Note on the Round-Off Errors in
Iterative Processes

By J. Descloux

Summary. This paper discusses round-off errors in iterative processes for
solving equations. Let 2,1 = z, + F(x,) be a scalar iterative converging process;
the different values z, are represented in a computer with a certain precision;
when z, is close to the limit, F(x,) is small and can perhaps be obtained easily
with a higher absolute precision than z, ; consequently, the addition z, + F(z,)
will practically involve a rounding operation. Besides some general remarks, it
will be shown that for a fixed-point computer an appropriate rounding method
can provide a more accurate solution to the problem; analogous results are given
in Appendix I for a floating-point computer; Appendix II deals with Aitken’s &
process. The author is indebted to A. H. Taub for many suggestions and stimulating
discussions.

1. Introduction. Let G, --- G™ be m real functions of the real variables
™, .- 2™, For any set of m numbers p®, --- p™, we shall use the vectorial
notations:

p = (p(l) p(m)).
Pl = V(@) + - (p™)2

We consider the iterative process

(1) Xpp1 = G(X2), n=0,1,--
and suppose there exist a vector r and a number b (0 =< b < 1) such that
(2) |G(x) —r| =b|x—r]| forall x;

the condition (2) insures the convergence of the x,’s to r.

We want to realize the process (1) on a fixed-point computer under the two
conditions: a) For representing each of the z,”, we use only one “word”; we
consider the content of the word as an infeger; b) We may use higher precision
for computing the values of the functions G, --- G“™ (or the functions " —
2@, @GP — @ @™ ™),

We distinguish two types of errors:

1) Truncation errors; even when using double precision, we cannot expect to
evaluate the functions G exactly;

2) Round-off errors; according to condition a), the value found for G must
be rounded to an integer.
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2. Truncation Errors. Let H “)(x), oo H™(x) approximate the functions
GV (x), - G (x):
HY(x) = 69(x) + £ (x);

£9(x) is called the truncation error; it is supposed to satisfy the inequality

(3) |€9(x) | £ a®; " = constant.
The iterative process
(4) V"+1 = H(Vn)

is considered as an approximation of (1) and gives some information about r.
TurorEM 1. For any Vo, the sequence V., given by (4) is bounded and all its
points of accumulation V satisfy the tnequality

a m,
\V—rlél‘_lb; a=(a® - a™).
TurOREM 2. The process (4) is.the best possible in the following sense: for given
a and b, there exist m functions H?(x), - -- H™ (x) for which it is impossible to

find an algorithm using only H, a, b, providing closer points of accumulation to r
than the algorithm (4).

Proof: Let G(x) = bx + a,
H(x) = bx,
G'(x) = bx — a.

and

H(x) is an approximation for both G(x) and G'(x) with limits r = 1 i 5
o T2
1—b"
If any sequence W, has a point of accumulation W such that

r

RSP PLIN

then by the triangular inequality,

\W—r'|>TL_a_—lb

and the process (4) provides in this case better information.
3. Round-off Errors. For the computer, the process (1) can be written in the
form
yita = [GV(3a) + £]e 5
)

yn is an integer. [ ]z is called a rounding procedure. [z]r is any integer-valued
function of z satisfying the inequality:

|[xle — x| < 1.
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We consider two particular types of rounding procedures:

1) Normal rounding: [z]y = [z + 0.5];

2) Anomalous rounding: [z]s: for |z| £ 1, |[x]a|
for |z| 21, |[2]a]

TueoreM 3. Let G and & satisfy equations (2) and (3). If

(6) yih = 6°() + &y, i=12--m,
then for any yo , there exists N such that

IA IV

|z [;
|z |.

lal-i- V'm for n > N,

S = Ry

furthermore, for given a and b, there exists a function G and errors &, for which the
bound s attained.

Now, we restrict ourselves to the particular case m = 1; i.e., the process (1)
becomes scalar. Equations (1), (2), (3), and (5) can be written as:

(7 Tuyt = G(2n);
(8) [G@) —rl=blz—r;
(9) Yntr = [G(yn) + &lr;
(10) & ] = a;
TuEOREM 4. Let G(x) and &, satisfy equations (8) and (10). If
(11) Yotz = Yn + [G(Yn) + &0 — Ynla,

then for any yo , there exists N such that
| Yntr — 7| <1—f——5+ 1 forn > N.

