
226 LASLETT AND LEWISH 

while the values of v(7ri) and 3(7ri) are given in the table: 

i vQir) f3Qir) 

1 6 6 
2 2 3 
3 3 2 

Hence we have 

P3 = - [- +2_ + 2 + 2 + 2+ 2 ]+ 1 [2 + 2 + 2 
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Evaluation of the Zeros of Cross-Product 
Bessel Functions 

By L. Jackson Laslett and William Lewish 

1. Introduction. There is considerable interest in the zeros of certain cross- 
product Bessel functions which arise in solving Bessel's equation subject to Dirichlet 

or Neumann boundary conditions at r = a, b, 

(la) Jn(qa) Y.(qb) - Jn(qb) Y.(qa) = 0 

or 

(lb) Jn'(qa) Y,'(qb) - J,'(qb) Y,'(qa) = 0, 

because of their well-known application in physical or- engineering problems for 

which the use of cylindrical coordinates is appropriate. In many instances attention 
may be directed primarily to the zeros of such functions when n is not large because 
of the interest in the lower-order modes which are possible in the physical problem 
under consideration, but cases may also arise in which the higher-order modes will 

warrant attention in order to determine the circumstances in which such possibly 
unwanted modes may become excited. 

Solutions to (la) and (lb) have been discussed by a number of writers [1], [6], 
and results presented in the form of algebraic formulas, in tables, or graphically. 
For application to problems in which (b - a)/ (b + a) is small and in which n may 
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be large, however, it appeared appropriate to make an independent investigation 
of the initial roots of (la) and (lb) by study of characteristic solutions of Bessel's 
equation in the interval a < r < b without explicit reference to the usual Bessel 
and Neumann functions. Approximate analytic formulas have been obtained from 
which estimates may be made of the characteristic values, for the case of the first 
Dirichlet root and for the first two roots subject to the Neumann boundary con- 
dition, and an independent numerical determination of the characteristic values 
and characteristic functions has been made with the CYCLONE electronic digital 
computer at Iowa State University for cases in which (b - a)/(b + a) was given 
the values 0.001, 0.01, and 0.1. It is the purpose of the present note to summarize 
the results of this investigation, for which more detailed results will be available 
elsewhere (see Section 5). 

2. Transformation of Bessel's Equation. It may be noted that, due to the nature 
of the customary Bessel functions of high order, and in particular because the func- 
tion Jn remains quite small until its argument is comparable to its order, the lowest 
characteristic values, q, will be in the neighborhood of n/b for n large. For this 
reason, and to focus attention on the interval a ? r < b, it is convenient to define 

(2a) b b+a' 

(2b) [ nb+a) n2], 

and 

(2c) x= 2 r - (b + a)/2 
b-a 

In terms of these quantities, 

(3) r = b +2 a (1 + 71x), with -1 _ x 1, 

and Bessel's equation assumes the form 

(4) d-F(1 + rnx) d + + rx) + t xn Z =l . 
() dxL- dxj [&i? + -q 32 =0. 
The solutions to (4) which are of interest are those for which the Dirichlet 

boundarv condition (Z = 0) or, alternatively, the Neumann boundary condition 
(dZ/dx = 0) applies at x = +1. When the Dirichlet boundary condition is applied, 
it may be convenient for some purposes to make the transformation 

(5) S = (1 + _x)Z, 

in terms of which (4) may be written 

(6) dS F 
5 ( -2/4) + 3n2(2 + nqx)xl s = 0, 

dX2 + + (1 + X)2 J 
withS(+1) =0. 
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Physically, it is seen that the quantity -q which is introduced here denotes the 
ratio of the width (b - a) to the mean diameter (b + a) of an annular region. 
For -q only slightly less than unity, the annular region extends substantially from 

r = 0 to r = b and the roots q b + a of (la) or (lb) may then be expected to be- 

come one-half the corresponding roots, ,u, of the simpler equations Jn(,4) = 0 or 
Jn' (2) = 0, respectively. 

For v << 1, the terms in (4) or (6) which contain -q, save in some cases those 
which involve the combination -q3n2, may either be ignored in determining simple 
analytic formulas for 5 or may be treated as a perturbation. 

3. Approximate Analytic Formulas. For ti << 1, the characteristic values, 5, for 
(4) or (6) may be obtained by a perturbation method [7] in which the unperturbed 
equation is taken as simple harmonic, provided n is not too large. In this way we 
find 

(7a) For the first Neumann root: 142 _ 8 n6n 

(7b) For the first Dirichlet root: -' -1 + (1 - 6) (n - 

(7c) For the second Neumann root: a ( + 3 2 + (i + 4n2. 

The nature of the characteristic solution associated with the first Neumann root is 
such that it is very nearly constant when 7 3n2 is small. In such cases the form of 

the solution is approximately given by Z -- 1 + 773n2 x- 3). Similarly, the first 

Dirichlet and second Neumann solutions are respectively of the general character 

cos - x or sin I x. The region of applicability of (7a-c) may be considered to be that 

for which q3n2 <n 1; of equal or greater interest, however, are the results for the 
case 73n2 > 1, which is discussed below. 

