Evaluation of the Remainder Term in
Approximation Formulas by
Bernstein Polynomials

By D. D. Stancu

1. Introduction. In this paper [7] we deal with the evaluation of the remainder
term in approximation formulas, for functions of one and two variables, by means of
Bernstein polynomials.

First, we give a representation of the remainder by definite integrals. Thus, we
find the representation (3.4) for the remainder of formula (2.2) and the representa-
tion (7.3) for the one corresponding to the formula (6.1). The consequences of these
representations are formulas (5.3), (5.4), and (8.2), (8.3), respectively.

Then, we extend Aram#’s [1] formula (9.1) to two variables and obtain the
representation (9.2). In order to establish this formula, we resorted to a method
employed by us, some years ago, in the evaluation of the remainder term of certain
interpolation formulas [5]. In the last part we give some numerical approximation
formulas which result from formulas (2.2) and (6.1).

2. The Remainder R, (f;x) of Bernstein’s Approximation Formula. Let
f(x) be a real function defined on the interval [0, 1] with its second derivative R-
integrable on this interval.

The problem is to find an integral expression for the remainder of the approxi-
mation formula on the interval [0, 1] of the function f(x) by means of the corre-
sponding Bernstein polynomial

(21) Bl ) = 3 pmat)f (1)),
where
Pmi(2) = (7?) 2'(1 — &)™
The expression

R.(f;z) = f(z) — Bu(f;2)

is called the remainder term of the approximation formula

(2.2) f(@) = Bu(f;x) + Ru(f; ),
by the Bernstein polynomial (2.1).
Since

B.(1;z) = ;)pm,i(x) =1, B.(x;z) = ;ipm,i(x) =z,

3=
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we have
Rn(1l;2) = Ru(z;2) =0

that is, the remainder term R,,(f; ) vanishes for any polynomial of the first
degree.

3. The Integral Representation of R, (f; ). In order to obtain the desired
result we shall use the auxiliary function

g(f;2) = fox (x — t)f"(t) dt.

Since the second derivative of this function is equal to f”(x), the function
h(xz) = f(z) — g(f; ®) represents a polynomial of the first degree. Taking this into
account, as well as the linearity of the remainder, we may write

Ru(h;x) = h(z) — Ba(h;x) = f(x) — g(f; x) — Ba(f — g; )
= f(z) — g(f;2) — Ba(f;2) + Bn(g;z) =0

hence

(3.1) R.(f;x) = Ra(g; x).

Next, we turn to finding a convenient evaluation of R.(g;x). We have

Rolgs ) = [ G = 077G) dt = 3 pus(a) f_ (L -)rwa

After certain calculations we obtain
( t> 7 (t) dt

3 i) [ - (L= )rwa= L 2 f
> fi" [ 2 st (& = 0) 0]

3=

Therefore,

Rulgio) = [ (o= 07(0) at
(32)

-3 —lipmxx) (— - >f”(t) dt = fo‘%(x; 017 (1) di,

j=1 s=7j
m

where, supposing that

E—1 k
m m

we have
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r m S
x—t— 2 (% - t) Pms (),
if te[L;L—l-yln] and 1<j<k—1
s s _ : E—1
x — 1 s;c (m t> Pm (), if te [T , x]
—i(i t)ps(x) if te[w’i]
s=k \M e ’ ,m
- Z <i t) pm,s(x),

if te[ ll:I and k+1<j<m
L m

(33) ‘Pm(x; t) =

It follows from (3.1) and (3.2) that the remainder of Bernstein’s formula (2.2)
may be represented by the integral as follows

(34) Ralf;2) = [ ol 07 (1) at

where ¢, (z; t) is the kernel, defined for 0 < z, ¢ < 1 by (3.3).
Thus, formula (2.2) becomes

(3.5) 1@) = Balf;2) + [ enles 07 (0) .

4. Properties of the Kernel ¢,.(z, t). Considering the identities
Z Pms(T) + Z Prs(T) =

s=j
j~—1

D $Pms(@) + ; $pms(2) = ma,

§=!

we deduce that
m j—1
T —t— 2, (7—‘; — t) Pms(2) =0 —t — (mt — D $pms()
j s=0

+ i (1 - s'=z(:) pm.s(x)> = _:;: (t - %) pm,s(x)-

N—"

T3
L

Thus, we have

-1
(41) eulst) = =2 (1= 2 puste),
5=0 m
fort € I:J———l,i] and 1 =j =k — 1, while
m ‘m

(42 enli) = =2 (1= 1) st
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It follows from (3.3), (4.1) and (4.2) that ¢.(z; t) < 0 on the square

D:0 =< z,t < 1.Hence,y = ¢(t) = ¢n(x;t) represents, for fixed z, a polygonal con-
tinuous line which joins points (0, 0) and (0, 1) and s situated beneath the x-axis.

