Polynomial Expansions of Bessel Functions and
Some Associated Functions

By Jet Wimp

1. Introduction. In this paper we first determine representations for the Anger-
Weber functions J,(ax) and E,(axz) in series of symmetric Jacobi polynomials.
(These include Legendre and Chebyshev polynomials as special cases.) If v is an
integer, these become expansions for the Bessel function of the first kind, since
Ji(ax) = Ji(ax). In Section 3, corresponding representations are found for
(axz)"J,(ax). Convenient error bounds are obtained for the above expansions. In
the fourth section we determine the similar type expansions for the Bessel functions
Y (az) and K (az). In Section 5, the coefficients of some of our expansions are tabu-
lated for particularly important values of the various parameters.

2. Symmetric Jacobi Expansions of Anger-Weber Functions. A function f(x)
satisfying certain conditions (for these consult [1]) may be expanded in the series

(2.1) f) =2 Co P (2), —1=<z=1 a>—1,
n=0

where P, () is called the symmetric Jacobi polynomial of degree n. For our
present purposes we shall use a definition given in [2]:

(2.2) 2"nIP, (z) = (=)"(1 — 257D — 5.

Also

(2:3) Co =h" f_lf(x)(l — )P, (z) da,

(24) h o= 22“(71' + l)a ( ) _ F(v + N) (U)D = 1.

mMFfatdHr+ati)’ YO

Using the representation (2.2) in (2.3) and noticing that all derivatives of
(1 — 2% *"™ up to and including the (n — 1)st vanish at 2 = =1, we integrate
(2.3) n times by parts to get:

(2.5) Co = (20! k)™ /_if(’”(:c)(l — 2" da.

Consider the integral definition of the Anger-Weber functions [2, v. 2, p. 35]
(2.6) J.(ax) + iE(az) = 7' fow et dy = f().
When v is an integer, J,(az) coincides with the Bessel function of the first kind

Jy(az) {2, v. 2, p. 4].
Now differentiate (2.6) » times under the integral sign, substitute the result in
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(2.5) and interchange the order of integration (which is, of course, permissible).
The inner integral is known [3] and after evaluating it we have

Co = (=0)"(n 4+ Dalhur'™)™

(2.7)
v s N e 1/2)]
. fo e {ZSITH(—#} Jintarqmi(a sin ¢) do.

Use the power series expansion for the Bessel function in (2.7) and integrate term-
by-term to get

(2.8) Co = (=0)" | cos T + i sin T | Ay Rulv, @, a),
2 2
where
a™n!
(2.9) A =

n o, v n v ’
1*(§+§+1)r<§ ——2-—|-1>(n+2a+1),,
and R, is conveniently described in hypergeometric notation [2, v. 1, p. 182] as
n,1n
Rn(v;aya’) = 2F3|:‘2‘ +§;§ + 1;
(2.10) 3 D
n v n v a

a+n+§,§ +§+1,§'—§+1,_4—]

Equating real and imaginary parts of (2.6) and (2.1), we get

(2.11) Jo(az) = D AP, @), —1=<z=1,
n=0
(2.12) E,(az) = > B.P,"" (), -1z =1,
n=0
where
(2.13) An = ARy (v, @, @) (v),
(214) B, = AR, (U) «, a)\bn (U)’
and
_ n/2 Pzr_
(2.15) i) =1 e :m L
(=) e sin—2-, n  odd;
( _\n/2 I
2161 oy = (—=)™* sin 50 T even,
(=) 6o % , n odd.

Equations (2.11) and (2.12) and the expansions in Section 3 may also be de-
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rived from results in [4]. The present derivation is more satisfactory because it estab-
lishes a foundation for the work in Section 4.
When o = —1,

2.17) P, @) = (1)a(n) T Ta(e), m=1,2-1,

where T, (x) is the Chebyshev polynomial of the first kind of degree n. Also for this
value of &, R, simplifies to the product of two Bessel functions [2, v. 2, p. 11]. With
a = —%, then (2.11)-(2.14) become

(2.18) L) = 3 CT.@), ~15s51,
2.19) E,(az) = ;DnTn(x), 1s=zs1,
where

(2.20) Co = en Jatoe (g) Tnsrso (g) 6 (),
(2.21) D, = e J(ntwr2 (g) J vy 2 <g> ¥n(v),
wd e = {3730

