The Euler-Maclaurin Functional for
Functions with a Quasi-Step Discontinuity

By Israel Navot

1. Introduction. Following previous extensions, [1], [2], of the form assumed
by the Euler-Maclaurin functional

(1) a~zv_,f<+a>—-nff(x)da,, 0<acx=l,

v=1

for functions f(x) with integrable branch, logarithmic and both branch and logarith-
mic singularities at + = 0, consideration is now given to this functional for func-
tions f(x, @) which depend on a parameter « in such a manner that for « = 0 we
have
2) Limf(z, 0) = £(0,0) + C
where C # 0 is a numerical constant. For functions f(x, a) of this type it is generally
true that for small values of « their derivatives with respect to x oscillate strongly
in the vicinity of x = 0, the peaks of the successive derivatives being proportional
to successive negative powers of a. Obviously, therefore, when n in (1) is related to
a s0 that ne is of the order of unity, or less, the negative powers of na in the ordinary
Euler-Maclaurin asymptotic series may render it useless for the numerical evalua-
tion of the integral or sum in (1) since it may diverge from the beginning of the
series.

Of the various possible quasi-step discontinuities, we consider here that intro-

duced by the function tan™" gi, which is perhaps the simplest analytically. The sub-
a
sequent discussion and examples will show that some other types of quasi-step
discontinuities may be treated similarly.
2. Derivation of the Required Formula. Let
(3) (&, a) = g(@) tan™ 25 a> 0.
a

where g(x) is an arbitrary real continuous function, with continuous derivatives up
to the order 2m, at 0 = « £ 1. Setting

g(2) = Pom1(2) + Qum();

N = g™0) k @™ (1) om—1
Pomi(z) = ];) g A z, Qom(2) '—f @m = D1 01 (z —7) dr
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and z = y/n, we have by an analysis similar to that leading to equation (4) in [1]

Bl =570 % 0) = n [ 1z, da

y=0

(4) _ 2%‘:1 Bu(a) <7_12>"‘1f<u—1>(1 Q) + 27"2_:2 Ci(a, na) ( )k (k)(o) + pom.

p=1 M!
In (4) Bu(a) is Bernoulli’s polynomial of degree p while

1 2m —1
_ ok 10 k.o -1 Y . B.(a) d*
Ci(a, na) = a” tan — fo Y tan o~ dy ; T dy

k -1 Y ”Bzm(a—y) d2m <k _1n)
. t g m S 9 &
I:y an na:ly=1 + 1 @2m)!  dy y ta @,

where Bsn(y) is the periodic Bernoullian function of order 2m. Ci(a, na) is inde-
pendent of m(k = 2m — 1) and for @ = } or @ = 1, which are mainly of practical
interest, is readily transformed into

(5)

p(na)2p+1[_ :I
(=507 T gna+2 +
+ (= )”f y"3 (e + i) + v(a —iy)} dy
(6)
—Bl(a)g; for p=0
+ —1 2p+1
< B B2p—2n(a) (na)™ _
’;)(—)21)_2“ oy 11 for p=1,2,---m—1
whenk = 2p;p = 0,1, --- m — 1, and into
=y P o [T ke i) — wa — i)}
(7

2p+1

Bz o(a) = » (na)
2p"++2 2+(_)BI( )2 1

whenk =2p + 1;p = 0,1, --- m — 1. ¥(2) is the logarithmic derivative of the
Gamma, function. The remainder ps, is given by

1 2m—1 (2m—1) 0
(Sh) Pem = <ﬁ) C?m—l(a na) (92—(1))| Z &k
where
o = _(1)2'"_1 g®(0) [* Bun(a — nz) — Byn(a) d™
(o8) , n kU 2m)! dz?m
a
xktan_lg>dx; k=0,1,---2m — 2,
. _ _<£)2m—1 g(?m—l)(o)
(9b) et n 2m — 1)!

® B2m(a — nx) — BZm(a) dzm < 2m—1 -1 04) B2m(a> ™
{ . (2m)! m X tan 5 dx om —2- ,
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. _ _<—];>2m—1 fl B2m(a _ nx) _ BQm(a) d?m
n n A (2m)! datm
(9c)

. : M (x — T)2m~1 tannl ‘E dr> dx

b (2m — 1)! a T
In some cases to be discussed soon, the term containing Csn_1(a, na) should be
deleted from ps., and lumped together with the other terms of this type.