5. Other Evaluations of R.(f; x). Since ¢.(z; t) does not change sign on the
integration interval [0, 1], the first law of the mean may be applied to (3.5) and
we obtain

(51) Ru(f;2) = ma(f) [ enlz; 1) dt,

where

inf f7(t) < pe(f) £ §;111])f”(t)-

[0,1]

Because ¢n(z; t) does not depend on f(x), let us replace the function f(x) in the
formula

J(2) = Ba(f;2) + (9) [ onles0) dt
by °; we then obtain

1
2 = Bu(es2) + 2 [ enla;0) d
0

Since
2 1 z(1 — x)
Bm(x,x —%;lpmz(x) +’_m—“7
it follows that
1
(52) f om(zy ) dt = —SL =)
) 2m
Thus, Bernstein’s approximation formula (3.5) becomes
1

(53) J@) = Bulfiz) — 222 ),
In the particular case when f”(x) is continuous on [0, 1] this may also be written as
(54) 52 = Bu(ia) = 2L D e,

where 0 < £ < 1.
Remarks. 1. Using the hypothesis that the second derivative f”(z) is continuous
on [0, 1], E. Voronowskaja [6] has established the asymptotic formula

x(l z)

(5.5) f(x) = Bu(f;2) — 7 (x) +

* In fact, this formula holds if f(z) is bounded on [0, 1] and if f”(z) exists at a point z of
[0, 1] (see [4] or [3]).
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where e, — 0, as m — . There is a close analogy between this formula and for-
mula (5.4).

2. If we take into account the representation of the Bernstein polynomials
given by M. Kac [2]

Ba(f;2) = [ flon(z; ) dt

where
1 &,
am(xy t) = ;"1{ ; ﬂoi(xy t)a
and
(2: 1) 1 if 0t=z=x
#1L; 0 if a<t=1,
(23 1) 1 if 0<t=<2 and z<t<z+z(1 —2z)
#2Ls 0 if 2’<t<z and z+a(l—2z) <t =1,

...........................................................

formula (3.5) permits us to give the representation
1
§@) = [ flen(z; 0] + enla; D77 (0} .

6. The Remainder R, .(f; x, y) in the Case of Approximation by the Bernstein
Polynomials B...(f; z, y). Let f(z, y) be a real function defined on the square
D:0 =z, t =1, let us suppose that it has for (z,y) € D the partial derivatives
foe , foe, f420 , and that they are R-integrable on D.

We may consider the approximation formula

(6.1) f(@;9) = Bua(f;2,9) + Bualf;2,9),
where

m n 7« ]
(62) Bm,n(f; Z, Z/) = ;} Z(:) pm,i(x)pn,j(y)f (’I—;‘_L ) ’;L) )

are Bernstein polynomials of two variables of the (m, n)th degree. The remainder
Rnna(f; x, y) is, by definition, the difference between the function f(z, y) and the
polynomial B, .(f; z, y).

7. The Integral Representation of R...(f; #, ). In order to obtain an integral

expression of the remainder, we might use the result established for functions of
one variable. Indeed, owing to formula (3.5), we have

@) i = F @ (50) + [ enle o) a

where ¢n(z; t) is defined in (3.3). Let us now expand f(¢/m, y), also using the
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result of the first part of this paper. We obtain

f (;% , y) = ?:_:,) pn.j(y)f(%, %) + fol ¥n(y; 2)f22 (n%, z) dz,

where ¢,.(y; 2) has a definition analogous to ¢, (z: 1).
Thus, (7.1) becomes

fz,y) = 22 2 Pui(@)pui(y)f (1 ) l)
=0 j=0 m n
(7.2) . ) " )
. /" . i /7 _’L_
1 [ entas 07t ) 1+ [ a5 2) 3 prstadf (m z) az
Owing to formula (3.5) we have

m . 1

> pm,,-(x)ffz <nlz , z) = fa(x, t) — / on(; t)f%’z’%(t, z) dt,

=0 0
and formula (7.2) is reduced to formula (6.1) with the following integral expression
of the remainder

Run(fix,y) = fo on(z; )fa(t, y) dt +f0 Va(y; 2)fre(z; 2) dz
(73) >
- fo /0 on(zs Dy 2)FE0(L 2) dt de.

