Second-Order Correct Boundary Conditions for
the Numerical Solution of the Mixed Boundary
Problem for Parabolic Equations
By George W. Batten, Jr.

1. Introduction. Consider the parabolic equation

2
1) 2% (e, ) Lt b, 1) L+ o, u = d(w, 1), 0<z<1,0<t=T,
ax? ot ax
and the initial condition
(2) u(z, 0) = f(x), 0<z=1.

Assume that a(z, t) > 0. It is well known (Douglas [1], Rose [5]) that the Dirichlet
problem (1), (2), with boundary conditions

(3) u(% 0 = 90, 0<i=T,
(u(1,t) = h(2),
can be approximated by the solution of the difference equation
A Win = QinAWin + binlsWin
@ + coWin =din, 2=1,---, I —1,n=1--- N,
subject to the initial condition
(5) wo = fi, 1=0,---,1,
and the boundary conditions
!wo,, = gu,

[wIn = hn ,

(6) ’n=]_’...’N‘

The subscripts 7 and » indicate that the function is evaluated at the point (zh, nk)
where h = ™',k = TN ™. The difference operators in (4) are defined by

(

2 1
Az Wip = }ﬁ (wi—l,n - 2win + wi+l,n)y

1
(7) h Atwin = ’; (wm - wi,n—l),

1
AWin = 2—h ('wi+1.n - ’wi—l,n)o

It* w e C**([0, 1] X [0, T]), then the error
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* o(z, t) € C=8(R) if and only if ¢ is continuously differentiable « times with respect to =
and 8 times with respect to ¢ in the region R.
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(8) Zin = Uin — Win ,
satisfies
(9) max | zin | = O(K* + k).

If the conditions (3) are replaced by the Neumann conditions

(ou _

(10) 0<t=T,
U (1,1) = h(t),
ox

then the solution w,, of equations (4) and (5) with boundary conditions

Win — Won
(l_h__o_=gn’ n:l’...’N,

(11)
Wrn — Wi-1,n
h

converges to u;, , but the error is O(h + k) (Douglas [3]). From the analysis, it is
clear that the &k (instead of h”) arises in the first order correctness of the boundary
conditions.

Recently, Isaacson {4] has shown that an approximation that is second order
correct in i can be obtained by replacing conditions (11) with

=hn’ n:l,...,N,

Win — W—1,n

2h = g" )
(12)
| Wrr1,n — Wicam = h,,

5 n=1,...,N.

This result is not entirely pleasing, however, for it requires the assumption that «
can be extended to satisfy sufficient continuity conditions in [—h, 1 + h] X [0, T].

2. Interior Approximations. In the present paper, it is shown that if the centered
differences in (12) are replaced by one-sided, second order correct differences, the
error is O(h? + k). This result applies (as do those mentioned above) if the Neumann
conditions (10) are replaced by the mixed boundary conditions

—p(0u(0, 1) + a(t) §* (0,0) = ¢(»), 0<t=T,
(13)
—r(u(1, 1) — s(2) Z_Z (1,1) = h(2), 0<t=T.

It is necessary to assume that p, g, 7, and s are non-negative, and that p 4+ ¢ and
r + sare bounded away from zero. It is not necessary to assume, as do both Isaacson
[4] and Rose [6], that one or more of the coefficients p, ¢, , s is bounded away from
Zero.

Assume that the quantities a, b, ¢, d, p, ¢, r, and s are bounded, and that
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weC'*([0, 1] X [0, T1). By Taylor’s theorem
AlUin = GinAhin + DinBtiin
+ conthin = din + Ain, i=1,---, I —1,n=1,--- N,
where | A, | < A(h* + k) and A4 is a constant. Similarly,

(1 _ du +
|ﬁ(_3u0n+4uln_u2n) =32 n+Bn,

0

(15)