For integral v we have the expansions

0

(2.22) Ju(az) = X e Jiin (g) Tt (g) T(z), —1 <z <1,

n=

(2.23) Jo(az) = 220 Jtnt1 <g> Jk—n (g) Tonna(z), —1 =2 =1,

and k = 0,1, 2 --- . Equation (2.22) is known [2, v. 2, p. 100].
Since

(2.24) J.G2) = "L, (2),

where I,(2) is the modified Bessel function of the first kind [2, v. 2, p. 5], we may
replace a by ia in (2.22) and (2.23) to get expansions for Iy (ax) and Isq(az).

It is important to note that, although the above expansions are valid only for z
real and |z | = 1, (2.6) is entire in @ and v, and hence a may be chosen arbitrarily
to yield expansions valid anywhere in the finite complex plane.

The expansions (2.11), (2.12), (2.18), (2.19), (2.22), and (2.23) are quite
rapidly convergent, particularly in the Chebyshev cases [5]; consequently the last
four expansions are eminenily suitable for use on digital computers.* Such series

* The Bessel functions required to compute the coefficients in our expansions can be
systematically generated on electronic computers with the aid of techniques discussed in
[6, 7, 8]. There are numerous tables available for hand calculations. The words ‘‘accuracy,”
“error,” and ‘“‘convergence’’ in this paper always refer to the properties of the expansion
when truncated after a finite number of terms.
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may be truncated and rearranged in powers of z. Clenshaw [9], though, by using the
recursion formulas satisfied by the Chebyshev polynomisls, has formulated a con-
venient nesting procedure which allows one to utilize such expansions directly. The
scheme is as follows. Consider

N

(2.25) Pz = 4,°T1.* <§> 0<z=a,
n=0
u X

(2.26) @) = 2 4P Tha (E)’ —a =z < q
n=0
Y X

(2.27) 1) = 3 4O Thuas <a> —a<csa
n=0

To evaluate the series (2.25), (2.26), or (2.27), respectively, we construct the follow-
ing sequences:

(2.28) b, = 4(2) — 2] b — bSs + 4.9,
[ 2

(229) bn(z) = 4 <2> - 2:| bg—:—l - b;2—§)—2 + An(2))
r 2

(2.30) b =4 (g) - 2} b — b + 4.7,

forn=N,N—1,N — 2, ---, 3,2, 1, 0 with the initial values
¥ = bide = bt = bi%e = b = b = 0.

P @), f? (), and f© (x) are then given by

(231) @) = 0® 4+ 5,® [1 -2 (5)]

(2:32) F2(z) = b® + b,® [1 —2 (2)2]
[€) _p® _p @ (T

(2.33) F9>2) = Be® — by ](a>_

The method is as direct as the ordinary nesting process used to evaluate poly-
nomials.

We now derive error estimates for the expansions (2.11) and (2.12) for
—1 £ 2 £ 1. Notice that

(2.34) Ra(v,a,0) = 1 40 (%)
provided all other parameters are fixed, and consequently
n ‘ 1
An| = [a[" n! }1+0<_)'
2.35 | 4a] = — ?
(235) r<n’2"”+1)r(”2”+1>(n+2a+1),. "
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and likewise for B, . Also [2, v. 2, p. 206]

(2.36) max | P,*?(z) | = (" + “), a

—1gzg1 n

I
|
Nl

Letey denote the error incurred by taking just N terms of (2.11) or (2.12). Because
of the rapidity of convergence of the expansions, as shown by (2.35), the (N 4 1)th
term furnishes us with a convenient error estimate

Ia ’N Na+(l/2)7rl/2 1
= 14+0(=
037) |l _ AR
(237) 22N+2“I‘<N;-v+1)1‘(N2 ”+1>r(a+1)
wherea = —3, N>v, —1 =z = 1.
Among the values of a considered, it follows from (2.37) that the choice @ = —3,

i.e., the Chebyshev case, yields the smallest error term for large N.

