant H, is zero.



213

POLYNOMIAL AND CONTINUED-FRACTION APPROXIMATIONS

Bwyp < ... fep 1y

:out] MON

[ gy © -+ ¢ Vg ¢ ogf 2(sou ao)-our] 48u1y]

:00uonbas FUIMO[[0] B} UT PIASI[ 1B SIURISUO)

T0d LVG9 L69€ 9€22 90ET—

10 923L 68SF 8SPE 0681—

00X 1366 2289 0ELS $€2T—
T0H 99€9 TLLZ S61S 095¢—

T0H 298L T¥S0 0L88 C12E—
100 129 8L90 6086 9205 —

I8l 699 =€ ‘SI-H L91 = GU

00d €vey FObP $69% LLEC—
T0H 299 .83 8190 $0LE—

o1I-d %92 =
10 €769 €OLT €6LT 0PST—

80-H 01 =
10d 8892 €92F 0180 €68T—

209 €ep =

S0-M 981 =

20H 133¢ $L€6 2190 1822—
20H 6289 9.8L 99T 199T—

e ‘SI-™ 00§ = gd
00 9L31 €961 S2¥g $609—
1041 8612 T20L L9TL 9808—
el ‘eI’ 922 = ¢d
TOH 9860 89%S 9€08 3G9E—
10T ¥206 $6ET THSE L8GL—
€I I 1.6 = 3Y

1001 3SLF €108 929L 999T1—
SH  ‘80-" 6LF = GU

‘L1-80

‘91-a

‘PI-0L

T

‘80-H

1007 L9T1S 09¥L ¥6E8 S9P8—
003 ¥.ST 6310 6.0 6809

001 = 1H ‘], = SJUBIINYIOD JO
20d STSL 0439 3996 1992~
00 0000 0000 0000 0000

¥6L = TH ‘9 = sHuLIIYIA0d Jo
T0TL GP8E LPEL G808 989S—
007 801y 1299 S€3L 0.28

L8 = 10 ‘g = SJULBIIYI0Y Ju
2001 9850 L066 €116 LPLT—
00 0000 0000 0000 0000

614 = T J = SHULDY0D JO
1001 08G1 1180 LL98 6892 —
1000 0¥P0 0486 0200 @621

8y = 14 ‘g = SHUDIDIYIOD JO

(34 + A *607) s0f s7ua101fo0)) U0IDL] PINULIUO))