1 n 1’ ceey N,
g -
2h (1¢I—2,n - 4:1¢1_1,n + 3u1n) = £ . + Bn ,

where B, and B, are bounded by a constant multiple of 4. For simplicity let

(

1
JA;-I- WUon = ﬁb (_3 Uon + 4 Uin — uZn) 5

(16) )
{Ax_ U = ﬁ (u1—2.n - 4ul—l,n + 3 uln)~
Then
—Pution + @uds Uon = gu + Bon
(17) ° - ’ n=1,--,N,
—Tallin — Snls Um = hn + BIn )

where | Bin | < BR® and B is a constant.
Approximate ., by the solution w;, of (4) and (5) with boundary conditions

(18) {_pnwl)n + gl won = g, Ml N
—TaWin — Sply Wi = hn,
Then the error (8) satisfies
(A2 — Qinbzin + binAozin + Cinzin = A, i=1,--,1—1,
n=1,---,N,
(19) ] —Pu2on + @uAs 200 = Bon , n=1--,N,
~7TnZrn — Suly 2 = B, n=1- - ,N,
2o = 0, i=1,-- 1 —1.
In order to bound z;, we prove the following lemmas.
LeEmMA 1. Let v,y satisfy
A — GinA@in + DinlVin + Cinvin < 0, t=1---,1—1,
n=1--- N,
(20) ] —Paon + 028 V0w £ 0, n=1-,N,
— TV — Saly Vrn = 0, n=1-. N,
v = 0, 1 =1, I —1
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If,foralls=1,---, I —1,n=1,--- N,
O<a éain,
1
. < -
‘b"'n‘ <B=h,
a
(21) 0= —cin <v éE

Doy QuyTussSa =0,

P+ ¢ >0,
Tw + 8 > 0,
where a, B, v are constants, then
(22) Vin = 0, t=1---, I —1,n=1---, N.

Note that v;, is non-negative only in the énterior of the region. With little diffi-
culty, one can construct examples for which (22) holds, but for which »,, < 0 and
v, < 0, for some n.

Proof. Suppose the lemma is false. Let

(23) ny = min{n |v;, < 0 for some 7, 1=2¢ =1 —1}.

Then ny = 1. Let 4, denote a value such that v;,,,, is a local negative minimum

with respect to 2. There are three cases.
Case 1: 4 = 0. Since vy,,, < 0,

(24) 0 ; —Pngl0,ng + QnOAz+UO,nO

>
If ¢», = 0, then p,, > 0 and it follows that v;,.,, = 0, contradicting the hypothesis.
Thus ¢,, > 0, and by (24),

+
QnOA:c Uo,no .

(25) A o, = 0.
Therefore,
2 1
Az U1,nq h'2 (?)o,n(, -2 vl.no + U2,7»0)
111
= ]—llig}; (7)2,71,0 - Uo,no) - Az+ vO,nO:I
(26) T
= E ﬂ (02.n0 - Uo,n0>:|
1
= E A, Ut,ny -
From the second of conditions (21),
(27) Ax2vl.n0 ; _binszl,no .
Thus, the first of inequalities (20) gives
(28) _al,nnAtvl,no + C1,n401,n¢ é 0.

Since ¢1,n, = 0 and vy n,—1 = 0, it follows that v;,, = 0.
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Case 2: 4y = I. By an argument analogous to that of case 1, it follows that
v[—-l,no ; O-

Case 3:1 < % = I — 1. Here a maximum principle argument is used. From the
first of inequalities (20),

1 1 1
<E Aigng — Cio.no> Vigmg = <7L—2 ~ 55 big.ng)(”io_l.no - v;o.n0>

1 1 1
+ ('}_Lé + 2—}; bio.no><vio+l.no - vio,no) + % Gigmg Vigimg—1e

Since every term on the right is non-negative, it follows that v;,,,, = 0. This is a
contradiction. Q. E. D.
LemmA 2. Under conditions (21) and the conditions
i) for some é,

(29)