3. Discussion of Formula (4) and the Numerical Evaluation of the Coefficients
Cx(a, ne). The asymptotic summation formula (4), which is an error formula for
the approximate evaluation of an integral by summation or the approximate evalua-
tion of a finite sum by integration, is valid for all non-negative values of « and integer
values of 7. Its main use and advantage over the ordinary EM asymptotic summa-
tion formula is when na remains bounded, or is of a smaller order than n, asn — =,
or when 7 is relatively large, and fixed, and & — 0. In these cases, as pointed out
before, the remainder in the ordinary EM formula may absolutely increase with
m even for small values of m. On the other hand, when na is of the order of n as
n — o, the accuracy yielded by the ordinary EM summation formula and by (4)
(after deleting the term containing Cen_i(a, na) from the remainder ps, and lump-
ing it with the correction terms) is of the same order, (1/2)*" ", as will be shown in
the following section where psm is estimated. Practically, however, the ordinary
EM summation formula should be preferred in that case since the coefficients Bu(a);
pw =12 ---2m — 1, which depend only on a, are more conveniently available
than the coefficients Cx(a, na); k = 0, 1, - - 2m — 1. The evaluation of Cy(a,na)
from equations (6) and (7) for a = § and @ = 1 is straightforward except for the
integrals. The author is not aware that these integrals have been tabulated but
rapidly convergent series expansions are readily available for them. Thus, for
0 < na = 1 we have

(= [y + i) + e — i) dy

R 0 N A o

_a—i-iy—a—iyf

Il

(10) + <—>”[O"ay2%{¢<1+a+z‘y>+¢<1+a—z’y>}dy
[ (=) (e 2t a na\
- (S A5 () e

_\? wH Y _ #‘l’(h)(l + a) (na)™
()™ () T e T

and
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(= [ e+ i) = wla = i)} dy

oy [l [ 1 1
= ( )‘£ 4 Zi{ a+z'y+a—iy}dy

(1) + (= [Tyt LG et i) — v+ — i)y
0 12

J I 2u+1
_ 2ot (=) no _ -1 Na
¢ {;ozwl(a) tan a}

» 243 i “¢(2u+1)(1 + (l) (na)zp
e () T T 2T B
The radii of convergence of the series in (10) and (11) are 1 + a and the numerical
values of the coefficients may be obtained from tables [3] of ¢*(z) (» =0, 1,2, ---)
or with the aid of a table [4] of Riemann’s zeta function {(s) = (s, 1), use being
also made of the functional relation

€(s,3) = (20— 1)-¢(s, 1).
For 1 < na £ 2 we have to add

(12a) (1+ a)zp{pz_:l (=) ( na )2#+1 — tan™ 2
So+i\Uta " T¥a
and
i e (—)F < no >2“+1 o1 N
(12b) (14 a) {;{:} 5 T I\T T a tan TTa

to (10) and (11) respectively, and to replace ¢¥*’(1 4+ a)/u! in the series in these
equations by ¥v* (2 4 a)/u! which is related to it by

¥We+ae) _ (=)  ¢¥U+a).
pl 1+ a»* w7
The radii of convergence of the new series are 2 4 a. The evaluation of the integrals

defining Cy(a@, na) may theoretically be carried out in this way for any value of
na, and their asymptotic behavior as na increases may thus be established.

(13) w=20,1,---

4. Estimation of the Remainder p., . Not very sharp but generally sufficiently
good bounds, valid for @ = § and a = 1 and easily obtained from equations (9),

are the following:
n ¥ om(k + 1)1’
0<6,<1,k=0,1,---2m — 1.

1 2m—1 " 2m Bm (2m—1)
(14b) | eomar | (7—) ("igmﬁ- + g)‘ 2 (“()297”), O 0 <oy <1

1\, [x 1 | Ban(a)g®™™(£) |
(14¢) | = <%> Oom {5 + Noa <2m T om = 1)} @m)] ’

0 <0 < 1; Nip = 3, Ny =2 0=t 1

(14a)
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Equations (14) provide an upper bound for X s ¢ Hence, referring to equation
(8), we see that except for the first term in it, pon, decreases as (1/n)™ " for a fixed m.