¢ @1avy,



KURT SPIELBERG

214

00 0000 0000 0000 0000
10 ¥%L6 LL6€ €L8L 9TST—

TI1-H G¥6F 6L0€ 0Ly T8LI—
00 0000 0000 0000 0000
T0H L68S 2968 0668 0811—

CI-H 6812 T181 126L 999L—
00 0000 0000 0000 0000
TOH €989 8%0C $90T 8121—

00H 262 $2TL 9962 329e—

00H 8689 98%8 986L 89T.L—

00 0000 0000 0000 0000
10 LS.V 893L 90TF 899¢—

10-3 988L Gov¥ 63 L998—
00 0000 0000 0000 0000
T0H L¥SS 28FT LLPO L69T—

10-H L90T 0303 9L99 $295—
00 0000 0000 0000 0000
T0H 1839 L.98 THFE $E6T—

LO-H L¥OT 9€SL ¥TGL 896€—
T0H 6080 6280 8S¥6 ¥.2T—

€0-H 3€98 T.98 6062 £90S—

T0d 6€8% ¥026 SLIT SIFI—

T0H 9916 193¢ 219L 1801—

104 1.89 €699 1683 6921—

00 0000 0000 0000 0000
T0H $6.¢ LET6 9TST 1€8L—

80-H
00H 2870 $609 096% 9107 —

00 0000 0000 0000 0000
10H $¥69 0868 1798 SShe—

L0-°

00H L2€9 90¥8 ¥1L9 L098—
00 0000 0000 0000 0000
10H 080 L029 0%2€ ¥¥9S—

L0-7T

T0-H 0116 TT8S L86% 9666—
T0H #89L 1800 8.86 0663—

90-H
00H L0€T 8829 63S% 86¥C—
TOH 86TL 896% €32L PI1LE—

90-4
10-H 0SF¥ $10% $9€C 8995 —
T0H 289¢ 0968 T¥¥9 098T—

S0-H

00 29%S 2ETT ¥98T 8I2T—
T0H 670 €8ST 198G 8965—

¥0-H

T0H TLLT LS6L 3889 TEFI—
¥0-H

10 €S0L 8T9T 0ZFF TLI—
€0-H

0

69¢ = ¢

I = ¢d

98¢ = €

00H ST8L 6981 189% 103T—
20 6616 L¥68 €336 691€—

‘CI-H vee = gd

10H 9v28 ¥€01 1L6L VL0L—
00 0000 0000 0000 0000
10 THPT 26%T 9€2T 3699 —

‘eI-E €09 = ¢d
T0H TeFS LPLS 8€86 S6LG—

00 0000 0000 0000 0000
T0H 9887 S18E 96.8 8L3T—

T-g 991 = ¢H

T0H €28 0999 6¥S% 0092—
10H 6702 $290 2¥L9 $99F—

682 = ¢  ‘GI'H €29 = gH
T0H 6826 9LEL 87€8 L9GT—
Z0H T1¥6 8060 ¥906 29ST—

986 =¢d IT-H 18y = ¢d
T0H ¥89¢ Z61L 6¥9€ 8STT—
10H %922 6611 6970 089¢—

eIy =¢d  0I-E 68¢ =2H

T0H ¥ehL L31E 3T1€9 ¥€2T—
Z0H ¥619 8626 10.F LIZT—

Ll =¢d ‘60-H ¥l =2H
00 002€ TSET 9286 L86E—
T0H 9982 LEPT 089S €€LT—

€9 =¢84 ‘80-H L8 =23H
10 8LLV 8Z0T ¥€9S €993—
T0H 28T 8219 69€T 900L—

e =¢d ‘90" 81 =2CH

10H 6619 €SPV 9¥88 L9ST—
191 =¢H  ‘S0-H 8¢ = 2H

‘PI-d

‘g

E4uct

‘01-A

‘60-8

‘60-d

‘80-3

‘L0-8

‘90-d

‘60-F

81 =19

¥9C = TH

¥ev = 14

10 90¥6 962L 8E10 FPIT—
00 0000 0000 0000 0000
‘Z1 = SIUBIOYAOD JO

104 2880 08IL LFLS 9T16—
003 8ILI 689L 209G 69EI—
00 T018 8290 099% 9951

‘1T = 8juSdIOYI09 JO

T0H $99% 16€€ $89% 0066—
00 1819 6999 7050 L68T—

00 0000 0000 0000 0000

‘01 = SHUSBIDYD0I JO

TOH 0089 LS01 82 €66C—
00 7288 €66 VI0F G261

99T = I ‘6 = SyuaIYa0d Jo
109 §208 2911 860€ 0Z6L—
00 0000 0000 0000 0000

61T =1E ‘g = Syualoa0d Jo
T0H 920L 8106 6765 8261—
00 0091 695 9250 L828

09 = IF ‘L = SIUSIa0D Jo

T0H €099 1870 €129 8289—
00 0000 0000 0000 0000

16F = IH ‘9 = SHUSIOLYR09 JO
TOH T960 6980 GE¥L 09F1—
00H T¥LL 3089 91€8 9ELT

¥eF = I ‘G = SHULIOYe0D JO
TOH 1896 Z68T 0¥6L 9087 —
00 0000 0000 0000 0000

PIe = IH  ‘p = SHUSIOIPQO0D JO
00H 2vLS L9LS 0€68 €L0L—
00H 2.8 8LOL ¥898 VLIV

112 =1 ‘€ = SjuaIdyyaod jo

(3¢ + 4 °6or7) uof sjuat01fa0)) U0IDL] PINUNUO))