(30) pn+ ¢ 28>0 and ir. + 82 2 8> 0,
i) k< Z"j—/,
there exists a funtcion ¢(x, t) such that
ASCin — QimBDiEin + binlalin + Cinfin = —1, i=1,---,1—1,
n =1, , N,
(31) 4 —Pabon + @A £ —1, n=1,---,N,
— Tl — 8z {mn S —1, n =1, , N,

o 2 0, 1 =1, , I —1
and ’
(32) 0= ¢(x,t) £ Mo, 0=2=10=t=T
where Mo is a constant depending on o, 8, v, 6 and T'. ’

Proof. Let
(33) ) = (3 — )
Then
ASCin = Gl in F Dinlalin + Cinlin = 2 — 2bn(} — )

(34) ton(3 —@) =2+ B8+, i=1-, 11
n=1 -, N:

and

* ok 1
35) {—pnf*On + q,,Ax_ f*fm = —ipn — @ = =5, Wl N
—Ta{n — 8Bg $1n = —§Tn — 8 = —9,

Let {**(z,t) = ¢”*, ¢ > 0. Then
Az2 g-**in — Qin At r**in + biﬂ Az g‘**in + Cin f**in

36
(36) =" [—- %am (1—¢™) + cin] < e [— A -+ 7].
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By Taylor’s theorem,

272
Uk —ak

(37) e_’k=1—crk—|——2—e "< 1—ok+

2,9
ok

2

where 0 < k' < k. Since k < % ay ", for ¢ = 2oy it follows that

(38) AZE — g A b A et < —em Y < - Y <.

2 2
Also,
—puton + @A = —pae”™™ £ 0,
(39) . o
—Tn§' on — SnAz—g'On = —rneat" é 0
Let M; and M, be constants satisfying
( 1
> -
I 1 = 5 )
(40) < ) .
th > 2 [1 + M1<2 46+ —v)]
Y 4
Then
(41) ¢ = Mi* + Mxg™

satisfies the conditions of the lemma.

(2) and boundary conditions (13), if there exist constants «,
(0 < a < alz, t),

|b(z, ) | <8,

0= —clz,t) <,

p(t), ¢(t), (1), s(t) 2 0,

p(t) + q(t) 28>0,

r(t) + s(t) =8> 0,

(42)

and if h and k are sufficiently small, then
(43) max |zm | < M(h* + k),

0<gi<I

where M 1is a constant that depends on a, 8, v, 6, T
Proof. Let ¢(z, t) be a function given by Lemma 2.
Let M3 = max (4, B) and let

[t

Vin

Mg(h2 + k)fm + Zin,

(44) Ms(h® + k) Cin — Zin s

Q. E. D.
TuroreM 1. If uw e C**([0, 1] X [0, T]) is a solution of (1) with initial condition

B, v, 6 such that
0<z<1,0<t
0<x<1,0<t
O<z<l,0<t
0<t
0<t
0<t

n=1’...

i=0,---
n=0’...

I\

-

lIA

IA 1A
NN N8N8 S

lIA

IA

, N

1
,N.

By (19) if h and k are so small that 8 = By £ ok and k < ley ', then v%, and
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v, satisfy the conditions of Lemma 1. Hence

vh, = 0, i=1,-,1—1,
(45)
v:ngo, ’n=]_7-..,N,
whence
]Zz'nl§M0M3(h2+k), i:l,...’l_l
(46) n = 1; : ) N
From (19),
Zon = <’_pn - %qn>—l l:g_;l (ZZn — 4 Zln) -+ Bcnil
(47) = — (2h P + 3 ¢u) " [ga(2en — 4 212) + 2h By,
< M, [max (|ein |, |22 |) + A1, n=1---,N,

where M4 is a constant. A similar inequality holds for z;, . The bound (43) follows
from these inequalities and (46). Q. E. D.
TaroreM 2. If the coefficients satisfy the conditions of Lemma 1, the difference
system (4), (5), (18) has a unique solution.
Proof. Uniqueness is an immediate consequence of Lemma 1. Existence follows
by the ¥Fredholm alternative.