5. A Numerical Example. Asa simple application of formula (4) we shall evaluate
numerically the integral

1, o1 — Yoo 2— _
I=;ftanll+ttan11 1”dt=ftam12 xtanlfdx,
& Jd-1 o 0 o

(15) a a
a =107,
by the trapezoidal rule with n = 10. The approximating sum to eight decimals
yields
n—1

2 _ _ _ 2
(16) 12 tan™ 2" " Y an L+ L <tan 1 3) = 2.33846010.
n y=1 na no 2n @

Since all the odd derivatives of the integrand at x = 1 vanish, the first two correc-
tion terms are

—7% Co(1, na) tan™ 2 = 011543535
o
(17) N\
o

The approximate value 2.45389514 of I thus obtained checks well (disregarding
rounding errors) with its exact value to the same number of decimals computed

from
I—f1 - -|-1 o - - tan—'§d®—<7r>2
“h2 2—=2 ' 32— 23 a0 \2

- <1’ — 3) « logi — (1 + log 2) (’I — g) a + 0(a®) = 245389513

(18)
2 2 2

6. Integrands with a Different Type of Quasi-Step Discontinuity. We shall
now determine the correction terms in evaluating by the tangent-trapezoidal rule
(a = %) or trapezoidal rule (¢ = 1) integrals of the form

sin &
(19) de

1
p— 9 —1
I= fo g(x) tan

where g(x) is an odd function of sin%r z and « is a positive parameter. The quasi-

step discontinuity at * = 0 (which occurs here not in the integrand but in some
odd derivative of it) is introduced by a different function, tan ™t ST/ 2] (mz/2) , from
that investigated previously. The vanishing of all the odd derivatives of the integrand
at both 2 = 0 and ©* = 1 shows, as is well known [5], that the ordinary Euler-
Maclaurin summation formula is unable to provide correction terms since all of
them vanish. Special methods are therefore required. Furthermore, the periodicity
of the integrand calls for a comparison with the methods of Luke [6] and Davis
[7], especially when na is less than unity. This will be made later.
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Writing
(20) f5,0) = (=2 ) + Ao, @)
where
sin =z
f(z) = g(z) tan™ a2 ;
(21)

. m
o <Sln - — = .’B)
f <x§ a> — @)t La A a) = g@) tan 22
104
o + 7—2':7: sin %

we see that fi (x, 7—2r a ) is of the form of (3) while fo(z, @) can be expanded into a

double series (which in the interval 0 < z =< 1 converges absolutely and uniformly
for all positive values of «)

fa(z, @) = g@){W — 3W° + 3W° — .-}
(22) =g@UA—-V+V' =) =30A =3V +6V — ")
+i0°A =5V + 15V — ) — .-}
where

a(sin’—rx - Ex)
W — 2 2

2 ™ . ™
o + —xsin =z
2 2

Ix(sinlrx—"—rx) a(sinlrx——"—rx>
v =2 2 2/, u-= 227,
2 ™ 2 ™

To evaluate the Euler-Maclaurin functional E{f.}, to an accuracy at which terms
only up to, say, n~° are retained, we write

)

(23)

(24) E{fs}a = E{gU}a + E{—gUV}. + E{gUSy2 + gTs}a
where
(25) Slv2=V2—V3+"'; T3=""%W3+%W5—----

For the first two terms of (24) we have from (4)

51n§x—§x P
E{gU}, =—a——E g - ctan” Lz =a—(13(a,—na>
2a da

(26)

a

27
7r u(a) #lo gt
. ( ) 31 ( > + "5;4 " <n> 71 9ULe=1 + 8
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and

a o0 .o r \ o
—_— ] = — e — . — — . —
gUVie = @ 7o 30 E { g (sm 577 5 ”c> tan o x}a
_ Bu(a) <1)“—1 o
=2 G) @ U b
while for the third term of (24) we have from the ordinary Euler-Maclaurin formula

(1]

p—1 u—1
(28) E{gUS:, + gT3}a = Z M (n> d [gUSy2 + ¢Ts)ema + Rs.