8. A Consequence of the Integral Representation of the Remainder R...(f; z, y).
If we take into account the fact that the functions ¢.(z; t) and ¥.(y; 2) do not
change sign if z, y, ¢, and z belong to the interval [0, 1], we may apply the first law
of the mean and obtain

Rua(f3 2, 9) = o) [ on(as ) dt + woa(h) [ dalys 2) do
(8.1) 1,1
— s [ [ ol 00(; 2) dt i,

where

mfg’ﬁﬂ"(x, y) < wialf) < sup fo(z, ).

Taking into account (5.2) and a formula analogous to this, we obtain the follow-
ing expression for the remainder of formula (6.1):

Rm.n(f; z, y) = - x(lT;(L:zf‘) ”2,0(f) - y(—12_.n—y) ”072(f)

_z(1 —x)y(d —y)
4mn

(82)

p2,2(f).

If we suppose that the partial derivatives which appear in (7.3) are continuous
on D, we may obtain from (8.2) an expression analogous to that in (5.4), which
corresponds to the case of one variable. In order to allow only two unknown num-
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bers ¢ and 5 from the interval [0, 1], we shall proceed in the following way. From
(7.3) we have

Rua(i,0) = [ oala) [ 7000) = [ ¥l 258830, 2) de |

[0t e, de = [ 1060) = [l 88062 e | [Lontas)

22 e )

+ f Valy; 2)fer(z,2) de = —
(8.3)
M f 'pn(y’ Z)f(;z%(g, Z) dz + f lﬁn(y, z)f;lz(x,z) s

~H =D i) + [valas )| st ) + P e ) | e

x(l x)

=D+ [f” () + 22

f‘”’(s,w] [ vatas) e

Finally we obtain the following evaluation:

:v(l x)

Rm,n(f; z, Z/) = - f::l (E, ) (12; y) f;lz(x; 77)

_ (1 = 2)y(1 —y) f(”)(fyﬂ)

4mn

where £ and 5 belong to the interval [0, 1] and have the same values in both terms
in which each appears.

9. The Expression of R, .(f; z, y) by Two-Dimensional Divided Differences.
By using the method of Section 7 we may also extend to two variables the following
formula, given by O. Arami [1], for the remainder of formula (2.2).

oy z(l —x) .
(91) Rm(f; x) = T[tlytZ)t3:f]’

where t; , &, , t; are points of [0, 1] and [, , &2, &3 ; f] represents the divided difference
of function f(z) on the points t; (¢ = 1, 2, 3).

Let us suppose in this case that f(z, y) is continuous on the domain D. Owing
to Arami’s formula we have

[z, y) = Z: Pm.i(2)f <n%y> - x(lT—x) [tl,tz b ;f] B

where ¢; are points from [0, 1], while the divided difference refers to variable z.
Then

1Gorn) = B 3) - 2 i)

where 2, , 2 , 23 are points from [0, 1].
Thus,
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m n ?: .
Fa,y) = 22 2 pui(@)pui(y)f (— ,J—>
=0 j=0 m n

Y

But, on the other hand we have

g Pu.i(2) [Zl 122,25 f <;;- ’y)l = g} [21 y22 5255 Pmi(2)f (% ’y>:L
=|2,2,%; i Dm.i(2)f Ly
[ Byt (5.0)]

; Pri(2)f (7% ,y> =f(z,y) + 9597}—9—”2 [ty b, t55 ]

If we take into account that

and

i, 0,1
b,y tssle, 22,2 fl)e = (21,20, 235 [, b, s floy = [1’ 2 3;],
R1yR2,%3

this being the two-dimensional divided difference, we obtain formula (6.1) with the
following expression for the remainder:

Rm,n(f;x;y) = - x_(’]:“;ntiz [t15t25t3;f]¢ - y—(}'n;'y_)[zlyz2;z3;f]ﬂ
(9.2
) _x(l—x)y(l—y)l:tl,tz,ts 'f:I
mn 21,220,237 |

10. Applications. Using the approximation formulas (2.2) and (6.1), one may
construct certain formulas for numerical differentiation and integration of func-
tions of one and two variables.

Thus, for instance, we have the numerical differentiation formulas

ro =m[1(5) @] - @, o<e<m

@ =mm-0[i(2) -2 (L) +50]- (1= L)re, o<i<om
and the numerical integration formulas
[ =2y 5r(2) - g’ ®,
(10.1) ]:folf(x,y) de dy — Wl(n-{-l)igf<%%)
- m,;ffz(&,n') fff (€,n) = g et (&),

where £, £, 1, n’ belong to the interval (0, 1).
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The quadrature formula (10.1) without an expression for the remainder may be
seen in [4].
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