3. Generalizations. The restriction c¢(z, y) < 0 can be removed as follows. Let
2. satisfy (19). Then

(48) Cin = €"2un
satisfies (19) with ¢.» replaced by

Mt Nty
en_enl

k )
with a;, replaced by ¢ ™a., , and with each of A4, , Bq, , Br, multiplied by e
If ¢(xz, y) is bounded, N can be chosen large enough so that

Nt
en

(49) Cin = Cin — Qin

Nep_
_enl

k

for all k sufficiently small; in particular for ¥ < tay™". Thus ¢*, < 0. Therefore,
Theorem 1 applies to ¢ , and, a fortiors, to 2. .

The arguments above can be extended to the problem, considered by Lotkin [5]
and Isaacson [4], of the parabolic equation (1) in two regions 0 < z < o and
2y < x < 1, with conditions (2), (13) and

u(zy —, t) = ulay +,1t),

(50) > %‘ sup ¢(x,y)

(51) ou du
67 (x[) —‘,t) = K(t) % (xo +) t) )

the derivatives in the second equation being replaced by either the centered differ-
ences (7) or the uncentered difference (16). An appropriate auxiliary function ¢
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can be constructed as in the proof of Lemma 2 if {* in equation (33) is replaced by
N xo(1 — z)%, 0=z = a,
) = | ) 2
(1 — a)7, o< ax=1.

4. The Non-Linear Problem. The results above can be extended to include the
non-linear system

(F(@, b, Uy s, Usw, we) = 0, 0<z<LO0<t=T,

G(t, u, us) =0, z=00<t=T,
(52) {

VH(E, u, ug) =0, r=10<t=T,

{u(x, 0) = f(2), 0=<z<=1,

provided F, G, H, and wu satisfy certain continuity conditions. Indeed, if
we C**([0,1] X [0, T1), then

F (2, t, Uy Us ) Uso , ) = F(, b, u, Agu + 8, A u + 8, A+ 83),

(53) 0<z<lL,0<t=T,
G, u, us) = G(t, u, A u + b)), x=00<t=T,
H(t, u, uy) = H(t, u, A, u + &), =0,0<t=T,
where, for some constant 4,
!‘61I7|62‘7164"|55l = Ah27
(54)
L |6s] = Ak.
Let w, an approximation to u, satisfy
(F(CL‘@ y tn y Win Az'win, y szwz'n y Atwin) = 0,
i=1,---, I—1,n=1---,N,
(55) JG(tn , Won 5 Az w0n) =0, n=1---,N,
‘H(tn y Win Az—wln) = 0, n = 1’ cee N,
| wo = fi, i=0,---,1I

Suppose that F, G, and H are continuous in [0, 1] X [0, 7], and that the deriva-
tives Fs , Fy , Fs , Fs,Go ,G3, >, and H;exist in (0,1) X (0, 7). Then the mean
value theorem applied to the difference of the respective equations in (53) and (55)
yields

Fy- (uin — win) + Fa-[As(Usn — wa) + 6]
+ Fs [AS (Uin — win) + 8) + For[A(tin — W) + 8] = 0,
i=1,--,1—1,
(56) n=1-.:. N,
Gor (uon — won) + Go[As (uon — wo) +8] =0, n=1---,N,
Hy (umm — wr) + Hs [A (ure — wr) + 8] = 0, n=1---,N,
(U0 — Wio) = 0, i=0,---,1,



SECOND ORDER CORRECT BOUNDARY CONDITIONS 413

where the values of the arguments of F, G, and H lie between the values of the
corresponding arguments in (53) and (55). Assume that all derivatives Fs, Fi,
Fs ,Fs, Gy, Gs, H,, and Hjare bounded, and that the relations

Fs > 0,
F—ﬁé—-a<0,
(57) P
— G, G3, — Hyy — H3; 2 0,
— G+ G =2 8 >0,
— H, — H; =2 86>0,

hold throughout [0, 1] X [0, T']. Then it is seen that equations (56) are identical
with equations (19) (except that the coefficients now depend on » and w as well
as z and ¢) and that Theorem 1 holds. Thus the error is O(A* + k).
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