=124 ! dxrt

(27)

86,1, 06,2 and Rs are of an order of magnitude not larger than n~° and can readily
be estimated.

The correction terms in evaluating (19) by the tangent-trapezoidal or trapezoidal
rule to an accuracy of n~* may therefore be obtained from

[r(n2a)ar =28 A (00 20) + Lnian (1,2 4)

n y=0

™+ 2 \g*(0) 1\ Bu(a) ) [ 2 1
“,Zr,g(z) Ck(“’;"“ 2 \n) AT (bre) — e

_[ fz(x,a) dr — %:20 fz (V ta ,Ot> + %Bl(a).ﬁ(l;a)

n

@ (e (o) ) - (M

- '711 (66,1 + 66,‘2 + 1{6)

(29)

and

on adding these equations. We thus obtain

sintzx sin <7r V+a>
1 =1 n—1 —.

[ o T2 () )
0 4

N v=0 o

+ %Bl(a)g(l) tan™"

1 k+1 2 g(lc)(O)
= —k;Lg <;L> Clc (a/, 1—rna> kl
1\ 9 2 g'(O)(r\3 ST
— (ﬁ) o e Cs (a, 7—rna> 30 5) -+ remainder

. . —6
where the remainder is of an order not larger than n
As a numerical example we choose

QI

(31)

g(x)=sin%x, a =1,
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The first three correction terms to nine decimals are

- <1> Cy (a, gna) T o 0.001385560

n T 2

4 3
LY ¢, <a, 2L (’—r — 0.000000837

n T 31\2
_l4ig<a2n 1_<7r3
n o da \"7r « 31\2

and their sum is 0.001386420. The exact value of

0.000000023

LT
1 S

. T —1 2
sin — x-tan
0 2 o

dz

(32)

. ™ 14
14 (e _IS“‘(?'E) 1, 41
" ; sin <§ . %> - tan ————a—+§taxl -
to the same number of decimals computed from

.
1 sin - &%

(33) f sin T2 - tan™! —2 dr =414+ —a
0

2 o

and from a direct computation of

1 a0 . sin <72—r . ;E) 1 1
— . —1 [ -1
n ; sin (5 7—@) tan e -+ étan >
is 0.001386421. The neglected remainder in the correction is thus of an order not
larger than the rounding errors.

It is interesting to compare the approximation to (32) given by the correction
terms above with some other estimates of it. The point of departure in both [6]
and [7] for obtaining such estimates is the Fourier series expansion of the integrand,
ie.

. sin g x 1 1
. . —1 — —q - —30 . - —5¢ .
(34) s1n§w tan - {e -|—36 cosr@+5e cos 2z + }
- {e—" cos 7x + % ¢ cos 2rx + %6"5" cos 3rx + - - }
where
(35) o =sinh™ a> 0.
Observing that
— 1;p = 2nk
(36) f xd:v—l nz_:lcos K+1+lcos = " kn=’1’2’
o oS K n = KT, T g T goospm = 0; all other in-
teger valuesof u
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we have for (32)
] —(4dnk—1)o —(4nk+1)o
(37) > {e ¢ } :

“\ank — 1 4nk + 1

To obtain a good approximation to (32) by summing this series, after substituting
the numerical values of n and ¢, would require quite a large number of terms to
be taken. An estimate of (37) following [7] by considering the analytic continuation
of

N R P ) a + 1sin (rz/2)
Joa) = gpsing o 108 i (ra/2)

(38)

1 . sinh ¢ + ¢ sin (7z/2)
R P | !
% 3T 8 G — dsin (r2/2)

in the z = x + ¢y plane and expressing (37) as a contour integral gives

w0 —(4nk—1)o —(4nk+1)o
. e e 2 exp.(—wmn) 2
2: — < Bl SN 11 -
(39) {k=1 dnk — 1 4nk + 1}'— I?eaf,x /(2,0 1— exp.(—‘/r‘rn)’fora 0<r< =7

where [, designates the line x 4 4r, — o < & < 0. Since wrn is rather small, this
also is not helpful in estimating (32).
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