3. Expansions of Bessel Functions of the First Kind of Nonintegral Order.
Results in the previous section gave symmetric Jacobi polynomial expansions for
Jy(ax) and I,(ax) for integral v. When v is nonintegral, these functions are no
longer entire functions of x, and it is convenient to derive an expansion for the entire
function

(3.1) T'(v 4+ 1)(az/2) " (az) = oFy <v + 1; — a_?f)

Corresponding expansions for I' (v + 1) (az/2) I, (azx) then follow, as before, from
(2.24).
Let f(z) in (2.5) be the right-hand side of (3.1). Then we have

(3.2) Jo(az) = (az)’ 2, A PS5 (2), -1z =1,
n=0
where
n 2n
i (=)(20)

(3.3) B 27220 + 2a + Daa(n + uram

2
'1F2<n+1; vt n+ 1, Qn—l—a-!—g; —Z—).

These equations also follow from a result in [4]. Indeed, using a general expansion
given there, an alternative formula for (3.3) can be stated. We have

(34) JFy [p; o7 — 4_} - I‘(a)(z/Z)l—”; %ﬁfJH,_l(z),

- (=)= P + 2+ a + (20 + « + 1)
n = a(1/2)+a
(3.5)

0 2 k 1 )
=1 Igg;/.: f,v_:_kz:]: i) Jontiraram(@).
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For the Chebyshev case of (3.2) @ = —% ana

(3.6) Jo(az) = (ax)’ Y, C\Ton(x), —1 = 2 £ 1,
=0

where

n 2n 2
(37) ¢, = c(=)"(a/4) 1F2[n+%; v n 1,2 1 _CL].

T 2T 4+ n 4 1) 4
Notice that when v = —14, (3.3) simplifies. Also, since
rax —(1/2)
(3.8) J_ap(az) = <7> cos (ax),
we infer the expansion
(3.9) cos (ax) = ., C.PSe (), —1 <z £ 1,
n=0

where

O\ 1/22—a+(1/2) 2 1 2 1 o
(310) €, = )T G ot Bt ot Ve proram(a),

a formula which can be derived in a number of different ways.
Using an analysis similar to that of Section 2, we may derive the estimate for the
error incurred when just N terms of (3.2) are used.
v+2N v _1/2a7a+4(1/2) |
lew | = la "™ |z "N [1+0i
(3.11) 2N tot—UNIT(N + v + DI (e + 1) | N

-1 =251 az —% N >

K

Concerning the optimum choice of a in (3.2), see the discussion surrounding (2.37).

4. Expansions of Bessel Functions of the Second Kind. The Bessel function and
modified Bessel function of the second kind are denoted by Y,(z) and K, (2), re-
spectively, and a treatment of them can be found in [2, v. 2, Ch. VII]. If v is non-
integral, then

4.1) V,(2) = [sin (vr)] T (2) cos (vr) — J_(2)},
and
(42) K(2) = 3 [sin (vr)] " {I(2) = L(2)},

so for such values of v expansions for the functions follow directly from the results
of Section 3.
If v is an integer, it can be shown that

(4.3) Yi(az) = %[7 + In (%)] Jilaz) + Nia(ar) — % Wi(ax),
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and

(44) Kiaz) = (=) [v-l-ln( )] Liaz) — T #NuaCian) + 5 W, (iaz),

where
k—1 2m—k

_lz(?ﬁ) (k—m——l)‘.’ k>0
(45) Nk_l(a:c) = T om0 \ 2 m!

0) k = 0,
and

ax [hm-He + hm]

o Wi = £ (7 (5) e
In the above v = 0.57721 --- = Euler’s constant and
(47) hm= 13+, k=1

We assume the value of log (ax/2) is known. Then, since expansions for Jy (ax)
and I(az) were found in Section 2, and since N ;(ax) is simply a polynomial in
1/ (ax), we need expand only the entire part of (4.3), i.e., Wi(az), in symmetric
Jacobi polynomials.

Using the representation (4.6) as f(x) in formula (2.5), a straight-forward deriva-
tion gives the series

(4.8) Wi(az) = > AP (@), —1=<z =1,
n=0

where
A )+ () + et Da(n+ o+ 3)
" Ont2atl
(49) £ _(=)(=k = 2m), <g)’“+2"‘ [ + )
m=0< k—n+1> 2 m!(k + m)!’
m4 ———
2 ntatl

We note that the expansion for Y, (ax) may also be obtained by partially differ-
entiating (3.2) with respect to v since