In cases for which q 3n2 is not small, but 7 << 1, it may suffice to replace (4) by 

(8) ~~~~~~d2Z32 
dX2 + [ + 23n2 n ]Z = 0 

Solutions of this approximate equation may be written explicitly in terms of Bessel 
and Neumann functions of order 3. It then follows, moreover, that for 7fnl at least 
somewhat greater than unity (e.g., 73n2 > 6) the solution of interest is substantially 

(F / ~~3/2 \ 3/9 ~ 

(9 ' [12L (J 3 +3f2)+ J113 (332)], for > >, 
1 31/2 i4I3 1232 3 2 i3 'H(] for < O, 

where t denotes 8 + 2 737l2x, since the first Hankel function then becomes sufficiently 
small at x = -1 as to satisfy adequately the boundary condition normally imposed 
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at that point. The characteristic values, 3, may then be estimated by application 
of the desired boundary condition at x = 1, aided by tables of J4113 and J'213 [8], 
[9], 

(1Oa) For the first Neumann root: 3 - -273n2 + 1.6172472n413, 

(lOb) For the first Dirichlet root: a -2tR3n2 + 3.7ll51772n43, 

(lOc) For the second Neumann root: a -2773n2 + 5.15619n2n4/3. 

The numerical constants which appear in (10a, b) are seen to be, as expected, twice 
the numerical coefficients given in series developments for the first maximum and 
first zero of Jn when n is large [9 (Sect. 15.83, p. 521) ]; [10 (Sect. VIII.3.6, p. 143) ]. 
Characteristic values for solutions to (8) must necessarily be somewhat less nega- 
tive than - 273n2 in order that the coefficient of Z be positive for some values of x 
in the interval -1 < x < 1. For n3n2 large, the characteristic solutions are rela- 
tively large only for values of x near unity, in a region whose width is roughly two 
or three times (3n2)-13 

4 Computational Results. The differential equation (4), suitably scaled, was 
integrated with the CYCLONE digital computer at Iowa State University, using 
the Runge-Kutta process [11], [12]. Runs were made for several values of n, with 
vq given in turn the values 0.001, 0.01, and 0.1. In each case the value of 3 was ad- 
justed, by trial, to give solutions satisfying the desired Dirichlet or Neumann bound- 
ary conditions. A larger number of integration steps was' employed to traverse the 
interval -1 < x < 1 in cases in which 73n2 was large, since more rapid changes 
of the function occur in certain portions of that interval in such cases. The effect 
of truncation error was found, by tests in which the interval size was halved, to be 
sufficiently small that use of the finer interval only affected the final value for the 
funietion or its derivative (in the Dirichlet or Neumann cases, respectively) by less 
than 10 6 of the maximum value and the consequent error in 3 could thus be judged 
when tabulating the results of the investigation. 

The characteristic values 3 determined computationally are listed in Table I. 
By comparing calculated values of 3 obtained for (7a-c) and (lOa-c) with the 
values in Table 1, the accuracy of (7a-c) and (lOa-c) can be ascertained. See Table 
VI [13]. Figure 1 depicts the nature of the associated characteristic functions, for 
n = 0.01, for various representative values of n. Since the conitribution from 3 makes 
a relatively small change in the characteristic value for the original Bessel equation 
when n is large, use of (2b) in connection with the values of 3 given in Table I should 
afford accurate characteristic values for q in such cases. In the application to phys- 
ical problems it is interesting to note from Figure 1 the features mentioned in Sec- 
tion 3, namely that at small n the first Neumann solution does not show a pro- 
nounced variation with x and the other characteristic solutions have approximately 
the form of circular functions, while at large n the characteristic solutions become 
large only in a small interval near x = 1. 

5. Availability of Detailed Results. The analytic work of Section 3 is presented 
in greater detail, and the computational results reproduced directly from the tele- 
printer output of the CYCLONE, in an Ames Laboratory report [13]. The report 
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also includes approximate values of f Z2dx, suitably normalized with respect to 

the value of Z or dZ/dx at x = 0 and at x = 1, for - = 0.0001 and for representa- 
tive values of 73n2 in the range 0 through 20. This report is available from the Office 
of Technical Services, U. S. Department of Commerce. Two copies of the report 
have been deposited in the file of Unpublished Mathematical Tables which is miain- 
tained by Mathematics of Computation and may be made available on loan to in- 
terested individuals. 
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On the Computation of Lommel's Functions 
of Two Variables 

By J. Boersma 

In 1942 Zernike and Nijboer [1], [2] introduced a new expansion of Lommel's 
functions of two variables in connection with calculating the diffraction integral 
of a circular aperture. In this article it is shown that this expansion is very well 
suited for the computation of these functions. (The author is much indebted to 
Dr. Bottema of the Physical Laboratory of the University of Groningen, who drew 
his attention to this formula.) 

Lommel's functions of two variables are defined in the following wan (Cf. [3], 
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