Let us compare Theorem 4 with Theorem 3 for m = 1. In both cases, the bounds
of errors have a common part which can be recognized from Theorems 1 and 2
as provided by the truncation errors. The part due to the round-off errors is in-
dependent of b for the anomalous rounding; in particular, if @ = 0, the error is
less than 1 and if the limit » is an integer, it is reached after a finite number of
steps. When the convergence is slow, i.e., b ~ 1, the errors can be very large for
the normal rounding, even if a = 0; however, if b < 0.5, the normal rounding
provides slightly better results than the anomalous rounding.

Remark. The condition (2) insures a first-order convergence for the process
(1). If we assume higher convergence, i.e., if

|G(x) —r|=blx—1", p>1,

we get results which are quite similar, but generally not simple to formulate.
Rather roughly, Theorem 4 becomes: if y, is computed by (11), then

|yn —r| < B+ 1 for n >N,

where B is due to the truncation error.
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4. Proofs.

Lemma. Let Vi = G(Vy) 4+ & under assumptions (2) and (3);
a) If |Vo—1] = l\i\b’ then |Vy —r| = lli\b;
b) If |Vo—r] >1—l-fib, then |Vi—r| < |Vo—rl

Proof. Since V, = G(Vy) + &:

(12) IVi—r[2|G(Vo) —r|+ & =b[Vo—1|+|a];
a) |[Vo—r| = ‘ \b' we have by (12):
|Vi— 1] = { }= l‘ilb’ q-e.d.
b) |Vo l ; we have by (12):

lvx—flélVo—fl—(1—b)\Vo—fl+la|<\Vo—fi—|a|+

la| = |V, — r|, qed

Proof of Theorem 1. First case: There is N such that | Vy — 1| < 1iilb ; by
Lemma a, the same inequality holds for all n > N and the theorem is proved.

Second case: Foralln = 0,1,2,---: |V, — 1| > lla !b; by Lemma b, the
positive sequence |V, — r| is monotone decreasing and converges therefore to a
limit .

Suppose that | = i‘b + d where d > 0; since b < 1, there exists V, such
that |V, —r| < l‘i b-I-g ; by (12):

| Vo — 7| < ; —ﬂfl +d =1

which is a contradiction.

Proof of Theorem 3. Since | [z]y — 2| = 0.5, we can write the equation (6)
in the form

Yo = Gy + 0, i=1,2,--m

where

|| < 0 + 0.5,
and therefore

lna| S al + 054 m.
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Replacing & by n, and |a| by |a| 4+ 0.5 v/m, we can apply Theorem 1: for any
¢, there exists N such that

lyn—r\<[ill—+—_0'15)$n+e for n > N;

but since the y$”’s are integers, there exists a particular ¢ for which the preceding
inequality implies

< |a| il—_().g\/m for

as desired. We have still to show an example valid for every a and b where the
bound of error is attained. Let

GO(x) = b —a® — 05
and suppose that for the particular vector y, = 0 we have & = a. Then

la| + +/m-05
1—9%

'yﬂ—ri n>N7

V. =0 and |y, —r]| = for n = 0.

v

Proof of Theorem 4. We use the two simple properties of the anomalous round-
ing procedures:

Dz —1< [zls <z+4 1;

2) If p <z <gandqg — p > 1, then
p <p+ [r — pla <g, provided that p is an integer, and
p < g4 [ —qls < g, provided that ¢ is an integer.

Since the y.’s are integers, the theorem results from the three statements:

a a
—_ < — . .
I If |y 7l=1—-b’ then |y rl<1_b+1,
a o _ a _ a )
II If 1_b<ly rl<——1_b+1, then |y r|<————1_b+1,
II1 If lyg—rlgl—g—b+1, then |y — 7| < |y — 7|
Statement I: By Lemma a:
T—l%béyO"i‘G(yo)+Eo—'y0§7’+lfb§
By property 1:
r————-lﬁ —1<yo+[G(y0)+$o—yo]A<7‘+—1fb+1; i.e.,

lys — 7] <r+~——1fb+1, qed.