§ a1dv],



215

POLYNOMIAL AND CONTINUED-FRACTION APPROXIMATIONS

T0- SL86 ¥61¢ FOIT 995€—
00 0000 0000 0000 0000
10d 891 2€I8 119G 9991—

20-H 92€9 981L G¥06 T112L—
00 0000 0000 0000 0000
104 €08p 2oLl 1090 €FE1—

T0-H 8080 8¥€0 9LIT 0915—

00 LL89 98.8 €16L 080€—
00 0000 0000 0000 0000
10d €262 200€ 9809 0062 —

10-H L23€ 9L.6 9TIL 6106—
00 0000 0000 0000 0000
T0H 850 ¥€89 6069 L00Z—

00 GT19¥% TILT €606 €90C—

10H 6L89 9620 $L02 0208—
00 TL8T 9200 9819 8901—
10d 966€ 0089 6698 €916—

60-1

00 0.2¢ €€TL 88LT €LSL—
00 0000 0000 0000 0000
T0H 6LIT SL9% 9T6€ 9.3y —

60-H

10H TISP 0061 $L0€ $012—

44

006

$0-H 9202 606 6266 L¥L9—
20 SLGF 928G €6 6631 —
107 9308 €¥$8 €626 1611—
00 0000 0000 0000 0000

LY 298 = 1H  PI = SHULYL0D

60-H €926 L896 €1¥S 662 —
€0 2616 280 §9€0 99LI—
00H ¥8¥%1 198¢ LEI8 19GL1—
20 ZLI0 %160 SOIC €69E—

¢d  ‘eT-@ €1 =12d

T1-{ 9990 L28L 8888 $993—
10d STT0 LFI€ €90T S19€—
10 9€89 89S TELE 1901—
00H 616 109¢ FSFT $6ET

‘SI-H pLT =10 8l = SIULIOYYA0d

20H €616 9¥9Z 691L 90TT—
00F 0789 LF9T 9€98 0ETI—
10& 9L18 L0S€ 888€ T908—

e ‘eI-g 6F1 = 3d

SI-{ 399 0F91 191¥ 8899—

€0H €F¥9 8198 8EL0 1521— Z0H 6980 89%8 0F8E €611—

Jo ¥

Jo #




216 KURT SPIELBERG

All continued fractions have been checked at more than 100 points in the inter-
val [—1 £ 2 £ 1]. These checks were executed in double precision arithmetic,
1.e., with wordlengths of 16 digits. The user of a particular continued fraction
approximation should briefly analyze how much round-off error may accrue on his
machine due to limited wordlength and subtraction of numbers of equal magnitude.
For large H; and G, serious loss of accuracy might occur in this manner. In the case
of the logarithmic functions, however, little difficulty shouid arise from this source.

4. Use of Tables. To illustrate the use of the tables we give a few simple ex-

amples.
a) Polynomial approximation, three coefficients:
2
1 /- \/7
2 V3
I+

logaf = f3*(2) — % & (.32) 1077 = iz + ¢ + ¢’ — 3 £ (.32) .1077
Table 1: c; = 2.88539 12843 - --

c; = .96147 14921 ---

¢ = .59895 53187 ---

Another way of writing the approximation would be

1 x— 1
—_— < < = -

loger = ¢z + ¢2° + e2® £ (.32) 107"
b) Continued fraction approximation, three coefficients:
2
j-Y2

1, e=-—"r

T
1+ 2

| =
IIA
(u—y
lIA

logs [ = g5*(2) — % 4 (48).10°° = 2 [Ho + __%I—l] - % & (48) 10

Table 3: Hy, = 1.29200 70987
H, = —1.65676 26301
G, = —2.63985 77031.

¢) Use of increments:
The increments of Tables 1’ and 2’ should be added to the coefficients:
(2 logse, 3 log e, 2 logae, -+ )
and
(2 logi e, % logyo e, 2 logyee, ---+)

respectively.
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In our computations we have used the constants
2 log: ¢ = 2.88539 00817 77926 8146
2logwe = .86858 89638 06503 6553.
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