(4.10) Yolaz) = 2n! {aJua(:n)} y

A similar procedure yields the expansion for K,(ax). The Jacobi series for Y (ax)
and K (ax) for k > 0, however, are not so easily obtained in this manner.
For k = 0 and 1, the Chebyshev cases of (4.3) and (4.4) are

(4.11) Yo(az) = = |:*y + In < )] Jo(az) + Z E, Ton(), 0<z=1,

(412) Yi(az) = —[7 + In ( >] Ji(az) — — + Z Frn Toni(z), 0<z =1,
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lIA
v)—‘

n=0

(413) Kolax) = — [’y + In (%):I I(ax) 4+ i Gy Ton(x), 0<z

IIA

(414) Ki(az) = ['v +n <9§>} @) + 24 3 Hy Tnle),  0<a
where

a 2n . a 2k 1
(415) - 257» (Z) ( —) * 0 ( - )k<§> (n + ‘2‘>k hn+k ,
" m(nl)? = (n F D@0+ 1), k!

nt1 [ Q Pt rfa 2 3
(4.16) _ 2(-) (Z i (=) (g) (” + §>k (Prntitr =+ Bl ’

a 2n a 2k 1
1 L " (z) $\2 n+ §>k Pt
" n+ 1)p(2n + 1) k!

1
a 2n+1 a 2 3
(4.18) H - <Z> i <§> (n + —2->k [hatirs + Patil .

T anF DA (n + 2)u(2n + 2); k!

5. Tables. Tables 1 through 3 are based on the Chebyshev polynomial cases of
the expansions given in the previous sections of this paper. The entries in Tables 1
and 2 were computed on the UNIVAC 1103-A and those in Table 3 on the IBM
7090 at ASD. The calculations were designed so that the error incurred in using
the expansions whose coefficients are tabulated here will not exceed five units in
the 15th decimal place. Spot checks indicate the error is even less. Because all
entries are to 16 significant figures, the expansions may be rearranged in powers
of z with no loss of accuracy.

The number in parentheses after each entry is the power of ten by which the
entry is to be multiplied. We have chosen coefficients corresponding to ¢ = 5, but
the coefficients for other values of a from one through ten are available on request.

Note that the expansions in this paper are valid not only for —1 < z < 1 but
for complex z in a region which can be determined by a theorem of Szegd [1, p. 238].
More specifically, a Jacobi series representing an entire function converges every-
where in the finite complex plane. However, the further x lies away from
—1 £ z £ 1, the more the accuracy of the expansion deteriorates. This is so because
Pt ®(z) for complex = can no longer be bounded by a simple power of n but
behaves in the following manner [10]

2y —2y—2a~—1
PL9() = In+a+t1) N (sin %) (cos f’_)

n /2 2

- cos [Ng + r’y]{l +0 (%’)}

valid in the z plane cut from —1 to — « and from 1 to «. In (5.1), cos 6 = 2,

(5.1)
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POLYNOMIAL EXPANSIONS 457

N =+ 22+ 1)]"%, vy = — (1 + 2a)/4. In general, if values of f(z) for com-
plex z are desired, it is wisest to choose a such that the expansions are interpolatory
along a suitable ray in the complex z-plane and to stay as close as possible to this
ray.

Suppose we have the truncated expansion

62 fl&) = Z@AnTAx) + v = éx(@) + evyn, —1Sz =1,

and

00

(5.3) v = 2, ATa(@)

n=N+1
Then ¢y (z) is not generally the Chebyshev approximation of degree N to f(z) in the
sense of [11], i.e., the polynomial &y (z) of degree N uniquely characterized by the
fact that in the interval [—1, 1] the number of consecutive points at which the differ-
ence f(x) — ®y(x) with alternate changes in sign assumes the value

max |f(x) — ®~(z) |,
—1<z<1
is not less than N + 2; but ¢»(z) may closely approximate ®y(x). How closely,
of course, depends on the coefficients 4, . If A, goes quite rapidly to zero asn — «,
then A y42 is small compared to A x.1 and consequently

(5.4) evi1 ~ Axva Ty (o)

and the error curve is practically uniform, i.e., ¢~ (x) is nearly ®5 (x). Such is the case
in our expansions, and, consequently, we must expect the approximation ®y(z)
for moderate values of a to offer a negligible improvement over the Chebyshev
polynomial expansions derived in this paper and truncated after N + 1 terms.
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