Statement I1: We suppose r + l—i—b <y <r+ 1—i——6 +1 (the proof is
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analogous, when

a a
7_i~";—‘—1<y0<7'_1—:—b>, byLemmab.

a .
pET—f—_—'—l<y0+G(yo)+Eo—y0<yOEq; since
Yo>r, q¢g— p>1 and we apply property 2:

a

e 1<y T G+ b — )l < v <7 A7+ L e,

[y — 7| <r+1—z—b+1, q.ed.

Statement 111: We suppose yo = r + i—i—l—) + 1<the proof is analogous when

a —
1 -9

p=2r —y <y + Gy) + & — v <Y

Yo = r — 1); by Lemma b:

'
by property 2, since ¢ — p > 1:
2r — yo < 9o + [G(yo) + & — Yla < %o le,
[y — 7| <lyo—r|, qed.
APPENDIX I: Iterative Processes with a Floating-Point Computer*

Let r be a real number and G(z) be a function such that
(1) |z + G(z) —r| £ b|lz—r| with 0=2b <1 forany uz;
then the sequence
(2) Tny1 = Tn + G(x0)

converges at least linearly to r for any z,.

Suppose we want to realize (2) on a binary floating-point computer, i.e., the
numbers are of the form a-2°, where « is an exact binary fraction and 8 is an in-
teger.

A number will be called normalized if 1) 0.5 < | | < 1;2) a is an exact binary
fraction representable by N bits and the sign; 3) 8 =2 —p (N and p are fixed num-
bers) ; furthermore there exists a real zero, representable for example by « = 0,
B = —p; for greater simplicity, this zero will also be included in the class of nor-
malized numbers.

We assume that in the realization of (2) on the computer, both z, and G(x,) are
represented by normalized numbers; of course G(z) cannot be computed exactly in
general; so we assume that value effectively computed, G(z), satisfies the relation:

(3) Ga) = 1+7G@)+¢ Inl=2dl¢]=a

* A detailed discussion of the results of this appendix will be found in reference [4].
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where 7 and ¢ are functions of z, but d and a are fixed numbers.
The effective process is given by the operation

where ¥, and Y, ; are normalized numbers; since ¥, + G(Y,) cannot be generally
represented by a normalized number, it must be rounded as indicated by [ 1z .
We concentrate our attention on the rounding procedure in (4) and consider two
types of rounding procedures:
1) Normal rounding. Yoy = [Y. + G(Y,)ly; Yasr is a normalized number
such that

| Yn+1 - (Yn + G(Yn))l = minimum;

when two different normalized numbers satisfy the above relation, either of them
can be chosen as Y, 1 . ; )
2) Anomalous rounding. ¥, = [Y. + G(Y,.)]a;if G(Y,) = 0 let

Z be the smallest normalized number such that Z > ¥, 4+ G(Y,),
W be the greatest normalized number such that W £ Y, + G(Y.);
if G(Y.) = 0let
Z be the greatest normalized number such that Z < ¥, + G(Y,),
W be the smallest normalized number such that W = Y, + G(Y.,);
then
Yot GY)la=W if WY,
Y.+ &Y )u=2 if W=1Y,.

TaeOREM. a) For any Y, , by using normal rounding in (4), there exists a finite
number M such that

I

27V r] + a(l +277)
24277 - Q10+ dHA + b)(A +27Y)

b) For any Y, , by using anomalous rounding in (4), there exists a finite number
M such that

| Y, — 7| £ By = for n > M.

a(l + 2—N+l)
2-101+ a0+

If By or B, is negative, it must be replaced by 4 .

In order to compare these results, first suppose a = 0. Then B, is independent
of b and d and furthermore remains very small; in case of slow convergence, i.e.,
when b = 1, By can become very large. The increase of magnitude of the bounds
when a > 0 is almost the same for B, and By for reasonable cases, so that the
anomalous rounding can be considered safer than the normal rounding.

Remarks. 1) The relations of normal and anomalous rounding procedures are
very similar in fixed-point and in floating-point arithmetics;

2) The bounds B, and By are reached only in trivial cases; however, examples
show that they remain realistic in every case.

|V, — 7| < By=|r| 27" 4277 + for n > M.
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APPENDIX II: Round-off Errors in Aitken’s 8 Process*

Let G(z) be a real continuous function of the real variable x such that the
sequence z, defined by

(1) Ty = G(2a)

converges to the limit x = r.
By Aitken’s §° process, we define another sequence:

V3n+1 = G(V3n)
Ve = G(Vianta)

2
Van Vanre — Vi

VSn + V3n+2 - 2V3n+l

(2)

Vinte =

Let us suppose we want to realize process (2) on a fized-point computer with the
following conditions: a) We use only one “word” for representing the V.’s; we may
consider the content of the word as an integer; b) We may use higher precision for
computing G(V;).

We cannot expect to compute G(V,;) without error; furthermore, if we are
using higher precision, the result must be rounded to an integer.

Definition. A rounding procedure denoted by [x]r is any integer-valued function
of the real variable z satisfying the inequality:

| ]e — x| < 1.

We shall use the following particular rounding procedures:
1) [2]”: rounding away from zero; it is defined by the inequality

|2 |2 |2|;
2) [z} : rounding toward zero; it is defined by the inequality
|2 | = =],

Ezxample. Let G(z) = 7/8 x and V, = 8; by (2), we have

Vl = 7
V2 = 6,125
V3 = 0

If we want to represent the Vs only by integers and if we use the normal
rounding procedure, we shall find:

Vi=17
Vz=6
V3=°°.

* For the proof see reference [3], part II.
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This situation can be improved by using the following integer process:
(Woss = Wau 4 [G(W3) + &0 — Wil
lW3n+2 = W3n + [G(W3YL+1) + $3n+1 - WSn]/

e
(Wan — Wantr)® :I
2W3n+1 - W3n - W3n+2 )

&, and &,4; are the errors of computation of G(W3,) and G(W,,1); since the
numerator and the denominator are integers, it is possible with the help of the
remainder to compute Ws, ;3 without any error; if the numerator and the denomi-
nator are simultaneously equal to zero, then W3, = Wy, = Wi,y and we set
W3n+3 = I/VSn .

TuroreM 1. We suppose there exist numbers 0 < b < 1, 0=5c<1, §=0
such that:

1) |or —r | S b|ay — 7|

(3)

Wints = W, + I:

for any xy and xz; satisfying the relation (1);

2) | Vs —r|Zc¢|Vo—r]|
for any Vo and V; satisfying the relations (2);

3) [G(x) — G(y)| =é|z—y]

for any x and y;
1) the errors &, and £3,41 tn (3) satisfy the inequality

C1(1 = )1 —¢) .
Gl saesd=g 007

then, for any W, there exists a finite number N such that

a
1=

| Ws — 7] <1+ for n > N.

THEOREM 2. We make the assumptions:

1) The convergence of process (1) 4s alternating, 1.e., for any x
0=r—G)<z-—r if z—1r>C,
0=2Gx)—r<r—=z if z—7r <O0.

Gz) =7 if z=r;
2) The errors &, and 3,41 0 (3) satisfy the inequality
[&]=a =3,
where a is a fived number; then, for any Wy there exists a finite number N such that
| Wy —r]1=<1+4+a for n>N.

Remark. Assumption (1) of Theorem 2 is sufficient for providing the conver-
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gence of the V,’s satisfying the equations (2) for any V, . It is easy to prove the
inequality :

\Vsn—r|<|—K9§:’"|.

University of Illinois
Urbana, Illinois

1. A. S. HousEHOLDER, Principles of Numerical Analysis. McGraw-Hill, 1953.

2. ArNoLD NORDSIECK, ‘‘On numerical integration of ordinary differential equations,”
Math. Comp., v. 16, January, 1962.

3. JeaN DEscLoux, Remarks on the Round-Off Errors tn Iterative Processes for Fized-Point
Computers. University of Illinois, Digital Computer Laboratory, Urbana, Illinois, Report
No. 116, May, 1962.

4. JeaN DEscLoux, Remarks on Errors in First-Order Iterative Processes with Floating-
Point Computers. University of Illinois, Digital Computer Laboratory, Urbana, Illinois,
Report No. 113, March, 1962.



